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Abstract The definition of locally semi-compact spaces originates from the study of semi-
compact spaces. In this paper, we obtain some new properties of locally semi-compact spaces
and define semi-k spaces as a generalization of locally semi-compact spaces. The relation be-
tween s-topological groups and locally semi-compact spaces is also established.

1 Introduction

Generalized open sets play a significant role in General Topology, and they are now the research
topics of many topologists worldwide. Levine [1] introduced the concept of semi-open sets and
semi-continuity in general topological spaces. A subset A in a topological space X is said to be
a semi-open set if and only if A ¢ A%~ or equivalently if there exists an open subset U of X such
that U ¢ A c U~. The complement of a semi-open set is said to be a semi-closed set (A" c A).
Every open (respectively closed) set is semi-open (respectively semi-closed), but the converse
may not be true. For example, suppose X = {a,b,c} and T = {@, X, {a}, {b},{a,b}}. Then
(X,T) is a topological space. The sets {b,c} and {a, c} are semi-open but not open sets. Since
the semi-open sets played a significant role in the study of topological spaces, many mathemati-
cians introduced and investigated generalized open sets in topological spaces, such as a-open
sets (A c A%0) [2], a-closed sets (A°0 c A) [2], regular-open sets (A = A™") [3], b-open
sets [4], pre-regular p-open sets [5].

As applications, the authors [6] used fuzzy semi-open sets and fuzzy semi-continuous map-
pings to generalize the fuzzy bitopological space and introduced fuzzy soft semi-pre-interior and
fuzzy soft semi-pre-closure [7] in fuzzy soft topological space. To minimize the topology con-
ditions for different reasons or preserve some properties under fewer conditions than those on
topology, the authors [8] introduced a concept of supra semi-limit points of a set and studied
main properties. In the paper [9], the authors examined almost semi-correspondence between
known relations of similarity and semi-correspondence and studied this relationship in the fam-
ily of density-type topologies. The properties of regular closed sets, semi-open sets, regular
semi-open sets, pre-open sets, and S-open sets in generalized topological spaces analogous to
their properties in topological spaces are also studied in [10].

In this direction, in 1978, Maheshwari and Prasad [11] used semi-open sets to define s-regular
spaces. A space X is said to be s-regular if, for any closed set F' and z ¢ F, there exist disjoint
semi-open sets U and V such that z € U and F' c V. A space X is said to be semi-T5 if X is
s-regular and 77. A topological space X is said to be s-normal [11] if, for every pair of disjoint
closed sets A and B of X, there exist disjoint semi-open sets U and V' such that A ¢ U and
B c V. It is evident that every regular space is s-regular, and every normal space is s-normal.
However, the converse need not be true.

One of the critical applications of semi-open sets is compactness. A space X is said to be a
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semi-compact space [12] if every cover of X by semi-open sets has a finite subcover. A space
X 1is said to be s-paracompact [13] if every open cover of X has a locally finite semi-open
refinement. The authors in [13] also investigated the relationship between s-paracompact spaces
and semi-compact spaces.

In 1984, the definition of locally semi-compact spaces [14], which are closely related to semi-
compact spaces, was introduced. A space X is said to be locally semi-compact if every point of
X has an open neighborhood which is a semi-compact subspace of X. Obviously, every semi-
compact space is a locally semi-compact space, but the converse may not be true. For example,
if X=NandT = {A: A c X}, then (X,T) is an infinite discrete topological space. Hence,
{{zn} : z, € X} is a semi-open cover of X, but it does not have a finite subcover. Thus, X
is locally semi-compact but not semi-compact. Furthermore, the study of locally semi-compact
spaces is wide open. In 2014, the authors in [15] studied the s-topological groups, and a wider
class of S-topological groups, which are defined using semi-open sets and semi-continuity. In
2015, two types of topological groups, which are irresolute-topological and Irr-topological [16],
were introduced and studied. At the same time, many authors use generalized open sets to
replace open sets when they study topological groups, such as [17] and [18].

Our aim in this paper is to continue the investigation of locally semi-compact spaces and
introduce the definition of semi-k spaces as a generalization of locally semi-compact spaces.
One of the cores of investigating spaces using mappings is establishing extensive connections
between spaces with specific topological properties. Therefore, we improve upon some re-
sults concerning locally semi-compact spaces and show what mappings preserve locally semi-
compactness.

