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Abstract Concerning a graph G in this research, we express a total k-labeling ¢, which
represents a combination of an edge labeling given by ¢.(z) — {1, 2, ..., ke} as well as a
vertex labeling given by ¢, (z) — {0, 2, ..., 2k, }. Here, () = ¢,(z) when z € V(G), while
o(z) = @c(z) when 2 € E(G), in which k = max {k., 2k, }. Moreover, the total k-labeling ¢
is known as an edge irregular reflexive k-labeling with respect to G, provided that every edge
weights differ. The edge weight represents the sum of the edge label as well as its two end-vertex
labels corresponding to it. The smallest value obtained for & provided that such labelling exists
refers to reflexive edge strength with respect to G. This research examines the edge irregular
reflexive labelling with regard to the corona product of a path and star graph, determining its
reflexive edge strength.

1 Introduction

All of the graphs that are taken into account in this study have finite, simple, as well as undirected
edge and vertex sets, which are denoted by £(G) and V (G), accordingly. By "labeling," we refer
to the mapping of graph elements set to a set of labels, which are positive integers. Here, the
labeling is known as vertex labeling (or edge labeling), provided that the vertex set (or edge
set) is the domain. It is referred to as total labeling provided that the domain is both edge and
vertex sets, represented by V(G) U E(G). As a consequence of the Pigeonhole principle, in a
simple graph is impossible to have a distinct degree for each vertex. However, it is possible in
the multigraph.

Graphs are essential to decision-making software, computational linguistics, coding theory,
as well as network path determination in computer science. In fifth-generation computers, the
parallel processors’ interconnection network is represented as a complete graph K, taking into
account vertices as n processors as well as edges as the link that exists between them [1]. Re-
cent studies have shown that adding an additional time dimension to many graph features and
issues, such as graph labelling, causes them to change drastically and become noticeably more
challenging. This condition spurs researchers to investigate new graphs, their labeling, and the
requirement for developing algorithms for increasingly diverse forms of graphs.

Thus, Chartrand et al. [2] suggested a labeling problem by establishing an edge k-labeling
§ 1 E(G) — {1,2,... k} with respect to a graph G, provided that the vertex weight ws(z) #
wg(y) for all vertices z, y € V(G) when x # y, in which ws(z) = 3 d(xy) is employed over
all vertices y adjacent to x. The labeling is known as irregular assignment. On the other hand,
the irregularity strength with respect to GG, denoted by s(G), resembles the minimum % in which
G possesses an irregular assignment employing at most k labels. Therefore, if the set of the
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number of parallel edges joining adjacent vertices of G is {1, 2, ..., k}, then k is the minimal
value such that the vertex degrees of G are distinct. This topic belongs to irregularity in graphs,
which nowadays is being studied extensively and for more details, please refer to book [3].

Baca et al. [4] described a graph G has a total k-labeling which given by p : V(G) UE(G) —
{1,2,...,k}. The total k-labeling is defined as an edge irregular total k-labeling if every two
different edges zy and z'y’ € G, either one meets the condition of wt(zy) # wt(z'y"), in which
wt(zy) = p(z) + p(zy) + p(y). Meanwhile, the total k-labeling is called a vertex irregular
total k-labeling if for every two distinct vertices x and y € G, either one meets the condition of
wt(x) # wt(y), where wt(z) = p(z) + 3., cp() P(zy). The minimum value of & for which
the graph G has an edge irregular total k-labeling or a vertex irregular total k-labeling is called
the total edge irregularity strength of the graph G, tes(G) or the total vertex irregularity strength
of the graph G, tvs(QG), respectively. Some other study results can be referred to [5, 6]. Please
refer to [7] for a detailed analysis of graph labelings.

Inspired by the natural irregular multigraph problems [2] and irregular total labeling [4], by
enabling for the vertex labels to be represented as loops, Tanna et al. [8] subsequently integrated
both issues. They observed that (i) the vertex labels are even positive integers, signifying that
2 has been added to the vertex degree, while (ii) vertex label O is acceptable in constituting a
loopless vertex.

