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Abstract. The purpose of the paper is to investigate curvature restricted geometric prop-
erties of a warped product metric with 1-dimensional base and 3-dimensional fibre and found
that such a metric is pseudosymmetric and possesses various type of pseudosymmetric struc-
tures such as, Ricci generalized pseudosymmetry, Ricci generalized projective pseudosymmetry,
Ricci generalized concircular pseudosymmetry (W - R = frQ(S, R)), pseudosymmetry due to
conharmonic curvature tensor (K - R = frQ(g, R)), semisymmetry due to conharmonic curva-
ture tensor (R - K = 0) etc. Later, it is also found that the warped product metric is an Einstein
manifold of degree 2 and Ricci tensor has quasi-Einstein nature. Finally, the novelty of the work
is that the energy momentum tensor of the metric has also pseudosymmetric nature.

1 Introduction

Let V be the Levi-Civita connection of a connected and smooth manifold M with dim M =
n > 3 and let M be furnished with a semi-Riemannian metric g of signature (£,n — £). Then
Lorentzian and Riemannian manifolds form natural subclasses of semi-Riemannian manifolds
for £ =1orn — 1and ¢ = 0 or n respectively. We also denotes the Riemann-Christoffel curva-
ture (resp., Ricci curvature and the scalar curvature) by R (resp., S and ). The 4-dimensional
connected Lorentzian manifolds are of special interest as these are physically treated as space-
times in general relativity. During the investigation of the existence of weakly W, symmetric
manifold, in 2007, Shaikh et al. ([60], Example 4) first exihibited an warped product metric,
which can be written in terms of (¢, 7, 6, ¢) coordinates system as follows:

ds? = (¢)*3[(dt)? + (dr)? + (d6)?] + (d¢)>. (1.1)

The same metric was further considered by Baisya in [4] for the Lorentzian signature as
follows:
ds* = (¢)**[(dt)? + (dr)* + (d0)] — (dg)*. (1.2)

The curvature of a semi-Riemannian manifold assists to understand the geometry of the man-
ifold as the curvature performs an important role in determination of shape of the manifold. By
imposing a particular restriction on the curvature tensor of a semi-Riemannian manifold M, we
obtain a specific class of manifolds. For example, the class of locally symmetric manifolds due
to Cartan [5] is defined as VR = 0; the class of semisymmetric manifolds again due to Cartan
[6, 79, 80, 81] is defined as R - R = 0; the class of pseudosymmetric manifolds by Addamow
and Deszcz [1] is defined as R - R = LrQ(g, R) etc. For precise definition of the symbols used
here we refer the section 2. Again, many authors have generalized the notion of local symme-
try in several ways such as recurrent [45, 46, 47, 86] manifolds by Ruse, generalized recurrent
[52, 69, 70, 71, 73, 72] manifolds by Shaikh and his coauthors, curvature 2-forms of recurrent
manifolds by Besse [3, 36], pseudosymmetric manifolds by Chaki [7, 8] and weakly symmet-
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ric manifolds by Tamdssy and Binh [83, 84], etc. The curvature restricted geometric structures
of a manifold indicate the structures that arise by imposing covariant derivative(s) of 1st order
or higher order on several type of curvature tensors of that manifold. Deszcz’s notion of pseu-
dosymmetry (see e.g. [2, 10, 26, 32, 35, 49, 50, 56, 77]) is significant in the study of differential
geometry because of its application in the theory of general relativity and cosmology. Literature
reveals that there are different type of pseudosymmetry, in the sense of Deszcz and Chaki.

The concept of warped product metric is a generalization of Riemannian product metric, and
it is applicable in the theory of general relativity and cosmology as FLRW-model of the universe
is an warped product metric. Let M = M x M, where (M, 3) is p dimensional and (M, §) is
(n — p) dimensional semi-Riemannian manifolds, (1 < p < n — 1). Then the warped product
metric on a semi-Riemannian manifolds M is given as follows:

g=73)+ (fom)*c™(7)

where 7 : M — M and o : M — M are two cannonical projections on M and M respectively
and f € C>(M), the ring of smooth functions on M. The manifold M, M are respectively
known as the base and fibre and the positive smooth function f is called the warping function on
M.