Throughout this paper, X and Y are always topological spaces on which no separation axioms
are assumed. The set of positive integers is denoted as N. The real line is denoted as R. The
interior and semi-interior of A in X are denoted as A and sop(A). The closure and semi-closure
of Ain X are denoted as A and sclA. Suppose X and Y are topological spaces, and f : X — Y is
a mapping between X and Y. If A € X, the restriction of f to A is the function f [4: A - f(A4)
defined by f |4 (z) = f(x) for each x in A. Throughout this paper, G denotes a group (G, *)
endowed with a topology. If G is a group, then e denotes its identity element. If H is an invariant
subgroup of G, then G/H denotes the quotient group. For definitions not defined here, we refer
the reader to [19].

2 Locally semi-compact space

Locally semi-compact spaces are one of the essential classes of topological spaces, and many re-
sults have been obtained. However, some topological properties, such as hereditary property and
preservation under cartesian product, have not been obtained. The connection between locally
semi-compact spaces and other spaces is also not obtained. Thus, this section is mainly devoted
to studying locally semi-compact spaces and addresses the questions mentioned above.

Definition 2.1. [20] A mapping f : X — Y is said to be irresolute if, for each semi-open set
VcY, f1(V) is a semi-open set in X.

Definition 2.2. [19] A mapping f : X — Y is said to be almost open if, for each y € Y, there is
x € f~!(y) such thatf(U) is a neighborhood of y in Y whenever U is a neighborhood of z.

Theorem 2.3. [I4]If f : X — Y is an open irresolute surjection and X is locally semi-compact,
then'Y is locally semi-compact.

Since f is an open mapping, it follows that f is an almost open mapping [19], but the converse
may not be true. The following is a generalization of theorem 2.3 to locally semi-compact
spaces.

Theorem 2.4.If f : X — Y is an almost open irresolute surjection and X is locally semi-
compact, then'Y is locally semi-compact.

Proof. Suppose y in Y. Since f is an almost open mapping and X is locally semi-compact, it
follows that there is « in f~!(y) and a semi-compact neighborhood V' containing = such that
f(V) is a neighborhood of y. Suppose {W, }4er is a semi-open cover of f(V'). Since f is an
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irresolute surjection, it follows that { f =1 (W,,) }sc; is a semi-open cover of V. Then there exists
a finite semi-open cover {f~'(Wy), f~' (W), f~'(W,)} of V. Hence, V c Ul_, f~"(W;)
and f(V) c Ul_,W;. Therefore, f(V') is a semi-compact neighborhood of y, and Y is locally
semi-compact. O

The following example shows that Y need not be locally semi-compact when f: X — Y is
an irresolute surjection and X is a locally semi-compact space. Hence, the hypothesis that f is
almost open is essential in Theorem 2.4.

Example 2.5. Suppose X = {-1}u(0, 1] is a subspace of the Euclidean topology space R. Then
X is a locally semi-compact space. Let Y = {(z,sin(1/z)) : 0 <z <1} u {(0,0)} and Y be a
subspace of Euclidean topology space R2. Suppose V is an open neighborhood of (0,0). Then
there exists an open ball E,. centered at (0,0), where 7 is the radius of F,., such that E, nY c V.
Then {(x,7/3) : * €e R} n E, nY is an infinite set of V' and does not have semi-cluster point
in Y. Then V is not semi-compact. Thus, Y is not locally semi-compact. Let f : X - Y be a
following mapping.

(0,0), if v=-1

f@) = { (z,sin(1/z)), ifO<z<l

Then f : X — Y is an irresolute surjection, and X is a locally semi-compact space, but the
locally semi-compact is not preserved under f.

Definition 2.6. [20] A mapping f : X — Y is said to be semi-open (respectively pre-semi-open)
if, for each semi-open set V c X, f(V) is an open (respectively semi-open)set.

Theorem 2.7. [14] Each locally semi-compact space is a locally compact space.

Lemma 2.8. If f : X — Y is a semi-open continuous bijection and Y is locally compact, then X
is locally semi-compact.

Proof. Suppose z € X and y = f(x). Then there exists a compact neighborhood U such that
y e U and z € f~'(U). Then f~1(U) is a neighborhood of z. Suppose {V,, : o € I'} is a semi-
open cover of f~'(U). Since f is a semi-open surjection, it follows that {f(V,) : a € I} is an
open cover of U. Thus, there is a finite subcover { f(V), f(V2),-+, f(V,.)} of U. Then there is
a finite subcover {V}, V3, -, V;.} of f~1(U). Therefore, f~!(U) is a compact neighborhood of z,
and X is locally semi-compact. O

According to Lemma 2.8 and Theorem 2.7, we obtain the following corollary direectly.

