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Abstract. We present some new linear, quadratic, cubic, and quartic binomial Fibonacci,
Lucas, and Fibonacci—Lucas summation identities.

1 Introduction

Our goal is to derive, from elementary identities, some presumably new Fibonacci and Lucas
identities including binomial coefficients. The research is a continuation of the recent works
by Adegoke [1, 2] and Adegoke et al. [4, 5, 6]. The results are similar to those found in the
classical articles of Carlitz [7], Carlitz and Ferns [8], Hoggatt et al. [10], Layman [13], Long
[14], and Zeitlin [18]. More recent results on finite sums involving Fibonacci numbers and their
generalizations can be found in [3, 9, 11, 16], among others.

Recall that the Fibonacci numbers F}; and the Lucas numbers L; are defined, for j € Z,
through the recurrences F; = F;_1 + Fj_2, 5 > 2, Fy = 0, [1 = 1 and Lj = Lj_1+ Lj_»,
j>2,Lo=2,L =1, with F = (- 1)1 'Fjand L_; = (—1)7L;. See sequences A000045
and A000032 in the On-Line Encyclopedia of Integer Sequences [15] and references contained
therein.

Throughout this paper, we denote the golden ratio by o = 1+‘[ and write § = —=, so that
aff = —1 and o + B = 1. Binet formulas for the Fibonacci and Lucas numbers are
Y S
Fj: Oz—ﬂ’ Lj:Oé]—f—Bj, ]EZ (11)

Here are a couple of results to whet the reader’s appetite for reading on:

2n — 1 1By 1L, 1L, ;
(n >F2k1:{§ 2n—14n—14n, n odd

1 2k —1 QFananlenv n even,

3

2n —1 1
. <2k )LZkl = E(L4n72 — Lyp—1),

"\ (2n B
Z <2k> Fipir Fagers = 22" anF3n+7’+sa
k=0
[n/2] ( n )zn—2k+1F B (_l)erlen_s + 571/2Fn+s, n even:
pr 2%k 2k+s — (—l)s-Hanfs 4 5(7171)/2Ln+57 n Odd,

n - V5" FJL Lj(rnys) €08 (2narctan(a’")),  jr odd;
(—1)k <2k> Ljarkts) = § L3 Lj(rnss) cos (2narctan(ad”)), jr even, n even;
V5L Fj(rnys) c0s (2narctan(a’")),  jreven, n odd.
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The organization of this paper is as follows. The next section is concerned with the pre-
liminaries, while in Sections 3-5 we derive identities involving Fibonacci (Lucas) numbers and
binomial coefficients. In the remaining sections, we will present results containing higher-order
binomial Fibonacci and Lucas identities. For instance, in Section 6, using some of Vajda’s formu-
las, we will derive new binomial identities involving products of Fibonacci and Lucas numbers.
Finally, in Sections 7 and 8 we derive some binomial identities involving the product of three
and four Fibonacci and/or Lucas numbers.

Note that our results can be applied more generally to broader classes of second-order linearly
recurrent sequences with constant coefficients.

2 Required identities

Lemma 2.1 (K. Adegoke [1]). For real or complex z, let a given well-behaved function h(z)

o)
have in its domain the representation h(z) = 5. g(k)zf*), where f(k) and g(k) are given real
k‘,:C]

sequences and —oco < ¢ < ¢p < oo. Let j be an integer. Then

V5> g(k)z! W) = hiadz) — h(52), 2.1)
k=c,
> g(k)2 WL = h(ad2) + h(B72). (2.2)
k=c;

Lemma 2.2 (S. Vajda [17]). For integers r and s,

Fos+ (_1>SFT—S = L F}, Frys — (_l)sFr—s = FsL,, (2.3)
Lr+s + (_l)erfs = Ler7 LrJrs - (_l)erfs = SFF,. (24)

If u and v are integers having the same parity, then identities (2.3) and (2.4) can be put in the
following useful versions:

Fu4(=1)7 Fy=Lu—vFuw, Fy—(=1)7" F, = Fu_v Lus,
2 2 2 2
Lu+(=1)"7 Ly=LuwLutw, Ly—(=1)"7 Ly, =5Fu_ Fuw,
2 2 2 2
and
Lu v Fup, *“5even; Lu—wFuw, *5%o0dd;
P+ 5= 2 : _ F,—-F, = 2 : _
F%L%, “5* odd, F%Lutu, “5* even,
LuwvLuiw, *“5%even, LuwLuw, *5*°o0dd;
Lu + Lv = 2 2 Lu — L, = 2 :
SFu—v Fusw, %% 0dd, 5Fu—v Fuiv, %Y even.
3 2 2 5 2 2

Lemma 2.3 (K. Adegoke [1]). For p and q integers,

1+ (=1)Pa% = (=1)Pa?V/5F,, p—qodd;
(_l)paqu» p — g even,

1—(=1)Pa* = (—=1)P~lalL,, p — q odd;
—1)P~1'a?/5F,, p— qeven.

