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Abstract The solution to a generalized q-difference equation is described in q-operator form
in this paper, which is a generalization of Fang’s work [9]. We solve a general q-difference equa-
tion to get a general q-operator identity. The generalized q-polynomial ϕ(A,B)

n (b, c|q) is defined.
We present two types generating function and a generalization of the transformational identity
for the polynomials ϕ

(A,B)
n (b, c|q) using the q-difference equation. By assigning specific values

to the parameters in the findings for the polynomials ϕ
(A,B)
n (b, c|q), we get two types generat-

ing functions and the transformational identity for polynomials Hn(a0, . . . , as; b1, . . . , bs; b, c),
Pn(x, y, a), hn(x, y, a, b|q) and hn(a1, · · · , ar; b1, · · · , bs;x, y|q).

1 Introduction

In this paper, the notations that was used in [10] is followed and we assume that |q| < 1. We’re
going to mention to a few notations that we depend on during this paper.

The q-shifted factorial is defined by [10]:

(a; q)0 = 1, (a; q)n =
n−1∏
k=0

(1 − aqk), (a; q)∞ =
∞∏
k=0

(1 − aqk).

Also the multiple q-shifted factorials:

(a1, a2, . . . , am; q)n = (a1; q)n(a2; q)n . . . (am; q)n.

The basic hypergeometric series tϕs is given by [10]:

tϕs

(
a0, a1, . . . , at−1

b1, b2, . . . , bs
; q, x

)
=

∞∑
n=0

(a0, a1 . . . , at−1; q)n
(q, b1, b2 . . . , bs; q)n

[
(−1)nq(

n
2)
]1+s−t

xn,

where q ̸= 0 when t > s+ 1. Note that

s+1ϕs

(
a1, a2, . . . , as+1

b1, b2, . . . , bs
; q, x

)
=

∞∑
n=0

(a1, a2, . . . , as+1; q)n
(q, b1, b2, . . . , bs; q)n

xn, |x| < 1.

The q-binomial coefficients is given by [10]:[
n

k

]
=

(q; q)n
(q; q)k(q; q)n−k

, 0 ⩽ k ⩽ n.
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Cauchy identity is provided by:

∞∑
m=0

(a; q)m
(q; q)m

xm =
(ax; q)∞
(x; q)∞

, |x| < 1. (1.1)

Euler found the following as a special case of Cauchy identity (1.1) [10]:

∞∑
n=0

xn

(q; q)n
=

1
(x; q)∞

, |x| < 1.

We shall employ the following identities [10]:

(a; q)n = (q1−n/a; q)n(−a)nq(
n
2). (1.2)

(a; q)n−k =
(a; q)n

(q1−n/a; q)k

(
− q

a

)k
q(

k
2)−nk. (1.3)

(a; q)−n =
(−q/a)n

(q/a; q)n
q(

n
2). (1.4)

(aq−n; q)k =
(a; q)k(q/a; q)n
(q1−k/a; q)n

q−nk. (1.5)

(a; q)n(aqn; q)k = (a; q)k(aqk; q)n. (1.6)[
n

k

]
=

(q−n; q)k
(q; q)k

(−1)kq−(
k
2)+nk. (1.7)

For the fundamentals of q-calculus, see [16, 17, 18, 29].

The q-Chu-Vandermonde sum is [26]

2ϕ1

(
q−n, a

c
; q, q

)
=

(c/a; q)n
(c; q)n

an. (1.8)

Heine’s transformations of 2ϕ1 series [10, Appendix III, equations (III.1), (III.2)] are:

2ϕ1

(
a, b

c
; q, z

)
=

(b, az; q)∞
(c, z; q)∞

2ϕ1

(
c/b, z

az
; q, b

)
. (1.9)

=
(c/b, bz; q)∞
(c, z; q)∞

2ϕ1

(
abz/c, b

bz
; q, c/b

)
. (1.10)

Jackson’s transformation of 2ϕ1 [10, Appendix III, equation (III.4)] is:

2ϕ1

(
a, b

c
; q, z

)
=

(az; q)∞
(z; q)∞

2ϕ2

(
a, c/b

c, az
; q, bz

)
. (1.11)

Transformation of 3ϕ2 series [10, Appendix III, equation (III.12)] is:

3ϕ2

(
q−n, b, c

d, e
; q, q

)
=

(e/c; q)n
(e; q)n

cn 3ϕ2

(
q−n, c, d/b

d, cq1−n/e
; q,

bq

e

)
. (1.12)

The Cauchy polynomials is defined by [11, 12, 20, 23]:

Pk(x; y) = (x− y)(x− qy) . . . (x− yqk−1) = (y/x; q)kxk,

which has the generating function [1, 2]

∞∑
k=0

Pk(x; y)
tk

(q; q)k
=

(yt; q)∞
(xt; q)∞

, |xt| < 1. (1.13)
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The q-differential operator is defined by [30]

Dq{f(a)} =
f(a)− f(aq)

a
. (1.14)

The Leibniz rule for Dq is [19]

Dn
q {f(a)g(a)} =

n∑
k=0

[
n

k

]
qk(k−n)Dk

q {f(a)}Dn−k
q {g(aqk)}. (1.15)

Let k be a nonnegative integer. The following identities are easy to verify [7, 27, 30]:

Dk
q

{
1

(xt; q)∞

}
=

tk

(xt; q)∞
.

Dk
q {Pn(x, y)} =

(q; q)n
(q; q)n−k

Pn−k(x, y).

Dk
q

{
(xv; q)∞
(xt; q)∞

}
= tk(v/t; q)k

(xvqk; q)∞
(xt; q)∞

. (1.16)

In 2003. Chen and Gu [6] introduced the Cauchy operator

T(a, b;Dq) =
∞∑
k=0

(a; q)k
(q; q)k

(bDq)
k.

In 2009, Lu [14] obtained the q-difference equation:

Theorem 1.1. [14]. Let f(a, b, c) be a three variables analytic function in a neighborhood of
(a, b, c) = (0, 0, 0) ∈ C3, satisfying the q-difference equation

(c− b)f(a, b, c) = abf(a, bq, cq)− bf(a, b, cq) + (c− ab)f(a, bq, c).

Then
f(a, b, c) = T(a, b;Dq){f(a, 0, c)}.

In 2014, Li and Tan [13] described the generalized q-exponential operator:

T
[

w, r

v
; q; cDb

]
=

∞∑
n=0

(w, r; q)n
(q, v; q)n

(cDb)
n.

In 2014, Cao [4] stated the q-difference equation:

Theorem 1.2. [4]. Let f(w, r, v, b, c) be a five-variable analytic function in neighborhood of
(w, r, v, b, c) = (0, 0, 0, 0, 0) ∈ C5. If f(w, r, v, b, c) satisfies the q-difference equation

b[f(w,r, v, b, c)− (1 + q−1v)f(w, r, v, b, cq) + q−1vf(w, r, v, b, cq2)]

=c
{
[f(w, r, v, b, c)− f(w, r, v, qb, c)]− (w + r)[f(w, r, v, b, qc)− f(w, r, v, qb, qc)]

+ wr[f(w, r, v, b, q2c)− f(w, r, v, qb, q2c)]
}
.

