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Abstract Let L be a lattice with 1 and 0. A filter F' of a lattice L is called an identity-filter
if there exists a € L\ {1} such that a Vv F = {1}. The identity-filter graph 1G(L) of L is a
graph whose vertices are all identity-filters F # {1} of L and two distinct filters F and G are
adjacent if and only if F NG = {1}. The basic properties and possible structures of the graph
IG(L) and its subgraph 1G y4(L) induces by vertices which are finitely generated as filters of L
are investigated.

1 Introduction

Associating a graph to an algebraic structure is a research subject and has attracted consider-
able attention. In fact, the research in this subject aims at exposing the relationship between
algebra and graph theory and at advancing the application of one to the other. There has been
a lot of activity over the past several years in associating a graph to an algebraic system such
as a ring, module or lattice, for instance see [1,3, 4, 7, 10, 12, 14]. The main aim of this article
is that of extending some results obtained for ring theory to in lattice theory. The main difficulty
is figuring out what additional hypotheses the lattice or filter must satisfy to get similar results.
Nevertheless, growing interest in developing the algebraic theory of lattices can be found in
several papers and books (see for example [5, 6, 7, 8, 9, 10, 11, 13]).

Let L be a distributive lattice with 0 and 1 with 1(L) its set of identity-filters. In the present
paper;, we are interested in investigating the identity-filter graphs of lattices to use other notions
of the annihilating-ideal graphs, and associate which exist in the literature as laid forth in [4,
14]. The purpose of this paper is to investigate a graph associated to a lattice L called the
identity-filter graph of L. This will result in characterization of lattices in terms of some specific
properties of those graphs. The identity-filter graph of L is a simple graph 1G(L) with vertices
I(L)* = I(L) \ {1}, and two distinct vertices are adjacent if and only if the intersection of
the corresponding filters is {1}. We also study the graph of 1Gy4(L) which is a subgraph of
IG(L) generated by vertices which, as filters of L are finitely generated. The concept of the
annihilating-ideal graph of a commutative ring R was introduced and studied by Behboodi and
Rakeei in [4]. The annihilating-ideal graph of R, denoted by AG(R), is a graph whose vertex set
is the set of all nonzero annihilator ideals of R and two vertices I and J are adjacent whenever
IJ = (0). Finitely generated annihilating-ideal graph of a commutative ring R was investigated
by Taheri and Tehranian in [14].

Here is a brief outline of the article. Among many results in this paper, the first, introduction
section contains elementary observations needed later on. In Section 2, we investigate some
finiteness conditions and connectivity of identity-filter graphs. For instance, it is proved that if L
is not a L-domain and an element x # 1 of L has a complement y # 1 in L, then 1G(L) has ACC
(resp. DCC) on vertices if and only if L is a Noetherian (resp. an Artinian) lattice (Theorem
2.6). Also, it is shown that If L is a complemented lattice, then 1G(L) has n (n > 1) vertices
if and only if L has only n nontrivial filters (Corollary 2.10). It is shown in Theorem 2.17 that
IG(L) is connected with diam(IG(L)) < 3 and if IG(L) contains a cycle, then gr(IG(L)) < 4.
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An element x of L is called identity join of lattice L # {1}, if there exists | # y € L such that
xVy = 1. The set of all identity join of a lattice L is denoted Z(L). It is proved in Theorem 2.18
that if L is a complemented lattice which is not a L-domain, then IG(L) is a complete graph if
and only if Z(L) is a simple filter of L and L = Z(L) ® (1 :p Z(L)), where (1 :p, Z(L)) is a
simple filter.

In Section 3, we study some finiteness conditions and connectivity of finitely generated identity-
filter graphs and establish some basic connections between 1G(L) and 1G,(L). It is shown in
Theorem 3.2 that if L is not a L-domain and an element © # 1 of L has a complement y # 1
in L, then 1G y4(L) has ACC on vertices if and only if L is a Noetherian lattice. Also, we show
that if L is a complemented lattice which is not a L-domain, then 1G ;,(L) contains a universal
vertex if and only if IG(L) contains a universal vertex (Theorem 3.5) and 1G(L) is a complete
(star) graph if and only if 1G 4(L) is a complete (star) graph (Theorem 3.8 and Theorem 3.14).
In this section, diameter and girth of the graph 1G s, (L) are studied (Theorem 3.1, Proposition
3.11, Theorem 3.12 and Corollary 3.13). It is show that if L is a complemented lattice which is
not a L-domain such that gt(1G,(L)) = 4, then IG(L) is a complete bipartite graph if and only
ifIG¢4(L) is a complete bipartite graph (Theorem 3.17). Consequently, if L is a complemented
lattice which is not a L-domain, then 1G(L) is a bipartite graph if and only if 1G,(L) is a
bipartite graph (Theorem 3.19).

Let G be a simple graph with vertex set V (G) and edge set £ (G). For every vertex v € V
(G), the degree of v, denoted by deg,(v), is defined the cardinality of the set of all vertices which
are adjacent to v. A graph G is said to be connected if there exists a path between any two dis-
tinct vertices, G is a complete graph if every pair of distinct vertices of G are adjacent and K,
will stand for a complete graph with n vertices. Let u,v € V (G). We say that u is a universal
vertex of G if u is adjacent to all other vertices of G and write u «~ v if u and v are adjacent.
The distance d(u,v) is the length of the shortest path from u to v if such path exists, otherwise,
d(a,b) = occ. The diameter of G is diam(G) = sup{d(a,b) : a,b € V(G)}. The girth of a graph
G, denoted by gr(G), is the length of a shortest cycle in G. If G has no cycles, then gr(G) = co.
A subset S C V(G) is independent if no two vertices of S are adjacent. For a positive integer
k, a k-partite graph is a graph whose vertices can be partitioned into k nonempty independent
sets. For terminology and notation not defined here, the reader is referred to [15].

By a lattice we mean a poset (L, <) in which every couple elements x,y has a g.L.b. (called
the meet of x and y, and written x N\ y) and a Lu.b. (called the join of x and y, and written
x V y). A lattice L is complete when each of its subsets X has a Lu.b. and a g.Lb. in L. Setting
X = L, we see that any nonvoid complete lattice contains a least element 0 and greatest element
1 (in this case, we say that L is a lattice with 0 and 1). A lattice L is called a distributive
lattice if (a Vb) Ac = (aAc)V (bAc) forall a,b,cin L (equivalently, L is distributive if
(anb)Ve=(aVec)A(bVec)forall a,b,cin L). A non-empty subset F of a lattice L is called a
filter iffora € F,be L, a <bimpliesb € F,andx Ny € F forall x,y € F (soif L is a lattice
with 1, then 1 € F and {1} is a filter of L). A proper filter P of L is called prime if t V y € P,
then x € P ory € P. The set of all prime filters of L is denoted Spec(L). A proper filter m of L
is said to be maximal if E is a filter in L with m ; E, then E = L. The set of all maximal filters
of L is denoted Max(L). If L is a lattice, then L is Noetherian (resp. Artinian) if any non-empty
set of filters of L has a maximal member (resp. minimal member) with respect to set inclusion.
This definition is equivalent to the ascending chain condition (resp. descending chain condition)
on filters of L. L is called L-domain if a V b = 1, then either a = 1 or b = 1. For terminology
and notation not defined here, the reader is referred to [5].

