
Palestine Journal of Mathematics

Vol 13(1)(2024) , 310–315 © Palestine Polytechnic University-PPU 2024

On generalizations of the Wiener and Lévy theorems

H. El Atef, L. Bouchikhi and A. El Kinani

Communicated by Harikrishnan Panackal

MSC 2010 Classifications: 46J10, 46H30.

Keywords and phrases: Hermitian p-Banach algebra, Real analytic function, Functional calculus for several variables,
Fourier series, Weighted algebra,Wiener theorem, Lévy theorem.

The authors would like to thank the reviewers and the editor for their constructive comments and valuable suggestions
that improved the quality of our paper.

Abdellah El Kinani is thankful to the NBHM (project 02011/12/ 2020NBHM(R.P)/R&D II/7867) for the support.

Abstract. We obtain muti-dimensional generalizations of the N. Wiener and P. Lévy theo-
rems. We also give two applications of the real analytic functional calculus for several variables
in p-Banach algebras (0 < p ≤ 1). The first one consists of giving the real-analytic versions
of P. Lévy theorem for several functions of a single variable. The second consists of giving a
generalization of N. Wiener and P. Lévy theorems for functions of several variables.

1 Preliminaries and introduction
Let A be a complex algebra. A linear p-norm ‖.‖p, 0 < p ≤ 1, on A is called an algebra p-
norm if it is submultiplicative. A complete p-normed algebra will be called p-Banach algebra.
Let A be a complex p-Banach algebra with unit e and involution x 7−→ x∗. The spectrum of
an element x of A will be denoted by Sp(x). An element h of A such that h∗ = h is called
hermitian, H(A) denotes the set of hermitian elements of A. The real and imaginary parts of an
element x of A are denoted by Re (x) and Im (x), respectively; i.e., Re (x) = (x+ x∗) /2 and
Im (x) = (x− x∗) /2i. We say that the p-Banach algebra is hermitian if the spectrum of every
element ofH(A) is real. In the sequel, Sp(A) denotes the Gelfand spectrum ofA, that is, (the set
of non-zero characters of A). Let n be a positive integer, and let An denote the cartesian product
of n copies of A. For a = (a1, ..., an) ∈ An, let â denote the mapping, of Sp(A) into Cn, defined
by: â(χ) = (χ(a1), ..., χ(an)), for every χ ∈ Sp(A). The image â (Sp(A)) ⊂ Cn is therefore a
nonempty compact of Cn. It is called the simultaneous spectrum of a and denoted by Sp (a).

Let A be a commutative p-Banach algebra, 0 < p ≤ 1, with unit and let a = (a1, ..., an) be an
n-tuple of elements of A. Denote by O (Sp(a)) the algebra of germs of holomorphic functions
near Sp(a) endowed with its natural topology of inductive limit and, for every i = 1, 2, ..., n,
put zi the i-th-coordinate function on Cn. So, there is a holomorphic functional calculus [13]
given by a continuous unital homomorphism Θa : O (Sp(a)) −→ A such that Θa (zi) = ai, for
every i = 1, 2, ..., n and Θa(f)ˆ|Sp(A) = f ◦ (â1, ..., ân)|Sp(A), for each f ∈ O (Sp(a)), where
Θa(f)ˆ|Sp(A) designates the restriction from Θa(f)ˆ to Sp (A).

Let f(t) =
∑
n∈Z

ane
int, where Z is the set of all integers, be a periodic function such that∑

n∈Z
|an| < +∞. If f(t) 6= 0 for all t, then the function 1/f can be developed in a trigonometric

series 1/f(t) =
∑
n∈Z

bne
int such that

∑
n∈Z
|bn| < +∞, this is a famous theorem of N. Wiener

[12]. A generalization of this result due to P. Lévy [10] states that if F is a holomorphic function
on an open set containing the image of f , then F (f) also can be developed in a trigonometric
series F (f)(t) =