The following formulas can be easily derived from the Binet formulas (1.1).
Lemma 2.4. For p and q integers,
(=174 a1 = oL, (=1)7 — ? = —V/501F,, (2.5)
(—1)7 4 g% = gL, (—1)7 — g% = /589, (2.6)
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Lemma 2.5 (V. E. Hoggatt, Jr. et al. [10]). For p and q integers,

Lptq — Lpa® = —V/58PF,, Lyprq — LpB? = V5aPF,,
Fprqg — Fpa? = BPF,, Fprqg — Fp8T = ol F,.
Lemma 2.6. We have
l—a=8, 1-B=a, l+a=d> 1+p=7/% 2.7
1-ad=2a, 1-=-28 1+a°=2a% 1+p5 =25, (2.8)
1-20=—V5 1-28=+V5 1+4+2a=d°, 1+28=73 (2.9)
2—a=p% 2-B=0a% 2+a=aV5 2+B=-8V5, (2.10)

1-a®V5=-2a% 1-8V5=48% 1+a°V5=4a% 1+3V5=-26, (211
Vi—ad=-2, V5-3=-48, V5+aP=4a, V5+5 =2, (2.12)
3-a*=28, 3-F=2a, 3+a*=2aV5 3+8=-28V5, (2.13)

1-30=-2a%V5, 1-38 =285, 1+3a®=2a" 1+38=28" (214

Proof. Each identity is obtained by making appropriate substitutions for p and ¢ in the identities
given in Lemma 2.5. O
3 Binomial summation identities, Part 1

The first two key identities used frequently in this part of the paper are stated in the next funda-
mental lemma.

Lemma 3.1. For integers j, r, s, and a non-negative integer n, we have

[n/2]
Y\ n—2k 52k
2\/5 ; <2k> F(Zrk-‘rs)

(3.1)
=ao*((z+a?2)" + (. — a?"2)") = B ((x + B772)" + (x — B7"2)"),
LHE/EJ n
2 ( )xn_ZkZZij(Zrk+s)
= \2k (3.2)
=a*((z+ a7 2)" + (z — a7"2)") + 7 ((x + f7"2)" + (x — p7"2)").
Proof. In the identity
2,
_ n—2k 2rk+s __ _s \n s . r\n
h(z)-2§%<2k)x z =2°(x 4 2")" + 2°(x — 2")", (3.3)

identify g(k) = 2(;;)z""%*, f(k) = 2rk + s, c; = 0, ¢, = [n/2], and use these in (2.1) and
2.2). o

In our first main results, we state mixed Fibonacci—Lucas identities with additional parame-
ters.

Theorem 3.2. For a non-negative integer n and any integers s and j,

22 < > j(4k+s) — (Lgn + Sann)Fj(ants)v (34)

ZZ ( ) j(4k+s) — (L_?n + SnF]'Zn)Lj(Zn-i—s)) (3.5)
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« 2n —1 j n— n— n—
22 ( ) Sanes) = (CU (L7 Fionas—t) = 5" " Lignas—t)) (3.6)
-0
/21 ,
2 ( 2%k >Lj(4k+s) = (-1) (Linfle(zmsfl) - 5nFj‘2n71Fj(2n+sf1))~ (3.7)
k=0

Proof. In (3.1), setx = (—1)/, z =1, and r = 2 and use (2.5) and (2.6) to obtain
2V5 Z (%) (ahrs) = L7 (029 = gilnE)Y (/5 (o) (1) gilnta)y
from which (3.4) and (3.6) follow from the parity of n and the Binet formulas (1.1). The proof
of (3.5) and (3.7) is similar; use z = (—1)7, 2 = 1, and r = 2 in (3.2). O
From Lemma 3.1 we can deduce the following Fibonacci and Lucas identities.
Theorem 3.3. For non-negative integer n and any integer s, we have

[n/2]

n .
2 Z (2]{1) F2k+s - F2n+s - (_1)‘5an57 (38)
k=0
[n/2] n
2 ; <2k)L2k+s = Lonts + (=1)°Lys. (3.9)

Proof. Setx =2z =j=r=11in(3.1) and (3.2), and then use (2.7). This gives
[n/2] n
2\/5 ; (2k> F2k:+s — a2n+s _ 62n+s _ (aﬂ)s(an—s _ Bn—s)’

[n/2]
n —s n—s
2 ;} <2k> L2k+s — a2n+s + 52n+s + (aﬁ)s<an + ﬁ )7

from which the stated identities follow immediately from the Binet formulas. O
We proceed with some corollaries.

Corollary 3.4. For a non-negative integer n and any integer s,
"\ (2n Ly ysF3,, nodd;
2 o= ;
kzz;) <2k> 2k {FnHLm, n even,
5F,+sF5,, mnodd;
2 Lop.s =
Z <2k) 2kt {L,HSLM, n even.
Proof. Write 2n for n in each of the identities (3.8) and (3.9) and use Lemma 2.2. O

A variant of the Fibonacci (Lucas) sums with even subscripts is stated as the next corollary.

Corollary 3.5. For a positive integer n,

M

— Zn— . SFn_anan_l, nodd;
" | Lo-1LnFou—1, neven,

gy, PR |
2k0< 2k )LZk:L4n—2+L2n—l~

Proof. Replace n by 2n — 1 in each of the identities (3.8) and (3.9) and simplify. O
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Theorem 3.6. For a non-negative integer n and any integer s,

[n/2]

n
Z <2k> F6k+s = 2"_1 <F2n+s + (_l)n n+s)7 (310)
k=0
[n/2] n
3 (Zk) Lokvs = 2" (Lansa + (=1)"Lays). G.11)
k=0
Proof. Setx =z =j=1andr =31in (3.1) and (3.2), then use (2.8) and simplify. O

As special cases of Theorem 3.6 obtained so far, we have the following mixed Fibonacci—
Lucas identities, depending on an additional parameter.