Lemma 1.1. Let L be a lattice [5, 6].

(1) A non-empty subset F of L is a filter of L if and only if t VV z € F and x Ny € F for all
z,y € F, z € L. Moreover, sincex =z V (x ANy), y=yV (x ANy)and F is a filter, x Ny € F
gives x,y € F forall x,y € L.

(2) If F\, F> are filters of L and a € L, then Fi V F, = {a1 V ay : a1 € Fi,ap € B>} and
aVFy={aVa :a € F\}arefiltersof Land FiNF, =,V F, C Fi, F>.

(3) If L is distributive, F is a filter of L and a € L, then (1 :p, F) ={z € L: a2V F = {1}}
and (1: T({a}) = (1:p a) ={x € L:aV x = 1} are filters of L.
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(4) If L is distributive and F, F, are filters of L, then Fi N\F; = {aANb:a € F|,b € F}is
afilter of L, F1, I, C Fy NF, (forifx € Fi, thenx = x N1 € Fy A\ Fp) and if F\ C F,, then
FiNF,=F,.

Let H be subset of a lattice L. Then the filter generated by H, denoted by T(H), is the
intersection of all filters that is containing H. A filter F is called finitely generated (resp cyclic)
if there is a finite subset H (resp. a € F) of F such that F = T(H) (resp. T({a})).

Lemma 1.2. Let L be a lattice [8, 9].

(1) Let A be an arbitrary non-empty subset of L. Then T(A) ={z € L: aiANagA---ANay, <
x for some a; € A (1 < i < n)}. Moreover, if F is a filter and A is a subset of L with A C F,
then T(A) C Fand T(F) = F.

(2) If F and G are filters of L, then T(GU F) = F A G;

(3) (modular law) If F, G and H are filters of Lwith F C G, then GN(FAH) = FA(GNH).

A lattice L is called semisimple, if for each proper filter F' of L, there exists a filter G of L
suchthat L = FAG and FNG = {1}). In this case, we say that F is a direct meet of L, and we
write L = F © G. A filter F' of L is called a semisimple filter, if every subfilter of F' is a direct
meet. A simple filter is a filter that has no filters besides the {1} and itself.

Let A = {F; : i € I} be a set of filters of L. Then it is easy to see that \;.; Fi = {\,cp fi :
fi € F;,I' C I, T is finite} is a filter of L (if A = 0, then we set \;.; F; = {1}). L = O, Fiis
said to be a direct decomposition of L into the meet of the filters {F; :i € 1} if (1) L = \;c; Fi
and (2) {F; : i € I} is independent i.e for each j € I, F; N\, ;1 Fi = {1}. For each filter F¥
of L, Soc(F') = N\, Fi, where { Fi}icn is the set of all simple filters of L contained in F.

Quotient lattices are determined by equivalence relations rather than by ideals as in the ring
case. If F is a filter of a lattice (L, <), we define a relation on L, given by x ~ y if and only if
there exist a,b € F satisfying x N a = y A'b. Then ~ is an equivalence relation on L, and we
denote the equivalence class of a by a \ F and these collection of all equivalence classes by %
We set up a partial order <g on % as follows: for each aNF,bANF € % we write aANF <g ODAF
if and only if a < b. It is straightforward to check that (%, <q) is a poset. The following notation
below will be kept in this paper: Leta NF,bANF € % and set X = {a A F,b A\ F'}. By definition
of <qg, (a V b) A F is an upper bound for the set X. If ¢ A F' is any upper bound of X, then we
can easily show that (aVb) NF <g ¢\ F. Thus (a N F) Vg (bA F) = (aVb) A F. Similarly,
(aAF)Ag (bAF) = (aAb) AF. Thus (£,<q) is a lattice. We need the following Lemma
proved in [9, Lemma 4.3].

Lemma 1.3. Let G be a a subfilter of a filter F of L.

(1)Ifa € F, then a N F = F. By the definition of <, it is easy to see that 1 N F' = F is the
greatest element of %

(2)Ifa € F,thena NF = bAF (for everyb € L) if and only if b € F. In particular,
cNF =Fifandonlyifc € F. Moreover, ifa € F,thena NF =F =1AF.

(3) By the definition <q, we can easily show that if L is distributive, then % is distributive.

(4) £ ={aNG:a€ F}isafiler of £.

(5) If K is a filter of é, then K = gfor some filter F of L.

(6) If H is a filter of L such that G C H and g = g then F = H.

(7)If H and 'V are filters of L containing G, then % N g = % ifand only if V.=H N F.

(8) If H is a filter of L containing G, then FéH = % A g

2 Finiteness conditions and connectivity of [G(L)

Throughout this paper, we shall assume unless otherwise stated, that L is a distributive lattice
with 1 and 0. In this section, we collect basic properties concerning the graph 1G(L). Our
starting point is the following proposition:

Proposition 2.1. If F is a filter of L, then the following conditions hold:
(1) L is Noetherian if and only if both ' and % are Noetherian;
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(2) L is Artinian if and only if both F' and % are Artinian;
(3) L is Noetherian if and only if every filter of L is finitely generated.

Proof. (1) Let L be a Noetherian lattice. Since every subfilter of F' is a filter of L, it is clear

from the definition that F' is Noetherian. By Lemma 1.3, as ascending chain of filters of % must
have the form % - % C ..., where Hy C H, C --- is an ascending chain of filters of L all of
which contain F. Since the latter chain must eventually become stationary, so must the former
by Lemma 1.3. Conversely, let H; C H, C --- be an ascending chain of filters of L. Then
H NF C HyNnF C --- is an ascending chain of subfilters of F', and so there is a positive integer

s such that H; N F' = H; N F for all positive integer . By Lemma 1.3, HMAE c BAE

7 &
is a chain of filters of % Then there exists a positive integer ¢ such that e Iﬁ\ g H”}:/\ E for
all positive integer 7, so that H; A F' = H;,; A F for all i. Let v = max{s,t}. We show that for
each positive integer i, H, = H, ;. It suffices to show that H,.,; C H,. Letx € H, ;. Then
r=aNbe H 4 ANF = H, N\ F for somea € H, and b € F. Now H,; is a filter gives
be Hy ;;s0be Hyy; N F = H, N F which implies that - = a A b € H,, as required.

(2) This can be proved in a very similar manner to the way in which (1) was proved above,
and we omit it.

(3) Assume that L is Noetherian and let G be a filter of L. Suppose to the contrary, that G
is not finitely generated. Let Q be the set of all subfilters of G which are finitely generated (so
Q # P since T({1}) = {1} € Q). It follows from the maximal condition that Q has a maximal
member with respect to inclusion, H = T({z1,--- ,z,}) say; so H G G. Letx € G\ H. Then
HAT({z}) = T({z1, - zn,}) is a finitely generated subfilter of G with H G H A T({x})
a contradiction. Thus G must be finitely generated. Conversely, let F} C Fz C ... be an
ascending chain of filters of L. Then G = |,y Fi is a filter of L. By assumption, suppose that
it is generated by fi,---, f,. For each ¢ = 1,---n, there exists positive integer m; such that
fi € Fo,. If k = max{my,---m,}, then f; € Fy foralli = 1,---n. Hence F}, = F}; for all
1 € N, as needed. O

Lemma 2.2. For the lattice L, the following conditions hold:

(1) If F\ and F, are nontrivial filters of L such that L = F\ \ F,, then G is a filter of L if and
only if G = G| N\ G, for some subfilter G| of F| and subfilter G, of F,;

(2) A filter F # {1} is an identity-filter if and only if there exists a filter G # {1} of L such
that GVF =GNF ={1}.