Therefore, they expressed a total k-labeling ¢ as combining an edge labeling given by ¢, :
E(G) —{1,2,...,k.} as well as a vertex labeling given by ¢, : V(G) — {0,2,...,2k,}. Here,
the labeling of ¢ represents a total k-labeling of the graph G provided that ¢(z) = ¢, (x) when
x € V(Q), while ¢(z) = ¢.(z) when 2z € E(G), in which k& = max {k.,2k,}. Moreover,
the total k-labeling ¢ is known as an edge irregular reflexive k-labeling with respect to G if for
every two distinct edges xy, given by z'y’ of G, either one meets the requirement of wt(zy) #
wt(z'y’), in which wt(xy) = @, (z) + @e(2y) + vy (y). Furthermore, the smallest value of &
in which such labeling occurs is known as reflexive edge strength with respect to the graph G,
expressed as res(G). Recently, Yoong et al. [9, 10] investigated the edge irregular reflexive
labeling of antiprism, corona product of cycle with path as well as convex polytopes, including
several plane graphs classes. For more findings on reflexive edge strength of such graphs, refer
[11,12,13, 14, 15, 16, 17, 18].

Moreover, Baca et al. [19] proposed a conjecture of the reflexive edge strength of the graph
G as follows.

Conjecture 1.1. [19] Any graph G having maximum degree A(G) meets the condition:

res(G) = max{ {A;ZJ, PEgG)l—‘ + r},

in which » = 1 when |E(G)| = 2,3 (mod 6), and r = 0 otherwise.

As a continuation of the findings from the previous study, we add more evidence to the
Conjecture 1.1 by calculating the precise value with respect to the reflexive edge strength of the
corona product of the path and star.

2 Reflexive edge strength of corona product of path and star
The lemma [8] given below is essential.

Lemma 2.1. [8] For any graph G,

[EGL] i B(G)| #2.3 (mod 6),
res(G) > .
[EG] 1, i B(G)] = 2,3 (mod 6).

We denote P, and K ,,, be a path and star with n and m + 1 vertices graph, respectively. The
corona product of path and star, expressed by P,, ® K ,, is gained from a copy of P,, as well as
n copies of K| ,,, by combining the i*" vertex with respect to P, to every vertex in the i*" copy
of K] m-
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Let the vertex as well as edge sets with respect to P, ® K ,,, be expressed as V (P, ® K| ,,) =
{xi,yg,zi 1 <i<nl<j<m}aswellas E(P, ® K;,,) = {xjzip1 : 1 <i<n-1}U
{2, xlyf, yle 11 <i<n,1<j<m}, accordingly. Here, the number of edges of P, ©® K|,
expressed by |E(P,, © Ky )|, is 2n(m + 1) — 1.

According to Lemma 2.1, we obtain

[%] if n(m + 1) # 2 (mod 3),

res(P, © Kim) >k = 2.1
[22m =] 1 i nm + 1) =2 (mod 3).

3

Lemma 2.2. For n > 2 and m = 0 (mod 3),

{%W ifn(m+1) # 2 (mod3),

res(P, © Kim) = ) -1
[%W“’ ifn(m+ 1) = 2 (mod3).

Proof. By referring to equation (2.1), we now prove that & refers to an upper bound with respect
to res(P,, ® K ,,). Moreover, we also define a total k-labeling ¢ of P, ® K| ,, given below.

p(z1) = ¢(y]) =0, where 1 <j <m.

2m
p(21) = 3

pla) = o) = T 12

m o1+, ifoddj <41,

ga(yg): 2%”—2—!—]', ifm:3,j:20rm26,evenj§2%”4—2,
moy 2, ifm>92+3<j<m.

Fori >3 aswellas 1 < j <m,

, 220 if = 2 (mod 3),
elos) = ol5z) = olz) "721(m43r1)—2—‘7 otherwise.
The edge labels are as follows.
o(rimin) = 27m7 where i = 1,2.

mo, ifi=1,
p(@iz;) =

dmo_ ] ifi=2.
p(z1y]) = j, where 1 <j <m.

o(ylz) = % + 7, where 1 <j<m.

