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Abstract In this paper, we determine the bounded spherical functions associated with the
Gelfand pair formed by the (4n + 3)-dimensional quaternionic Heisenberg group #;' and the
quaternionic unitary group Sp(n). We define the spherical Fourier transform and prove the
Plancherel and inversion formulas. Additionally, we determine the heat kernel associated with
the sub-Laplacian on Hj.

1 Introduction

The quaternionic Heisenberg group H"™ x R? was first introduced by Barker and Salamon in
their paper [2], is a two-step nilpotent Lie group with a dimension of 4n + 3. This group is an
H-type group; we can see [11] for the properties of the H-type group, and it can be regarded as
the nilpotent part in Iwasawa decomposition of Lorentz group Sp(1,n + 1) (see [7] p. 375).

The quaternionic Heisenberg group plays an essential role in several branches of mathemat-
ics and physics, including harmonic analysis, representations theory, partial differential equa-
tions, and quantum mechanics.

Several authors [1, 9] have studied some properties of the quaternionic Heisenberg group
of dimension 7. This paper aims to determine the expressions of the bounded spherical functions
associated with the Gelfand pair formed by the (4n + 3)-dimensional quaternionic Heisenberg
group and the quaternionic unitary group Sp(n) and using the spherical Fourier transform to
determine an integral representation of the heat kernel associated with the sub-Laplacian on Hj .

The remaining part of the paper is organized as follows. In Section 2, we give the nec-
essary definitions and properties of the (4n + 3)-dimensional quaternionic Heisenberg group,
the Gelfand pair, the spherical functions, and their relation to representations. In section 3,
we construct the bounded spherical functions associated with the Gelfand pair formed by the
(4n + 3)-dimensional quaternionic Heisenberg group H; and the quaternionic unitary group
Sp(n). In Section 4, we define the spherical Fourier transform and we give the Plancherel and
the inversion formulas. Finally, we determine the heat kernel of the (4n+ 3)-dimensional quater-
nionic Heisenberg group.
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2 Preliminaries

2.1 The quaternionic Heisenberg group and its representations

Quaternion algebra H, initially introduced by Hamilton in 1843, is an associative, non-
commutative, and division algebra. It is constructed with a basis consisting of elements (1,4, j, k)
and possesses the following properties:

==k =ijk=—-1.
Let g = qo + q17 + 27 + g3k a quaternion where qo, 91, ¢2, g3 are real numbers.
 The real and imaginary parts of q are Re ¢ = qg, and I'm q = q17 + ¢2j + ¢3k.
« We will identify I'm ¢ with the triplet (g1, g2, g3) of R3.

» The conjugate and module (norm) of ¢ are defined by
3
T=q—qi—qj—ak, lo =q= ZQ;%
p=0

satisfying -
¢’ =d'q, lag|=ldllq |-
For ¢ and w in H", let us define the scalar product of ¢ and w by
(¢, w) =Wiq1 + ... + Wnn,

so that if a and b are two numbers of H then (qa, gb) = b(q, w)a.

The set H™ being considered as right quaternionic vector space, let Sp(n) be the group of trans-
formations of H" which are H—linear and (ug, uw) = (g, w) [7].

Sp(n) is called the quaternionic unitary group, also called the compact symplectic group.

By identifying v with the matrix that represents it in the canonical base we have

Sp(n) :={ue M,(H) : v*u=wu*=1T}.
Note that Sp(n) is isomorphic to Sp(n,C) N U(2n).
The inner product of ¢ and w is defined by
(g, w) = Re(q,w) = Re(wiq) + ... + Re(Wnqy).

The associated norm to both the scalar product and the inner product is identical and represented
by the notation || - ||.

Let Hl = H" x R® = {(¢,t), ¢ € H", ¢ € R}, with the group law is defined as
follows:

(¢,t)(w,s) = (g4 w,t + s — 2Im(q,w)).

Then Hj is called the quaternionic Heisenberg group and is a two-step nilpotent Lie group with
center {0} x R3,

The Haar measure on H; coincides with the Lebesgue measure dgdt on H™ x R3.

The inner product in L*(H]", dgdt) is defined by

(f,9)=[ [fla,t)g(q,t)dgdt.
H
For A € R3\{0}, the map J; : ¢ — ¢\ define a complexe structure of H", where

A= o and g\ = (@A, ..., g ).
Let’s consider the Fock space F) consisting of holomorphic functions F' defined on (H", J)) ~
C2", where F satisfies the following condition:
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The corresponding irreducible unitary representation my (z, t) of Hg on F)y is realized by

Tz, 1) F(q) = eiN—IN(2+2(a.2)=2i(aXa) (g + ), for F € Fy.