Proof. (1) Let G be a filter of L and set
G ={xeF :xANyeqGforsomeye F,}.

If 2,2 € Gyanda € L, thenz A ¢,z Ad € G for some ¢,d € F, gives (z A z) A (cAd) € G
and (zVa)Ac=(zAc)V(cAa) € G;hence Gy is a subfilter of Fi. Similarly, G, = {z €
F, iz ANy € G for some y € F}} is a subfilter of F. Since the inclusion G C G| A G, is clear
we will prove the reverse inclusion. If z € G, then z Ay € G for some y € F>. Now G is a
filter gives x € G by Lemma 1.1; so Gy C G. Similarly, G, C G. Thus G; A G, € G and so
we have equality. Conversely, assume that G| and G, are subfilters of F} and F3, respectively.
We show that G} A Gy is a filter of L. Clearly, if X, Y € G| A G, then X AY € G| A G,. Let
aNb € Gy NG, forsomea € Gi,b € Gyandc € L. ThencV (aAb) = (cVa)A(cVb) € G AG,
by Lemma 1.1. This completes the proof.

) Ifav F ={1}forsome 1 # a € L,then T({a}) N F = {1}. Conversely, if GNF = {1}
for some filter G # {1} of L, then there is an element 1 # b € G such that bV F = {1}, as
needed. O

If x € L, then a complement of x in L is an element y € L such thatxVy = 1land x ANy = 0.
The lattice L is complemented if every element of L has a complement in L.

Lemma 2 3. IfL is not a L-domain and an element x # 1 of L has a complement y # 1 in L,
then | {T} T({z}).

Proof. Set F = (1 :1, z) (so (1 :p =) # {1}). We show that the mapping ¢ : L — T({z})
for which ¢(a) = a V z for all a € L is a lattice morphism. Let a,b € L. Then p(a A b) =
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(anb)Vz = (aVx)A(bVz) = p(a) Ap(b). Similarly, p(aVbd) = p(a)Ve(b). faANF =bAF,
then there are elements f, f’ € F'such that f" Aa = f Ab. Hence p(b) =bVa = (bVz)Al=
Ova)AN(fVvz)=zV(fAD) =zV(f Na)=zVa=p(a). It follows that there is indeed
amapping ¢ : £ — T({xz}) by the formula ¢(a A F') = ¢(a), and it is clear that v is serjective.
Next note that, for all aAF, bAF € £, we have ¢((aAF)Ag(bAF)) = ¢((anb)AF) = p(anb) =
w(a) Ap(b) = (aANF) Ao (bAF). Similarly, ((a AF) Vg (bAF)) =Y(aANF)Vo(bAF).
It remains to show that 1 is injective. If )(a A F') = (b A F), then a V z = bV x. It follows
that (aVz) Ay = (bVaz)Ay,andso (aAy) V0= (bAy)VO0; hence a ANy = bAy. Thus
aNF=bAF. O

Proposition 2.4. For the lattice L the following conditions hold:
(1) The graph 1G(L) is a null graph if and only if L is a simple lattice;
(2)If Fis a filter of L, then F N (1 :, F) = {1},
(3) If V(IG(L)) # 0, then IG(L) is not an empty graph.

Proof. (1) The proof is clear.

QIfzxe FN( :p F),thenzV F = {1} givesx = zVax € xVF = {1}. Thus
Fﬁ(l 'L F):{l}

B3)If G € V(IG(L)), then H = (1 :;, G) # {1}. Sinceby (2), GNH =GV H = {1}, we
get {1} # G C (1 :;, H) which implies that H € V(IG(L)). Now the assertion follows from
2). O

Henceforth we will assume that all considered lattices L are not simple since all definitions
of graph theory are for non-null graph [15].

Proposition 2.5. Let S be a simple filter of a complemented lattice L which is not a L-domain.
Then the following conditions hold:

(1) (1:1, S) is a maximal filter of L.

2)L=Se(1:59).

Proof. (1) Letx € S\ {1}. Since S is simple, we conclude that S = T'({z}). It follows from
Lem.ma 2.3 that ULTILW =~ T({x}); hence ULTILW is a simple lattice. Thus (1 :7 S) is a
maximal filter of L.

(2) By Proposition 2.4 (2), SN (1: S) = {1}. As
(1 LS);S/\(l 2LS)§L,
weget L=SA(1:1 S);hence L=S0(1:19). i

Let L be a lattice. We say that the identity-filter graph 1G(L) has ACC (resp. DCC) on
vertices if L has ACC (resp. DCC) on I(L)*. Let F(L) be the set of all filters of L and set
F(L)* = F(L)\{1}.

Compare the next theorem with Theorem 1.1 in [4].

Theorem 2.6. If L is not a L-domain and an element x # 1 of L has a complement y # 1 in L,
then 1G (L) has ACC (resp. DCC) on vertices if and only if L is a Noetherian (resp. an Artinian)
lattice.

Proof. Let IG(L) has ACC (resp. DCC) on vertices and set F' = (1 :1, x),
A={GeF(L):GCT{z})}

and B={G € F(L) : G C F}. If z € G € A, then there exists a € L such that z = z V a;
soyVz=uyV(zVa)=1whichimplies thaty € (1 :;, G) # {1}. Thus A C V(IG(L)). If
G € B,thenz VG = {1} givesz € (1 :p G) # {1}; hence B C V(IG(L)). It follows that
the filters T'({z}) and F" have ACC (resp. DCC) on subfilters i.e. T'({z}) and F' are Noetherian
(resp Artinian) filters. Now Propositions 2.1 and Lemma 2.3 gives R is a Noetherian (resp. an
Artinian) lattice. The other implication is clear. O
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A filter F # {1} of L is called L-second if for each a € L, either aV F = {1} oraV F = F.
By [6, Proposition 2.1], F is L-second if and only if the only subfilters of F are {1} and F itself
(i.e. F is simple) and in this case, |F| = 2. Moreover, if L is a Artinian lattice and F is a filter of
L with F # {1}, then F contains only a finite number of simple filters by [6, Theorem 2.2 (i)].

Proposition 2.7. (1) If L is an Artinian complemented lattice, then every proper filter F' of L
with F # {1} is a vertex of IG(L).
(2) If L is an Artinian complemented L-domain, then L is a simple lattice.

Proof. (1) By [6, Theorem 2.2 (iii)], L = S} A --- A S, where Sy, --- , .S, are distinct simple
filters of L (i.e. L is semisimple). As S;N.S; = S; vV .S; = {1}, weget {1} & S; C (1 :1 S;)
forall 1 < i # j <n. Let G be a nontrivial filter of L (i.e. different from {1} and L). There is a
simple filter S of L such hat S ¢ G (otherwise, L = G which is impossible). Then S is a simple
filter gives SNG = SV G = {1};hence {1} & S C (1 :1, G). This completes the proof.