Corollary 3.7. For a non-negative integer n and any integer s, we have

~ (2n m—1 ) LnF3nys, neven;
Z Fopqs =2
2k F,L3n:s, nodd,

k=0

- 2 LnL n+s; )
Z < n) Lopss = 2201 3n+ n even 3.12)
k=0 2k 5F7LF3n+3a n odd.

Proof. Write 2n for n in each of the identities (3.10), (3.11) and use Lemma 2.2. O

Corollary 3.8. For a positive integer n,

n—I1
n—1 F, 1FyFo_1, nodd;
(o i [

o\ 2k Ly 1LpFon_1, mneven,
n—1
2n—1 _
Z ( 2k )Lﬁk =4" 1(L4nfz — LGfl).
k=0
Proof. Replace n by 2n — 1 in each of the identities (3.10), (3.11) and simplify. ]

Theorem 3.9. For a non-negative integer n and any integer s,

A n k n—1(~n n
> 5% Forrs = 2" (2" Fanys + (= 1)" Fynis),

2k
k=0
[n/2] n
Z (Zk) 5kL6k‘+s =2t (anZnJrs + (_l)nL3n+s)~ (3.13)
k=0

Proof. Setting z = j = 1, z = /5, and » = 3 in (3.1) and (3.2) while making use of the
identities (2.11) gives

[n/2]
n k AN 2n+s _ p2n+s _9\n 3n+s _ Q3n+s
2V5 ;) <2k)5 Forvs =4 (04 B ) +(-2) (a 3 ),

/2]
n k _An(2n+s 2n+s _9\n(,3n+s 3n+s
23 (5 )5*Botee = 41020+ 52070) s (-2 (05 4 575),

from which the stated identities follow. O

Corollary 3.10. For a non-negative integer n and any integer s, we have

/2
Z <ZZ> 5" Forrs = 22" (4" Fans + Fonvs),
k=0

" /2n _1/an
> (Zkz) 5" Let+s = 22" (4" Lans + Len+s)-
k=0
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Theorem 3.11. For a non-negative integer n and any integer s,

22 @Z) F "5’“;5 - <§)n (4" Fapys + Fy), (3.14)
2§ @Z) Lg_’“;s = (:) (4"Lanys + Ls), (3.15)
skf% (2"2; 1) Fés’“k“ = (:)n (4" Lo 14« — 2L, (3.16)
2zn: (2”% 1) Lﬁs’“k*s - <‘5‘>n_1 (4" Fop_11s — 2F,). (3.17)

>
Il

0

Proof. Setting z = j = 1, z = /5, and = 3 in (3.1) and (3.2) while making use of the
identities (2.12) gives

[n/2]
2 Z <27;> SkFﬁ::j:ls _ 4n(an+s _ (71)n5n+s) + (72)71(0[5 o (71)nﬂ5)7 (318)

/2]
> <2k> G =@ G + (20 (). B)

Writing 2n for n in (3.18) and (3.19) produces identities (3.14), (3.15) while writing 2n — 1 for
n yields identities (3.16) and (3.17). O

Theorem 3.12. For a non-negative integer n and any integer s,

/2] )
n\ ;. Fipis + 5"/2F, n even;

2 4 Py = ’ 3.20

2 <2k> w {Fm _50-DAL, nodd, (320

n/2) n\ Linis + 521, n even;
2 E 4 L2k+s = (n+1)/2
— 2k L3, — 50 F,, nodd.

Proof. Setx = j =r =1and z =2in (3.1), (3.2) and make use of (2.9). The calculations are
straightforward and omitted. O

Theorem 3.13. For a non-negative integer n and any integer s,

LHX/EJ n\ Fopys 1 (1) Fy,_ + 572F, ., n even,
2k) 4k 2t | (<) Ry, + 5 D2L, 0 noodd,

an/? ( " ) L2k+s o 1 (_I)SLZn—s + Sn/2L7L+37 n even;

£ \2k) 4k 2mH | (<1)*Laps +50TU2E, L, noodd.

Proof. Setx =2,2z=—1,andr = j = 1in (3.1), (3.2) and make use of (2.10). The calculations
are straightforward and omitted. O

Theorem 3.14. For a non-negative integer n and any integer s,
2 an/éj F6k+s E ! (_1)S+1ans + Sn/an—Fsa neven;
2k) 9 3 (=) E,_ 4+ 50=V/2L, .. nodd,

2 nZ/QJ ( )L6k+9 == (2>n (_1)5-[/77,78 +5n/2Ln+Sa n even;
2k/) Ok 3 (=1)°Ly,_s +50D2F, . nodd.
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Proof. Setx = r = 3,2 = —1,and j = 1 in (3.1) and (3.2) and make use of (2.13). The
calculations are omitted. O

We conclude with the following evaluation.

Theorem 3.15. For a non-negative integer n and any integer s,

o2t X ot | Fangs + 572 Py, n even;
Z 9 F6k+s =2 (n—1)/2
5—0 2k Fypis — 5" Lopts, nodd,

Uf ( n >9k: I _onot | Lanes £ 5" Longs, meven;
e \2k)” T Linss — 50020, 0 podd.

