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Abstract Let G be an arbitrary group with an identity e, let R be a commutative G-graded
ring and let I be a proper graded ideal of R. In this article, we introduce the concept of graded
2-absorbing I-ideal and graded n-absorbing I-ideal in a commutative G-graded rings which is
a generalization of graded 2-absorbing ideal and graded n-absorbing ideal. A proper graded
ideal P of a G-graded ring R is called a graded 2-absorbing I-ideal if a,b,c € h(R) with
abc € P—IP, thenab € Porac € Porbc € P. Also a proper graded ideal P of a G-graded ring
R is called a graded n-absorbing I-ideal if ay,az, ... ,an+1 € h(R) withay ...an4 € P —IP,
then aj...a;—10;y1...an1 € P for some i € {1,2,....,n+ 1} and n > 1. A number of
results and characterizations concerning these classes of graded ideals and their homogeneous
components are given. Furthermore, among many results we prove that every proper graded
ideal of a G-graded ring R is a graded n-absorbing I -ideal if and only if every quotient of R
is a product of (n + 1)-fields and also we give a condition under which the intersection of m
graded ideals of R is a graded n-absorbing I-ideal.

1 Introduction

Prime and primary ideals have key roles in commutative ring theory, many authors have studied
generalizations of prime and primary ideals (see [4], [5], [6], [8]). Later, A. Badawi in [8]
generalized the concept of prime ideals in a different way. He defined a nonzero proper ideal
P of R to be a 2-absorbing ideal of R if whenever a,b,c € R and abc € P, then ab € P or
ac € P or bc € P. Anderson and Badawi in [4] generalized the concept of 2-absorbing ideals
to n-absorbing ideals. Take n € N, R a commutative ring with unity. An ideal I of R is said to
be an n-absorbing ideal of a ring R if for any x1,x2,...,xpn+1 € R such that x| ... x4 € 1,
there are n of the x;’s whose product is in 1. Furthermore, the concept of graded 2-absorbing
ideal was introduced and studied by Al-Zoubi, Abu-Dawwas and Ceken in [3]. Akray in [1]
introduced I-prime ideal. An ideal of a ring R is I-prime if for a,b € R with ab € P — I P, then
a € Porb e P fora fixed ideal I of R. Then he defined the concept of n-absorbing I-ideals
in [2]. For a fixed proper ideal I, a proper ideal P of R is called an n-absorbing I-ideal if
a1,a,...,ap+1 € Rwithay...apy1 € P—IP, then ay...a;_1a;4+1...an41 € P for some
i€ {l,2,...,n+ 1} and n > 1. In this paper, we introduce the notion of graded 2-absorbing
and graded n-absorbing I-ideals in commutative G-graded rings which are the graded versions
of 2-absorbing and n-absorbing ideals on the one hand and generalizations of graded prime
ideals on the other.

Before we state our results let us recall some notation and terminology. Throughout this work
all rings are assumed to be commutative with nonzero identity. Let G be an abelian group with
identity e. By a G-graded ring we mean a ring R which is a direct sum of a family of additive
subgroups {Ry}qec of R with the property that RyRy, C Ry, for all g,h € G. Throughout,



202 I. Akray, Adil K. Jabbar and Shadan A. Othman

R=6& gec B denotes graded ring and we call vy € Ry a homogeneous element of R of degree
g and also the set of all homogeneous elements of R is denoted by h(R) = UgegRg. Let P be
an ideal of R. Then P is called a graded ideal of R if one of the equivalent conditions hold: (i)
P =@ ,cq Py where Py = PN Ry forall g € G and (ii) a = ag, + ag, + ... + a4, € P
implies that a4, € P, where a,, € Ry,. Let R be a G-graded ring and P be a graded
ideal of R. The quotient ring R/P is a G-graded ring. Indeed, R/P = @®4cc(R/P), where
R/P = ®4cc(R/P)y = {a+ Pla € Ry}.

Graded rings have been studied since 1955, (see for instance [14], [17]), then various re-
searchers interested in these rings and made several important studies in them and construct
a new branch in ring theory. Grading appear in many circumstances, both in elementary and
advanced levels. Particularly, there is a wide variety of applications of graded algebras in ge-
ometry and physics, for more information on the application of graded rings, see [12].

Let I be a fixed proper ideal of R.. In this article, we introduce the notion of graded 2-
absorbing I-ideal and graded n-absorbing I-ideal in commutative G-graded rings which is a
generalization of graded 2-absorbing and graded n-absorbing ideals. A proper graded ideal P
of a G-graded ring R is called a graded 2-absorbing I-ideal if for a,b,c € h(R) with abc €
P — IP, then ab € P or ac € P or bc € P. Also a proper graded ideal P of a G-graded ring
R is called an n-absorbing I-ideal if ay,ay,...,an+1 € W(R) with ay ...an1 € P — IP, then
aj...Q;—1Qiq] .. Qny1 € P for some i € {1,2,....n+ 1} and n > 1. Among many results
in this paper. We give an example (Example 2.16) of a graded 2-absorbing I-ideal of R that is
not a graded 2-absorbing ideal of R. We show that if P is a proper graded ideal of R such that
Gr(P) is a graded prime ideal of R and Gr(P) # P and (P : a) is a graded I-prime ideal of R
forall a € h(Gr(P)) — h(P), then P is a graded 2-absorbing I-ideal of R (Theorem 2.8). It is
shown that if P; and P, are graded primary ideals of R, then Gr(P\ P,) is a graded 2-absorbing
I-ideal of R (Theorem 2.14). If P; is a non zero graded I-prime ideal of a G-graded ring R
for 1 < j < m, then we show that Ny Pjisa graded n-absorbing I-ideal (Theorem 3.5). In
(Theorem 3.16) we characterize G-graded rings in which every proper graded ideal is a graded
n-absorbing I-ideal.