(2) Assume to the contrary, that L is not simple. So we can write L. = S} ® S, where
S1 = T({z}) and S; = T({y}) are distinct simple filters of L by [6, Theorem 2.2 (iii)]. Since
S1NS, =8 VS, ={1},zVy=1;soeither z = 1 or y = 1 which is impossible. Thus L is
simple. O

Let R be a non-domain. In [4], the following questions were investigated: (1) When |A(R)*| <
[I(R)*| and (2) |A(R)*| = [I(L)*|, as a conjecture? In that paper, the conjecture above is true
for all Artinian rings as well as all decomposable rings (see [4, Propositions 1.3 and 1.6]). In
the following example, it is shown that the conjecture above is not true for all Artinian lattices
and the condition " L is a complemented lattice" in Proposition 2.7 (1) cannot be omitted.

Example 2.8. (1) Let L = {0,a,b,¢,d, 1} bealattice with0 < d<c¢<a<1,0<d<c<b<
1,aVvb=1and aAb = c. Aninspection will show that the nontrivial filters of L are S; = {1, a},
S, = {1,b}, S5 = {1,a,b,c} and Sy = {1,a,b,c,d} with (1 : Sy) # {1}, (1 ;1 Sa) # {1},
(1:185) ={1}and (1 :y S4) = {1}. Moreover, L is Artinian which is not a complemented
L-domain, but 2 = |[(L)*| < |F(L)*| = 4. This provides an answer to a question (1) which
is investigated in [4]. Also, this show that the condition " L is a complemented lattice" is not
superficial in Proposition 2.7 (1).

(2) Let L = {0,a,b,c,1} be alattice with0 < a <c¢<1,0<b<c<1l,aVb=cand
aAb = 0. An inspection will show that the nontrivial filters of L are S| = {1, a,c}, S» = {1, b, ¢}
and S3 = {l,c} with (1 :1 S;) = {1}, (1 :1 S2) = {1} and (1 :, S5) = {1}. Moreover, L is
Artinian which is not a complemented L-domain, but 0 = |I(L)*| < [F(L)*| = 3.

(B)Let D = {a,b,c}. Then L(D) = {X : X C D} forms a distributive lattice under
set inclusion greatest element D and least element () (note that if z,y € L(D), then z Vy =
zUyand x Ay = zNy). It can be easily seen that the set of all nontrivial filters L(D) is
{{D}, F\, F», F3, Fy, Fs, Fg}, where F| = {D,{a,b}}, F, = {D,{a,c}}, F5 = {D,{b,c}},

Fy = {D7 {a7 C}’ {a’ b}{a}}a

Fs = {D,{b,c},{a,b}{b}} and Fx = {D,{a,c},{c,b}{c}} with (1 :1 S;) # {1} for 1 <i <
6. Moreover, L is an Artinian complemented lattice which is not a L-domain with |[I(L)*| =
[F(L)"-

Compare the next theorem with Theorem 1.4 in [4].

Theorem 2.9. If L is a complemented lattice which is not a L-domain, then the following condi-
tions are equivalent:

(1) IG(L) is a finite graph;

(2) L has only finitely many filters;

(3) Every vertex of IG(L) has finite degree.

Proof. (1) = (2) Let [V(IG(L))| = n (n > 1). Then by Theorem 2.6, L is an Artinian lattice
which implies that every nontrivial filter of L is a vertex of IG(L) by Proposition 2.7. Hence L
has only n nontrivial filters.

The implication (2) = (3) is clear.
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(3) = (1) Let every vertex of IG(L) has finite degree. Assume to the contrary, that IG(L) is
an infinite graph. Let G = T'({z}) be a vertex of IG(L) and F = (1 :1, G). Then G N F = {1}
by Proposition 2.4. Let H be an arbitrary subfilter of G. Then HNF C GN F = {1} gives
H and F are adjacent in IG(L). Thus if the set of subfilters of G (respectively F) is infinite,
then F' (receptively ) has infinite degree which is impossible Hence the set of subfilters of G
and F are finite and so they are Artinian filters. Since £ = G by Lemma 2.3, we get L is an
Artinian lattice by Proposition 2.1. It follows that every nontrivial filter of L is a vertex of IG(L)
by Proposition 2.7. We split the proof into two cases:

Case 1. jmax(L)| = 1. Since G has finite number of subfilters, L has a minimal (simple) filter
T({y}) = K. If m = (1 :;, K), then m is a maximal filter of L by Proposition 2.5 and so every
proper filter of L is contained in m. So if H is any vertex of IG(L), then KN H C mNK = {1}
gives K is adjacent to H i.e K is adjacent to all other vertices of I'y;(L). Since K has finite
degree, IG(L) is a finite graph.

Case 2. |max(L)| > 2. Let m; and m, be different maximal filters of L. Without loss of
generality, lety € m, and y ¢ m,;s0 L = T'({y}) Am, withm, NT({y}) = {1}. Then for each
subfilter G of T({y}), GNm, Cm, NT({y}) = {1} gives the vertex G of IG(L) is adjacent to
m,. Thus the set of subfilters of 7'({y}) is finite. Similarly, the set of subfilters of m, is finite. It
follows that the set of filters of L is finite by Lemma 2.2. Hence IG(L) is a finite graph. O

Corollary 2.10. If L is a complemented lattice, then IG(L) has n (n > 1) vertices if and only if
L has only n nontrivial filters.

Proof. By Proposition 2.7 and Theorem 2.9, we have IG(L) has n vertices if and only if L has
only n nontrivial filters. O

Lemma 2.11. If F, - - - | F}, are filters of L, then

n

m(l L Fl) = (1 L /\Fz)
i=1 i=1
Proof. Since F; C N\ F;forall1 <i<mn,(1:p AI_; Fi) C (1:p Fy),ie. (1:p Nily Fy) C
Ni_;(1 :1 F;) holds. For the other inclusion, let z € (), (1 :z F;). Then z V F; = {1} for all
1<i<n;soxV A, Fi= /A~ (xVF;)={1}, and so we have equality. m

Theorem 2.12. Let L be a Noetherian lattice. If all nontrivial filters of L are vertices of 1G(L),
then L has only finitely many maximal filters.

Proof. Assume to the contrary, that {m; : ¢ € N} are distinct maximal filters of L. By assump-
tion, (1 : m;) # {1} for all ¢ € N. Then there exist 1 # a, € L such that a; V m; = {1} which
implies that m; = (1 :, a;) by maximality of m; for all i € N. If ¢ # ¢, then m; A m¢ = L gives
0 = aAbfor some a € m; and b € my. It follows that a; = a; V0 = (a;Va)A(a;Vb) = a; Vb € my
which gives for each i € N, a; is in every maximal filter m¢ for ¢ # ¢. Since L is Noethe-

rian, the chain T({a1}) & T({a1}) A T({az}) - S AL T({ai}) - - - must stabilize, and
each step is proper since ﬂz ymy = (L AL ({az})) for each s by Lemma 2.10. Thus
|max(L)| < oo. o

Lemma 2.13. Let F be a filter of L that is maximal among all (1 :;, x) of elements x # 1 of L.
Then F is a prime filter:

Proof. Let a # 1 be an element of L such that F = (1 :; a). If 2 Vy € F for some x,y € L
withz ¢ F,thenaVx # 1 gives FF C (1 :p aVz);soy € (1 :f aV )= F by maximality of
F. Thus F is prime. O

Lemma 2.14. For the lattice L, the following conditions hold:
(1) I(L)* # 0 if and only if L is not a L-domain;
(2) I(L)* # 0 if and only if |Z(L)| > 2.