Proof. Setx = j=1and z =r =31in (3.1), (3.2) and make use of (2.14). The calculations are
omitted. O

4 Binomial summation identities, Part 2

This section is based on the following fundamental lemma.

Lemma 4.1. For integers j, r, s, and n with n non-negative, we have
[n/2] n
W5 Z (zk " l)xn—2k+lz2k—1Fj(2rk+s>
k=1
— aj(rJrs)((:L, + aj'r'z)n _ (1‘ _ ajrz)n) _ ﬁj(TJrs)((x 4 Bjrz)n _ (.’L‘ _ Bj'rz)n)7

[n/2]
n n—2k-+1_2k—1
2 ; (Zk . 1).7} + z Lj(2rk+s)

“.1)

(4.2)
_ aj(rw‘—s)((x + ajrz)n _ (3’} _ OéjTZ)n) + Bj(r-ﬁ—s)((x + ﬁjrz)n _ (.’I} _ 5]72)71)
Proof. In the identity

[n/2]
h(Z) ) Z <2kn_ l)xn2k22rk+s — Z’r‘+s(gj + Z’r’)n _ Zr+s(x _ Z'r)n,
k=1

identify g(k) = 2(,," |)a"~%*, f(k) = 2rk + s, ¢; = 1, ¢, = [n/2], and use these in (2.1) and
2.2). O
The next achievement of the paper is the following statement.

Theorem 4.2. For a non-negative integer n and any integer s,

n S
2y <2k B 1)F2k+s = Fapysi1 — (=1) Fos, (4.3)

n S
2 Z (2k - 1>L2k+s = Loptst1+ (—1)°Lyp—s—1.
k=1

Proof. Setx =z=j=r=11n (4.1) and (4.2) to obtain

[n/2]
n . 2n4s+l 2n+s+1 s+1/ n—s—1 n—s—1
253 (g ) Faes = a2 5581 21551 4 )41 ot — o),

n n+s n+s s n—s— n—s—
22 (2k—1>L2k+s:a2++1+52++1(aﬂ) +1(Oé 1+/B 1)’

and hence the stated identities. O
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From Theorem 4.2 we can immediately obtain the following binomial identities.
Corollary 4.3. For a non-negative integer n and any integer s,
Lyisi1F3,, mneven;
2 Fopys = 4.4
2 ( - ) s {Fn+s+1L3n, n odd, )

2n
2k —1
2n 5F,is+1F3,, neven;
2%k 1 L2k+s =
1 - Lyts+1Lan, n odd.

2
k

n

Proof. We prove (4.4). From (4.3), using (2.3) we have

" 2n
22 (Zk . 1>F2k+s = F4n+s+l - (71)SF27L—S—1

= F3n+(n+s+1) + (_1)S+1F3n—(n+s+l)

_ Ln+s+1F3n7 n even;
Fn+s+]L3n, n Odd

|
Corollary 4.4. For a positive integer n,
" 2n—1 Fry_1Lp_1L,, nodd;
2; <2k — 1)F2k_] - {S;inanlan, n even,
2; (3:- i)bk-] = L4n_—2— Lop_1.
Theorem 4.5. For a non-negative integer n and any integer s,
[n/2] n o .
kz::l (Zk - 1>F6k+s =2""(Fapisrs — (—1)"Fry3ys),
[n/2] n o .
,; (% ~ 1)L6k+s = 2" (Lantrs = (1) Lnysys)
Proof. Setx =2 =j=1andr =3in (4.1) and (4.2), use (2.8) and simplify. O

Corollary 4.6. For a positive integer n and any integer s,

" 2n—1
; (22 B 1)F6k+s = 4" (Fynt1ss + Frnsyars),

n m— 1
; (ZZ B 1>L6k+s — gqn—1 (L4n+1+S + L2n+2+5).

Theorem 4.7. For a non-negative integer n and any integer s,

n/2
(z/:] ( n >4kF _ [ Brasies = 5" Fo, n even;
e \2k = 1) T T Fypgres +507 V2L, noodd,

[nz/? < n )4kL | Lapiigs — 5L, n even;
k=1 2k -1 e Lapi14s + 52, nodd.

Proof. Setx =j=r=1and z =21in (4.1) and (4.2), use (2.9) and simplify. O
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Theorem 4.8. For a non-negative integer n and any integer s,

Mz/? ( n ) Poprs 1 {(l)s“an_l—s +5"2F, o, n even;
£~ \2k—1/) 4k C 202 ) (1) Ry, + 520, oy, nodd,
[nz/? ( n ) Lojis 1 {(—I)SLZH_I_S + 520, i, n even;
= \2k—1) 4k S22 Y (—1)$ Ly + 5TD2E L nodd.
Proof. Setx =2,2=—1,j=r =11in(4.1) and (4.2), use (2.10) and simplify. O

Theorem 4.9. For a non-negative integer n and any integer s,

6“12/?( n )F6k+s<2>” (—1)*" 1 Fy s o+ 5"2Fyysis,  neven;
= \2k—1) 9 \3 (=1)5' Fy_3_g +5=D/2L, .3 nodd,