1, ifoddj < Z* +1,

pleas) =4 2, ifm=3,j=2o0rm>6,evenj < 2 +2,
o2 ifm>9, 2 4 3< < m.

m+ 1, ifoddj < 2 +1,

@(ygzz): m+ 2, ifm:3,j:20rm26,evenj§2%4—2,

T_2+j, ifm>9, 2 4+3<j<m.
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Fori>3and 1 <j <m,

stamy = 2= 22,

24 i — 1
o(xiz;) = w— 1 —4{2 3 -‘
. 24 — 1
ple) = 20 o g [T
3 3
olyle) = 2D o]
3 3
It is evident that the highest vertex label is k = [%W + 1 when n = 2(mod3), on
the contrary, k£ = [%—‘ Furthermore, the maximum edge label can be written as

k= %W when n = 1 (mod 3), which is greater compared to all vertex labels under

the labeling ¢. Therefore, labeling ¢ denotes a total k-labeling of P, ® K| ,,. Subsequently, we
demonstrate that the edge weights with respect to P, ® K ,,, differ under the total k-labeling .

wty(Tiiv1) = @(x:) + @(wri1) + o(Tivr).

2 4
wt¢(x1x2)20+7m+7m+2:2m+2.
4 2 20+ 1 1)-2 6 1

=4m + 4.
For i = 0 (mod 3),

wh o (Tiis1) = P"(mzl)—ﬂ +2m(i—1)+2r‘—2w+{2(z‘+1)(m+1)—2w

3 3 3
C2i(m+1) 2m(i—1) 2 2(i+1)(m+1)—2
3 + 3 + 3 + 3
= 2im + 24.
For i = 1 (mod 3),
Wty (2iwie1) = {Zz(mgl) _ﬂ + 2m(13— D) +2P;2w L2 IW;H D+2
B 2i(m+1)—2+2m(i—1) n 2(i —1) +2(i+1)(m+1)+2
3 3 3 3
= 2im + 2i.

For i = 2 (mod 3),

wh (wiwsy) = 2m D) 42 zm(i_l)u[i_ﬂ ) [2(i+1)(m+1)—2"

3 T3 3 3

_ 2i(m—|—1)+2+2m(i—1) +2(z’—2) +2(i+1)(m+1)
3 3 3 3
= 2im + 2i.

wty(zi2:) = p(:) + (x:2:) + 0(2).

wtw(xlzl):0+4?m+l+2?m:2m+l.
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4 4 4
wt¢($222)27m+2+?m—1+Tm+2:4m+3.

For i = 0 (mod 3),

Wi (252) = ’72@'(77121) —ﬂ n 2i(m3+ 3) _4Pg W N {2i(m+31) _zw

_ 4z(m3+ 1) n 2Z(m3+ 3 - % =2im+2i— 1.

For i = 1 (mod 3),

wh o (52) = {Zi(mzl)—f‘ L 2ilm+3) _l_éwgﬂ N P(mﬂ)_ﬂ

3 3
:42(m+1)—4+22(m+3) _1_4(2_1) =2im+21— 1.
3 3 3
For i = 2 (mod 3),
wi(w123) = 2Z(m+31)+2+ 2z(m3+ 3) _1_4{131 N 2z(m+31)+2
:4z(m+31)+4+22(m3+3) 7174(2;1) =2im +2i — 1.

wty(ziy!) = () + o(ziyl) + o (y)).
For1 <j<m,
wtw(zly{) =0+;54+0=4

. 2m
Forodd j < 5+ 1,

L4 2
whp(wayd) = S +2+ 14+ 50— 14 =2m 42+

Form:3andj:20rm26andevenj§2%”4—2,

L4 2
wtw(:@yé)z?m+2+2+7m—2+j:2m+2+j.
Form >9and 3 +3 < j <m,

.4 2 4
wty(a2y]) = 50 +24j - G- -2+ L +2=2m+ 2+

For i = 0 (mod 3) with 1 < j < m,

= [2im+1) =27 2i(m+3 i~ 1 2i(m +1) —2
wty(zy]) = { z(m—; ) -‘ + z(m3—|— ) —2m—2—4r3-‘ +j+ {Z(m—g)-‘
:4z(m3+1)+2z(m3+3)_2m_2_%+j

=2im+2i—2m—2+4j.
For i = 1 (mod3) with 1 < j < m,

wty(zy]) = Pi(mgl)_ﬂ + 2i(m3+3) —2m—2_4{"; lw . [2’(’”21)—2}

4ilm+1)—4  2i(m+3) 4(i—1)
3

= B
3 T3 m

=2im+2i—2m —2+j.

+J
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For i = 2 (mod 3) with 1 < j < m,

 2im+ 1) +2  2i(m+3 1 2l 1) 42
wt(wiy]) = Z(mg J¥2, Z(m;r >2m24r ]+j+l<m+3>+
:41(771—;1)4—4_i_Zz(m?,—l—?;)_2771_2_4(11_‘;‘_1)_i_‘7

=2im+2i—2m —2+4j.

wto(ylzi) = o(yl) + eyl zi) + o(zi).