Our main aim is to investigate the geometric structures arising out from various curvature
tensors of spacetimes within the frame of the metrics (1.1) and (1.2). We found that (1.1) and
(1.2) modeled various pseudosymmetric type curvature conditions such as: Ricci generalized
pseudosymmetric, Ricci generalized projectively pseudosymmetric and Ricci generalized con-
harmonicly pseudosymmetric conditions. Also, it has semisymmetric conharmonic curvature
tensor. Moreover, it is an Einstein manifold of degree 2 and Ricci tensor has quasi-Einstein na-
ture.

The present article is oriented as follows: section 2 contains some introductory definitions of
different structures of geometry. In section 3, the curvature restricted geometric structures of the
warped product metrics (1.1) and (1.2) are calculated. In section 4, we investigate some geomet-
ric structures of energy momentum tensor. Finally, the paper is concluded with some discussions
on the respective topic.

2 Preliminaries: some introductory definitions of different geometric
structures

Let the second order symmetric covariant tensor be 1 and (. Now, we define the type of (0, 4)
tensor as follows:

(LA Q) W1,92, A1, 0) = w91, 22)C(92, A1) — (P2, A\)C (Y1, A2)
+u(91, A1) (92, Xa) — p(V92, XA2)C (D1, Ar),

which is called as Kulkarni-Nomizu product (see, [17, 33, 68]).
The endomorphisms on M (see, [17, 25, 33, 35, 54, 67]) are represented as:

(N A 92)A = p(2, )91 — p(d1, A)Da,

Ba(01,92) = [Vo,, Vo] = Vi, 0,
1
Fo(01,02) = Balh,02) = (5&91 g V2 + 01 Ny S0y — — U1 Ag 192> :
1
By (V1,92) = Bap(d, V) — =1 (V1 As ¥2),
K
%W(ﬂlaﬁ2) = %%(191’192) - m (191 Ng 192) )
1
%9{(191,192) = %@(191,192) — m (191 Ng S + S Ng 192),

where . is the Ricci operator, which is defined by g(¢1,.%9,) = S(d1,92).
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Through out the paper, we assume that 9,91,92, - -+, A\, A1, Az, - -+ € x(M), the Lie algebra of
all smooth vector fields on M.
Now, for an endomorphism B(A1, A2), we can define the (0, 4) type tensor as

B(A1, X2, A3, M) = g(B(A1, A2) A3, A\4).

Replacing B by Br (resp., By, Bp, Be, Bi), we can get the type of (0,4) Riemann curvature
tensor R (resp., concircular curvature tensor of W, projective curvature tensor of P, conformal
curvature tensor of C', conharmonic curvature tensor of K and Gaussian curvature tensor of 5).
For a type of (0, u) tensor field on £, u > 1, we can operate an endomorphism B(\, A;) to type
of (0,u + 2) tensor field B - F as follows ([14, 15, 24, 57, 63])

(B'E)(T?l,'ﬂ27"' 719u;>\17A2) = (B()\17A2)E)(19171927"' 779u)
= —E(B(A1, \2)01,92,+ ,0y) — - — E(01,02, -, B(A1, A\2)0y,).

Also, if B(A1, A2)=A1 A, A2, then we get the tensor field Q(u, E), which is known as Tachibana
tensor (see, [22, 57, 62, 82]) given as follows:

Q(u, E)(01,02,- -+ , 9 A, A2) = (M AL A2) - E)(01,02,- - ,0)
=—E((M ApX)01,00, -, 0y) — - — E(01,92,- -+, (A1 Ay A2)Py)
=p(A1,9)EN, 0, ,00) 4+ - p(A, 90) E(91, 02, -+, Aa)
—p(A2, 1) E(A1, 02, -+ ,00) — - — (A2, Vo ) E (91,92, -+, Ap).