Then

f(w, r, v, b, c) = T
[

w, r

v
; q; cDb

]
{f(w, r, v, b, 0)}.

In 2014, Fang [9] defined the generalized q-operator F (a0, . . . , as, b1, . . . , bs, cDq,b):

F (a0, . . . , as, b1, . . . , bs, cDq,b) =
∞∑
n=0

(a0, a1 . . . , as; q)n
(q, b1, . . . , bs; q)n

(cDq,b)
n
. (1.17)

Fang [9] presented the following generalized q-difference equation:
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Theorem 1.3. [9]. Let f(a0, . . . , as, b1, . . . , bs, b, c) be a 2s + 3-variable analytic function in
a neighborhood of (a0, . . . , as, b1, . . . , bs, b, c) = (0, 0, . . . , 0) ∈ C2s+3, s ∈ N, satisfying q-
difference equation

b

s+1∑
j=0

(−1)jBj

qj
f(a0, . . . , as, b1, . . . , bs, b, cq

j)− c

s+1∑
j=0

(−1)jAj [f(a0, . . . , as, b1, . . . , bs, b, cq
j)

− f(a0, . . . , as, b1, . . . , bs, bq, cq
j)] = 0, (1.18)

where

b = q, B0 = A0 = 1, B1 =
s∑

j=0

bj , B2 =
∑

0≤i<j≤s

bibj

B3 =
∑

0≤i<j<k≤s

bibjbk, . . . , Bs+1 = b0b1 . . . bs, A1 =
s∑

i=0

ai

A2 =
∑

0≤i<j≤s

aiaj , A3 =
∑

0≤i<j<k≤s

aiajak, . . . , As+1 = a0a1 . . . as.

Then

f(a0, . . . , as, b1, . . . , bs, b, c) = F (a0, . . . , as, b1, . . . , bs, cDq,b){f(a0, . . . , as, b1, . . . , bs, b, 0)}.

Using the q-difference equation (1.18), Fang [9] proved the following operator identities:

Theorem 1.4. [9]. For a0 = q−G, G ∈ N, b, w, u, v, ai, bi ∈ C, i = 1, 2, . . . , s, then

F (a0, . . . , as, b1, . . . , bs, cDq,b)

{
(bw; q)∞

(bu, bv; q)∞

}

=
(bw; q)∞

(bu, bv; q)∞

∞∑
n=0

(a0, . . . , as; q)n
(q, b1, . . . , bs; q)n

(c
b

)n
3ϕ2

(
q−n, bu, bv

0, bw
; q, q

)
. (1.19)

Corollary 1.5. [9]. If max{|bu|, |cu|} < 1, u, ai, bi ∈ C, i = 1, 2, . . . , s, then

F (a0, . . . , as, b1, . . . , bs, cDq,b)

{
1

(bu; q)∞

}
=

1
(bu; q)∞

∞∑
n=0

(a0, . . . , as; q)n
(q, b1, . . . , bs; q)n

(cu)
n
. (1.20)

Also, Fang [9] defined the q-polynomials Hn:

Hn = Hn(a0, . . . , as, b1, . . . , bs; b, c) =
n∑

k=0

[
n

k

]
(a0, a1, . . . , as; q)k
(b1, . . . , bs; q)k

ckbn−k, (1.21)

which have the generating function

∞∑
n=0

Hn
un

(q; q)n
=

1
(bu; q)∞

∞∑
n=0

Wn(cu)
n, max{|bu|, |cu|} < 1.. (1.22)

In 2019, Srivastava and Arjika [28] defined the homogeneous q-difference operator
Ẽ(a, b;Dq) as follows:

Ẽ(a, b;Dq) =
∞∑
k=0

(−1)kq(
k
2)(a; q)k

(q; q)k
(bDq)

k. (1.23)

They [28] introduced the generalized Cauchy polynomials

Pn(x, y, a) =
∞∑
k=0

(−1)kq(
k
2)(a; q)kxn−kyk, (1.24)
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which has the generating function

∞∑
n=0

Pn(x, y, a)
tn

(q; q)n
=

1
(xt; q)∞

1ϕ1

(
a

0
; q, yt

)
, |xt| < 1 (1.25)

and the generalized Hahn polynomials

hn(x, y, a, b|q) =
n∑

k=0

[
n

k

]
(−1)kq(

k
2)bk(a; q)kPn−k(y, x), (1.26)

which has the generating function:

∞∑
n=0

hn(x, y, a, b|q)
tn

(q; q)n
=

(xt; q)∞
(yt; q)∞

1ϕ1

(
a

0
; q, bt

)
, |yt| < 1. (1.27)

In 2020, Arjika [3] introduced the following result:

Theorem 1.6. [3]. Let f(a, x, y) be a three veriables analytic function in a neighborhood of
(a, x, y) = (0, 0, 0) ∈ C3 satisfying q-difference equation

x[f(a, x, y)− f(a, x, qy)]

= y[f(a, qx, qy)− f(a, x, qy)]− ay[f(a, qx, q2y)− f(a, x, q2y)],

Then
f(a, x, y) = Ẽ(a, b;Dq){f(a, x, 0)}.

In 2020, Cao and et al. [5] introduced the q-operator T(a, b, c, d, e, yDx) as follows:

T(a, b, c, d, e, yDx) =
∞∑
n=0

(a, b, c; q)n
(q, d, e; q)n

(yDx)
n.

Also, they gave the following q-difference equation:

Theorem 1.7. [5]. Let f(a, b, c, d, e, x, y) be a seven-variable analytic function in a neighbor-
hood of (a, b, c, d, e, x, y) = (0, 0, 0, 0, 0, 0, 0) ∈ C7. If f(a, b, c, d, e, x, y) satisfies the difference
equation

x
{
f(a, b, c, d, e, x, y)− f(a, b, c, d, e, x, yq)

− (d+ e)q−1[f(a, b, c, d, e, x, yq)− f(a, b, c, d, e, x, yq2)]

+ deq−2[f(a, b, c, d, e, x, yq2)− f(a, b, c, d, e, x, yq3)]
}

=y
{
f(a, b, c, d, e, x, y)− f(a, b, c, d, e, xq, y)

− (a+ b+ c)[f(a, b, c, d, e, x, yq)− f(a, b, c, d, e, xq, yq)]

+ (ab+ ac+ bc)[f(a, b, c, d, e, x, yq2)− f(a, b, c, d, e, xq, yq2)]

− abc[f(a, b, c, d, e, x, yq3)− f(a, b, c, d, e, xq, yq3)]
}
.

Then
f(a, b, c, d, e, x, y) = T(a, b, c, d, e, yDx){f(a, b, c, d, e, x, 0)}.