6“7‘2/%1 n L6k+s _ % " (_l)sLn—i’»—s+5n/2Ln+s+37 n even;
=~ \2k—1) 9% — \3

(_l)sLnf3fs + 5(n+1>/2Fn+s+37 n odd.
Proof. Setx =r =3,z= —1,and j = 1 in (4.1) and (4.2), use (2.13) and simplify. O

Theorem 4.10. For a non-negative integer n and any integer s,

n/2
[i/:w ( n ) OF Fy . — 271 Faniavs — 5" Fapysys, n even;
o \2k—1 ( Finyaes + 500200, o3, nodd,
n/2
rz/:] ( n >9kL6k+ — on—1 Lyny3vs — 5n/2L2n+s+37 n even;
b1 2k —1 L4n+3+s + 5(n+1)/2F2n+s+3a n odd.
Proof. Setx =j =1and z =r =3 in (4.1), and (4.2), use (2.14) and simplify. O

5 Binomial summation identities, Part 3

In this section, we introduce the following results.

Lemma 5.1. For integers j, r, s, and a non-negative integer n, we have

/2]
"\ 2k
V5 (0 (5 ) B
k=0

. Jr
= o?® /(2% + a?im22)" cos (n arctan(ax Z)) G.D

— 3754/ (22 + BT 22)" cos (n arctan(ﬂjrz)) )

xT
n/2] .
Z (_ 1)k <2k> 'Tnizk:ZZij(Z’r‘k+s)

. Jjr
= o’*y /(2 + a7 22)" cos <n arctan(a Z)) (5-2)
x

S ) BIT2
+ B87°4/ (2% 4 B2ir22)" cos narctan( ) ,
x
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[n/2]

n—2 2k—1
5 Z <2k‘ _ )x 12k Fj(2rk+s)

. : . al"z
= a?®\/ (22 + a¥722)"sin [ n arctan( )
T

. Jr
— 3%/ (22 + p%722)" sin (n arctan(ﬂa7 Z)) ,

[n/2] n
Z (—1)+! <2k i l)xn 2k+1,2k—1] i(orkte)
k=1

. : . WA
= a?®\/ (2% + a¥722)" sin narctan( )
z

+ B7°\/ (2% + B¥722)" sin (n arctan<512)> :

Proof. In the identity

T [n/2]
2%/ (2?4 227)" cos (n arctan(z)) = (=1)k (272) g2k ks
xr

k=0

(]

identify h(z) = 2°\/(2% + z2")" cos (narctan(%-)), g(k) = (—=1)F(;1)z" 2%, f(k) = 2rk + s,
c1 =0, = Ln/ZJ and use these in (2.1) and (2.2). This proves (5.1) and (5.2). For the other
two identities use

r [n/2]
L5t (,1:2 + zZT)n sin (’I’L arctan(i)) = Z (_l)k—l <2kn_ 1>xn—2k+122rk+s7

k=1
and identify h(z) = 2°*7\/(22 + 22")"sin (narctan(Z)), f(k) = 2rk + s, c1 = 1, o = [n/2],
and g(k) = (=1)"1 (L 2 2H L
We give an example. The next lemma proves useful.
Lemma 5.2. For integers v and n,

'

1)" cos (2narctan(3")),

)"+ sin ((2n — 1) arctan(8")),
1)+ sin (2narctan(8")),

1)" ! cos ((2n — 1) arctan(B")).

cos (2n arctan(o

r

cos ((2n — 1) arctan(a

~— ~— ~—
I

r

sin (2n arctan (o

(@) = (=
(@) = (=
(@) = (=
sin ((2n — 1) arctan(a”)) = (—
Proof. On account of identities arctanz + arctan(1) = 3, if # > 0, and o = (—1)"37",
we have arctan(a”) = 5 — (—1)"arctan("), from which the identities follow upon applying

addition formulas for trigonometric functions. O

The main result of this section is the following theorem in which we derive Fibonacci—-Lucas
identities with two parameters involving the golden ratio.

Theorem 5.3. For a non-negative integer n and integers j, r, s,

V5" F7Fj(rpis) €08 (2narctan(a/")),  jr odd;

Z ( ) Serkrs) = § L3 Fj(rns) €08 (2narctan(a’")), jr and n even;

=0 \}LJ, Lj(rnts) cos (2narctan(a’")),  jr even, n odd,
n o V5" FJ Lij(rnys) €08 (2narctan(a’”)),  jr odd;

(—1)k <2k> Ljtarkts) = § L} Lj(rnss) cos (2narctan(a”)), jrand neven; (5.3)
k=0

V5L, Fj(rnys) c0s (2narctan(a’")),  jreven, n odd.
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Proof. The choice z = z = 11in(5.1) and (5.2), noting also identities (2.5) and (2.6) with ¢ = jr,
jr odd, gives

> (—1)F <§Z> Fjarpss) = SMV2ER (amts) — gilrn+s)) cos (2n arctan(a’")),
k=0

Z(—l)k (32) Liarkis) = S"PFR (a7 4) 4 g3(m+9)) cos (2n arctan(a")),
k=0

from which the stated identities for jr odd follow.
Similarly, x = z = 1 in (5.1) and (5.2), with jr even, gives

n

\fSZ(—l)’C (2n> Fjarkss) = L7 (a7 — (= 1) 7mH9)) cos (2n arctan(a")),

2k
k=0
- 2 , , ,
> (=1F (22) Lijargis) = L1 (0779 4 (—1)" g7 +4)) cos (2n arctan(a’")),
k=0
and hence the stated identities for jr even. O

So far in this paper, we have been concerned with identities that are linear in the Fibonacci
and Lucas numbers. In the remaining three sections we will present results containing higher-
order binomial Fibonacci identities.