∑
n∈Z

cne
int such that

∑
n∈Z
|cn| < +∞. The first proof of these two theorems

was a simple classical analysis calculations. The new proof obtained by Gelfand [9] via Banach
algebras constitute one of the nicest applications of the theory of Banach algebras to harmonic
analysis. There are several generalizations of the above results based on the approach developed
by I. M. Gelfand and by holomorphic, harmonic, and real analytic functional calculus. In [13],
W.Żelazko extended this results to p-Banach algebras where 0 < p ≤ 1. He showed that if
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f(t) =
∑
n∈Z

ane
int is a periodic function such that

∑
n∈Z
|an|p < +∞ and if f(t) 6= 0 for all t, then

1/f can be developed in a trigonometric series 1/f(t) =
∑
n∈Z

bne
int such that

∑
n∈Z
|bn|p < +∞. S.

Rolwicz ([11] replaced the function tp by a function with suitable properties. In [3], S. J, Bhatt,
H. V, Dedania considered a Beurling algebra analog of the classical theorems of Wiener and Levy
on absolutely convergent Fourier series. In [1, 4, 5, 6, 7] and [8], the authors introduce several
weighted algebras, which constitute the essential ingredients of the extensions of N. Wiener and
P. Lévy theorems for p-ω-convergent Fourier series, where p ∈ ]1,+∞[ and ω suitably chosen
weight and this is in the frame of Banach algebras. In this paper, we extend the above mentioned
results to p-Banach algebras (0 < p ≤ 1). We obtain a holomorphic real analytic versions of P.
Lévy theorem for several functions of a single variable. We also produce a generalization of N.
Wiener and P. Lévy theorems for functions of several variables.

2 Real-analytic calculus for several variables in p-Banach algebras

The real analytic functional calculus for a single hermitian Banach algebra element is defined
and studied in [2]. In [8], the authors extended this calculus to several hermitian Banach algebra
elements. It is also valid in p-Banach algebras (0 < p ≤ 1). Its construction goes along the lines
of [8]. To make the paper self-contained, we recall the fundamental properties of this calculus.
Let U be an open subset of R2n and f : U −→ C be a real analytic function. It is well known
that there exists an open subset V of C2n, and an holomorphic function F : V −→ C such that
V ∩ R2n = U and F |U = f . In the sequel, we denote by A (U) the algebra of real analytic
functions on U and we consider the mapping:

Ψ : A (U) −→ O (V ) : f 7−→ Ψ (f) = F.

By construction, Ψ is an algebra isomorphism. Now let A be a hermitian p-Banach algebra,
a = (h1 + ik1, ..., hn + ikn) ∈ An and a′ = (h1, k1..., hn, kn) ∈ A2n with hj , kj ∈ H (A), for
every j ∈ {1, ..., n}. So, one has Sp(h1, k1..., hn, kn) ⊂ R2n. By the identification R2n ' Cn,
we can identify Sp(a) and Sp(a′). This and the map Θa′ that defined the holomorphic functional
calculus for a′ motivate the following definition:

Definition 2.1. Let A be a commutative and unital hermitian p-Banach algebra, 0 < p ≤ 1, with
continuous involution x 7−→ x∗, a = (a1, ..., an) be a family of elements of A, U be an open
subset, of R2n, containing Sp(a) and f ∈ A (U). We denote by f(a) the element of A defined
by:

f(a) = Θa′ (Ψ (f)) = Ψ (f) (h1, k1..., hn, kn) ,

where a = (h1 + ik1, ..., hn + ikn) and a′ = (h1, k1..., hn, kn) with hj , kj ∈ H (A), for every
j ∈ {1, ..., n}.

If we denote by φa(f) the element f(a), one has a mapping of A (U) into A, noted by φa,
given by:

φa : A (U) −→ A : f 7−→ f(a).

The fundamental properties of this calculus ares contained in the following result:

Proposition 2.2. (i) The mapping φa is a unique algebra homomorphism of A (U) into A that
extends the involutive homomorphism from h(U) into A, where h(U) is the set of all har-
monic functions on U .