For1 <j<m,

. 2
w(ylz) =0+ % +j+ 5 =m+j.

. 2m
Forodd j < 5+ 1,

, o) 4
wo(pen) = - — 1+ j+m+ 14 2 +2=3m+2+]

Form:3andj:2orm26andevenjS%"+2,

. 2 4
wtw(yézz):7m—2+j+m+2+?m+2:3m+2+j.

Form29and%”+3§j§m,

- 4 4
wo(e) = S 424+ T =24+ L +2=3m+2+].

For i = 0 (mod 3) with 1 < j < m,

_Ailm+1) | 2i(m+3) 4i
= 3 + 3 —m—2—§+]

=2im+2i—m—2+j.

For i =1 (mod3) with 1 < j < m,

wio(yzi) = Pi(mﬁ)_ﬂ 4 2ilm +3) —m—2_4P_W Fit Pz(mﬂ)—ﬂ

3 3 3 3
4i(m+1)—4  2i(m+3) 4 —1)
= —m—2 )
3 T3 " 3
=2im+2i—m—2+4j.
For i = 2 (mod 3) with 1 < j < m,
; 2 D+2 2 i — 1 2i 1)+2
3 3 3 3
_ 4z(m—0—1)+4+21(m—|—3) _m_2_4(z—0—1)
3 3 3
=2im+2i—m-—2+].
The edge weights can be easily checked to make sure they are distinct integersin {1, 2, ..., 2n(m-+

1) — 1} (refer Table 1). Hence, the total k-labeling ¢ refers to an edge irregular reflexive k-
labeling of P,, ® K| ,,. The lemma is hence proven. O
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An instance of the obtained edge irregular reflexive 19-labeling with respect to Py © K| ¢ is
demonstrated in Figure 1.

Figure 1. The edge irregular reflexive 19-labeling with respect to P4 ® K .

Table 1. The summary of all edge weights with respect to P,, ® Kj ,,, in which n > 2 and
m > 3.

Edge weights n>2andm >3
wty,(z122) 2m+2
wty,(2223) dm +4

wty,(z;z41)  where3 <i<n-—1 2im + 24
wty,(x121) 2m+1
wty,(2222) 4m + 3
wity(x;2;) where 3 <3 <n 2im +2i—1

1<j<m  wty(r1y]) J
wt, (xzy%) 2m+2+j
wtw(:r,yf) where 3 <i<n 2im+2i—2m—2+j
wtp(y{zl) m+j
wt¢(y§zz) 3m+2+3
wtg,(yle) where 3 <i<n 2im+2i—m—2+7
Lemma 2.3. For n > 2 and m = 1 (mod 3),
2t ] ifn(m 1) # 2 (mod 3),

res(P, © Ky m) = ) Nt
{%—‘ +1, ifn(m+1)=2(mod3).

Proof. As per equation (2.1), we now prove that & resembles an upper bound for res(P,, © K| ).
We express a total k-labeling ¢ with respect to P, ® K ,,, as given below.

p(x1) = ¢(y]) =0, where 1 <j <m.
2(m +2
2(2m+ 1
olaz) = () = 2221
2 14, ifodd j < 213,

olyl) = ”“” —2+4j, ifevenj < 2m=l),

2(2m+1 ce 2m+l .
%7 lfmTS.]Sm-
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Leti >3 and 1 < j < m, we now have the following

_ mtIZ - if =1 (mod 3),
(,0(1’0 = (P(yf) = QO(ZZ) = 2i( i +1)-2
{#W , otherwise.

Next, the edge labels are defined as given below.

2(m+2)
3

amslifi =1,
p(xizi) = NV
dmts if i =2.

)

o(zimipr) = , wherei=1,2.

p(z1y]) = j, wherel < j <m.

: —4
90(2/{21) = mT + 4, where 1 < j < m.
i .~ 2m=5
L, if odd j < 2m=3,
o(x) =4 2, if even j < @,
j— 2(m3—l>’ lf% <j<m.

m+1, ifoddj < 2m=3,
() ={ m+2, ifevenj< M,
mi2 g, if 2 < <m,

Fori>3and 1 <j <m,

p(iwis) =

2(m+23)(z‘—1)_2[7122]

w(wizi)_m_l)+3+4wg4]

3
o) = 2= ?(FS) +4F3ﬂ + 5.
(p(ngi):%'(n”;—l)_m+2+4P;4—‘ + 3.