Proof. (1) Let I(L)* # (. Then there exists a nontrivial filter ' of L such that (1 :;, F) # {1}.
Take 1| # y € F, as F # {1}. By assumption, there is an element 1 # = € L such that
x V F = {1} which implies that  V y = 1, i.e. the result holds. Conversely, suppose that L is
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not a L-domain. Then there are elements z # 1 and y # 1 such that zVy = 1. Set G = T'({z}).
Then G € I(L)* since | #y € (1:1 G).

(2) If G is a vertex of IG(L), then there exists 1 # = € L suchthatzVG = {1};s0zVy =1
for some 1 # y € G which implies that z,y € Z(L). Conversely, if | # a € Z(L),thenaVb =1
for some 1 # b € L which implies that T'({a}) € I(L)*, as required. i

Theorem 2.15. If L is a Noetherian lattice, then either I(L)* = () or at least one of the vertices
of IG(L) is a prime filter.

Proof. Suppose I(L)* # (. Then L is not a L-domain by Lemma 2.14. It is easy to see that
the set of all (1 :, a) of elements a # 1 of L is a subset of I(L)*. Since L is Noetherian, there
is a filter F = (1 :1 2) of L which is maximal among all (1 :1, a) of elements a # 1 of L. It
follows from Lemma 2.13 that F is prime. Moreover, since L is not a L-domain, F' # {1} and
so F' e I(L)*. o

Theorem 2.16. Let m be a maximal filter of a complemented lattice L which is not a L-domain.
Then wm € I(L)* if and only if Soc(L) # {1}.

Proof. Let m € I(L)* be a maximal filter and set G = (1 :p m). Then GV m = {1}. Take
1#a€G,asG # {1}. Now aVm = {1} gives m = (1 :1, a) by maximality of m. By Lemma
2.3, £ = T({a}) which gives T({a}) is a simple filter of L, i.e. Soc(L) # {1}. Conversely,
assume that Soc(L) # {1} and S is a simple filter of L. Then S = T'({s}) for some s € S. Set
H = (1: 5). Since £ = S and S is a simple filter of L, H # {1} is a maximal filter of L
which is not a L-domain and so SV H = GN H = {1} gives H € [(L)*. O

Theorem 2.17. For the lattice L, the following conditions hold:
(1) IG(L) is connected graph of diameter not bigger than 3;
(2) If 1IG(L) contains a cycle, then gr(IG(L)) < 4.

Proof. (1) Let F and G be vertices in IG(L) with F # G. Then Z = (1 :; F) # {1},
W=(1:1G)#{1},FNnZ={1}andWNG={1}.f FNG = {1}, thend(F,G) = 1. If
FNG# {1} and ZNW = {1}, then F, G connected by a path F' -~ Z -~ W «~ G of length < 3.
IfGNF # {1} and W N Z # {1}, then F,G connected by a path F -~ ZNW « G of length
=2.

(2) Suppose that IG(L) contains a cycle and let F} «~ --- «~ F,, «» F} be a cycle with the
minimum length. If n < 4, we are done. If n > 4, then F; N Fy # {1}. We split the proof into
three cases.

Case 1. Fy N Fy = Fy. Then Fi N F3 C F3N Fy = {1} gives F| ~ F, «~ F5 «~ F is acycle
which is impossible. The case F| N Fy = Fy is similar.

Case 2. Fi\NFy = F,. Then F, C Fy gives F>NF, C FINF, = {1}; SOF) Ao A F, N By
is a cycle with length n — 1, a contradiction. The case F} N Fy = Fj is similar.

Case 3. Fi1 N Fy 7’5 Iy, F,, F5, Fy. Since Fp N (Fl n F4) = {1} = FnN (Fl n F4), we have
F, v~ FiNFy «~ Fs «~ F, is a path which is a contradiction. Hence n < 4 and gr(IG(L)) <4. O

The next theorem gives a more explicit description of lattices with a complete identity-filter
graph. Compare the next theorem with Theorem 2.7 in [4].

Theorem 2.18. If L is a complemented lattice which is not a L-domain, then 1G(L) is a complete
graph if and only if T(L) is a simple filter of L and L = Z(L) ® (1 :1, Z(L)), where (1 :, Z(L))
is a simple filter.

Proof. One side is clear. To prove the other side, Assume that IG(L) is a complete graph and
letx € Z(L) \ {1}. Then z Vy = 1 for some 1 # y € L. We show that Z(L) = T'({z}). If
zVa € T({z}) for some a € L, then (z Va) Vy = 1 gives T({z}) € Z(L). For the reverse
inclusion, suppose to the contrary, that Z(L) ¢ T'({z}). So there exists 1 # z € Z(L) such that
T({x}) # T({z}). Then z V z = 1 and either T'({x,2}) # T({z}) or T({z, z}) # T({z}).
If the latter, then T'({z, z}) N T({z}) = T({z}) = {1}, a contradiction which implies that
z € T({z,z}) = T({z}), a contradiction. If T'({z,2}) = T({z}), then z € T({z}) gives
x = zVbforsomeb € L; hence x = zVa = zV (2Vb) = 1, acontradiction. Thus
Z(L) C T({x}) and so we have equality. It is clear that Z(L) (resp. (1 :1 Z(L)) does not have
any nontrivial subfilter and so it is a simple filter (resp. (1 :;, Z(L)) is a simple filter). Now the
assertion follows from Proposition 2.5. O
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Compare the next theorem with Theorem 2.10 in [4].

Theorem 2.19. Let L be a complemented lattice which is not a L-domain. If 1(L)* C Spec(L),
then L = S| ® S, for a pair of simple filters S| and S,.

Proof. Let1 # x € Lbesuchthat t Vy = 1 and z Ay = 0 for some 1 # y € L. Then
ye (1:p T({z})) =Siandz € (1 :p T({y})) = S, gives S; and S, are prime filters of L. If
z€Lthez=2zV(zAy)=(z2Vz)A(zVy) €SI ASys0L=5ASIfac S NS, then
a=zVc=yVdforsomec,de L. Thusa=aVa= (zVec)V(yVvd) =1givesL =50 5,.
If {1} # S5 C Sy, then (1:1 S)) C (1:1 S) gives S is a prime filter of L. AsxVy =1 € S and
y ¢ S, we getxz € S; hence S = Sy. Thus S is simple. Similarly, S, is simple, as required. O

Corollary 2.20. If L is a complemented lattice which is not a L-domain, then the following
conditions are equivalent:
(1) I(L)* C Max(L);
(2) I(L)* = Max(L);
(3) I(L)* = Spec(L);
(4)I(L)* C Spec(L);
(5) L =51 ® 5, for a pair of simple filters S| and S,.