Representation of the tensor B - E and Q(u, E), in terms of the local coordinates system are
given as follows:

(B : E)wlwz...wuaf = _gbd[BafwldEbwz...wu +---+ BafwudEwlwz...b]v
Q(/J,, E)w1w2~-~wuaf = ,U/fleawz‘..wu + ot fw, Ewlwzma
- ,Ufalefwz...wu - ,Ufaquwlwz...f~

Definition 2.1. [1, 11, 12, 18, 19, 62, 65, 66] The pseudosymmetric type manifold is defined
by the linear dependency of the tensors B - E and Q(g, F) i.e., a manifold M is called E-
pseudosymmetric due to the tensor B if B- E = frQ(g, F) holds on M, and a Ricci generalized
E-pseudosymmetric manifold M due to the tensor B is defined by E - B = fzQ(S, E), fr and
fr being some smooth functions on M. In particular, if £ - B = 0 holds on M then it is called
E-semisymmetric manifold due to B.

For B = R and E' = R, then a E-pseudosymmetric manifold is called simply a pseudosym-
metric manifold and for B = R and E = C (resp., P, K and W) it is called conformal (resp.,
projective, conharmonic and concircular) pseudosymmetric manifold. Simmilarly Ricci general-
ized pseudosymmetric manifolds can be defined accordingly. We mention here that Robertson-
Walker spacetime [2, 43], Schwarzschild spacetime [32], Reissner-Nordstrom spacetime [35]
are oldest examples of pseudosymmetric manifolds.

Definition 2.2. ([19, 20, 23, 48, 67]) A manifold M is called Einstein (resp., quasi-Einstein
[61, 75] and 2-quasi Einstein) manifold if rank of (S — Ag) = O (resp., 1 and 2), for a scalar \.
If A = 0, then the quasi-Einstein manifold turns into Ricci simple manifold.

It is to be noted that Morris-Thorne spacetime [29] is a Ricci simple manifold, Robertson-
Walker spacetime [2] is quasi-Einstein, Kantowski-Sachs spacetime [54] is 2-quasi Einstein and
Kaigorodov spacetime [56] is Einstein.

Definition 2.3. [3, 13, 16, 20, 21, 57, 63, 67] A manifold M corresponds to generalized Roter
type if its Riemann curvature tensor gets the following explicit form:

R=pn(gAg)+ (S + pm12g) A S+ (100S* + 11015 + poag) A S



CURVATURE PROPERTIES OF A WARPED PRODUCT METRIC 223

where 1;; are some scalars. If the tensors g A g, g A S and S A S are linearly dependent with R,
then we call it a Roter type manifold [13, 14, 23, 27, 34].

We mention here that Melvin magnetic spacetime [50] and Nariai spacetime [51] are Roter
type manifold while Vaidya-Bonner spacetime [55] and Lifshitz spacetime [74] are generalized
Roter type manifold.

Definition 2.4. ([3, 62, 64, 67]) An Einstein manifold of degree 4 is defined by the equation
GS* 4+ OGS +GS*+ S +Gg=0

where (; € C°°(M) and ¢; # 0. Again, for ¢; = 0 but (; # 0 (resp., (1 = ¢ = 0but (3 # 0) it

is known as Einstein manifold of degree 3 (resp., Einstein manifold of degree 2).

Definition 2.5. The Ricci tensor of a semi-Riemannian manifold M is called cyclic parallel [31,
53,58, 59] if
(V9,8)(02,93) + (V9,9)(U3,91) + (Vy,8)(V1,92) =0

holds, and Codazzi type Ricci tensor [30, 76] is defined by the relation
(Vo,9)(02,93) = (Vi,8) (91, 3).
It may be noted that the Godel spacetime [25] has Ricci tensor of cyclic parallel while the

(t — 2)-type plane wave spacetime [28] has been investigated with Codazzi Ricci tensor.

Definition 2.6. ([9, 15, 16, 22, 37, 38, 39]) Let 1 be a symmetric type of (0,2) tensor on M
corresponding to the endomorphism 2, and B be a (0,4) tensor. Then y is called B-compatible
if

B(A,91,\,92,93) + B(#,92, \,93,91) + B(#,93, X\, 91,92) =0
holds. When ¢ ® ¢ is B-compatible then 1-forms ¢ is said to be B-compatible.

Replacing, 1 by S and B by R (resp., K, C, W and P), we can get Ricci and Riemann (resp.,
conharmonic, conformal, concircular and projective) compatible tensors.