2 Graded 2-absorbing I-ideal

Definition 2.1. Let R be a G-graded ring and I be a fixed proper ideal of R.. A proper graded
ideal P of R is called a graded 2-absorbing I-ideal if a,b,c € h(R) with abc € P — IP, then
abe Porace Porbce P.

From the definition, one can see that any graded 2-absorbing ideal of R is a graded 2-
absorbing I-ideal of R. But, the following example illustrates that the converse need not be
true.

Example 2.2. Assume that R = K[X,Y, 7] is a Z-graded ring with deg(X) = deg(Y) =
deg(Z) = 1 and K is any field and P = (XY') is a graded ideal of R generated by homogeneous
elements XY. Then P is a graded 2-absorbing ideal of R. Thus for any graded ideal I of R, Pisa
graded 2-absorbing I-ideal of R. Furthermore, take P = (XY Z, X?Y?)and I = (XY Z, X?Y?).
Therefore P is a graded 2-absorbing /-ideal, since P — IP = ¢. However, P is not a graded
2-absorbing ideal, since XY Z € Pbut XY ¢ P, XZ ¢ PandYZ ¢ P.

Clearly, every 2-absorbing I-ideal of a graded ring R is also a graded 2-absorbing I-ideal.
However, the next example shows that the converse is not true in general.

Example 2.3. Let R = Z[i] and G = Z,. Then R is a G-graded ring with Ry = Z and R, = iZ.
Let I =2R and P = 10R. Then P is not a 2-absorbing /-ideal of R, since
10=(1+4i)(1—9)5e P—1IP

while (1 +¢)(1 —i) =2¢ P, (1+4)5 ¢ Pand (1 —4)5 ¢ P. To show that P is a graded
2-absorbing [-ideal of R, take a,b,c € h(R) with abc € P — IP. So 10|abc. Suppose 2|a and
5t a. Then 5 divides b or ¢ and P is a graded 2-absorbing I-ideal of R.
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Theorem 2.4. If P and Q) are non zero graded I-prime ideals of a G-graded ring R, then PN Q)
is a graded 2-absorbing I-ideal.

Proof. Let a,b,c € h(R) with (ab)c € PN Q — I(PN Q). Then (ab)c € P — IP and (ab)c €
@ — I1Q. Since P is a graded [-prime ideal, so either ab € P or ¢ € P. If ab € P, then either
a € Porbe P.Similarly,a € Qorb e Qorc e Q. Suppose a € PN Q. Then ab € PN Q and
ac € PN @, since P N Q is an ideal. Therefore P N @ is a graded 2-absorbing -ideal. O

Theorem 2.5. Let R be a G-graded ring and P be a graded ideal of R. If P is a graded 2-
absorbing I-ideal of R, then P N R, is a graded 2-absorbing I-ideal of R..

Proof. Leta,b,c € R, with abc € PN R, — I(PN R.). As P is a graded 2-absorbing I-ideal of
R,abe Porbce Porac€ P. Thusabe PN R.orac e PNR,orbce PN R, since R, is a
subring of R. Hence P N R, is a graded 2-absorbing /-ideal of R.. O

Theorem 2.6. Let P and Q) be graded ideals of a G-graded ring R with Q C P. Then the
following hold:

(i) P is a graded 2-absorbing I-ideal of R if and only if 5 is a graded 2-absorbing I-ideal of
R

oL
(ii) If Q and g are graded 2-absorbing I-ideals of R and % respectively, then P is a graded
2-absorbing I-ideals of R.

Proof. (1) Assume that
Wt Q=(+QU+Q(+Q) e G-I5=6- "5
for some z,y, z € h(R). Then

xyz € P— (IP 4+ Q),

so xyz € P — IP. Since P is a graded 2-absorbing I-ideal, we get xy + @ € g or

2z +Q € §oryz+Q € §. Therefore § is a graded 2-absorbing I-ideal of &. For the
converse, assume abc € P — I P with a,b,c € h(R). Thus abc € P — (IP + Q). Hence

(@+Q)b+Q)(c+Q) el -T2 L

als

As g is a graded 2-absorbing I-ideal of £, we can conclude that (a + Q)(b + Q) € 5 or
(a+Q)(c+Q) € g or(b+Q)(c+Q) € %. Hence ab € P or bc € P or ac € P, which
implies that P is a graded 2-absorbing [-ideal

(ii) Let zyz € P — I P where x,y, 2z € h(R). Then
T+Q+Q)(z+Q) =zyz+ Q€ §.

If xyz € Q, since zyz ¢ IP and Q C P, then IQ C IP. Thus xyz ¢ IQ. Hence zyz €
Q@ — IQ. Since @ is a graded 2-absorbing [-ideal, then we conclude either xy € Q C P or
xz € Q C Poryz € Q C P. Now, for the case zyz ¢ @), we have Tyz ¢ % and

(+Qu+Q+Q =T e 5~ 15,

Since g are graded 2-absorbing I-ideals of £ e obtain that either zy+Q € % orrz+Q €

goryz+Q€ %.HencemyePormzePoryzeP.
]

The graded radical of a graded ideal I, denoted by Gr(I), is the set of all z = deg g €ER
such that for each g € G there exists ng € Z" with g4 € 1. Note that, if v is a homogeneous
element, then v € Gr(I) if and only if v € I for some n € 7" [16]. The following lemma is
useful in the proof of our next result.
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Lemma 2.7. Let P and I be a proper graded ideals of R. Then I(P : a) C (IP : a) for all
a € h(R).

Proof. Let x € I(P : a). Then & = ir where ra € P. So xza = ira € IP, this implies that
x € (IP:a).Hence I(P:a) C (IP: a). i

Theorem 2.8. Let P be a proper graded ideal of R such that Gr(P) is a graded prime ideal of
R and Gr(P) # P. If (P : a) is a graded I-prime ideal of R for all a € h(Gr(P)) — h(P), then
P is a graded 2-absorbing I-ideal of R.