Saad and Hassan [22] introduced the generalized q-operator as follows:

F (a0, a1 . . . , at−1, b1 . . . , bs, cDq,b)

=
∞∑
n=0

(a0, a1 . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)nq(

n
2)
]1+s−t

(cDq,b)
n
. (1.28)

Saad and Hassan [22] used the operator F to generalize some well-known q-identities, such as
Cauchy identity, Heine’s transformation formula and the q-Pfaff-Saalschütz summation formula.
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• When t = s+ 1 in equation (1.28), we get the generalized q-operator
F (a1, . . . , as, b1, . . . , bs, cDq,b) created by Fang [9] (equation (1.17)).

• Setting t = 1, s = 1, a0 = a, b1 = 0 and c → −b in equation (1.28), we obtain the homo-
geneous q-difference operator Ẽ(a, b;Dq) defined by Srivastava and Arjika [28] (equation
(1.23)).

In 2021, Saad and Hassan [21] described the q-polynomials hn(a1, . . . , ar, b1, . . . , bs;x, y|q)
as follows:

hn(a1, . . . , ar, b1, . . . , bs;x, y|q) =
n∑

k=0

[
n

k

]
Wk

[
(−1)kq(

k
2)
]1+s−r

xn−kyk, (1.29)

where Wn =
(a1, · · · , ar; q)n
(b1, . . . , bs; q)n

. With the use of the operator F , they gave an operator proof of

the generating function

∞∑
n=0

hn(a1, . . . , ar; b1, . . . , bs;x, y|q) tn

(q; q)n
=

1
(xt; q)∞

rϕs

(
a1, · · · , ar
b1, · · · , bs

; q, yt

)
, (1.30)

where |xt| < 1.
In 2022, Saad and Reshem [25] used the q-Gospers algorithm [8] to verify that the function

f(a, b, c) satisfies the q-difference equation.
Our paper is organized as follows: We solve a generalized q-difference equation and express

the solutions in q-operator form in section 2. In section 3, using the q-difference equation, we
provide some identities for the q-operator F (a0, . . . , at−1, b1 . . . , bs, cDb). In section 4, we con-
struct a generalized q-polynomials ϕ

(A,B)
n (b, c|q) and use the q-difference equation technique to

determine the generating function for the polynomials ϕ(A,B)
n (b, c|q). In section 5, we introduced

two types generating function for ϕ(A,B)
n (b, c|q). In section 6, we use the q-difference equation

approach to derive a generalization of the transformational identity.

2 A generalized q-Difference Equation

In this section, we solve a generalized q-difference equation and express the solution in the q-
operator form which is a generalization of Fang’s results [9].

Lemma 2.1. [15]. If f(x1, . . . , xk) is analytic at the orgin (0, 0, . . . , 0) ∈ Ck, then f can be
expanded in an absolutely convergent power series

f(x1, x2, . . . , xk) =
∞∑

n1,n2,...,nk

αn1,n2,...,nk
xn1

1 xn2
2 . . . xnk

k .

Theorem 2.2. Let f(a0, a1, ldots, at−1, b1, . . . , bs, b, c) be an (t+s+2)-variable analytic function
in a neighborhood of (a0, a1, . . . , at−1, b1, . . . , bs, b, c) = (0, 0, . . . , 0) ∈ Ct+s+2 satisfying the q-
difference equation

(−q)1+s−t
s+1∑
j=0

(−1)jBj

qj
f(a0, a1, . . . , at−1, b1, . . . , bs, b, cq

j+t−s−1)

= c

t∑
j=0

(−1)jAjDq,b

{
f(a0, a1, . . . , at−1, b1, . . . , bs, b, cq

j)
}
, (2.1)

where

b0 = q, B0 = A0 = 1, B1 =
s∑

j=0

bj , B2 =
∑

0≤i<j≤s

bibj
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B3 =
∑

0≤i<j<k≤s

bibjbk , . . . , Bs+1 = b0b1 . . . bs, A1 =
t−1∑
i=0

ai

A2 =
∑

0≤i<j≤t−1

aiaj , A3 =
∑

0≤i<j<k≤t−1

aiajak , . . . , At = a0a1 . . . at−1.

Then

f(a0, . . . , at−1, b1, . . . , bs, b, c)

= F (a0, . . . , at−1, b1, . . . , bs, cDq,b){f(a0, . . . , at−1, b1, . . . , bs, b, 0)}.

Proof. By using Lemma 2.1, we suppose that

f(a0, a1, . . . , at−1, b1, . . . , bs, b, c) =
∞∑

m=0

∞∑
n=0

ωm,nb
mcn. (2.2)

(−q)1+s−t
s+1∑
j=0

(−1)jBj

qj

∞∑
m,n=0

ωm,nb
mcnqn(j+t−s−1) = c

t∑
j=0

(−1)jAjDq,b


∞∑

m,n=0

ωm,nb
mcnqjn

 .

∞∑
n=0

s+1∑
j=0

(−1)jBj(−1)1+s−tqj(n−1)+(n−1)(t−s−1)
∞∑

m=0

ωm,nb
mcn

=
∞∑
n=0

t∑
j=0

(−1)jAjq
jnDq,b

{ ∞∑
m=0

ωm,nb
mcn+1

}

=
∞∑
n=1

t∑
j=0

(−1)jAjq
j(n−1)Dq,b

{ ∞∑
m=0

ωm,n−1b
m

}
cn.

Equating the coefficients of cn, we obtain
s+1∑
j=0

(−1)jBj(−1)1+s−tqj(n−1)+(n−1)(t−s−1)
∞∑

m=0

ωm,nb
m

=
t∑

j=0

(−1)jAjq
j(n−1)Dq,b

{ ∞∑
m=0

ωm,n−1b
m

}

∞∑
m=0

ωm,nb
m =

(−1)1+s−tq(n−1)(1+s−t)
t∑

j=0

(−1)jAjq
j(n−1)

s+1∑
j=0

(−1)jBjq
j(n−1)

Dq,b

{ ∞∑
m=0

ωm,n−1b
m

}

=

(−1)1+s−tq(n−1)(1+s−t)
t−1∏
j=0

(1 − ajq
n−1)

s∏
j=0

(1 − bjq
n−1)

Dq,b

{ ∞∑
m=0

ωm,n−1b
m

}
.

We discover through repetition that
∞∑

m=0

ωm,nb
m =

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)nq(

n
2)
]1+s−t

Dn
q,b

{ ∞∑
m=0

ωm,0b
m

}
. (2.3)

Setting c = 0 in (2.2), we get

f(a0, a1, . . . , at−1, b1, . . . , bs, b, 0) =
∞∑

m=0

ωm,0b
m. (2.4)
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From equations (2.2), (2.3) and (2.4), we get the required result.

• For (t, s, a0, b, c) = (1, 0, a, c, b), Theorem 2.2 reduce to Theorem 1.1 given by Lu [14].

• By choosing (t, s, a0, a1, b1) = (2, 1, r, w, v) in Theorem 2.2, we recover Theorem 1.2 ob-
tained by Cao [4].

• When t = s+ 1 in Theorem 2.2, we retain Theorem 1.3 provided by Fang [9].

• Letting (t, s, a0, b1, b, c) = (1, 1, a, 0, x, yq) in Theorem 2.2, we regain Theorem 1.6 pro-
duced by Arjika [3].