Proof. By Theorem 2.19, it suffices to show that if m is a maximal filter of L, then it is prime. Let
zVy € mwithz,y ¢ m. Then T'({z})Am = L = T({y}) Am gives mA(zVa) = 0 = m/A(yVb)
for some a,b € L and m,m’ € m. It follows thaty = y VO =y V (mA (zVa)) = (y Vm) A
(z VyVa) € m which is impossible. Thus m is prime. i

We close this section with the following proposition, that gives us a characterization for
lattices L for which every nontrivial cyclic filter F of L is a vertex of IG(L).

Proposition 2.21. Every nontrivial cyclic filter of L is a vertex of IG(L) if and only if every
element in L is an identity join.

Proof. Let every nontrivial cyclic filter of L is a vertex of IG(L) and z € L. Then T'({z}) is a
vertex of IG(L) which implies that (1 :;, T'({z}) # {1}; hence there is an element y # 1 of L
such that y V T'({z}) = {1}. So z V y = 1. Thus z is an identity join. The proof of the other
implication is similar. O

3 Finiteness conditions and connectivity of IG s, (L)

Let us begin the following theorem.

Theorem 3.1. If L is not a L-domain, then V(1G;4(L)) # 0 and 1G;4(L) is a connected graph
with dim(IG,) < 3.

Proof. Since L is not a L-domain, there are elements x # 1 and y # 1 of L such thatx vV y = 1.
Then y € (1 :1 z) gives T'({z}) € V(IGs4(L)); so IGf4(L) is not empty. Suppose that G
and F are two distinct vertices of IG,(L). If F NG = {1}, we are done. So we may assume
that F N G # {1}. There exist K, H € V(IG(L)) suchthat KN F = {1} and H N G = {1},
as F,G € V(IG(L)) and IG(L) is a connected graph by Theorem 2.17 (1). If K = H, then
1 # h e H=K gives F «~ T({h}) «~ G is a path in IG,(L). So suppose that K # H.
Without loss of generality, assume that z € K \ H and y € H. Then T({z}) # T({y}). If
T({z})NT{y}) = {1}, then ' « T'({z}) «~ T({y}) «~ Gis apathin IG,(L). If T({z}) N
T({y}) # {1}, then F «~ T({z}) N T({y}) «~ G is a path in [G;,(L). This completes the
proof. O

Proposition 3.2. If L is not a L-domain and an element x # 1 of L has a complement y # 1 in
L, then 1G 4(L) has ACC on vertices if and only if L is a Noetherian lattice.

Proof. One side is clear. To prove the other side, assume that IG,(L) has ACC on vertices.
Suppose to the contrary, that L is not Noetherian. It follows from Theorem 2.6 that IG(L)
has not ACC on vertices. So there is a strictly ascending chain of filters F g i) g -+, wWhere
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F, e VIG(L)) fori e N. If 1 # f1 € Fy,then T({f1}) C Fy gives {1} # (1 : Fy) C (1 :1 f1);
so T({f1}) € V(IGy,4(L)). There exists f, € F; such that f, ¢ Fy, as F; & F> which implies
that T({f1}) S T({f1}) AT({f2}). By continuing this process, we have a strictly chain

THUAYD STUADATHLY) STAANDATHALD AT S -

which is an infinite chain of elements of V(IGf,(L)) which is impossible. Thus L is Noetherian.
O

Theorem 3.3. If L is not a L-domain and an element x # 1 of L has a complement y # 1 in L,
then 1G4(L) is a finite graph if and only if IG(L) is a finite graph.

Proof. One side is clear. Suppose that G, (L) is a finite graph. So IGy,(L) has ACC on
vertices gives L is Noetherian by Proposition 3.2 and hence V(IG,4(L)) = V(IG(L)) by Propo-
sition 2.1 (3). Thus IG(L) is a finite graph. i

Theorem 3.4. If L is a complemented lattice which is not a L-domain, then the following condi-
tions are equivalent:

(1)1G4(L) is a finite graph;

(2) L has only finitely many filters;

(3) L has only finitely many finitely generated filters;

(4) Every vertex of 1G 4(L) has finite degree.

Proof. (1) = (2) By Theorem 3.3, IG(L) is a finite graph. Now Theorem 2.9 shows that (2)
holds. The implications (2) = (3) and (3) = (4) are clear.

(4) = (1) Assume to the contrary, that IG,(L) is not a finite graph. Then Theorem 3.3
shows that IG(L) is not a finite graph; so there exists a vertex G of IG(L) such that G is not a
finite degree. If 1 # g € G, then T'({g}) is a vertex of IG s, (L) with infinite degree which is
impossible. Thus IG s, (L) is a finite graph. ]

Compare the next theorem with Proposition 2.3 in [14].

Theorem 3.5. If L is a complemented lattice which is not a L-domain, then the following condi-
tions are equivalent:

(1) IG 44(L) contains a universal vertex;

(2) IG(L) contains a universal vertex;

(3) L=S®(1:1S), where S is a simple filter of L and (1 :1, S) isa (1 :p S)-domain.

Proof. (1) = (2) Let G be a universal vertex of IG,(L). It suffices to show that for every
G # K € V(IG(L)), GN K = {1}. Let there exists G # H € V(IG(L)), GN H # {1}
and look for a contradiction. So there is an element = # 1 such that x € G N H. Since H is
not a finitely generated filter, there exists 1 # y € H such that y ¢ T'({z}). It follows that
T({z}) G T{z,y}) G Hysox € T({z,y}) NG = {1}, as G is a universal vertex which is
impossible. Thus G is a universal vertex of IG(L).

(2) = (3) Suppose that S is a universal vertex of IG(L)and let H G S. Then H = H N
S = {1} gives S is a simple subfilter of L. Now the first part of the statement (3) is given
by Proposition 2.5. If (1 :; S) is not a (1 :; S)-domain, then there are elements a # 1
and b # 1 of (1 :; S) such that a Vb = 1. Then S A T({b}) is an identity-filter of L, as
(SATHb})) NT({a}) = {1}, which is not adjacent to S, a contradiction. Thus (1 :1, S) isa
(1:r S)-domain.

(3) = (1) Let L = S®(1 :1 S), where S is a simple filter of L. By Lemma 2.2, the nontrivial
filters of L are of the form S A F, S and F, where F' is a nontrivial subfilter of (1 : S). By
our assumption, and since IG(L) is connected, we do not have any vertices of the form S A F
such that F' # {1} by Lemma 2.2 (2) which implies that simple filter S is adjacent to every other
vertex of IG4(L); so (1) holds. m

Corollary 3.6. If L is a complemented lattice which is not a L-domain, then the following con-
ditions are equivalent:

(1) IG(L) contains a universal vertex;

(2) IG(L) is a star graph;

(3) L=S®(1:1S), where S is a simple filter of L and (1 :1, S) isa (1 :p S)-domain.



THE IDENTITY-FILTER GRAPH OF LATTICES 87

Proof. The implication (2) = (1) is clear. Indeed the implication (1) = (3) is a direct conse-
quence of Theorem 3.5.