All irreducible infinite-dimensional unitary representations of H; is determined up to equiva-
lence by the condition 7y (0,¢) = "M Idx, , X € R? (see [11]).
We choose an orthonormal basis {eg, 1, €2, e3} of H such that

ep=1,e = X,er = e3.
For g = qo + (hX + qes + q3e3, we write
Z1 = qo +iq1, 22 = g2 +1g3.
For ¢ = (q1, ...., q,) € H", we associated the element (21, ...... , z25,) of C?", where
Zp = qp,0 + iGp,1, Zptn = @p2 T iGp;3 and

dp = 4p,0 + Qp,lx + dp2€2 + dp,3€3- (21)

The space Py (H") of holomorphic polynomials on (H", Jy) ~ C?" is dense in Fy, and contains
an orthonormal basis given by {u) : « € N?"}( see [8]), where

L =1 o 7n oz n
uh(9) = ()T AN T g% = ()T AN T 2" (a2 ) T (2AN) F 252,
Besides the infinite dimensional representations, H; has the one-dimensional representations
Tw(q,t) = e for (¢,t) € H and w € H".
The 75 (A € R?) and the 7,, fill up the unitary dual of J'.

2.2 Fourier transform on ’HZ

We associate to an integrable and square-integrable function f on H;, the Fourier transform

J = | fla.t)ma(g.Ddgdt, X € R0}

Then f()\) is a bounded operator on F,. Furthermore, if ¢, € F), then

~

(f(N)g, by = » faq,t)(mr(q, t) 9, )dqdt.

Let S, denote the Hilbert-Schmidt operators on Lz(?{g) with the inner product
(S,T) = trace(ST*) (where T* is the adjoint operator of S) and do()) be the measure, defined

on R*\{0} by
22n 3

do(\) = 2 d.

2n+3 |>\
The Plancherel and inversion formulas for H; can be proven in the same manner as [6]:

Theorem 2.1. (Plancherel formula).
Let f € L' N\ L*(H}), then f()) is a Hilbert-Schmidt operator, and we have

[ 1@t Pdade /R g IF s )

= / up, uy)Pdo(N).
aeNZ" peNn R \{0}

Furthermore, the Fourier transform can be uniquely extended to LZ(HZ}).
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Theorem 2.2. (Inversion formula).
Let f be a function in the Schwartz space S(H}') on . Then for all (q,t) € HJ,

~

Fla.t) = / trace(w3 (g, ) F(V))dor (M),
R3\ {0}

2.3 Spherical Functions and Representations

In this subsection, we recall some properties of the Gelfand pairs, the representations, and
the spherical functions, which will be used in the proof of Theorem (3.2). For details, we refer
the reader to [3, 4, 10].

Let N be a connected and simply connected nilpotent Lie group and K a compact group
acting continuously on N by automorphism. The semi-direct product K x N is defined by the
law:

(u,z)(v,y) = (uv, z u.y).

Let dx be the Haar measure on NV and dk the normalized Haar measure on K.
We denote by IV the set of equivalence classes of irreducible unitary representations of N.

Remark 2.3. A bi-K-invariant function on K X N can be identified with a K -invariant function
on N.

Definition 2.4. We say that (K, N) is a Gelfand pair when the algebra L% (N) of K —invariant
integrable functions on N is commutative under convolution. Equivalently, the algebra L! (K x
N//K) of integrable bi- K -invariant functions on the semi-direct product K x N is commutative.

There are several equivalent ways of defining K-spherical functions associated with a Gelfand
pair.

Definition 2.5. A K-spherical function associated with the Gelfand pair (K, V) is a continuous
K-invariant function ¢ on N with complex-valued, such that

wa=n4¢@wmm=¢@w@-

Notation:

« Let 7 be a unitary irreducible representation of N on a Hilbert space ..
+ Letu € K, define 7, on N by 7, (z) = 7(u.z) forall z € N.

+ K, ={u € K suchthat r, is unitary equivalent to 7}.

+ For u € K, we choose an intertwining operator p.,(u) such that
() = pir (W) () pr (w) "

Theorem 2.6. [4, 5] (K, N) is a Gelfand pair if and only if p, decomposes into irreducibles
components without multiplicities , for all m € N.