• Setting (t, s) = (3, 2) and then (a0, a1, a2, b1, b2, b, c) = (a, b, c, d, e, x, y) in Theorem 2.2,
we revive Theorem 1.7 gained by Cao and et al. [5].

3 Identities for the q-Operator F (a0, . . . , at−1, b1 . . . , bs, cDb)

In this section, we give some identities for the q-operator F (a0, . . . , at−1, b1 . . . , bs, cDb), which
are a generalization of the results given in [9].

Lemma 3.1. Let Dq,b be defined as in (1.14), then

Dn
q,b

{
(bw, br; q)∞
(bu, bv; q)∞

}
=

1
bn

(bw, br; q)∞
(bu, bv; q)∞

3ϕ2

(
q−n, bu, bv

br, bw
; q, q

)
, (3.1)

where max{|bu|, |bv|} < 1.

Proof. By using Leibniz rule (1.15) and equation (1.16), we get

Dn
q,b

{
(bw, br; q)∞
(bu, bv; q)∞

}
=

n∑
k=0

[
n

k

]
qk(k−n)Dk

q

{
(bw; q)∞
(bu; q)∞

}
Dn−k

q

{
(brqk; q)∞
(bvqk; q)∞

}

=
n∑

k=0

[
n

k

]
uk(w/u; q)k(bwqk; q)∞

(bu; q)∞
vn−k(r/v; q)n−k(brqn; q)∞

(bvqk; q)∞

=
(bw, br; q)∞
(bu, bv; q)∞

n∑
k=0

q−n, w/u, bv; q)k
(q, bw, q1−nv/r; q)k

(r/v; q)n
(br; q)n

(vq
r

)k (u
v

)k
vn

(by using (1.3) and (1.7))

=
(bw, br; q)∞
(bu, bv; q)∞

(r/v; q)nvn

(br; q)n

n∑
k=0

(q−n, w/u, bv; q)k
(q, bw, q1−nv/r; q)k

(uq
r

)k
=

1
bn

(bw, br; q)∞
(bu, bv; q)∞

3ϕ2

(
q−n, bu, bv

br, bw
; q, q

)
. (by using (1.12))

In the following theorem, we will demonstrate how to satisfy the q-difference equation (2.1):

Theorem 3.2. For a0 = q−G, G ∈ N, b, w, r, u, v, ai, bj ∈ C, i = 0, . . . , t− 1, j = 1, . . . , s, we have

F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{
(bw, br; q)∞
(bu, bv; q)∞

}

=
(bw, br; q)∞
(bu, bv; q)∞

∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

(c
b

)n [
(−1)nq(

n
2)
]1+s−t

3ϕ2

(
q−n, bu, bv

br, bw
; q, q

)
, (3.2)

provided max{|bu|, |bv|} < 1.
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Proof. Let f(a0, a1, . . . , at−1, b1, . . . , bs, b, c) be the right hand-side of (3.2),

(−q)1+s−t
s+1∑
j=0

(−1)jBj

qj
f(a0, a1, . . . , at−1, b1, . . . , bs, b, cq

j+t−s−1)

= (−q)1+s−t
s+1∑
j=0

(−1)jBj

qj
(bw, br; q)∞
(bu, bv; q)∞

∞∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

(
cqj+t−s−1

b

)n

×
[
(−1)nq(

n
2)
]1+s−t

3ϕ2

(
q−n, bu, bv

br, bw
; q, q

)

=
∞∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)n+1q(

n
2)−(n−1)

]1+s−t

cn
1
bn

(bw, br; q)∞
(bu, bv; q)∞

× 3ϕ2

(
q−n, bu, bv

br, bw
; q, q

)
s+1∑
j=0

(−1)jBjq
j(n−1)

=
∞∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)n+1q(

n
2)−(n−1)

]1+s−t

cnDn
q,b

{
(bw, br; q)∞
(bu, bv; q)∞

} s∏
j=0

(1 − bjq
n−1)

=
∞∑
n=1

(a0, . . . , at−1; q)n−1

(q, b1, . . . , bs; q)n−1

[
(−1)n+1q(

n
2)−(n−1)

]1+s−t

cnDn
q,b

{
(bw, br; q)∞
(bu, bv; q)∞

} t−1∏
j=0

(1 − ajq
n−1)

=
∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)n+2q(

n+1
2 )−n

]1+s−t

cn+1Dq,bD
n
q,b

{
(bw, br; q)∞
(bu, bv; q)∞

} t−1∏
j=0

(1 − ajq
n)

= c

∞∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)nq(

n
2)
]1+s−t

cn

×Dq,b

{
1
bn

(bw, br; q)∞
(bu, bv; q)∞

3ϕ2

(
q−n, bu, bv

br, bw
; q, q

)}
t∑

j=0

(−1)jAjq
jn

= c

t∑
j=0

(−1)jAjDq,b

{
(bw, br; q)∞
(bu, bv; q)∞

∞∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

(
cqj

b

)n [
(−1)nq(

n
2)
]1+s−t

× 3ϕ2

(
q−n, bu, bv

br, bw
; q, q

)}

= c

t∑
j=0

(−1)jAjDq,b

{
f(a0, a1, . . . , at−1, b1, . . . , bs, b, cq

j)
}
.

So, f(a0, a1, . . . , at−1, b1, . . . , bs, b, c) satisfies q-difference equation (2.1) and we get

f(a0, a1, . . . , at−1, b1, . . . , bs, b, 0) =
(bw, br; q)∞
(bu, bv; q)∞

.

From Theorem 2.2, we get the required result.

• Setting r = 0 in equation (3.2), we obtain

Corollary 3.3. For a0 = q−G, G ∈ N, b, w, u, v, ai, bj ∈ C, i = 0, 1, . . . , t − 1, j = 1, 2, . . . , s, we
have

F (a0, a1, . . . , at−1, b1 . . . , , bs, cDq,b)

{
(bw; q)∞

(bu, bv; q)∞

}

=
(bw; q)∞

(bu, bv; q)∞

∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

(c
b

)n [
(−1)nq(

n
2)
]1+s−t

3ϕ2

(
q−n, bu, bv

0, bw
; q, q

)
, (3.3)
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where max{|bu|, |bv|} < 1.

• Setting w = v = 0 in (3.3), we get

Corollary 3.4. For a0 = q−G, G ∈ N, b, u, ai, bj ∈ C, i = 0, 1, . . . , t − 1, j = 1, 2, . . . , s,
we have

F (a0, . . . , at−1, b1, . . . , bs, cDq,b)

{
1

(bu; q)∞

}
=

1
(bu; q)∞

tϕs

(
a0, a1, . . . , at−1

b1, . . . , bs
; q, cu

)
, (3.4)

provided |bu| < 1.

• Letting t = s+ 1 in equation (3.3), we obtain Theorem 1.4 obtained by Fang [9] (equation
(1.19)).

• Letting t = s+ 1 in equation (3.4), we obtain Corollary 1.5 obtained by Fang [9] (equation
(1.20)).