(3) = (2) By an argument like that in Theorem 3.5, S is adjacent to every other vertex, and
since (1 : S)isa (1 :z S)-domain, none of the filters of the form F can be adjacent to each
other. Thus IG(L) is a star graph. i

Corollary 3.7. If L is an Artinian complemented lattice which is not a L-domain, then 1G(L)
contains a universal vertex if and only if L = S| ® S,, where S|, .S, are simple filters of L.

Proof. Suppose that there exists a vertex of IG(L) which is adjacent to every other vertex. Then
by Theorem 3.5, L = S} @ D, where S| is a simple filter of L and D is a D-domain. Since L
is Artinian, we get D is an Artinian D-domain and so D is also simple by Proposition 2.7 (2).
Conversely, if L = S; ® S,, where Sy, S are simple filters, then the graph IG(L) is a connected
graph with two vertices S| and S5, as required. O

Compare the next theorem with Proposition 2.4 in [14].

Theorem 3.8. If L is a complemented lattice which is not a L-domain, then the following condi-
tions are equivalent:

(1) IG44(L) is a complete graph;

(2) IG(L) is a complete graph;

(3) L =51 ® Sy, where Sy, S, are simple filters of L.

Proof. (1) = (2) Let IG,(L) be a complete graph. It suffices to show that for every F,G €
V(IG(L)), F NG = {1}. Assume to the contrary, that there exist two distinct filters F, G €
V(IG(L)) such that G N F' # {1}, where at least one of them is not finitely generated, say G.
Thus there is an element © # 1 of L such that x € G N F; so T({z}) € V(IGs4(L)). As
T({z}) & G, there exists y € G such that y ¢ T'({x}) and hence T'({z,y} N T({z}) # {1}, a
contradiction. Thus IG4(L) is a complete graph. The implication (2) = (1) is clear.

(2) = (3) Let IG(L) be a complete graph (so every vertex is universal). Then by Theorem
3.5, L = S ® D, where S is a simple filter of L and D is a D-domain. If D has a nontrivial
subfilter F', then F' and D are vertices of IG(L) which are not adjacent, a contradiction. Thus
D does not have any nontrivial subfilter so it is a simple filter. The implication (3) = (2) is
clear. ]

Corollary 3.9. If L is a complemented lattice which is not a L-domain, then the following con-
ditions are hold:

(1) IG(L) is a graph with one vertex if and only if L has only one filter F' # {1};

(2) IG(L) is a graph with two vertices if and only if L = Sy ® S, where S1, S, are simple
filters.

Proof. (1) By Theorem 2.9 this is clear.

(2) One side is clear. To prove the other side, let IG(L) be a graph with two vertices. As
IG(L) is connected graph, then IG(L) is a complete (or star) graph. Then by Corollary 3.7 and
Theorem 3.8, L = S| ® 5>, where S}, S, are simple filters. O

Lemma 3.10. If L is a complemented lattice which is not a L-domain, then the following condi-
tions are hold:

(1)1G;4(L) = K, if and only if L has only one filter F # {1};

(2) If1G4(L) = K>, then L = S| ® S, where S, S, are simple filters.

Proof. (1) If IG4,4(L) = K, then L is Noetherian by Proposition 3.2 and hence IG(L) = K,
which implies that |[F(L) \ {1}| = 1. Conversely, let L has only one filter ' # {1}. Then L is
Artinian gives |V(IG(L))| = 1. Since IG,(L) is a non-empty graph, [V(IG,(L))| = 1 and so
IGsy4(L) = K.

(2) By Proposition 3.2, L is Noetherian and hence IG(L) 2 K;. Then Corollary 3.9 shows
that (2) holds. O

Proposition 3.11. If L is a complemented lattice which is not a L-domain, then the following
conditions are hold:
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(1) diam(IG(L)) = 0 if and only if diam(IG 4(L)) = O;
(2) diam(IG(L)) = 1 if and only if diam(IG,(L)) = 1
(3) If diam(IG (L)) = 2, then diam(IG (L)) = 2;

(4) If diam(IG(L)) = 3, then diam(IG,(L)) =2 or 3;
(5) diam(IG 1, (L)) < diam(IG(L)).

Proof. (1) By Lemma 3.10, it is easy to see that IG(L) = K, if and only if IG,(L) = K, as
needed.

(2) Indeed this is a direct consequence of Theorem 3.8.

(3) By (1) and (2), diam(IG,(L)) # 0,1 and so 2 < diam(IG,(L)) < 3. Let F and G be
vertices of IG,(L) such that F NG # {1}. Since F,G € V(IG(L)) and diam(IG(L)) = 2,
there exists a vertex K of IG(L) such that ' «~ K «~ G is apathin IG(L). If 1 # b € K, then
F -~ T({b}) ~ GisapathinIG,(L). Thus diam(IG,(L)) = 2.

(4) By assumption, diam(IG4(L)) # 0, 1. By Theorem 3.1, diam(IG,(L)) = 2 or 3.

(5) Parts (1), (2), (3) and (4) shows that (5) holds. O

Theorem 3.12. Let L be a complemented lattice which is not a L-domain. Then gr(IG(L)) =
gr(IGy,(L))-

Proof. Since IGy4(L) is a subgraph of IG(L), we have gr(IG(L)) < gr(IGsy(L)). So it
suffices to show that gr(IG;,(L)) < gr(IG(L)). By Theorem 2.17, gr(IG(L)) = 0,3 or
4. If gr(IG(L)) = oo, it is clear that gr(IGs,(L)) = oo. Suppose that gr(IG(L)) = 3
and F} «~ F, «~ F3 « F) is a cycle in IG(L). If Fy, F, and F3 are finitely generated, then
gr(IGy,(L)) = 3. Now we split the proof into three cases.

Case 1. F] is not finitely generated and F5, F5 are finitely generated. Let 1 # f; € F}. If
T({fHi}) # B, F3, then T({f1}) «» F» «~ F5 «~ T({f1}) is a triangle in IG,(L) and hence
gr(IGsy(L)) = 3. I T({f1}) = F, then there exists f, € F; such that f, ¢ F», as F» ; Ey
which 1mplles that F» g T({fhfZ}) If T({f],fz}) # F3, then T({fl,fz}) ) v Fy o
T({fi, f2}) is acycle in IGs,(L). If T({f1, f»}) = F3, then there exists f3 € F; such that
By G T({f1, for f5})- Then T({f1, fo. fs}) ~ B Fs o T({f1, fa, f5}) is a cycle in G 7, (L);
so gr(IGy,(L)) = 3.

Case 2. F, F; are not finitely generated and F3 is finitely generated. Let 1 # f, € Fj. If
T({fi}) # Fs, then T({f1}) ~ F3 -~ F, « T({f1}) is a triangle in IG(L), where T'({ f1}), F3 €
V(IG4(L)) and F>, ¢ V(IGs4(L)). By an argument like that as in Case 1, the proof is com-
plete. If T({f1} = F5, then there exists f, € Fj such that f, ¢ Fj, as F; ; Fy. Tt follows
that I3 G T({f1, f2}: so T({f1, 2} «~ F» « F3 « T({f1, f»} is a cycle in IG(L) such that
T{f1,2}),F5 € V(IGy4(L)) and F> ¢ V(IGf4(L)). Now by same argument in Case 1, we
have gr(IG ¢, (L)) = 3.