For (7, H.) € N ,let Hy = Z V,, be the decomposition of #, into irreducible subspaces
invariant under the action of u,. Then we have the following theorem:

Theorem 2.7. [4] Let (K, N) be a Gelfand pair, then

(i) ¢ is a bounded K-spherical function if and only if there exists a unitary vector § in V,, and
m € N, such that for all x € N,

0(@) = 0r @)1= [ (m(u)e,
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(ii) ¢re =

same V.

Corollary 2.8. [3] Suppose that K, = K and let {vy, ...,

(@) vy)-

1
(bﬂ',a( ) 7

ﬂM“‘

2.4 The sub-Laplacian on 1 :

Using the coordinates (g, ...

, if and only if there exists u € K such that T ~ 7, and &,n belongs to the

vq,, } an orthonormal basis of V,, then

s qnst1sto,t3) on Hy, with ¢ = gr0 + ¢r17 + ¢r2J + gr 3k, for

1 <7 < n. Then the (4n + 3)-dimensional Lie algebra of #}' is generated by the left-invariant
vector fields X0, X!, X2, X2 , Ty, T; and T, (see [2]), where

Ts =

X0 =

X! =

X2 =

X3 =

T

The Lie brackets are given by:

oty

0
aqr,O

—2qr1T1 — 2¢, 21 — 2,373,

0
aQT,I

+ 2,011 + 26,375 — 2q, 213,

0
6(]7',2

—2¢,3T1 + 2¢,. 015 + 2¢,.1 73,

1o}
6‘]7",3

+2¢, 2T — 2,115 + 2q,0T5.
[X797Xsl] = [X%,X:} = 40,11,
(X0, X2] = [X3, X!] = 40,, D>,

(X0, X3] = [X]), X2] = 46,,T3,

and the other Lie brackets are all null.

Proposition 2.9. [13] We define the sub-Laplacian Ay on H; by

)L

n 3

Ay = ZZ (X#)?, then

r=1 s=0

3

r=1 s=1

2

" 9 2
4 s
422 <QT O s0ts " Dy 00t

LYY Y o (s -

p=1 r=1 (s,p,w)

where (1, s,w) means the cyclic permutation of (1,2,3).

3 Bounded spherical functions on 1}

3.1 A Gelfand pair associated to H7'

Let u € Sp(n), we define the application v, by ., (q,t) = (u.q,t), for (g,
the standard action of Sp(n) on H". Then 1, is an automorphism of H.

82
aQr,w 8t5 ) ’

t) € Hy, with u.q is
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Indeed for (g,t), (w,s) € H; and u € Sp(n)
Yy (Qa t)wu(wa 3) =

u.g + vaw,t + s — 2Im(q,w))
(g +w),t+5—2Im(q,w))
= Yu((a,t)(w,s))

and it is clear that ¢y, is bijective. Moreover, the map ¢ : u — 1), is a homomorphism of the
group Sp(n) into the group Aut(H]) of the automorphisms of 7.
Then we can define the semi-product Sp(n) x H', equipped with the following product

(
(u-q
(uq+uw t+s—2[m(uq,uw))
(
(u

(u,q,t)(u',q ) = (uw, (g, t)(u.q 1))

Let A € R*\{0}, then we can define the representation 7 by 7%(q,t) = mx(u.g,t), which
coincide with 7 at the center. Then 7 is unitarily equivalent to 75 and we have the unitary
intertwining operator p such that

(g, t) = pa(u)ma(g, t)pua(u) =
Precisely, we set
pa(u)F(q) = F(u™'.q), for F € Fy, u € Sp(n) and ¢ € H".
Indeed
pa(u ) [ma(ug, ) Fl(w) = [ma (g, ) F)(uw)
= m(g,t)(ua(u ")) F(w).
Theorem 3.1. (Sp(n), M) is a Gelfand pair.

Proof. (Sp(n),Hy) is a Gelfand pair if and only the action of Sp(n) on Fy by p\ decomposes

into irreducible components of multiplicity one for all A € R? (2.6).
According to the table 1.8 in [3], we find that the action of Sp(n) on F, is multiplicity free.
We conclude that (Sp(n), ;') is a Gelfand pair. ]

3.2 Bounded spherical functions on ’HZ

For all the rest, we denote the Sp(n) as K.
Theorem 3.2. The bounded spherical functions of the Gelfand pair (K, ’Hg) are giving by
(i) The functions ¢ ., parametrized by A € R3\{0} and m € N:

(2n —1)!m!

AT ) i) o= Il 21 2
(m+2n_1)!e € Ly (2 lllgl7), m € N,

QSA,m (q7 t) =

where L?"~1 is the Laguerre polynomial of order 2n — 1 and of degree m.