(ii) "Spectral mapping theorem":

Spf(a) = f(Sp(a)), for every f ∈ A(U)

3 Generalizations of the Wiener and Lévy theorems

In this section, we obtain multi-dimensional generalizations of the N. Wiener and P. Lévy theo-
rems and this in the frame of a variable. The second consists of a generalization of N. Wiener
and P. Lévy theorems for functions of several variables. Let’s first start by introducing weighted
algebras, which constitute the essential ingredient of our generalizations of N. Wiener and P.
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Lévy theorems. We say that ω is a weight on Zk (k ∈ N∗ fixed) if ω : Zk −→ [1,+∞[, is a map
satisfying:

ω(0) = 1, ω (n+m) ≤ ω (n)ω (m) , for every n,m ∈ Zk

and, for every j = 1, ..., k,
lim

|n|−→+∞
(ω (n))

1
nj = 1.

For n = (n1, ..., nk) ∈ Zk and t = (t1, ..., tk) ∈ Rk, we will use the notation (n, t) = n1t1 +
· · ·+ nktk. Now, for 0 < p ≤ 1, we consider the following weighted space:

Ap
k (ω) =

f : Rk −→ C : f(t) =
∑
n∈Zk

ane
i(n,t) : (an)n∈Zk ∈ lpω

(
Zk
) ,

where

lpω
(
Zk
)
=

(an)n∈Zk :
∣∣(an)n∈Zk

∣∣
ω,p

=
∑
n∈Zk

ω(n) |an|p < +∞

 .

Endowed with the p-norm |.|ω,p and the convolution as a multiplication, the space
(
lpω
(
Zk
)
, |.|ω,p

)
becomes a non-normed commutative p-Banach algebra. If a = (an)n∈Zk ∈ lpω

(
Zk
)
, we write â

for the Fourier transform of a defined by:

â(t) =
∑
n∈Zk

ane
i(n,t), for every t ∈ Rk.

Then one has â ∈ Ap
k (ω) and the mapping a 7−→ â is an isomorphism of lpω

(
Zk
)

onto Ap
k (ω). It

follows that Ap
k (ω) is closed under pointwise multiplication and

(
Ap

k (ω) , ‖.‖p,ω
)

, where

‖f‖p,ω =
∑
n∈Zk

|an|p ω (n) , for every f ∈ Ap
k (ω) ,

is a non normed commutative p-Banach algebra with unity element ê given by ê (t) = 1, (t ∈ R).
Moreover, its characters are exactly the evaluations at some t0 ∈ Rk, where t0 =

(
t01, ..., t

0
k

)
with

0 ≤ t0j < 2π, for every j = 1, ..., k, and so, for every f(t) =
∑

n∈Zk

ane
i(n,t) ∈ Ap

k (ω), one has:

Sp(f) =
{
f(t) : t ∈ [0, 2π[k

}
.

3.1 Multi-dimensional generalization Lévy theorem
Using the fact that the spectrum of f ∈ Ap

k (ω) is nothing but the set of values of f , we obtain
the following generalization of P. Lévy theorem for holomorphic functions of several variables.

Theorem 3.1 (Multi-dimensional holomorphic version of P. Lévy theorem). Let p ∈ ]0, 1] and ω
be a weight on Z. Let f(t) = (f1(t), ..., fk(t)), where fj(t) =

∑
n∈Z

an,je
int, for j = 1, ..., k, is a

periodic function such that:

‖fj‖p,ω =
∑
n∈Z
|an,j |p ω (n) < +∞.

Let F be a holomorphic function of k real variables on an open set U containing the image of
the function f . Then F (f) also can be developed in a trigonometric series F (f)(t) =

∑
n∈Z

bne
int

such that:
‖F (f)‖p,ω =

∑
n∈Z
|bn|p ω (n) < +∞

and, for every t ∈ R,
F (f1(t), ..., fk(t)) =

∑
n∈Z

bne
int.
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Now we consider, in the algebra Ap
k (ω), the algebra involution f 7−→ f∗ defined by:

f∗(t) =
∑
n∈Zk

a−ne
i(n,t), for every f ∈ Ap

k (ω) .