Case 3. F}, F, and F; are not finitely generated. Let 1 # f; € Fj. By using of same
argument in Case 1 for triangle T'({f1}) «~ F> v~ F3 « T({f1}) where T({f1}) € V(IG44(L))
and F», 3 ¢ V(IGy,(L)), we have gr(IGs,(L)) = 3. If gr(IG(L)) = 4, then by a similar
argument, we get gr(IG,(L)) < 4. Hence in every case, gr(IG(L)) = gr(IG4(L)). i

Corollary 3.13. If L is a complemented lattice which is not a L-domain, then gr(IG,(L)) < 4.
Proof. This is a consequence of Theorem 2.17 and Theorem 3.12. O

Proposition 3.14. If L is a complemented lattice which is not a L-domain, then 1G(L) is a star
graph if and only if 1G ;,(L) is a star graph.

Proof. If IG(L) is a star graph, then IG,(L) is also a star graph, as IG,(L) is an induced
subgraph of IG(L). Conversely, assume that IG,(L) is a star graph and let G be a universal
vertex of IG4(L). Let G # H € V(IG(L)). We claim that H is only adjacent to G. Assume
to the contrary, that H N G ## {1}. So there is an element a # 1 such that « € G N H. Since
H is not a finitely generated filter, there exists 1 # b € H such that b ¢ T'({a}). It follows
that T({a}) & T({a,b}) & H;soa € T({a,b}) NG = {1}, as G is a universal vertex which
is impossible. Thus G N H = {1}. Now suppose that there exists G # F' € V(IG(L)) such
that FN H = {1}. Thus G «~ H «~ F « G is a triangle in IG(L) and so gr(IG(L)) = 3; so
gr(IGy,(L)) = 3 by Theorem 3.12, a contradiction, as IG s4(L) is star graph. o
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Theorem 3.15. If L is a complemented lattice which is not a L-domain, then the following con-
ditions are equivalent:

(1) IG 4(L) contains a universal vertex;

(2) IG(L) contains a universal vertex;

(3) L=S®(1:15), where S is a simple filter of L and (1 :1, S) isa (1 :p S)-domain.

(4) IG(L) is a star graph;

(5)1G4(L) is a star graph.

Proof. This is a direct consequence of Theorem 3.5, Corollary 3.6 and Proposition 3.14. O
We need the following lemma proved in [2, Theorem 3.5].
Lemma 3.16. A connected graph is bipartite if and only if it contains no cycle of odd length.

Theorem 3.17. Let L be a complemented lattice which is not a L-domain such that gr(1G s, (L)) =
4. Then IG(L) is a complete bipartite graph if and only if IG ;4(L) is a complete bipartite graph.

Proof. If IG(L) is a complete bipartite graph, then IG,(L) is a complete bipartite graph, as
IG4(L) is an induced subgraph of IG(L). Conversely, suppose that IG,(L) is a complete
bipartite with parts V and V. We may assume that IG s, (L) # IG(L). Let G € V(IG(L)) with
G ¢ V(IGy4(L)). We prove that either for each H € V, HN G = {1} or for each K € W,
KNG = {1}. AsIG(L) is a connected graph with dim(IG(L)) < 3 and gr(IG(L)) = 4 (see
Theorem 2.17 and Lemma 3.16), we have only one of the following cases:

Case 1. GN H = {1} for some H € V. Now we claim that foreach X € V, X NG = {1}.
Suppose to the contrary, that there exists H; € V such that H; NG # {1}. Then there exists
1 # a € G such that T({a}) N H; # {1}. AsT({a}) € V(IG4(L)), we get T'({a}) € V and
hence T'({a}) N H # {1}, a contradiction. Thus for each X € V, X NG = {1}.

Case2. GNK = {1} for some K € M. By a similar argument as in Case 1, foreachY € W,
YNG={1}.

Case 3. K NG = {1} for some K € V(IG(L)), where either for each H € V, HN K = {1}
orforeach F ¢ W, FNK = {l},andforeach H €¢ V, F e W, HNG # {1}, FNG # {}.
Without loss of generality, let for every H € V, H N K = {1}. We show that for each F € W,
G N F = {1}. Suppose to the contrary, that there exists F}; € W such that F; N G # {1}. Then
there exists 1 # a € G such that T'({a}) N F; # {1}. Since T'({a}) € V(IG4(L)), T'({a}) e W
and K «~ H «~ T({a}) «~ K form a triangle in IG(L), a contradiction. So for each F' € W,
F NG = {1} which is impossible. Hence this case implies a contradiction in general.

Thus for every G € V(IG(L)) with G ¢ V(IG;,(L)), either foreach H € V, H NG = {1}
or foreach K ¢ W, K NG = {1}. Set

V=VU{H € VIG(L)) : foreach F e W, FNH = {1}}

and W = WU{F € V(IG(L)) : foreach H € V,H N F = {1}}. It suffices to show that if
HeV\Vand F € W\ W, then HN F = {1}. Assume to the contrary, that H N F' # {1}. So
there exists 1 # a € H such that T'({a}) N F # {1}. Since T'({a}) € V(IGy4(L)), T({a}) € W
and a € T({a}) = HNT({a}) = {1}), a contradiction. Thus IG(L) is a complete bipartite
graph with parts V and W. O

Lemma 3.18. For the lattice L, 1G(L) is a bipartite graph if and only if IG(L) is a triangle-free
graph.

Proof. One side is clear since bipartite graphs are triangle-free. To prove the other side, let IG(L)
be a triangle-free graph. By contrary assume that IG(L) is not bipartite. So IG(L) contains an
odd cycle by Lemma 3.16. Let C' = F| «~ F5 «~ -+ «» I3, 11 «~ F] be a shortest odd cycle in
IG(L) forsome n € N (son > 2). As C is a shortest odd cycle in IG(L), we have F3N F5,+1 is a
vertex. If F| = F3N Fy,41, then FyNFy = {1} which implies that F} «~ Fy «~ -+ Fp iy Fy
is an odd cycle which is impossible. So F} # F5 N Fyy,q1. If Fy = F3 N Fp,41, then Fy, F3 and
Fy would form a triangle, a contradiction. Hence F, # F3 N Fy,41. Now Fi, Fp and F3 N Foy, 4
form a triangle in IG(L) which is a contradiction. Thus IG(L) is a bipartite graph. i

Theorem 3.19. If L is a complemented lattice which is not a L-domain, then 1G(L) is a bipartite
graph if and only if 1G;,(L) is a bipartite graph.
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Proof. One side is clear. Let IG 7, (L) be a bipartite graph. Assume to the contrary, that IG(L) is
not a bipartite graph. Then By Theorem 3.12 and Lemma 3.18, gr(IG(L)) = gr(IG,(L)) =3
which implies that IG s, (L) contains an odd cycle, so IG,(L) is not bipartite by Lemma 3.16
which is impossible. Thus IG(L) is a bipartite graph. m]

4 Conclusions and future work

In this work we investigated many fundamental properties of the graph 1G(L) such as connec-
tivity, the diameter, the girth, and obtain some interesting results with finiteness conditions on
them. However, in future work, shall search the supplement of this graph and research on deeper
properties of them.
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