4 The Generalized q-Polynomials ϕ(A,B)
n (b, c|q)

In this section, we define a generalized q-polynomials ϕ
(A,B)
n (b, c|q). Using the q-difference

equation technique, we establish the generating function for the polynomials ϕ(A,B)
n (b, c|q).

We define a generalized q-polynomials ϕ(A,B)
n (b, c|q) as follows:

ϕ(A,B)
n (b, c|q) =

n∑
k=0

[
n

k

]
(a0, . . . , at−1; q)k
(b1, . . . , bs; q)k

ck
[
(−1)kq(

k
2)
]1+s−t

Pn−k(b; y), (4.1)

where A = (a0, . . . , at−1), B = (b1, . . . , bs).

• When t = s + 1 and y = 0, the generalized q-polynomials ϕ
(A,B)
n (b, c|q) achieve to the

q-polynomials Hn = Hn(a0, . . . , as; b1, . . . , bs; b, c) created by Fang [9] (equation (1.21)).

• If (t, s) = (1, 1) and (a0, b1, b, y, c) = (a, 0, x, 0, y) in equation (4.1), we get the generalized
Cauchy polynomials Pn(x, y, a) mentioned by Srivastava and Arjika [28] (equation (1.25)).

• Taking (t, s) = (1, 1) and (a0, b1, b, y, c) = (a, 0, y, x, b) in equation (4.1), we get the poly-
nomials hn(x, y, a, b|q) described by Srivastava and Arjika [28] (equation (1.26)).

• When t = r and (a0, . . . , at−1) → (a1, · · · , ar) and (b, y, c) = (x, 0, y), the generalized
q-polynomials ϕ

(A,B)
n (b, c|q) achieve to the q-polynomials hn(a1, · · · , ar; b1, · · · , bs;x, y|q)

created by Saad and Hassan [21] (equation (1.29)).

Lemma 4.1. Let |bq/y| < 1, we have

Dk
q,b

{
(bq1−n/y; q)∞
(bq/y; q)∞

}
= (−y)−nq−(

n
2) (q; q)n
(q; q)n−k

Pn−k(b; y), (4.2)

where |bq/y| < 1.

Proof. Using equation (3.1), we get

Dk
q,b

{
(bq1−n/y; q)∞
(bq/y; q)∞

}

=
1
bk

(bq1−n/y; q)∞
(bq/y; q)∞

2ϕ1

(
q−k, bq/y

bq1−n/y
; q, q

)

=
1

(bq/y; q)−n

(q−n; q)k
(bq1−n/y; q)k

(q/y)
k (by using (1.8))
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=
(y/b; q)n

(−y/b)nq(
n
2)

(q; q)n(−1)kq(
k
2)−nk

(q; q)n−k(bq1−n/y; q)k
(q/y)

k (by using (1.7) and (1.4))

=
(q; q)n

(q; q)n−k

(y/b; q)n−kb
n−k

(−y)nq(
n
2)

(by using (1.3))

= (−y)−nq−(
n
2) (q; q)n
(q; q)n−k

Pn−k(b; y).

Theorem 4.2. Let ϕ(A,B)
n (b, c|q) be defined as in (4.1), then

F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b){Pn(b; y)} = ϕ(A,B)
n (b, c|q).

Proof. Let f(a0, a1, . . . , at−1, b1, . . . , bs, b, c) = ϕ
(A,B)
n (b, c|q)

(−q)1+s−t
s+1∑
j=0

(−1)jBj

qj
f(a0, a1, . . . , at−1, b1, . . . , bs, b, cq

j+t−s−1)

= (−q)1+s−t
s+1∑
j=0

(−1)jBj

qj

n∑
k=0

[
n

k

]
(a0, . . . , at−1; q)k
(b1, . . . , bs; q)k

(
cqj+t−s−1)k [(−1)kq(

k
2)
]1+s−t

Pn−k(b; y)

=
∞∑
k=0

(a0, a1, . . . , at−1; q)k
(q, b1, . . . , bs; q)k

ck
[
(−1)k+1q(

k
2)−(k−1)

]1+s−t (q; q)n
(q; q)n−k

Pn−k(b; y)
s+1∑
j=0

(−1)jBjq
j(k−1)

=
∞∑
k=0

(a0, a1, . . . , at−1; q)k
(q, b1, . . . , bs; q)k

ck
[
(−1)k+1q(

k
2)−(k−1)

]1+s−t

(−y)nq(
n
2)Dk

q,b

{
(bq1−n/y; q)∞
(bq/y; q)∞

}

×
s∏

j=0

(1 − bjq
k−1)

=
∞∑
k=1

(a0, a1, . . . , at−1; q)k−1

(q, b1, . . . , bs; q)k−1
ck
[
(−1)k+1q(

k
2)−(k−1)

]1+s−t

(−y)nq(
n
2)Dk

q,b

{
(bq1−n/y; q)∞
(bq/y; q)∞

}

×
t−1∏
j=0

(1 − ajq
k−1)

=
∞∑
k=0

(a0, a1, . . . , at−1; q)k
(q, b1, . . . , bs; q)k

ck+1
[
(−1)k+2q(

k+1
2 )−k

]1+s−t

(−y)nq(
n
2)Dq,bD

k
q,b

{
(bq1−n/y; q)∞
(bq/y; q)∞

}

×
t−1∏
j=0

(1 − ajq
k)

= c

∞∑
k=0

(a0, a1, . . . , at−1; q)k
(q, b1, . . . , bs; q)k

ck
[
(−1)kq(

k
2)
]1+s−t

Dq,b

{
(q; q)n

(q; q)n−k
Pn−k(b; y)

} t∑
j=0

(−1)jAjq
jk

(by using (4.2))

= c

t∑
j=0

(−1)jAjDq,b

{
n∑

k=0

[
n

k

]
(a0, . . . , at−1; q)k
(b1, . . . , bs; q)k

(
cqj
)k [

(−1)kq(
k
2)
]1+s−t

Pn−k(b; y)

}

= c

t∑
j=0

(−1)jAjDq,b

{
f(a0, a1, . . . , at−1, b1, . . . , bs, b, cq

j)
}
.

So, f(a0, a1, . . . , at−1, b1, . . . , bs, b, c) satisfies the q-difference equation (2.1). Note that

f(a0, a1, . . . , at−1, b1, . . . , bs, b, 0) = Pn(b; y).
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From Theorem 2.2, we get the desired result.

Theorem 4.3. (Generating Function for ϕ(A,B)
n (b, c|q)). If a0 = q−G, G ∈ N, and |bv| < 1, then

∞∑
n=0

ϕ(A,B)
n (b, c|q) vn

(q; q)n
=

(yv; q)∞
(bv; q)∞

tϕs

(
a0, a1, . . . , at−1

b1, . . . , bs
; q, cv

)
. (4.3)

Proof. Put

fL = fL(a0, a1, . . . , at−1, b1, . . . , bs; b; c) =
∞∑
n=0

ϕ(A,B)
n (b, c|q) vn

(q; q)n
.