(ii) The functions ¢, parametrized by r € R :
¢r(a,1)) = Jan—1(rllal),
Where J,,,_1 is the Bessel function of order 2n-1.

Proof.
(1) For the infinite-dimensional representation, we have 7} is unitarily equivalent to 7 for
every A € R*\{0}, where the unitary intertwining operator sy is given by

pr(u)F(q) = F(u™'.q), for F € Fx, u € K and ¢ € H".
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As (K, 7{3}) is a Gelfand pair, then by theorem (2.6) the space F ( or equivalently the dense
subspace P, (H")) decomposes into p-irreducible subspaces without multiplicities. For each
u € Sp(n) and m € N*, let P, ,,, be the subspace of homogeneous polynomials of degree m,
then p (u) preserves each Py ,,, and is irreducible under this action, then the decomposition of
Py (H") is given by
Pa(H") = Prm-
meN

The space Py, has the orthonormal basis {u) : |a| = m}. The dimension of this space is

equal to % and we note it by d,,, [8].

Then by corollary (2.8), the K-spherical bounded functions of H, associated to 7 is charac-
terized by :

(@ t) = 2 3 {malg ud )

" Jal=m
2n —1)Im!
- @(n+zn)_1)ze 03" (ma(g,0)ud, ).

loe|=m

Let w € H", we denote by &, = w0 + iwp 1, Eppn = Wp2 +iwp 3 and £ = (&4, ..., &om)
for wy, = wpo + wp,1 A + wp 262 + wy 3e3. Combining with (2.1), we have
_ 2n
(w,q) —i(wh,q) = > &7
p=1

Since

T [

2n B
<7T>\(q70)ug,ui‘y> = <2|)\|) / €_|)“(||q||2+2<w,q>—2i(w/\,q))u)\(w + q)Ué(’IU)e_zl)\leszw

™

2n
_ (M) / e~ MUIEIP267 Y (2 4 oy Eye—2 IR ge.
Cc2n
then (see [3, 8])

2
3 (ma(0,0)ta s tan) = eI L2121\ g

la=m

Hence 6. (1.t) = {igneye’ e M L1 (2]0]gP).

(2) For the one-dimensional representation 7,,, we have
Tw(U.q,t) = i wa) - for (¢,t) € Hy and w € H".

Then by theorem (2.7), we have the K —spherical function

i) = [ e
K

Thus the spherical function ¢,,(g, t) is independent of ¢ and depend only on the K —orbit in H"
( by theorem (2.7) ). Let px ., denote the unit measure supported on the K —orbit through w.
As a distribution, this is given by

(s f) = /K FO w, O)du,  Vf € C(H).

We define the Euclidean Fourier transform of f by

o~

Fws)= [ fla.e ooy
Hm xR3
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Note that

bula,t)f(q,0)dgdt = / Flg )™ w0 dgdtdu
My K JHp

= / Flu="w,0)du
K
= <//I/K.wa f>

forall f € C2°(H} ). Therefore we have ¢y, (g, t) = fir.w(q,0).
Since the distinct K -orbits are parametrised by real » > 0, then

(i) for r = 0, we have the trivial representation, and the K-spherical function associated with
that is ¢o(q,t) = 1 ( du is a normalized Haar measure on K).

(i1) For r > O the sphere S, of radius r in H" is a K-orbit and the associated K-spherical
function is ¢, = f,., where p,. is the normalised surface measure on S,..
Since the Fourier transform of the unit measure on the (4n — 1)-sphere is given in terms of
the Bessel function (see [8] p.25), then

¢T(Q7t) = J2n—1<’r||q‘|)7

where J,,,_1 is the Besel function of order (2n — 1).

4 Spherical Fourier transform on H7?

Theorem 4.1. Let f be an integrable K —invariant function on My, then for \ € R3\{0} and

~ ~

m € N, the space Py, is an eigen-subspace of f(\) with eigenvalue f(\,m), where

~

f,m) = » f(q:t)dam(q, t)dqdt.

Proof. Py, is a subspace of F) and is invariant under the action of the compact group K and
is irreducible under its action, furthermore for v € K and ¢ € H", we have

pa(u)ma(q) = ma(g)pa(u),

then o) (u)ma(f) = ma(f)pa(w).
Therefore, according to Schur’s lemma the subspace P, ,, is an eigenspace of 7, (f).

~ ~

Then, for ¢ € Py ,,, we have f(X)p = (f(N)E, &) with § € Py 4, and [[¢]| = 1.