Proof. Suppose that a,b, ¢ € h(R) such that abc € P — IP. We have a € Gr(P) or b € Gr(P)
orc € Gr(P), since P C Gr(P) and Gr(P) is a graded prime ideal. Assume that a € Gr(P). If
a € P, then ab € P and we are done. So, leta € Gr(P)—P. Now, bc € (P : a). By Lemma 2.7,
I(P:a)C (IP:a).Sobc¢ (IP:a). Ifbc € I(P: a), then abc € I P which is a contradiction.
As (P : a) is a graded I-prime ideal, we coclude that either b € (P : a) or ¢ € (P : a). Hence
ab € P or ac € P. Therefore P is a graded 2-absorbing I-ideal of R. O

Recall that a proper graded ideal I of a graded ring R is said to be a graded irreducible ideal
if whenever J, and J, are graded ideals of R with I = Jy N J,, then either I = Jyor I = J,
[16]. The following theorem shows the relationship between the graded irreducible ideals and
the 2-absorbing I-ideals of R.

Theorem 2.9. Let P be a graded irreducible ideal of R. If Q* C P and (P : r) = (P : r?) for
all v € h(R) — Q, then P is a graded 2-absorbing I-ideal of R.

Proof. Let abc € P — IP for a,b,c € h(R) with ab ¢ P. Then eithera ¢ Q or b ¢ Q. Now we
can assume that (P : a) = (P : a?). Take P, = P + Rac and P, = P + Rbc. Then P; and P,
are graded ideals of R containing P. We claim that P = P, N P,. Let x € P N P,. Then we can
write

T =my + riac = my + rbc
for some m,mp € P and r;,r, € R. Thus
ax = amy + riatc = amy + rabe.

Since abc € P, we conclude that ax € P and rja’c € P. Hence by our assumption rjac € P,
that is z € P. It means that P = P; N P;. Since P is a graded irreducible ideal, we have P = P
or P = P, and so either ac € P or bc € P. Therefore P is a graded 2-absorbing /-ideal of R. O

Recall that a proper graded ideal I of a graded ring R is said to be a graded primary ideal
if whenever a,b € h(R) with ab € I, then a € I orb € Gr(I) [16].

Lemma 2.10. [ 16, Lemma 1.8] Let R be a G-graded ring and I be a graded primary ideal of R.
Then P = Gr(I) is a graded prime ideal of R.

Theorem 2.11. Let P be a graded primary ideal of R such that (Gr(P))> C P. Then P is a
graded 2-absorbing I-ideal of R.

Proof. Assume that abc € P — IP such that a,b,c € h(R). Let ab ¢ P. If ¢ € P, then we are
done. Now, suppose that ¢ ¢ P. Since P is a graded primary ideal, ¢ € Gr(P) and ab € Gr(P).
As Gr(P) is a graded prime ideal, by Lemma 2.10, we have a,c € Gr(P) or b,c € Gr(P).
Since (Gr(P))? C P, we conclude that ac € P or be € P. O

We say that a proper graded ideal P of a G-graded ring R is a graded I-primary ideal if
a,b € h(R) withab € P —IP, thena € P orb € Gr(P).

Theorem 2.12. If P is a graded I-primary ideal of R. Then Gr(P) is a graded Gr(I)-prime
ideal.

Proof. Let ab € Gr(P) — Gr(I)Gr(P) = Gr(P) — Gr(IP) for a,b € h(R). Then (ab)" =
a™b™ € P for some n € N and (ab)™ ¢ IP forall m € N. Soa"b™ € P—IP andas P is a
graded I-primary, a™ € P or b" € Gr(P), this yields a € Gr(P) or b € Gr(P) which means
Gr(P) is a graded Gr(I)-prime ideal of R. i
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Remark 2.13. Let P be a graded primary ideal of a G-graded ring R and I be a graded ideal.
Then Gr(P) is a graded I-prime ideal of R.

Theorem 2.14. Let P, and P, be graded primary ideals of R. Then Gr(PP,) is a graded 2-
absorbing I-ideal of R.

Proof. By [15, Proposition 2.4], Gr(P, Py) = Gr(PiNP;) = Gr(P,)NGr(P,). Hence Gr(P, P,)
is a graded 2-absorbing I-ideal of R, by Theorem 2.4 and Remark 2.13 O

In the following two results we characterize graded 2-absorbing I-ideals and graded I-prime
ideals in decomposition rings.

Theorem 2.15. Let R = R; x Ry be a G = G| X Gy-graded ring where R; is a G;-graded ring
Sor (i = 1,2). Suppose I and I, be two ideals of (Ry). and (Ry). respectively with I = I; X I.
Then the following statements hold:

(i) If LRy = Ry, then P is a graded 2-absorbing I-ideal of a G-graded ring R if and only
if P| X R, is a graded 2-absorbing I-ideal of a G-graded ring R.

(ii) If I1 Ry = Ry, then P, is a graded 2-absorbing I-ideal of a G,-graded ring R, if and only
if Ry x Py is a graded 2-absorbing I-ideal of a G-graded ring R.

Proof. (i) Let P, be a graded 2-absorbing I -ideal of a (Gj-graded ring R;. Assume that
(:cl,yl), (a:27y2), (563,y3) € h(Rl) X h(Rz) such that

(1, y1) (@2, 92)(23,y3) € Py x Ry — (11 x [)(P1 X Ry)
= Pl X R2 — (Ilpl X Isz)
= P1 X R2 — (IIPI X Rz)
= (P] 7I1P1) X Rz.