We can check fL satisfies the q-difference equation (2.1) by the same technique used in Theorem
4.2. So

fL = F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b) {f(a0, a1, . . . , at−1, b1, . . . , bs, b, 0)}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{ ∞∑
n=0

Pn(b, y)
vn

(q; q)n

}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{
(yv; q)∞
(bv; q)∞

}
(by using (1.13))

= (yv; q)∞F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{
1

(bv; q)∞

}

=
(yv; q)∞
(bv; q)∞

tϕs

(
a0, a1, . . . , at−1

b1, . . . , bs
; q, cv

)
. (by using (3.4))

• When t = s + 1, y = 0 and v = u in (4.3), we obtain the generating function for the
q-polynomials Hn = Hn(a0, . . . , as; b1, . . . , bs; b, c) created by Fang [9] (equation (1.22)).

• If (t, s) = (1, 1) and (a0, b1, b, y, c, v) = (a, 0, x, 0, y, t) in equation (4.3), we get the gen-
erating function for the q-polynomials Pn(x, y, a) provided by Srivastava and Arjika [28]
(equation (1.25)).

• Taking (t, s) = (1, 1) and (a0, b1, b, y, c, v) = (a, 0, y, x, b, t) in equation (4.3), we get
the generating function for the q-polynomials hn(x, y, a, b|q) described by Srivastava and
Arjika [28] (equation (1.27)).

• When t = r and (a0, . . . , at−1) → (a1, · · · , ar) and (b, y, c, v) = (x, 0, y, t) in equation
(4.3), we get the generating function of the q-polynomials hn(a1, · · · , ar; b1, · · · , bs;x, y|q)
obtained by Saad and Hassan [21] (equation (1.30)).

5 Two Types Generating Functions for the Polynomials ϕ(A,B)
n (b, c|q)

In this section, we introduce Srivastava-Agarwal type generating function and another type gen-
erating function for ϕ(A,B)

n (b, c|q).

Lemma 5.1. If a0 = q−G, G ∈ N, |bv| < 1, then

∞∑
n=0

(bq1−n/y; q)n(yvβ)nq2(n2)

(q, yv; q)n

∞∑
m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t

× 3ϕ2

(
q−m, bv, bq/y

bq1−n/y, 0
; q, q

)

= (β; q)∞
∞∑
n=0

(bv; q)n
(yv; q)n

βn

(q; q)n
tϕs

(
a0, a1, . . . , at−1

b1, . . . , bs
; q, cvqn

)
. (5.1)
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Proof. By using (1.2) and (1.5), we get
∞∑
n=0

(bq1−n/y; q)n(yvβ)nq2(n2)

(q, yv; q)n

∞∑
m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t

×
m∑
k=0

(q−m, bv, bq/y; q)k
(q, bq1−n/y; q)k

qk

=
∞∑

m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t m∑

k=0

(q−m, bv; q)k
(q; q)k

qk

×
∞∑
n=0

(βyv)nq2(n2)

(q, yv; q)n
(bq1−n/y; q)n(bq/y; q)k

(bq1−n/y; q)
k

=
∞∑

m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t m∑

k=0

(q−m, bv; q)k
(q; q)k

qk

×
∞∑
n=0

(−bβv)nq(
n
2)

(q, yv; q)n
(y/b; q)n(bq/y; q)k

(bq1−n/y; q)k

=
∞∑

m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t m∑

k=0

(q−m, bv; q)k
(q; q)k

qk

×
∞∑
n=0

(yq−k/b; q)n
(q, yv; q)n

(−bβvqk)nq(
n
2)

=
(bv; q)∞
(yv; q)∞

∞∑
m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t m∑

k=0

(q−m; q)k
(q; q)k

qk

×
∞∑
n=0

(yq−k/b, β; q)n
(q; q)n

(bvqk)n (by using (1.11))

= (β; q)∞
∞∑

m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t m∑

k=0

(q−m, bv; q)k
(q; q)k

qk

×
∞∑
n=0

(bvqk; q)n
(q, yv; q)n

βn (by using (1.9))

= (β; q)∞
∞∑

m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t ∞∑

n=0

(bv; q)n
(q, yv; q)n

βn

×
m∑
k=0

(q−m, bvqn; q)k
(q; q)k

qk (by using (1.6))

= (β; q)∞
∞∑

m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t ∞∑

n=0

(bv; q)n
(q, yv; q)n

βn(bvqn)m

(by using (1.8))

= (β; q)∞
∞∑
n=0

(bv; q)n
(q, yv; q)n

βn
tϕs

(
a0, a1, . . . , at−1

b1, . . . , bs
; q, cvqn

)
.

Theorem 5.2. (Srivastava-Agarwal type generating function for ϕ
(A,B)
n (b, c|q)). If a0 = q−G,

G ∈ N and |bv| < 1, then
∞∑
n=0

ϕ(A,B)
n (b, c|q)(β; q)n

vn

(q; q)n
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=
(yv, β; q)∞
(bv; q)∞

∞∑
n=0

(bv; q)n
(yv; q)n

βn

(q; q)n
tϕs

(
a0, a1, . . . , at−1

b1, . . . , bs
; q, cvqn

)
. (5.2)

Proof. Put

fL = fL(a0, . . . , at−1, b1, . . . , bs; b; c) =
∞∑
n=0

ϕ(A,B)
n (b, c|q)(β; q)n

vn

(q; q)n
.

We can check fL satisfy the q-difference equation (2.1) by the same way used in Theorem 4.2.
Hence

fL = F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b) {f(a0, a1, . . . , at−1, b1, . . . , bs, b, 0)}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{ ∞∑
n=0

Pn(b, y)(β; q)n
vn

(q; q)n

}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{ ∞∑
n=0

(y/b, β; q)n
(q; q)n

(bv)n
}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{
(yv; q)∞
(bv; q)∞

∞∑
n=0

(yβv)nq2(n2)(bq1−n/y; q)n
(q, yv; q)n

}
(by using (1.10))

= (yv; q)∞
∞∑
n=0

(yβv)nq2(n2)

(q, yv; q)n
F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{
(bq1−n/y; q)∞
(bv, bq/y; q)∞

}

=
(yv; q)∞
(bv; q)∞

∞∑
n=0

(bq1−n/y; q)n(yβv)nq2(n2)

(q, yv; q)n

∞∑
m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t

× 3ϕ2

(
q−m, bv, bq/y

0, bq1−n/y
; q, q

)
(by using (3.3))

=
(yv, β; q)∞
(bv; q)∞

∞∑
n=0

(bv; q)n
(yv; q)n

βn

(q; q)n
tϕs

(
a0, a1, . . . , at−1

b1, . . . , bs
; q, cvqn

)
. (by using (5.1))

• When t = s + 1 and y = 0 in equation (5.2), we get Srivastava-Agarwal type generating
function for Hn = Hn(a0, . . . , as; b1, . . . , bs; b, c).

Corollary 5.3. If max{|bv|, |cv|} < 1, then

∞∑
n=0

Hn(β; q)n
vn

(q; q)n
=

(β; q)∞
(bv; q)∞

∞∑
n=0

(bv; q)n
βn

(q; q)n
s+1ϕs

(
a0, a1, . . . , as

b1, . . . , bs
; q, cvqn

)
.