~

Hence, f(\)¢ = f(A,m)e. i

Definition 4.2. Let f be an integrable K-invariant function on ;. The spherical Fourier trans-
form of f is defined by

Fovmyi= [ F(a.1)m(a,t)dadt,
for all (\,m) in R*\{0} x N.

Let f and g be two integrable K-invariant functions on Hp, then it is easy to prove that:

— ~

f*xg\,m)= f(A\,m)g(\,m), where '+ is the convolution product defined by

frglgt)= . f(p.m)g((=p, —7)(q,t))dpdr, for f,ge L'(H}).



Spherical Fourier transform on H;, . 9

Theorem 4.3. Inversion and Plancherel formulas.

(i) If f is integrable and square-integrable on ‘H?', then
[ \rta.tPdade = | 2 2 D Fm)Pdo(y). (1)
n Rz\{O} 2n — 1

(m +2n —1)! AT ) s (=g, —t) A()\’ m)do () is finite, then

(ii) If the quantity
R*\{O} 2n — 1 Im!

(2n —1)!m!

(m+2n—1)! ~
fla.t) = / o Z P om(—a.—0Ff A mydo (). (2)

Proof. (i) The space Py, is an eigen-subpace of f() for the eigenvalue f(),m), and since

the dimension of P ,, is %, then

1FOVBes = 30 Gt o m .
m=0

According to the Plancherel formula (2.1), we obtain the formula (1).

~

(i) 7% (g, t) is a bounded operator and f () is a trace class operator, then 75 (g, ¢) f(A) is a trace
classs operator, so

trace(ri(g, 1) f(N)) = Z Z (mx (g, t) F(N)ug, uy)

m=0 |a|=m
(m+2n—1 ~
= Z ((2:_ 1)'m‘) ¢>\ m( _t) (/\’m)

According to the inversion formula (2.2), we obtain the formula (2).

5 The heat kernel on (4n + 3)-dimensional quaternionic Heisenberg group

There are various methods to determine the heat kernel associated with the sub-Laplacian on
Hy (see for example [12, 13]). In this paragraph, we will give a method based on the inversion
formula of the spherical Fourier transform. We recall the following result:

Proposition 5.1.

(i) The spherical function ¢y, is a eigenfunction of the sub-Laplacian A :

A0¢x\,'m = _8|)‘|(n + m)¢>\,m-

(ii) If f : Hy — Cis a K-invariant C? function and compact support, then

o~

m()\7m) = =8|Al(n+m)f(\,m).

Proof. See, for example, [8], for proof of this result. O
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Let us consider the heat equation associated with the sub-laplacian

%(8: q,t) = Aog(s;q,t)

with the initial condition g(0;¢,t) = h(q,t), where h : H} — C is a known continuous
function and g : [0, +oo[xH} — C is a continuous function on [0, +-0o[x X" and class C* on
10, +oo[xH] to be determined.

Suppose that i and ¢ are K-invariant functions and taking the spherical Fourier transform of the
previous equations, then we obtain

%(s;)\,m) —8|A|(n 4+ m)g(s; \,m)
9(0; A, m) = h(\,m),

therfore §(s; A, m) = e 8 (tm)s [\ m).
Let p,(g,t) be an integrable K-invariant function on ;" such that

7 (m) = e,

then g(s, q,t) = (ps * h)(q,1).
Applying the inversion formula (4.3), we have

po(at) = /R 1\{0}de¢m —DF (A m) do(\)

/]R 3\{O}de¢m< g, —1) e I g ()

[ 3 e O I 12 Gl gl P) e o (3
R3\{0}

m=0
= / e~ At e—\>\|”(l|\2 e 8lAlns (Z L%:ll_l(2|)\|||q”2) (e—8>\|s>m> da()\),
R3\ {0} m=0

for |z| < 1, we have from [8, p.71] that

Z Lo (w) 2™ = (1—z) e 2",

m=0

then

=8|\

. _ 2 _ ) _ —2n e ‘l
po(at) = e =Ml 8 (1 o 8) T exp (T ) o)
R\ {0} 1 .

= —— (AT e —IMllgl1% coth(4||s)) dA
82n+3 /]R3\{O} € (Slnh(4)\|s)> eXp ( | |||q|| co ( | |5))

We deduce the following theorem:

Theorem 5.2. The heat kernel on the quaternionic Heisenberg group Hj is given by

1 —i(n) Al 2 2
= — ’ _—_— — h 4
ps(q,t) 823 /R3€ Sinh(42]5) exp (—|Al|lg|]” coth(4|A]s)) dA
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