Definition 2.7. A weakly symmetric manifold in the sense of Tamdassy and Binh [83, 84] is
defined as:
(VxR)(01,02,93,94) = TI(X)® R(01,02,93,94) + A(94) @ R(V1, 92,93, X)
+  A(Y3) ® R(0,92, X,94) + B(th) © R(91, X, 93,04)
+ B(V) ® R(X,0,,93,94)

SIE

where I, A, A, B, B are some 1-forms on a semi-Riemannian manifold M. If IT = % =

B

5= % then it reduces to a Chaki pseudosymmetric manifold [7, 8].

Definition 2.8. Let B be a (0,4) type tensor field on M. Then the corresponding curvature
2-forms Q?ﬁ)z [78] are recurrent [40, 41, 42] if and only if

Vg, B) (2,93, \,9) = 91)B(t, U3, A\, 0
1917:95;.’193( 9 )( 2, U3, A, ) 191,:992719377( 1) (2; 357, )

where S being the cyclic sum over ¥;, ¥, and ¥3. Again, let  be the symmetric type of (0,2)
tensor field. Then the 1-forms A,,); [78] are recurrent if

(Vo 1) (92, A) = (V1) (91, A) = () (2, A) — n(2) (1, A)
for some 1-form 7.

Definition 2.9. ([44, 63, 85]) Let B be a (0, 4) type tensor on M. If the set of 1 form ¢ satisfying

S '(/)(191)@3(19271937)\?19):07
V1,92,93

configures a k-dimendional vector space with k£ > 1, then M is known as a B-space by Venzi.
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Replacing, B by R (resp., K, C, W and P), we can get Venzi spaces for Riemann (resp.,
conharmonic, conformal, concircular and projective).

3 Calculation of curvature restricted geometric properties of the warped
product metric

For the metric (1.2), the components are g1; = g = ¢33 = (¢)4/3, g =—1, gi; =0,i#
fori,j = 1,2,3,4. and for the metric (1.1), the components are gi; = g = g33 = (¢)*/3, gas =
1,9, =0,i% jfori,j=1,23,4.

Now, we calculate the components of different type of curvature tensors of the metrics (1.1)
and (1.2).

The components other than zero of the Christoffel symbols of second kind (Fﬁlj) of the metric
(1.2) are given by: '

2¢‘/3 1 _ 2 2 .
r‘?l ruz‘ l'“3‘3, I, = 36 =I5 = F34’

and for the metric (1.1), the components are given by

_ 293 _ _
lell__ 3 —1—%2—1—“3‘3,1—‘14—3

o F *1?4;

The components other than zero of the Riemann-Christoffel curvature tensor Ry, and the
Ricci tensor S;; of the metric (1.2) are given by:

4¢3 2 .
Ry = ¥~ = R1313 = B33, Riaia = g7 = Roana = Raazas

2.

S = 3¢m =S =53, Su=—357

and for the metric (1.1), the components are given by

Rz = =% = Risis = Russ, Ruais = 5275 = Rows = Rassa;
2R =" = 1313 = Rp33, Riaia = 5575 = Roana = Raazas

2.

S = ¢2/z = S» =533, Su = —350

Also the scalar curvature, for the metric (1.2), is xk =
The metrics (1.1) and (1.2) are conformally flat.

and for the metric (1.1), Kk =

4
34)27 3¢2'

From the above calculation of the components of different type of tensors of the metrics (1.1)
and (1.2) we can state the following:

Proposition 3.1. Both the metrics (1.1) and (1.2) are

(i) quasi-Einstein as rank (S — ag) =1 fora = —ﬁ and % respectively,

(ii) Einstein manifold of level 2 i.e., fulfilled the condition S* = Bg for 3 = 92)4,

(iii) Ricci tensor for both the metrics are Riemann compatible, conharmonic compatible, con-
circular compatible and projective compatible,

(iv) both the metrics are conformally flat.