6 Quadratic binomial summation identities

Here we will derive a pair of binomial identities involving products of Fibonacci and Lucas
numbers. We require the results stated in the next two lemmas.

Lemma 6.1. If k, r, and s are integers, then

5FyirFris = Logirss — (1)L, (6.1)

LitrFrrs = Pagyrs — (1) F,_, (6.2)

LitrLits = Loprss + (1) Loy (6.3)

Proof. These are variations on [17, Identities (15b), (17a), (17b)]. O

Lemma 6.2. If n is a positive integer, then
[n/2]

3 (2’2) (—=1)* = (V2)" cos (”447) (6.4)
k=0
n/2)
> <2k> =21, (6.5)
k=0
/2,
> < o > =272 n>2, (6.6)
k=0
n2)
Z <2k> (—=4)*F = (V/5)" cos(narctan 2), (6.7)
k=0

[n/2]
; <2nk> (=5)F = (V6)" cos (narctan v/5). (6.8)

[n/2]
Proof. Setting = 1, z = i in (3.3) produces (6.4), while z = z = 1 gives 2 Y (5;) = 2",
k=0
from which (6.5) and (6.6) follow. Use of z = %, z=1,r =1, s=0i1n (3.3) proves (6.7) while
%, z=1i,r =1,and s = 0 produces (6.8). o

xr =
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We present our next findings in the next theorem which provides some summation formulas
involving Fibonacci (Lucas) numbers and binomial coefficients.

Theorem 6.3. If n is a non-negative integer and r, s are integers, then

[n/2]
n nm
10 g (2/€> Fk’+rFk+s = L2n+r+s + (*1)T+3Ln—r—s - (71>52n/2+1 Cos (T)Lr—a (69)

[n/2]
n _ r+s sAan/2+1 nm
2 kg(:) <2k> Lk+rFk+s - F2n+r+s - (_1) Fors — (_1) 2 Cos (T)Fr—sa (610)

[n/2]
n — r+s syn/2+1 nm
2 g (Zk) Lk+rLk+s - L2n+r+s + (_1) Lnfrfs + (_1) 2 COos (T)ery (611)

Proof. From (6.1), we get

[n/2] n n/2] n Ln/2] n
_ _(_1)\s 1)k
5 g <2k> FkJrrquLs - Z <2k‘) L2k+r+s ( 1) Lr—s Z ( 1) (2]{3>

k=0 k=0
and hence (6.9), upon use of (3.9) and (6.4). The proof of (6.10) and (6.11) is similar. O

Theorem 6.4. If n is a positive integer and r, s are any integers, then

" /2n
10y <2k) 4 Fyy,Fyrs = Lonyres + 5" Loss — (—1)°5"2L,_, cos (2narctan2),  (6.12)
k=0

n—1
2n — 1
102( " )4’“Fk+rFk+s
k=0

= Lensris—3 — S"Frps — (=1)°5"71/22L,_ cos ((2n — 1) arctan 2),

(6.13)

n 2n , . .
2 Z <2k) A Ly Frovs = Fonyrss + 5" Frys — (—1)°5"2F,_, cos (2narctan 2),
k=0

n—1
2n —1
2 4% L Frys
> (% N 1) e Fos
= Fontris—3 — 5" "Ly — (=1)°5"71/22F,_ cos ((2n — 1) arctan 2),

n

2
2 Z (22) AL Liis = Loniris + 5" Lyss + (—=1)°5"2L,_4cos (2narctan2),
k=0

n—I1
2n — 1
) DI G U
k=0
= Lonsris—3 — 5" Fris + (—=1)5"722L,_  cos ((2n — 1) arctan 2).
Proof. Using (6.1) we have
n2 2, Ln/2] .
10 A E =2 A Lopiris — (—1)°2L,_, —4)k
%(z;@) er P ;(Zk) s = (12h0s (1),

from which (6.12) and (6.13) now follow on account of (3.20) and (6.7). The remaining identities
can be similarly proved, using (6.2), (6.3) and the identities stated in Theorem 3.12. O

Further interesting identities involving Fibonacci and Lucas numbers are stated in the next
theorem.
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Theorem 6.5. If n is a positive integer and r, s and j are any integers, then

10 Z < > 2k+r j(2k+s) — (Lgn + Snszn)Lj(2n+r+s) ( 1)j84nL j(r—s)»
ZZ ( ) j (2k+r F‘(Zk-‘rs) = (Lin + Snszn)Fj(Zn+7‘+s) - ( 1)J94n j(r—s)» (6.14)

Y n 2n n 2n isan
ZZ (2k> Ljokrr Ljorss) = (L3 4+ 5" F™) Ljanarss) + (—1)7°4" L)

2n —1
10y ( o )Fj(2k+,.>Fj(2k+s>

= (_l)jLEn_le@n-&-r-‘rsfl) - (_l)jsnszn_le(Zn+r+sfl) - (_l)jszzn_le(rfs)a

— (2n—1
ZZ( % >Lj(2k+r)Fj(2k+s)