This involution is continuous, for the algebra is semi-simple. Moreover
(
Ap

k (ω) , ‖.‖p,ω
)

is a
hermitian p-Banach algebra. This allows us to get the following generalization of the P. Lévy
theorem for real analytic functions for several variables.

Theorem 3.2 (Multi-dimensional real analytic version of Lévy theorem). Let p ∈ ]0, 1] and
ω be a weight on Z satisfying. Let f(t) = (f1(t), ..., fk(t)), where fj(t) =

∑
n∈Z

an,je
int, for

j = 1, ..., k, is a periodic function such that:

‖fj‖p,ω =
∑
n∈Z
|an,j |p ω (n) < +∞.

Let Φ be an analytic function in 2k real variables on an open set U containing the image of the
function f . Then Φ(f) also can be developed in a trigonometric series Φ(f)(t) =

∑
n∈Z

bne
int such

that:
‖Φ(f)‖p,ω =

∑
n∈Z
|bn|p ω (n) < +∞

and, for every t ∈ R,

Φ (Ref1(t), Imf1(t), ..., Refk(t), Imfk(t)) =
∑
n∈Z

bne
int.

3.2 Another generalization of Wiener and Lévy theorems
We will now consider complex functions of several variables and real analytic functional cal-
culus for a single variable in p-Banach algebras to give a generalization of N. Wiener and P.
Lévy theorems. So, we obtain the following multi-dimensional generalization of the N. Wiener
theorem.

Theorem 3.3 (Multi-dimensional generalization N. Wiener theorem). Let p ∈ ]0, 1] and ω be
a weight on Zk . Let f(t) = f(t1, ..., tk) be a 2π-periodic function concerning each variable,
represented by a series

f(t) =
∑
n∈Zk

ane
i(n,t)

such that
‖f‖p,ω =

∑
n∈Zk

|an|p ω (n) < +∞.

If f(t) 6= 0, for all t ∈ Rk, then the function
1
f

can be developed in a trigonometric series

1
f(t)

=
∑

n∈Zk

bne
i(n,t) such that:

∥∥∥∥ 1
f

∥∥∥∥
p,ω

=
∑
n∈Zk

|bn|p ω (n) < +∞.

Using the holomorphic functional calculus and the fact that the spectrum of f ∈ Ap
k (ω) is

nothing but the set of values of f , we also obtain the following multi-dimensional generalization
of the P. Lévy theorem.

Theorem 3.4 (Multi-dimensional generalization of P. Lévy theorem). Let p ∈ ]0, 1] and ω be a
weight on Zk. Let f(t) = f(t1, ..., tk) be a 2π-periodic function for each variable, represented
by a series

f(t) =
∑
n∈Zk

ane
i(n,t)
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such that
‖f‖p,ω =

∑
n∈Zk

|an|p ω (n) < +∞.

Let F be a holomorphic function defined on an open set containing the image of the function
f . Then F (f) is a periodic function with each variable, defined on Rk of the form:

F (f) =
∑
n∈Zk

bne
i(n,t)

such that:
‖F (f)‖p,ω =

∑
n∈Zk

|bn|p ω (n) < +∞.

Now, using real analytic functional of a single variable and the fact that the algebra
(
Ap

k (ω) , ‖.‖p,ω
)

is a hermitian, we obtain the following generalization of Lévy’s theorem for real analytic func-
tions of several variables.

Theorem 3.5 (Real analytic multi-dimensional generalization of P. Lévy). Let Let p ∈ ]0, 1]
and ω be a weight on Zk. Let f(t) = f(t1, ..., tk) be a 2π-periodic function for each variable,
represented by a theorem] series:

f(t) =
∑
n∈Zk

ane
i(n,t)

such that
‖f‖p,ω =

∑
n∈Zk

|an|p ω (n) < +∞.

Let F be an analytic function in two real variables on an open set containing the image of the
function f . Then F (f) is a 2π-periodic function with each variable, defined on Rk of the form:

F (f)(t) =
∑
n∈Zk

bne
i(n,t), for every t ∈ Rk,

such that:
‖F (f)‖p,ω =

∑
n∈Zk

|bn|p ω (n) < +∞.
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