This implies that x;2,2, € Py — I} P; and as P is a graded 2-absorbing I;-ideal of Ry,
we coclude that either xy2, € Py or xjx3 € Py or wpx3 € P;. Therefore, we have
(1, y1)(x2,92) € Pi x Ry or (z1,y1)(x3,43) € Pi x Ry or (z2,12)(23,43) € Py x Ry
which implies P} x R; is a graded 2-absorbing I-ideal of R. Conversely, on contrary we
assume that P; x R, is a graded 2-absorbing /-ideal of a G-graded ring R and P, is not a
graded 2-absorbing I;-ideal of R;. Therefore, there exists zyz € P; but neither zy € P
nor zz € P nor yz € P;. Since

(LL', 1)(y7 1)(2, 1) S (P] — Ilpl) X Ry =P x Ry — (I]P] X Rz)
= P1 X R2 — (Il X I2)(P1 X Rz)

and as Py x R, is a graded 2-absorbing I-ideal, this yields (z,1)(y,1) € P, x R, or
(z,1)(z,1) € Py x Ry or (y,1)(z,1) € P, x R,. So we have xy € P, or zz € P, or
yz € P;, which is a contradiction to ourassumption. Consequently, P; becomes a graded
2-absorbing I)-ideal of R;.

(i) The proof is similar to part (1) and hence omitted.
O

Lemma 2.16. Let R = Ry X Ry be a G = Gy x Gy-graded ring where R; is a G;-graded ring
Jor (i = 1,2). Suppose I, and I be two ideals of (R} ). and (Ry). respectively with I = I; X I.
Then the following statements hold:

(i) If bRy = Ry, then Py is a graded I,-prime ideal of a G,-graded ring R, if and only if
Py X Ry is a graded I-prime ideal of a G-graded ring R.

(ii) If LRy = Ry, then P, is a graded I-prime ideal of a Ga-graded ring R, if and only if
Ry x P, is a graded I-prime ideal of a G-graded ring R.

Theorem 2.17. Let R = R; X R; be a G = G| x G-graded ring where R\, R, are G-graded
ring and Gy-graded ring respectively. Suppose I, and I, be two ideals of (Ry). and (Ry).
respectively with I = I x I and P be a proper graded ideal of R. Then the following statements
are equivalent:
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(i) P isa graded 2-absorbing I-ideal of a G-graded ring R;

(ii) Either P = Py X R, for some graded 2-absorbing I,-ideal P, of a G-graded ring R; with
LRy = Ry or P= R; x P, for some graded 2-absorbing I-ideal P, of a G»-graded ring
Ry with [T Ry = Ry or P = P X P, for some graded I,-prime ideal P| of a G-graded ring
Ry and some graded I,-prime ideal P; of a G,-graded ring R;.

Pibpf= (2) Let P be a graded 2-absorbing I-ideal of a G-graded ring R. Then P = P, x P,
for some graded ideal P, of R; and some graded ideal P; of R,. Assume that P, = R;.
Since P is a proper graded ideal of R, P, # R,. Let S = ﬁ' Then Q = RI%{O} is
a graded 2-absorbing I-ideal of a G-graded ring S by Theorem 2.6 Since S is isomorphic
to R, and P, = @, P, is a graded 2-absorbing I;-ideal of a GG»-graded ring R,. Likewise,
we can assume that P, = R,. Since P is a proper graded ideal of R, P; # R;. Now by a
similar argument as in the previous case we can conclude that P; is a graded 2-absorbing
I -ideal of a Gi-graded ring R;. Suppose that P = P; x P, and neither P = R; nor
P, = R,. To establish the claim, suppose that P, is not a I;-prime ideal P; of a G|-graded
ring R;.Therefore, there exist a,b € h(R;) with ab € P, — I P, but neither a € P; nor
b € P,. Assume that z,y, z € h(R;) such that z = (a, 1),y = (b,1) and z = (1,0). Hence
zyz = (ab,0) € P but neither zy = (ab, 1) € P nor 2z = (a,0) € P nor yz = (b,0) € P,
which is a contradiction to our assumption. Therefore, P, is a I;-prime ideal of a G|-graded
ring R;. Likewise, by similar argument we can conclude that P, is a I,-prime ideal of a
G,-graded ring R;.

(2) = (1) If P = P x R, for some graded 2-absorbing I;-ideal P, of a G-graded ring R;

or P = R; x P, for some graded 2-absorbing I;-ideal P> of a G,-graded ring R,, then
by Theorem 2.15 P is a graded 2-absorbing /-ideal of a G-graded ring R. Now, suppose
P = Py x P; for some graded I-prime ideal P, of a G-graded ring R; and some graded
I,-prime ideal P, of a G,-graded ring R;. Thus Q1 = P X R; and @, = R; x P, are graded
I-prime ideals of a G-graded ring R by Theorem 2.16. Therefore, Q; NQr = P, x P, = P
is a graded 2-absorbing /-ideal of a G-graded ring R by Theorem 2.4.

O

Lemma 2.18. [ 10, Theorem 2.1, p.2] Let I C P be ideals of a ring R, where P is a prime ideal.
Then the following statements are equivalent:

(i) P is a minimal prime ideal of 1,

(ii) For each x € P, thereis ay € R — P and a nonnegative integer n such that yx™ € I.

Theorem 2.19. Let P be a graded 2-absorbing I-ideal of a G-graded ring R. Then there are at
most two graded prime ideals of R that are minimal over P.