It is clear that the maximum vertex label is k£ = [%—‘ + 1 for n = 1 (mod 3). In com-
parison, k = [MW Furthermore, the maximum edge label is k& = M when

n = 2 (mod 3), which is greater compared to all vertex labels under the labeling . Therefore,
labeling ¢ represents a total k-labeling with respect to P, ® K| ,,,. By employing the approach
similar to the proof of Lemma 2.2, we may prove that the edge weights of P,, ® K ., differs
under the total k-labeling , in which the edge weights are in {1,2,...,2n(m + 1) — 1} repre-
senting distinct integers. This aligns with the edge weights of Lemma 2.2 as shown in Table 1.
Therefore, the total k-labeling ¢ represents an edge irregular reflexive k-labeling with respect to
P, ® K ;. The lemma has now been proven. O

Figure 2 illustrates the respective edge irregular reflexive 17-labeling with respect to Ps ®
Ki 4.
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Figure 2. The edge irregular reflexive 17-labeling with respect to Ps ® K 4.

Lemma 2.4. For n > 2 and m = 2 (mod3), res(P, ® K1) = [%] if n(m + 1)

0 (mod 3).

Proof. By referring to equation (2.1), we prove that k resembles an upper bound for res(P, ®
K ). We express a total k-labeling ¢ with respect to P,, ® K| ,, given below.

o(z1) = p(y]) =0, where 1 <j <m.

2(m+1
L))
4(m+1
olaz) = plzz) = 20D
Amil) 144, ifoddj < 2m=l,
o(y3) = w—2+j, ifevenjgw,
4(n"§+1)7 ifzn%s <j<m.
j 2i 1
o) = old) = o) = 2O herei >3, and 1 < j < m
Next, the edges labels are given below.
2 1
o(zizip) = w, where ¢ = 1, 2.
4 1
o(ziz) = m;— , Where:=1,2.
p(z1y]) =j, wherel < j <m.
; -2
o(yiz1) = 7m3 +j, where 1 <j < m.
: : 2m—1
1, ifodd j < ==,
o(z2y3) =1 2, ifeven j < M,

j— A < <m,

. - 2m—1
m—+ 1, ifodd j < #5%—,

o(ylz) =< m+2, ifeven j < M’

meR g, iR <G <m.
Fori>3and 1 <j <m,
2m+1)(i —1
iy = 2 DE=D)

2i(m+1
p(ziz;) = % -1
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; 2 1
o(zyl) = % —2m -2+ 7.
; 2i(m + 1 .
ey zi) = % -—m—=2+].
It is evident that the maximum vertex label is given by k = [%—‘, which is greater

compared to all edge labels under the labeling . Therefore, labeling  refers to a total k-labeling
of P, ® K ,,,. By employing the same approach with the proof of Lemma 2.2, the edge weights
with respect to P, ® K ,, can be easily verified and are distinct integers in {1,2,...,2n(m +
1)—1} under the total k-labeling ¢, which is consistent with the edge weights of Lemmas 2.2 and
2.3, see Table 1. Therefore, the total k-labeling ¢ denotes an edge irregular reflexive k-labeling
of P, ® K ,. The lemma is proven. O

The obtained edge irregular reflexive 12-labeling with respect to P; ® K 5 is demonstrated
in Figure 3.

Figure 3. The edge irregular reflexive 12-labeling with respect to P ® K] 5.

Now, we present the main result as given below.

Theorem 2.5. For any integer n > 2 as well as m > 3,

[w] ifn(m+ 1) # 2 (mod3),
T€S(P7L®Kl,rrL) = 2 -1
{n(m%%] +1, ifn(m+1) =2 (mod3).

Proof. The evidence follows directly from Lemmas 2.2, 2.3 and 2.4. O

3 Conclusion

This research studies the existence with respect to edge irregular reflexive k-labeling of corona
product of path and star. We were able to precisely calculate the reflexive edge strength of this
graph, denoted as P,, ® K ,,,, where n > 2 and m > 3. Moreover, this result provided further
support to Conjecture 1.1.
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