Let V! = VR and V?> = VS. Then the non-zero components of the covariant derivatives of
the tensor R,pcq and Sy, of the metric (1.2) are given as below:

1 _ 8 _ il _ vl 1 _ 4yl _ vl
Vidioa = T o5 T Visiza = Vososas Viouap = T o5 T Vis1a3 = Vasoa 30

1 _ 4yl _ il 1 _ 4 _ vyl _ il .
Vipa1 = ¢1/% = Visza1 = Vosza s Visiaa = T9gs = Vasraa = Vaazaa

2 8 _\2 2 2 _ 4.
V11,4 ¢5/3 V224 = Vs% 4 V141 = 94575 — Vz4,2 = V34,3v V44,4 = 343>
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and for the metric (1.1), the components are given by

1 —_8 _yl 1 _ _4 __yl
V1212,4 T 9pl/3 T V1313 4 V2323 4 V1214,2 T 9pl/3 T V1314 3 V2324 3

1 _ 4 _ 1 _ 4
Vioa1 = T3 T V1334 1= V2334,27 Visias = o3 V24244 V3434 4
2 _ 4 _ 8 2 4
Viia = T35 T V224 V33 45 V14 1= Togm = Vigo = V34,3v V44,4 = 3435

The components other than zero of the projective curvature tensor P,.q of the metric (1.2)
are given below:

2423 2423 4 .
Piin = 5= = Pi3i3 = Pass, Piooi = —=5— = Pis31 = P32, Puais = 5555 = Paaoa = Paasa;

and for the metric (1.1), the components are given by

24%/3 242/
Py = = 5~ = Pi3i3 = P, P = 75— = Pias1 = P, Puais = 555 = Paana = Paasa.

The components other than zero of the concircular curvature tensor W4 of the metric (1.2)
are given below:

2/3
Wiaiz = & = Wiziz = Wasos, Wigns = ¢2/3 = Waana = Wigza;

and for the metric (1.1), the components are given by

_/3

_ 1 _
Wi = =55~ = Wiz = Waszs, Wiaie = 5575 = Waaoa = Wiaa.

The components other than zero of the conharmonic curvature tensor K, ;.4 of the metric
(1.2) are given below:

29 ~/3

K = = K313 = Kons, Kias = 9¢22/3 = Koma = K3434

and for the metric (1.1), the components are given by

24%/3 2
K = 24— = Kiai3 = Kons, K = g2 = K244 = K343

From above components we get the following recurrent structures for the metrics (1.1) and (1.2):
Proposition 3.2. For both the metrics (1.1) and (1.2) are
(i) the Ricci 1-forms are recurrent i.e., Vy,S(02,03) — Vy,S(01,93) = n(1) @ S(a,93) —
n(02) @ S(01,93) for n = {0,0,0, -

(ii) conharmonic curvature K is recurrent for the 1-form Il = {0, 0,0, —%}

(iii) projective curvature 2-forms and concircular curvature 2-forms are recurrent for the same
1-form {0 0,0, 3¢}

Let H' = R- R, I' = Q(g,R), I* = Q(S, R). Then the components other than zero (upto
symmetry) of the tensors H', I' and I? of the metric (1.2) are given by:

1 _ 4 _ 1 _ 1 1 _ 4 _ 1 _ 1 .
Hiyana = —g7577 = Hizaa s = Hyzaa e Hinaos = 37575 = Hizapa = Hazog a0
1 2 71 1 _ 203 _
Dipana = =75 = Iiszaa = Dasapas Ligjapa = 53— = 11314 34 = —72324 345
2 _ 4 _ 12 _ 72 2 _ 4
11224,14 - _27¢4/3 - I]334,14 - 12334,247 11214,24 - 27¢4/3 - 11314,34 - 12324,34’

and for the metric (1.1), the components are given by

1 _ 4 _ 1 _ 1 1 _ 4 _ 1 _ 1 .
Hiyg 14 = TH Hizy 14 = Hyzza 040 Hinjana = T 3767 Hi314 34 = Hjzps 343
Thpg = =220 = Tl = Tanees Thrane = 2855 = T 40y = Ty e
122414 = 3 = 1133414 = 12334240 1121424 = T3 = 1131434 = 12324345

2 — 4 —_ 72 — 72 2 _ 4 —_ 72 — 72 .
11224,14 27943 T 11334,]4 - 12334,247 11214,24 — T 273 T 11314,34 - 12324,34’
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Proposition 3.3. The metric (1.2) realizes the curvature conditions
2
R-R= 9f&Q(g,R) and R- R=Q(S,R)

and the metric (1.1) fulfills R- R = —9%2@(9, R)and R- R = Q(S, R) i.e., both the metrics are
pseudosymmetric and also Ricci generalized peudosymmetric.