Proof. Assume that F' = {P; | P; is a graded prime ideal of R that is minimal over P} and sup-
pose that F' has at least three elements. Let P, P, € F be two distinct graded prime ideals.
Hence there is an 1 € P; — P, and there is an 2z, € P, — Py where x1, 2, € h(R). First we
show that z;z, € P. By Lemma 2.18, there is a ¢; ¢ P, and a ¢; ¢ P, such that oz} € P and
c1z2y* € P for some n,m > 1. Now we prove that ;2] ¢ IP and ¢z} ¢ IP. Soci,c, ¢ IP,if

orf €eIPCPCPNPCP,

then coz] € P> we conclude that either c; € P or z; € P> which is a contradiction. Also by
similar way we get c;x3* ¢ IP. Since x1, x> ¢ PiNP; and being P graded 2-absorbing /-ideal of
R, we conclude that ¢y z; € P and cpx; € P. Since z1,x, ¢ PiINP, and ¢jx2, oz € P C PiNPs,
we obtainc; € Py — Pyand ¢; € P, — Pj, and thus ¢j, ¢ ¢ PN P,. So (¢1 + )z122 € P,
since cjxp € P and cpxy € P. We have ¢; + ¢ §é Prand ¢ + & % P,. Since (C] + 62)1‘2 ¢ P
and (c; + &)z1 ¢ P5, we conclude that neither (¢; + ¢p)z; € P and (¢; + ¢2)x; € P, and hence
z1xy € P. Now suppose P € F such that Pj is neither P, nor P,. Then take y; € Py — (P,UP;),
vy € P, — (PUDPs), and y3 € P; — (P, U P). By previous argument y1, € P. Since
P C PPNP NP and y1y, € P, we get that y; € P53 or y» € P; which is a contradiction.
Therefore F' has at most two graded prime ideals that are minimal over P. O
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3 Graded n-absorbing I-ideals

Definition 3.1. Let R be a G-graded ring and I be a fixed proper ideal of R, and let n >
1 be a positive integer. A proper graded ideal P of R is called an n-absorbing [-ideal if
a1,a2,...,an4+1 € h(R) withay ...ap41 € P —IP,thenay...a;—1a;41 ...an11 € P for some
ie{l,2,...,n+ 1}

Corollary 3.2. Let P be a graded n-absorbing I-ideal of R. Then P is a graded m-absorbing
I-ideal of R for allm > n.

Lemma 3.3. A proper graded ideal P of a G-graded ring R is a graded n-absorbing I-ideal if
and only if % is a graded n-absorbing 0-ideal.

Theorem 3.4. If P is a proper graded ideal of a G-graded ring R with IGr(P) = Gr(IP), then
Gr(P) is a graded n-absorbing I-ideal.

Proof. Suppose z1x; ... %1 € Gr(P) — IGr(P) with 1,22, ..., Tn+1 € h(R). Then
(xlxz .. .In+1)m =x1Mxy™ .. .1‘n+1m e P—-1IP.

Thus being graded n-absorbing /-ideal gives us

m

1"y i "™ T EP
for some i € {1,2,...,n + 1}. So (z1z2...2i—1Tiy1 ... Tpnt1)™ € P which implies that
TITY -« Ty 1Tjs] - - - Tyr1 € Gr(P) forsome i € {1,2,...,n+ 1}. Therefore Gr(P) is a graded
n-absorbing /-ideal of R. O

Based on the following result, exploring that what occurs in a more generic case, in other
terms, what is the intersection structure of m graded I-prime ideals of R.

Theorem 3.5. If P; is a non zero graded I-prime ideal of a G-graded ring R for 1 < j < m,
then N7, P; is a graded n-absorbing I-ideal.

Proof. Letajay...ant) € ﬂ;":le—Iﬂ;.”:]Pj foray,ay,...,an+1 € K(R). Thus aaz ... an41 €

P; —IP; forall j = 1,...,m and so a;(ajayz...a;—1G;41...an41) € P; —IP; for all j =
1,...,m and for some i € {1,2,...,n + 1}. Since P; is a graded I-prime ideal for all j =
1,...,m, we conclude that either a; € Pjoraias...a;—1Git+1...ant1 € Pjforallj =1,...,m.

This ylelds a; € ﬁ;”:IPj or ajay...a;—1Q;41--.-apt1 € ﬂ]m:le. If aja, .. Q1A ] - Q] €
ﬂ}”zle, then there is nothing to prove. Now in the other case we get a;(ajaz ... a;_1a;41...an) €
N7, P; for some i € {1,2,...,n} and a;(ajaz ... a;—1G;41 ... an—1) € N7, Py fori =mn+ 1.
Hence N, P; is a graded n-absorbing /-ideal. ]

Theorem 3.6. Let P; be a graded primary ideal of R for each 1 < j < n. Then Gr(P\P,...P,)
is a graded n-absorbing I-ideal of R.

Proof. The proof is straightforward by using a similar argument as in the Theorem 2.14. O

Proposition 3.7. Let P be a graded n-absorbing I-ideal of a G-graded ring R and let S C R
be a multiplicative closed set of R such that PN\ S = (. Then S™'P is a graded n-absorbing
S~ I-ideal of S™'R.
Proof. Assume 7t,..., =L € h(S™'R) such that

el ¢ §-1p - §11STIp = S71(P — IP).

T1Ty... Tptl

Then we have yriry...r,.1 € P — IP for some y € S. By taking yr; as one element, either

T3 ... Tpy1 € Poryry...r_1rix1...1pe1 € Pfori=2,3,...,n+ 1. Hence
T2.-Tn4l __ T2 Tntl —1
Ty Tpyl X2 T T es™rp
or
YT Ti—1Tiq 1o Tngl T Ti—1 T Tn —1
+ 1T +1 e §-1p,

YL Ly Tt ] o Lyt Ty " xi Ty T T
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this implies that S~! P is a graded n-absorbing S~!/-ideal of S~!R. i

Theorem 3.8. Let P be a proper graded ideal of a G-graded ring R. If P is a graded n-absorbing
I-ideal that is not a graded n-absorbing ideal, then P"*' C IP.