= (_l)jLEn_]Fj(2n+T+571) - (_l)jsn_lezn_lLj(2n+7‘+s—l) - (_l)jszzn_le(rfs)v

-1
2 ( 2% >Lj(2k+r)Lj(2k+s)
=0

= (_l)jLEn_le@n-&-r-&-s—l) - (_l)jsnszn_]Fj(Zn+r+s—1) + (_l)jszzn_l[’j(r—s)'

Proof. We prove (6.14). The proof of each of the remaining identities is similar and requires
the identities given in Theorem 3.2. In (6.1) write 2kj for k, rj for r and sj for s to obtain
5Fj(2k+r)Fj(2k+s) = Lj(4k+’r+s) - (_l)JsLj(rfs)o Thus,

” " /2n
IOZ( ) j(2k+) Fj(2kts) 22( ) jntrts) = (172050 Z(Zk)’

k=0
from which (6.14) follows after using (3.5) and (6.5). O
Theorem 6.6. If n is a positive integer and r and s are any integers, then

[n/2]

n
5 Z (2](1) F3k+rF3k+s
k=0

(6.15)
= 2" Y Lopirrs + (1) Lyirys) — (—1)*V27 cos (%”)Lr,s,
Lnfj(”)L% Fippe = 2" 1(F + (=) Friprs) — (—1)*V27 cos (T)F
pr 2k +rL'3k+s 2n+r+s n+r+s 4 T—S)
[n/2] n . . . it
kz:% <2k> LajirLagss = 2" (Lonsrss + (—1)" Lytris) + (—1)°V27 cos (T)ers‘
Proof. We prove only (6.15). Using (6.1), write
5PskirFsors = Loiris — (—1)FL, . (6.16)

Thus,

2, /2l Ln/2] "
5 Fajosr Faprs = Lepsrts — Lr_s —1)kts
> (Zk) e Frie = 3 (%) - S (1) (%)

k=0 k=0
and hence (6.15), using (3.11) and (6.4). O
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Using (3.12), we have the following binomial Fibonacci identity.

Corollary 6.7. If n is a positive odd integer and r and s are any integers, then

" /2n n—
Z <2k> F3k+rF3k+s = 22 ' anF3n+r+s-
k=0

We conclude the analysis in this section with the following result.

Theorem 6.8. If n is a non-negative integer and r and s are any integers, then

[n/2] n
Z <2k> 5" Py Fage s

k=0 6.17)

=2""1(2"Lopsrss + (—1)"Lansris) — (—1)*V6" cos (narctan \fS) L,_s,

[n/2] n
Z <2k> 5" Lajir FPaiss
k=0
= 2n*1 (an271,+7"+s + (71)nF3n+T+s> - (71)8 6™ cos (Tl arctan \/g)FT_S’
[n/2] n
Z <2k> 5 Lyjtr Lajrs
k=0

= 2" (2" Lontrss + (1) Lansrss) + (=1)*V6" cos (narctan v/5) L, .

Proof. We prove (6.17). Using (6.16) we have

[n/2] n [n/2] n [n/2] n
Z <2k>5k_lF3k+rF3k+s - Z (2k)5kL6k+r+s_(_1)ers Z (2]{3) (_S)k

k=0 k=0 k=0

and hence (6.17) using (3.13) and (6.8). O

7 Cubic binomial summation identities

In this section, we derive some binomial identities involving the product of three Fibonacci
and/or Lucas numbers. The identities stated in the next lemma are needed for this purpose.

Lemma 7.1. For any integers k, r, s, and t,

1)k+ DLy Frpr, (7.1)

— k+ k+t
5Lk+rFk+st+t - L3k+r+s+t + 1 TLk+s+t—r 1 Ls—tLlH»ra

(=)™ Frgsrr—r — (=1)
(1) —(=1)
LiprLivsFrre = Fagrrisie + (1) Fopopp — (= 1) " Fo_y Ly,
(—1) +(=1)

SFetrrFrrsFrrt = Fapyrrste —

lkJr

LitrLgts L+t = L3ktris+t + "Litstt—r DLy ¢ Ly (7.2)

Proof. These can be derived from the identities stated in Lemma 6.1. Identities (7.1) and (7.2)
are also given in [12]. O
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Theorem 7.2. If n is a non-negative integer and r, s, and t are any integers, then