• If (t, s) = (1, 1) and (a0, b1, b, y, c) = (a, 0, x, 0, y) in equation (5.2), we get Srivastava-
Agarwal type generating function for Pn(x, y, a).

Corollary 5.4. For |xv| < 1, we have

∞∑
n=0

Pn(x, y, a)(β; q)n
vn

(q; q)n
=

(β; q)∞
(xv; q)∞

∞∑
n=0

(xv; q)n
βn

(q; q)n
1ϕ1

(
a

0
; q, yvqn

)
.

• Taking (t, s) = (1, 1) and (a0, b1, b, y, c) = (a, 0, y, x, b) in equation (5.2), we get Srivastava-
Agarwal type generating function for hn(x, y, a, b|q).
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Corollary 5.5. If |yv| < 1, then

∞∑
n=0

hn(x, y, a, b|q)(β; q)n
vn

(q; q)n
=

(xv, β; q)∞
(yv; q)∞

∞∑
n=0

(yv; q)n
(xv; q)n

βn

(q; q)n
1ϕ1

(
a

0
; q, bvqn

)
.

• When t = r and (a0, . . . , at−1) → (a1, · · · , ar) and (b, y, c) = (x, 0, y) in equation (5.2),
we get Srivastava-Agarwal type generating function for hn(a1, · · · , ar; b1, · · · , bs;x, y|q).

Corollary 5.6. If a1 = q−G, G ∈ N and |xv| < 1, then

∞∑
n=0

hn(a1, · · · , ar; b1, · · · , bs;x, y|q)(β; q)n
vn

(q; q)n

=
(β; q)∞
(xv; q)∞

∞∑
n=0

(xv; q)n
βn

(q; q)n
rϕs

(
a0, a1, . . . , ar

b1, . . . , bs
; q, yvqn

)
.

Lemma 5.7. If a0 = q−G, G ∈ N and max{|bv|, |λ|} < 1, then

(bvβ; q)∞
∞∑
n=0

(β, bλ/y; q)n
(λ, bvβ; q)n

(−1)nq(
n
2)(yv)n

(q; q)n

∞∑
m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t

× 3ϕ2

(
q−m, bv, bλqn/y

bλ/y, bvβqn
; q, q

)

=
(yv, β; q)∞
(λ; q)∞

∞∑
n=0

(λ/β, bv; q)n
(yv; q)n

βn

(q; q)n
tϕs

(
a0, a1, . . . , at−1

b1, . . . , bs
; q, cvqn

)
. (5.3)

Proof. Employing identities (1.6) and (1.11), we get

(bvβ; q)∞
∞∑
n=0

(β, bλ/y; q)n
(q, λ, bvβ; q)n

(−yv)nq(
n
2)

∞∑
m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t

×
m∑
k=0

(q−m, bv, bλqn/y; q)k
(q, bλ/y, bvβqn; q)k

qk

= (bvβ; q)∞
∞∑

m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t m∑

k=0

(q−m, bv; q)k
(q, bvβ; q)k

qk

×
∞∑
n=0

(β, bλqk/y; q)n
(q, λ, bvβqk; q)n

(−yv)nq(
n
2)

= (bvβ; q)∞
∞∑

m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t m∑

k=0

(q−m, bv; q)k
(q, bvβ; q)k

qk
(bvqk; q)∞
(bvβqk; q)∞

×
∞∑
n=0

(β, yq−k/b; q)n
(q, λ; q)n

(bvqk)n

= (bv; q)∞
∞∑

m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t m∑

k=0

(q−m; q)k
(q; q)k

qk
(β, yv; q)∞
(λ, bvqk; q)∞

×
∞∑
n=0

(λ/β, bvqk; q)n
(q, yv; q)n

βn (by using (1.9))

=
(β, yv; q)∞
(λ; q)∞

∞∑
n=0

(λ/β, bv; q)n
(q, yv; q)n

βn
∞∑

m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t
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×
m∑
k=0

(q−m, bvqn; q)k
(q; q)k

qk (by using (1.6))

=
(β, yv; q)∞
(λ; q)∞

∞∑
n=0

(λ/β, bv; q)n
(q, yv; q)n

βn
∞∑

m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

[
(−1)mq(

m
2 )
]1+s−t

(cvqn)m (by using (1.8))

=
(yv, β; q)∞
(λ; q)∞

∞∑
n=0

(λ/β, bv; q)n
(yv; q)n

βn

(q; q)n
tϕs

(
a0, a1, . . . , at−1

b1, . . . , bs
; q, cvqn

)
.

Theorem 5.8. For a0 = q−G, G ∈ N and max{|bv|, |λ|} < 1, we have

∞∑
n=0

ϕ(A,B)
n (b, c|q)(β; q)n

(λ; q)n
vn

(q; q)n

=
(yv, β; q)∞
(bv, λ; q)∞

∞∑
n=0

(λ/β, bv; q)n
(yv; q)n

βn

(q; q)n
tϕs

(
a0, a1, . . . , at−1

b1, . . . , bs
; q, cvqn

)
. (5.4)

Proof. Let fL = fL(a0, a1, . . . , at−1, b1, . . . , bs; a; c) =LHS of equation (5.4). By using the
same technique used in Theorem 4.2 to check fL satisfies q-difference equation (2.1), we have

fL = F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b) {f(a0, a1, . . . , at−1, b1, . . . , bs, b, 0)}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{ ∞∑
n=0

Pn(b, y)
(β; q)n
(λ; q)n

vn

(q; q)n

}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{ ∞∑
n=0

(y/b, β; q)n
(λ; q)n

(bv)n

(q; q)n

}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{
(bvβ; q)∞
(bv; q)∞

∞∑
n=0

(β, bλ/y; q)n
(λ, bvβ; q)n

(−1)nq(
n
2)(yv)n

(q; q)n

}
(by using (1.11))

=
∞∑
n=0

(β; q)n
(λ, ; q)n

(−1)nq(
n
2)(yv)n

(q; q)n
F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{
(bλ/y, bvβqn; q)∞
(bv, bλqn/y; q)∞

}

=
(bvβ; q)∞
(bv; q)∞

∞∑
n=0

(β, bλ/y; q)n(−yv)nq(
n
2)

(qλ, bvβ; q)n

∞∑
m=0

(a0, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

(c
b

)m [
(−1)mq(

m
2 )
]1+s−t

× 3ϕ2

(
q−m, bv, bλqn/y

bλ/y, bvβqn
; q, q

)
(by using (3.2))

=
(yv, β; q)∞
(bv, λ; q)∞

∞∑
n=0

(λ/β, bv; q)n
(yv; q)n

βn

(q; q)n
tϕs

(
a0, a1, . . . , at−1

b1, . . . , bs
; q, cvqn

)
. (by using (5.3))

This patently completes the proof of Theorem 5.8.