Let H> = P-R,I? = P- K and I* = Q(S, K). Then the components other than zero (upto
symmetry) of the tensors H?2, I* and I* of the metric (1.2) are given by:

H12224,14 = _314%/3 = H12334,14 = H22334,24 = H12214,42 = H12314,43 = H22324,43a
H12214,24 = 81574/3 = H12314,34 = H22324,34 = H12224,41 = H12334,41 = H22334,42§
113224,14 = _W = 113334,14 = 123334,24 = 113214,42 = 113314,43 = 13324,437
—713214,24 = 31%/% = 113314,34 = 13324,34 = —713224,41 = 1?334,41 = 13334,42;

4 — 8 — 74 _ 74 4 — 8 _ 74 _ 714 .
11224,14 27943 T 11334,14 - 12334,247 11214,24 — T 27¢%3 T 11314,34 - 12324,34’

and for the metric (1.1), the components are given by

2 _ 8 _ 2 _ 2 2 _ 2
Hiyy 14 = 815 — Hizz 14 = Hyzz404 = Hipia 4o = Hizia a3 = Hizpg a3

2 _ 8 _ 12 _ 1g2 _ g2 _ 12 _ g2 .
H1214,24 = T Bl¢tF T H1314,34 - H2324,34 - H1224,41 - H1334,41 - H2334,42’
3 _ _ 8 _ 73 _ 73 _ 73 _ 73 _ 713

I1224,14 T 8lgt3 T Il334,14 - 12334,24 - Il214,42 - 11314,43 - I2324,43’

3 _ 8 — 73 — 73 — 73 — 73 — 73 .

Il214,24 — T 813 T 11314,34 - 12324,34 - 11224,41 - 11334,41 - 12334,42’

I4 _ 8 iI4 iI4 I4 _ 8 iI4 iI4

1224,14 = 7 274%/3 T T1334,14 T 12334245 1121424 T 27¢%/3 T 131434 T 72324,34-

Proposition 3.4. The metric (1.2) fulfills the curvature relations
4

and the metric (1.1) satisfies the curvature conditions P- R = 2747@(9, R)and P-R = Q(S, R)
i.e., both the metrics are pseudosymmetric due to projective curvature tensor and Ricci general-
ized projective pseudosymmetric manifold.

Let H> = W - Rand H* = K - R. Then the components other than zero (upto symmetry) of
the tensors H> and H* of the metric (1.2) are given below:
3 _ 2 _ g3 — 3 3 — 2 _ g3 _ 3 .
Hiva1a = —ogi = Hizsgna = Hyzzana Hinnaoa = 5575 = Hizraza = Hizpg 345
4 _ 4 _ g74 _ q74 4 _ 4 _ qr4 _ 74 .
Hiyaia = — 3557 = Hissa 10 = Hyzza 0 Hioiaoa = 557 = His1a3a = Hyspa s

and for the metric (1.1), the components are given below :

3 _ 2 _ g3 _ 173 3 _ 2 _ 173 _ 3 .
Hipop 14 = 933 — Hissy 14 = Hyzzg0a0 Hinjaps = Togi = His4 34 = Hiysog a3
4 _ 4 _ g4 _ 74 4 _ 4 _ rr4 _ 74 .
Hiyy 14 = 767 Hissy 14 = Hyzzu 000 Hiniaps = T 2767 = Hi314 34 = Hysps 343

Proposition 3.5. The metric (1.2) yields the following pseudosymmetric type curvature condi-
tions

1 2
W-R= 37)zcg(g,R), K-R:WQ(g,R), W-R=Q(S,R)and K - R = Q(S, R)

and the metric (1.1) fulfills the conditions W - R = —ﬁ@(g,R), K-R = —ﬁ@(g,R),
W-R = Q(S,R) and K - R = Q(S,R) i.e., both the metrics are pseudosymmetric due to
concircular curvature, pseudosymmetric due to conharmonic curvature and Ricci generalized
concircular pseudosymmetric as well as Ricci generalized conharmonic pseudosymmetric.