[n/2]
n
10 kgo <2k> F2k+rF2k+sF2k+t =2" (F2n+s+r+t + (_l)nFn+s+r+t) (73)
- (_I)T(F2n+s+t—r - (_1)S+tianfsft+r) - (_l)thft (F2n+r - (_l)anfr)v
[n/2] n
10 Z (2]{1) L2k+rF2k+sF2k+t =2" (L2n+s+r+t + (_l)nLn+s+r+t)
k=0
+ (_1)T(L2n+s+t7r + (_I)S-H_TLnfsftJrr) - (_l)thft (L2n+r + (—l)an,r),
[n/2] n
2 Z (2]{1) L2k:+rL2k+sF2k:+t =2" (F2n+s+r+t + (_l)n n+s+r+t)
k=0
+ (_1)T(F2n+s+t7r - (_l)s-"—t_anfsfH»r) - (_l)thft (L2n+r + (_l)anfr)v
[n/2] n
2 Z (2]{1) L2k:+rL2k+sL2k+t =2" (L2n+s+r+t + (_l)nLn-&-s-&-T—}—t)
k=0
+ (_1)T(L2n+s+t7r + (_l)s+t_TLnfsft+r) + (_l)thft (L2n+7‘ + (_I)TLnfr)
Proof. Write 2k for k in (7.1) and sum to obtain
[n/2] n [n/2] n
5 Z <2k) Fopir FoprsFopt = Z <2k> Foktris+t
k=0 k=0
[n/2] n [n/2] n
T t
- (_1) Z (2k> F2k+s+t77" - (_1) Lsy Z (2k>F2k:+r7
k=0 k=0
whence (7.3) in view of (3.8) and (3.10). O
8 Quartic binomial summation identities
We conclude our study with the derivation of some quartic binomial Fibonacci identities.
The identities stated in the next lemma are required.
Lemma 8.1. If k, p, q, v, and s are any integers, then
25Fk+ka+qu+rFk+s
= L4k‘+p+q+r+s - (_1)s+kL2k+p+q+r75 - (_1)T+kL2k+p+qfr+s (81)

— (=) Ly g Laksrrs + (1) Ly v+ (=1)" Ly gLy,
SLitpFrrqFrirFits = Fariprgrres — (=) Poypigirs — (= 1) FPappigoris
(DT Lopgrss + (1) Fyyg s+ (—1) T E, Ly,
5LkspLirqFrtr Fits = Lagrprgirs — (= 1) Lopipigir—s — (= 1) Lot pigoris
+ (_1)q+kLp—qL2k+7'+s + (_1)T+8Lp+q—r—s - (_1)q+SLz)—qLT—S7
LispLiiqLiirFrvs = Fapipigires — (1) Fopipigrrs + (= 1) Paypigris
+ (=) Ly g Foppgs — (1) Fpqypes — (1)L Fr_,
Lyt pLk+qLitrLs
= Lagiprarres + (=) Logipigires + (= 1) Loy prgoris (8.2)

+ (*1)q+kLp—qL2k+r+s + (*I)HSLPM—T—S + (*1>q+SLp—qu—s-
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Proof. These can be derived from the identities stated in Lemma 6.1. Identities (8.1) and (8.2)
are also given in [12]. O

Theorem 8.2. If n is a positive integer and p, q, v, and s are any integers, then

50 Z (2 k) FrpFriqFir Fss

= (5" + 1) Lonsprgirss — (—1)°5"22L,, 1 1 g ir—s cOs(2n arctan o) (8.3)
— 5722 cos(2narctan @) ((—1)" Lyspig—rts + (= 1) Lp—gLniris)
+ (_1)84n((_1)TLp+qfrfs + (—l)qu,qu,s),

2n
102(%) LispFiog Frtr Pl
k=0

= (5" 4+ D) Popiprgirts — (=1)°5"22F, 4 r_s cos(2n arctan )
—5"/22cos(2narctan @) ((—1)" Foiprgrss + (= 1) Fp_gLnipis)
DA (1) Fyrgerms + (<11 By Lys),

" /2n
10)° <2 k) LipLirqFrirFris
k=0

= (5" +1)Lonspiqires — (—1)55”/22Ln+p+q+r,S cos(2n arctan )
— 522 cos(2narctan @) ((—1)" Ly psg—rts — (= 1) Lp_qLpiris)
+ (_1)S4n((_1)rl’p+q—r—s - (_l)qu—qLT—S)a
2n
2y (%) LiipLiiqLiirFrys
k=0
= (5" 4+ 1)Fongpigirts — (—1)55”/22Fn+p+q+r_s cos(2n arctan «)
+5"/22 cos(2narctan &) ((—1)" Fpsprg—rts + (= 1) Lp—gFriris)
- (_1)S4n ((_I)TF;D-HJ—T—S + (_l)qu—qFT—S)7
" /2n
2y <2k) LiipLiqLiirLiis
k=0
= (5" + 1) Lonsprgirts + (=1)°5"22L, 1, 41 r_s cos(2n arctan )
+5"22 cos(2narctan &) ((—1)" Lot prqrts + (—1)Lyp—gLnsris)
+ (_1)84n<(_1)T‘LP+q7Tfs + (—l)qu,qu,S).
Proof. From (8.1), we have

" [2n
25 Z (2 k) Fiotp P g Fr Fi s

Z (2k> Lkt prqtr+s — )? % < > )* Lok psgir—s

k=0

, 2n .
- (_1) Z (2k> (_l)kL2k+p+q7T+s -\~ p q Z ( ) L2k+7“+5
k=0 k=

n

" /2n 2n
_1\rt+s _1\ats
+ ( 1) Lerq*Tfs ;) <2k> + ( 1) Lpqurfs kZ:O <2k>7

which yields (8.3) on account of (3.5), (5.3) and (6.5). O
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9 Conclusion

In this paper, we derived summation identities involving Fibonacci (Lucas) numbers and bino-

mial coefficients (5, ), (5, ) (%Z) (zéﬁl), (2’5;1), and (%Z:]l) Also, we presented results contain-

ing higher-order (quadratic, cubic, and quartic) binomial Fibonacci, Lucas, and Fibonacci—-Lucas
summation identities.
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