Proof. Suppose that P"*! ¢ IP. Now we have to show that P is a graded n-absorbing
ideal. Take z1,x2,...,2Zn41 € h(R) such that zy2s... 241 € P. If myzn.. .2y ¢ IP
and P is a graded n-absorbing I-ideal, then we are done. Now, for the case zjx; ... 2,41 €
IP, we have 125 ... 2,41, P* C IP for k = 1,2,...,n, since otherwise we conclude that
T1X2 .o e T 1—kPIDP2 - - - Dk §é 1P fOI‘pl,pg7 .., DPE € P and so

2122 . Tl —k(Tngo—k +p1) ... (Tpy1 +px) € P—IP.

As P is a graded n-absorbing I-ideal, x| ... x;_1Zit ... Tny € Pforsomei € {1,2,...,n+1}.
Similarly, we can assume that for all iy, i ... iptr1-k € {1,2,...,n+ 1}, 2 .. .xi,,L+17kPk CcIP
with 1 <k <n+ 1. Since P"™! ¢ IP, there existry, 72, ... 741 € Pwithriry... 1y & IP.
This yields

(l‘] + ’I"])(xz + 7’2) - (I7L+] + T'n+1) e P—-1P.
Since P is a graded n-absorbing /-ideal, we get
(1 +r1) (i +ric) (@i + i) o (T +7pn) €P

and SO x; ... &1 Tjt1 ... Tpe1 € Pforsomei € {1,2,...,n+ 1}. Consequently, P is a graded
n-absorbing ideal. O

We conclude from Theorem 3.8 that a graded n-absorbing I-ideal P with P"™' ¢ IP is a
graded n-absorbing ideal.

Corollary 3.9. Let R be a G-graded ring and P be a proper graded ideal of R. If P is a graded
n-absorbing 0-ideal that is not a graded n-absorbing ideal, then P"1 = 0.

Corollary 3.10. Let P be a graded n-absorbing I-ideal of a G-graded ring R with [P C P"*2,
Then P is a graded n-absorbing N2, Pi-ideal (n > 1).

Proof. If P is a graded n-absorbing ideal, then P is a graded n-absorbing [-ideal and so is
a graded n-absorbing NS°, P’-ideal. Suppose that P is not a graded n-absorbing ideal, then
Theorem 3.8 gives us P**! C IP C P™*2 Hence IP = P* for each k¥ > n 4 1 and hence
N5, Pt = IP. Therefore P is a graded n-absorbing N2, Pi-ideal. O

Let R and S be two graded rings. If P is a graded n-absorbing 0-ideal of R. Then P x S
need not be a graded n-absorbing 0-ideal of R x S . For a particularly case see [6, Theorem
2]. However, P x S is a graded n-absorbing I-ideal for each I = I; x I, where I, and I, be
two graded ideals of R and S respectively with N2 (P x S)* CI(P x S) C P x S.

Theorem 3.11. (i) Let R and S be two G-graded rings and let P be a graded n-absorbing
0-ideal of R. Then J = P x S is a graded n-absorbing I-ideal of R x S, for each I with
N (PxS) CI(PxS)CPxS.

(ii) Let R be a G-graded ring and J be a graded finitely generated proper ideal of R. Suppose
that J is a graded n-absorbing I-ideal, where IP C J"*2. Then either J is a graded n-
absorbing 0-ideal or J"*' # 0 is idempotent and R decomposes as T x S, where S = J"+!
and J = P x S, where P is a graded n-absorbing 0-ideal. Hence J is a graded n-absorbing
I-ideal for each I with ﬂfilJi clJcClJ.

Proof. (i) Let R and S be two G-graded rings and let P be a graded n-absorbing 0-ideal of
R. Then P x S need not be a graded n-absorbing O-ideal of R x §. In fact, P x S'is a
graded n-absorbing 0-ideal if and only if P x S is a graded prime ideal. However, P x S is
a graded n-absorbing I-ideal for each

N2 (P x S8) CIPxS).



Graded n—absorbing I —ideals 209

(ii)

If P is a graded n-absorbing ideal, then P x S is a graded n-absorbing ideal and thus is
a graded n-absorbing I-ideal. Assume that P is not a graded n-absorbing ideal. Then
Pl =0and (P x S)"*! =0 x S. Therefore

N (P xS =N PxS=0xS5.
Hence
PxS—nNX(Px8S)=PxS—-0xS=(P-0)x8S.

Since P is a graded n-absorbing 0-ideal, P x S is a graded n-absorbing N%° (P x S)*-ideal
and as

N (P x8) CI(PxS),

P x S is a graded n-absorbing I-ideal.

If J is a graded n-absorbing ideal, then J is a graded n-absorbing 0-ideal. So we can
assume that .J is not a graded n-absorbing ideal. Then J"*! C I P and hence

Jn+1 C IP C Jn+2’

so J"*! = Jn*2 Hence J"*! is idempotent. Since J"*! is finitely generated, J"*! = (e)
for some idempotent ¢ € R. Suppose J"*! = 0. Then IP = 0, and hence J is a graded
n-absorbing 0-ideal. Assume that J"! = 0, and put S = J"*! = Reand T = R(1 — e),
so R decomposes T' x S. Let P = J(1 —e¢); s0 J = P x S, where

PPl = (J(1 = ) = 7 (1= e = () (1 - €) = 0.

We claim that P is a graded n-absorbing 0-ideal. Let x1,x,..., 2,41 € h(R) with 0 #
T1x3...Tne1 € P. Then

(1’1,0)(3’22,0)...(1’n+1,0) = (xlxz...an,O) e PxS— (P X S)n+l
=PxS-0xSCP-IP,

since IP C J"*2, which implies that
IPCJ"2=(PxS)"2=0xS.
Hence J — J*H1 C J—TP. As Jisa graded n-absorbing /-ideal,
(T1%2 - Ty 1Tig1 « - - Tpy1,0) EP X S =J
for some i € {1,2,...,n+ 1}. Thus zjz... 2,111 ...2nt1 € P. Therefore P is a

graded n-absorbing O-ideal of R.
]

Corollary 3.12. Let R be an indecomposable G-graded ring and let P be a graded finitely gen-
erated n-absorbing I-ideal of R, where IP C P"*2. Then P is a graded n-absorbing 0-ideal.
Furthermore, if R is a G-graded integral domain, then P is actually a graded n-absorbing ideal.