Thus we can conclude that the curvature properties of the metrics (1.1) and (1.2) can be stated
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as follows:

Theorem 3.6. The metrics (1.1) and (1.2) admit the following curvature properties:

(i) both are pseudosymmetric and consequently pseudosymmetric for Ricci curvature, projec-
tive curvature, concircular curvature and conharmonic curvature,

(ii) both are pseudosymmetric due to concircular, conharmonic and projective curvatures,

(iii) both are special Ricci generalized pseudosymmetric and Ricci generalized pseudosymmet-
ric for projective, concircular and conharmonic curvatures as well,

(iv) both are quasi-Einstein manifolds and Einstein manifolds of level 2,

(v) conharmonically semisymmetric R - K = 0 and semisymmetric type conditions W - K =0
and K - K = 0 are realized by both the metrics,

(vi) conharmonic curvature is recurrent for both the metrics,

(vii) projective curvature 2-forms, concircular curvature 2-forms are recurrent for both the met-
rics,

(viii) both are Ricci 1-forms are recurrent for both the metrics,

(ix) Ricci tensor is compatible for Riemann, projective, conharmonic and concircular curva-
tures for both the metrics.

Remark 3.7. The metrics (1.1) and (1.2) do not fulfill the following geometric structures:
(i) B-Venzi space for B=R, P, W, K,
(i) Codazzi type Ricci tensor or cyclic parallel Ricci tensor,

(iii) Super generalized recurrence, hyper generalized recurrence and weakly generalized recur-
rence,

(iv) Chaki pseudosymmetry.

4 Some geometric properties of energy momentum tensor of the metric (1.2)

In the well known theory of general relativity, energy momentum tensor describes the physics
of a spacetime and Einstein field equation made a bridge between the physical quantity energy
momentum tensor and geometrical quantity ‘curvature’ of a spacetime via

k 81G
ST

G being Newton’s gravitational constant, 7' being the energy momentum tensor, ¢ being the
speed of light in vacuum. We assume 8’6’4(; = 1 and compute the stress energy momentum tensor
in terms of its components for the metric (1.2) by the above equation.

The only non-vanishing component of the energy momentum tensor is

1

For the metric (1.2), the components other than zero of R- T, W - T and K - T are
(R-T)1414 = *m = (R-T)auz = (R-T)3434,
(W -T)1414 = *gwiw = (W -T)aa = (W - T)3434,

(K -T)i414 = —W = (K - T)aa4 = (K - T)3434.
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Also, let I° = Q(g,T) and I® = Q(T, R). For the metric (1.2), the components other than zero
of I° and I° are given by:

5 _ 1 _ 715 _715
By, = Tong?r By = Ly
6 _ 16 _ 716 _ 76
Losre = T 275 Bssura = 1051404
_ 716 _ 76 _ 76
= 33000 = — 1131434 = — 150434

From the above components we get the following:

Theorem 4.1. The following pseudosymmetric type curvature conditions are represented by the
energy momentum tensor T of the metric (1.2):

(i) R-T = —%&Q(g,T) and R- R = iQ(T7 R) ie., the nature of the energy momentum
tensor is pseudosymmetric and fulfills Ricci generalized pseudosymmety as well,

(i) W-T = 55Q(g,T) and W - R = 3Q(T, R),

(iii) K - T = 55;Q(g9,T) and K - R = ;Q(T, R),

(iv) P+ R = 1Q(T, R) and also

(v) the energy momentum tensor T is compatible for Riemann, projective, conharmonic and
concircular curvatures.

5 Conclusions

In this article the curvature restricted geometric properties of a warped product metric with
1-dimensional base and 3-dimensional fibre are studied. In differential geometry one of the wor-
thy notion of symmetry is pseudosymmetry and we find that this is admitted by both the metrics
(1.1) and (1.2). These metrics also admit special Ricci generalized pseudosymmetry. Several
kinds of pseudosymmetries such as pseudosymmetry due to concircular curvature, conharmonic
curvature and projective curvature are also fulfilled by both the metrics. These metrics are also
quasi-Einstein, Fin(2) but conformally flat manifolds. The nature of the conharmonic curvature
is recurrent and semisymmetric type. The novelty of the work is that the energy momentum
tensor of the warped product metric (1.2) is pseudosymmetric and realized several types of pseu-
dosymmetries. We can consider the metric (1.2) as model of a pseudosymmetric, special Ricci
generalized pseudosymmetric spacetime which has pseudosymmetric energy momentum tensor.
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