• When t = s+ 1 and y = 0 in equation (5.4), we obtain

Corollary 5.9. If max{|bv|, |λ|, |cv|} < 1, then

∞∑
n=0

Hn
(β; q)n
(λ; q)n

vn

(q; q)n

=
(β; q)∞

(bv, λ; q)∞

∞∑
n=0

(λ/β, bv; q)n
βn

(q; q)n
s+1ϕs

(
a0, a1, . . . , as

b1, . . . , bs
; q, cvqn

)
.
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• If (t, s) = (1, 1) and (a0, b1, b, y, c) = (a, 0, x, 0, y) in equation (5.4), we get

Corollary 5.10. For max{|xv|, |λ|} < 1, we have

∞∑
n=0

Pn(x, y, a)
(β; q)n
(λ; q)n

vn

(q; q)n
=

(β; q)∞
(xv, λ; q)∞

∞∑
n=0

(λ/β, xv; q)n
βn

(q; q)n
1ϕ1

(
a

0
; q, yvqn

)
.

• Taking (t, s) = (1, 1) and (a0, b1, b, y, c) = (a, 0, y, x, b) in equation (5.4), we gain

Corollary 5.11. If max{|yv|, |λ|} < 1, then

∞∑
n=0

hn(x, y, a, b|q)
(β; q)n
(λ; q)n

vn

(q; q)n

=
(xv, β; q)∞
(yv, λ; q)∞

∞∑
n=0

(λ/β, yv; q)n
βn

(q, xv; q)n
1ϕ1

(
a

0
; q, bvqn

)
.

• When t = r and (a0, . . . , at−1) → (a1, · · · , ar) and (b, y, c) = (x, 0, y) in equation (5.4),
we acquire

Corollary 5.12. If a1 = q−G, G ∈ N and max{|xv|, |λ|} < 1, then

∞∑
n=0

hn(a1, · · · , ar; b1, · · · , bs;x, y|q)(β; q)n
(λ; q)n

vn

(q; q)n

=
(β; q)∞

(xv, λ; q)∞

∞∑
n=0

(λ/β, xv; q)n
βn

(q; q)n
rϕs

(
a1, a2, . . . , ar

b1, . . . , bs
; q, yvqn

)
.

6 Generalizations of the transformational identity involving generating
function for ϕ(A,B)

n (b, c|q)

In this section, we use the method of q-difference equation to deduce a generalization of the
transformational identity.

Theorem 6.1. Let K(n) and J(n) satisfy

∞∑
n=0

K(n)Pn(b; y) =
(yv; q)∞
(bv; q)∞

∞∑
n=0

J(n)
(bv; q)n
(yv; q)n

. (6.1)

Then
∞∑
n=0

K(n)ϕ(A,B)
n (b, c|q) = (yv; q)∞

(bv; q)∞

∞∑
n=0

J(n)
(bv; q)n
(yv; q)n

tϕs

(
a0, a1, . . . , at−1

b1, . . . , bs
; q, cvqn

)
,

provided that s ⩾ t− 1 and |bv| < 1.

Proof. Put

fL = fL(a0, a1, . . . , at−1, b1, . . . , bs; b; c) =
∞∑
n=0

K(n)ϕ(A,B)
n (b, c|q).

We can check fL satisfy q-difference equation (2.1) by the same way in Theorem 4.2. Hence we
have

fL = F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b) {f(a0, a1, . . . , at−1, b1, . . . , bs, b, 0)}

= F (a0, a1, . . . , at−1, b1, . . . , bs, eDq,b)

{ ∞∑
n=0

K(n)Pn(b; y)

}
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= F (a0, a1, . . . , at−1, b1, . . . , bs, eDq,b)

{
(yv; q)∞
(bv; q)∞

∞∑
n=0

J(n)
(bv; q)n
(yv; q)n

}
(by using (6.1))

= (yv; q)∞
∞∑
n=0

J(n)
1

(yv; q)n
F (a0, a1, . . . , at−1, b1, . . . , bs, eDq,b)

{
1

(bvqn; q)∞

}

=
(yv; q)∞
(bv; q)∞

∞∑
n=0

J(n)
(bv; q)n
(yv; q)n

tϕs

(
a0, a1, . . . , at−1

b1, . . . , bs
; q, cvqn

)
. (by using (3.4))

• When t = s+ 1 and y = 0 in Theorem 6.1, we gain

Corollary 6.2. Let K(n) and J(n) satisfy

∞∑
n=0

K(n)bn =
1

(bv; q)∞

∞∑
n=0

J(n)(bv; q)n.

Then

∞∑
n=0

K(n)Hn =
1

(bv; q)∞

∞∑
n=0

J(n)(bv; q)n s+1ϕs

(
a0, a1, . . . , as

b1, . . . , bs
; q, cvqn

)
,

provided that max{|bv|, |cv|} < 1.

• If (t, s) = (1, 1) and (a0, b1, b, y, c) = (a, 0, x, 0, y) Theorem 6.1, we get

Corollary 6.3. Let K(n) and J(n) satisfy

∞∑
n=0

K(n)xn =
1

(xv; q)∞

∞∑
n=0

J(n)(xv; q)n.

Then

∞∑
n=0

K(n)Pn(x, y, a) =
1

(xv; q)∞

∞∑
n=0

J(n)(xv; q)n 1ϕ1

(
a

0
; q, yvqn

)
,

where |xv| < 1.

• Taking (t, s) = (1, 1) and (a0, b1, b, y, c) = (a, 0, y, x, b) Theorem 6.1, we obtain

Corollary 6.4. Let K(n) and J(n) satisfy

∞∑
n=0

K(n)Pn(y, x) =
(xv; q)∞
(yv; q)∞

∞∑
n=0

J(n)
(yv; q)n
(xv; q)n

.

Then

∞∑
n=0

K(n)hn(x, y, a, b|q) =
(xv; q)∞
(yv; q)∞

∞∑
n=0

J(n)
(yv; q)n
(xv; q)n

1ϕ1

(
a

0
; q, bvqn

)
,

provided |yv| < 1.

• When t = r and (a0, . . . , at−1) → (a1, · · · , ar) and (b, y, c) = (x, 0, y) Theorem 6.1, we
gain
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Corollary 6.5. Let K(n) and J(n) satisfy

∞∑
n=0

K(n)xn =
1

(xv; q)∞

∞∑
n=0

J(n)(xv; q)n.

Then
∞∑
n=0

K(n)hn(a1, · · · , ar; b1, · · · , bs;x, y|q)

=
1

(xv; q)∞

∞∑
n=0

J(n)(xv; q)n rϕs

(
a1, a2, . . . , ar

b1, . . . , bs
; q, yvqn

)
,

where |xv| < 1.

7 Conclusion remarks

We solve a generalized q-difference equation and state the solution in the q-operator form, which
is a generalization of Fang’s result [9]. We give some identities that generalize the findings
found in [9] for the q-operator F (a0, a1 . . . , at−1, b1 . . . , bs, cDq,b). ϕ

(A,B)
n (b, c|q) are defined as

generalized q-polynomials. To get the generating function of the polynomials ϕ
(A,B)
n (b, c|q),

we apply the q-difference equation technique. For ϕ
(A,B)
n (b, c|q), we introduce the Srivastava-

Agarwal type generating function and another type generating function. A generalization of the
transformational identity is derived by means of the q-difference equation approach.
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