Corollary 3.13. A proper graded ideal P of a G-graded Noetherian integral domain R is a
graded n-absorbing ideal if and only if P is a graded n-absorbing P™*'-ideal for n > 2.

Theorem 3.14. Let P be a proper graded ideal of a G-graded ring R. Then the following con-
ditions are equivalent.

(i)
(ii)

P is a graded n-absorbing I-ideal
Forxy,xp,...,2, € h(R) — h(P)

(Prxizy...xp) =Ul((Praizy. . i Tig1 .. xp) UIP i @a ... 2y)
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Proof. (1) = (2) Suppose z1,22,...,2, € h(R) — h(P) andy € (P : zj22...2,). Then
X1xy...xpy € P. If xy2p.. .2,y ¢ IP, then 2125 ... 2 1%y ... 2y € P for some i €
{1,2,...,n},andsoy € (P : z1@2...Ti—1Tjt1...Tpn). fx122.. . 20y € IP, theny € (IP :
Z1xy...1T,). Hence

(P:zjzy...xn) CUL(Prajzy. .. 2im1Tig1 ... ) UIP 12120 ... 2y)

The other containment always holds.

(2) = (1) Suppose x5 ...2p41 € P—IP. If 212, ... 2, € P, then we are done. Assume
that zyx; ... x, ¢ P. Thus

(P:zjzy...xn) =UL((Prajzy.. .21 Zigy ... ) U(IP 1 xy2a .. ).

Since z1x> .. Tpel € P, Tpnil € (P LX) . l‘n) and the fact zx, . T ¢ IP gives
us Ty ¢ (IP : xyz2...3,). Hence 1 € (P @ x1ma... % _1Tis) ... Ty), fOr some i €
{1,2,...,n}, thatis 122 ... 2;—1%it1 ... Tny1 € P. Thus P is a graded n-absorbing I-ideal. O

In the following result we show that all components of graded n-absorbing I-ideals in de-
composition rings is the product of graded n-absorbing ideals except one of the components is
the whole ring.

Proposition 3.15. Let R = Ry X Ry X ... X R,11, where R; is a G-graded ring, for i €
{1,2,...,n + 1}. If P is a graded n-absorbing I-ideal of R, then either P = IP or P =
Pl xPyx...xP_y xRy x Piyy X ... X Py forsomei € {1,2,...,n+ 1} and if P; # R;
for j # 1, then Pj is a graded n-absorbing ideal in R;.

Proof. Let P = P; x P, x ... x P, be a graded n-absorbing I-ideal of R and P # I P. Then

there exists (z1,22,...,op+1) € P — IP, and so
(xl, 1,...,1)(1,.1‘2,...,1)...(1, 1,...,l‘n+1) = ($1,$2,...,xn+1) € P.
As P is a graded n-absorbing I-ideal, we have (z1,x2,...,%;_1,1,%it1,. .., Tny1) € P for some

ie€{l,2,...,n+ 1}. Thus (0,0,...,0,1,0,...,0) € P and hence
P=P xXPyx...xP_ 1 XR;x Py xX...xPpy.

If P; # R, for j # i, then we have to prove P; is a graded n-absorbing ideal in R;. Let i < j
and let y1y> ... yn+1 € P;. Then

(0,0,...,0,1,0,...,0, 192 ... 4n,0,...,0)
=(0,0,...,1,0,...,y1,...,0)(0,0,...,1,0,...,1,...,0)
...(0,0,...,1,0,... ,yns1,...,0) € P — IP

and the graded n-absorbing I-ideal P gives that
(ana' "707 1a05"'a07y1y2"'ykflyk+l "'yn+170a" 70) S

for some k € {1,2,...,n+ 1}. Thus y192 ... Yk—1Yk+1 .- - Yn+1 € P; and hence P; is a graded
n-absorbing ideal in R;. We can do the same arguments for the case j < 7. O

We characterize G-graded rings in which every proper graded ideal is a graded n-absorbing
I-ideal.

Theorem 3.16. Ler R be a G-graded ring and let |Max(R)| > n + 1 > 2. Every proper graded
ideal of R is a graded n-absorbing I-ideal if and only if every quotient of R is a product of
(n+ 1)-fields.

Proof.

(=) : Letmy,ma,...,m,4 beadistinct graded maximal ideals of R. Thenm = mymy ... mp41
is a graded n-absorbing I-ideal of R. We want to show that m is not a graded n-absorbing ideal.
First to show that m; ;(_ Ujzm; for all ¢ € {1,2,...,n + 1}, we suppose by contrary that
m; C Ujz;m;. Then there exists m; with m; C m; by prime avoidance lemma, which con-
tradicts the fact that m;, ¢ = 1,2,...,n + 1 are distinct graded maximal ideals. Hence there
exists
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n+1
T; € My — UZ#J 1m;

andso zjxy ... Ty € m. Ifthereexists j € {1,2,...,n+ 1} withzjzs ... 2j 141 ... Tpgr €
m C my, then x; € my, for some ¢ # j, a contradiction. Hence m is not a graded n-absorbing
ideal and so m"*! = I'm. Thus by Chinese remainder theorem,

R ~ R R R
T = —7 X —/75 X ... X —/7.
Tm = T 7 g mr

Put F; = % If F; is not field, then it has a nonzero proper graded ideal K and so

Ox0Ox..x0xKx0x...x0

is a graded n-absorbing 0-ideal of %. Thus by Proposition 3.15, we have K = F; or K = 0,
which is impossible. Hence F; is a field.

(<) : Let P be a proper graded ideal of R. Then
IP_F1><F2>< X Fhi
and
E 2P xPx...x Py,

where P; is an ideal of F}, i = 1,2,...,n + 1. If P = I P, there is nothing to prove, otherwise

we have P; = 0 for at least onej € {1,2,...,n+ 1}, since 7 is proper. Therefore 75 is a
graded n-absorbing 0-ideal of 5 and Pis a graded n-absorbing I-ideal of R.

O

Corollary 3.17. Let R be a G-graded ring and let |Max(R)| > n+ 1 > 2. Every proper graded
ideal of R is a graded n-absorbing 0-ideal if and only if R = F| X Fp X ... X Fy41, where
F\, F;, ..., F, are fields.

Theorem 3.18. Let P be a graded n-absorbing I-ideal of a G-graded ring R. Then there are at
most n graded prime ideals of R that are minimal over P.

Proof. Let C = {Q; | Q; is a grade prime ideal of R that is minimal over P} and let C has at
least n elements. Assume Q1,Q>,...,Qn € C be distinct elements and z; € Q; — U;+;Q;
where z; € h(R) fori = 1,2,...,n. By Lemma 2.18 there is a y; ¢ Q; where y; € h(R) for
i =1,2,...,n such that yla:f € P for some positive integers 1, ty, ..., t,. Since x; ¢ ﬂ?:IQj for
alli =1,2,...,nand P is graded n-absorbing /-ideal we have yix?*l €P.Asz; ¢ ﬁ;‘;le and
Ui "_l € PCni @Q;wegetthaty, € Q; —U;%;Q; and so y; ¢ N Q; foralli =1,2,.

Slnceyz e P Zg T | L= Pandclearly > 1Y ¢ Q; forall i = 1,2,.

Also 370 y; [Tis, =7 I ¢ P, since S Y [l ot l'¢ Qi fori = 1,2,..,n, and bemg
P graded n-absorbing I-ideal, we obtain [[;" | z}'~ ' ¢ P. Now, suppose Qn+1 € C such that
Qni1 # Qi fori = 1,2,...,n. Take z; € Q; — U;»;Q; fori = 1,2,...,n + 1 and by previous
argument [, 2" e P Smce P C '@ and [, 2" € P, we have 2™ € Q41 for

some ¢ = 1,2,...,n and consequently, z; € Q4+ for i = 1,2,...,n which is a contraduction.
Therefore C has at most n elements. O

Theorem 3.19. Let P be a graded n-absorbing ideal of a G-graded ring R. Then one of the
following statements must hold:

(i) Gr(P) = Q is a graded prime ideal of R such that Q> C P.
(ii) Gr(P) = N,Q:, (ITi~; Q)" C P and Gr(P) C P, where Q;,i = 1,2,...,n are the

only dlstmct graded prime ideals of R that are minimal over P.

Proof. By Theorem 3.18 we conclude that either Gr(P) = Q is a graded prime ideal of R or
Gr(P) =N ,Q;, where Q; are the only distinct graded prime ideals of R that are minimal over
P. Assume that Gr(P) = Q is a graded prime ideal of R and take =,y € Q. By [8, Theorem
2.1], we get z",y™ € P and so x(2"~! 4+ y" 1)y € P. Since Pis a graded n-absorbing ideal

.I‘(J?n_l +yn—l) = " _|_xyn—1 cP
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or
(" V4 yn Ny =a"ly+y" € Poray € P.

Hence in either case, we have Q™ C P. For the second assertions, suppose Gr(P) = N, Q;
,where (); are the only distinct graded prime ideals of R that are minimal over P and take
z,y € Gr(P). By a bove argument zy € P and so Gr(P)?> C P. To prove [[,_, Q; C P,
take z; € P; — U, P; and by the proof of Theorem 3.18, we have el € P Let

r € Gr(P)and z; € P; — U2, P;. Then 201 ..zn~! € P by the proof of Theorem 3.18 and
r+z € P — U, P;. Hence
I I (A P LS PO B < &

andsorzy~'... .z € P. O

Theorem 3.20. Let P be a graded n-absorbing I-ideal of a G-graded ring R and QQ; # Q3 be
distinct graded prime ideals of Rand I(P : a) = (IP : a) forall a € h(R). Then

(i) if Gr(P) = Qy, then (P :g a) is a graded n-absorbing I-ideal of R with Gr(P :r a) =
Q1,Va € h(R) — Qu;

(ii) if Gr(P) = Q1 N Qy, then (P g a) is a graded n-absorbing I-ideal of R with Gr(P g
a) =Q1NQyVa e h(R) - {Ql U Qz}

Proof. (i) Leta € h(R) — Qy and xy, ..., 2,41 € h(R) with
x1...Tpp1 € (Piga)—I(P:ga).
Then z; ...x,41a € P — I P since
IPCI(P:pa)=(IP:ga).

Soxy...x;1%i41 ... Tpy1a € Porxy...x,_1a € Porxy ...z, € Pfori=1,2,... n—
1, since P is a graded n-absorbing I-ideal. If one of the first two cases holds, then we are
done. If z; ... x4 € P, then

Tl . Xi—1Ti+] .. -Tpy1 € P
fori=1,2,...,n+ 1 which implies
Tl.. . XTi—1Ti4]-.-Tpy1a € P.

Thus (P :g a) is graded n-absorbing I-ideal of a R and as P C (P :g a) C Q;, we have

GT’(P ‘R CL) = Q].
(ii) By similar arguments to that of (1), we can prove (P :g a) is graded n-absorbing I-ideal.
o
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