Corollary 2.9. If f : X — Y is a semi-open continuous bijection and Y is locally compact, then
X is locally compact.

Lemma 2.10.If f : X — Y is a pre-semi-open continuous bijection and Y is locally semi-
compact, then X is locally semi-compact.

Proof. The proof is similar to Lemma 2.8, and it is omitted. O
Theorem 2.11. [/9] Each T, locally compact space is a Tychonoff space.

Since each regular second-countable space is metrizable and each Tychonoff space is regular,
by Theorem 2.4, Theorem 2.7 and Theorem 2.11, we arrive at the following theorem.

Theorem 2.12. Suppose X is a locally semi-compact space and f : X — Y is an almost open
irresolute surjection. Then'Y is metrizable when 'Y is a T, second-countable space.

Corollary 2.13. Suppose X is a semi-T5 locally semi-compact space and f : X — Y is a semi-
open irresolute bijection. Then the following properties are equivalent.

(1) Y is a semi-T5 space.

(2) Y is an s-regular space.

(3) Y is a semi-T; space.

(4) Y is a semi-T) space.

(5) Y is a semi-Ty space.
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(6) Y is a Tychonoff space.
(7)Y is a T5 space.

(8) Y is a regular space
(9) Y is a T space.

(10) Y is a T} space.

(11) Y is a Tp space.

Proof. Tt is clear that (7) = (1) = (2) = (3) = (4) = (5). For every distinct y; and v,
there exists distinct x; and z,, such that y; = f(z1) and y» = f(z). Then there exist disjoint
semi-open sets U and V such that x| € U and z; € V. Then f(U) and f(V') are open sets and
f(U)n f(V)=@. Thus, Y is T5. Since f is a semi-open, it follows that f is almost open. By
Theorem 2.4 and Theorem 2.7, Y is locally compact. By Theorem 2.11, Y is a Tychonoff
space. Then (6) < (7) < (8) < (9) — (10) < (11) and (5) = (6). |

Theorem 2.14. [14] Suppose A ¢ B c X and B is an a-open set. Then A is semi-compact
relative to B if and only if A is semi-compact relative to X.

Corollary 2.15. If A and B are locally semi-compact a-open in X, then AU B is locally semi-
compact.

Proof. Suppose x in A U B. We may assume x in A. Then there exists a semi-compact open
neighborhood U c A such that z in U and U ¢ A ¢ A U B. Since each open set is semi-open,
by Theorem 2.14, U is semi-compact relative to A U B. Therefore, A u B is locally semi-
compact. O

The following example shows that X U Y need not be locally semi-compact when X and Y
are locally semi-compact spaces.

Example 2.16. Suppose R is the Euclidean topology space, X = {(z,y) € R?> : 2 > 0} and
Y ={(0,0)}. Then X and Y are locally semi-compact spaces of R?. Since (0,0) € X uY’, and
(0,0) does not have a semi-compact open neighborhood in X u'Y, it follows that X UY is not
locally semi-compact.

It is well known that the intersection of two semi-open sets need not be semi-open. To
investigate this question, we introduce the following property of semi-open sets.

Definition 2.17. A topological space X is said to have the SOP property (semi-openness preser-
vation) if, for all open subsets A and B, we have An B = An B.

Example 2.18. Every finite 77 space has the SOP property.

If X has the SOP property, U and V are semi-open sets, then there exist two open sets, A and
B,suchthat AcUc A, BcVcB. Thus, AnBcUnNV c AnB = An B. Then we arrive at
the following result directly. If X has the SOP property, then the finite intersection of semi-open
sets is a semi-open set of X, and the family of all semi-open sets forms a topology on X.

Proposition 2.19. If X and Y have the SOP property, then X xY has the SOP property.

Proof. Suppose A and B are open sets in X x Y. Let A = A; x A; and B = By x B;. Then
AnNB = (A] XAZ)ﬁ(Bl XBz) = (A] ﬂBl) X (AzﬂBz) = (A] ﬂBl) X (AzﬂBz). Since X
and Y have the SOP property, it follows that (A; N By) x (A, N B,) = (A, r‘nE) ><_(A_2m B).
Since (Al N B_l) ><_(A2 N Bz) = (Al X Az) N (Bl X Bz) =A; x Ay n B; x B, = An B, it follows
that An B = An B. Then X x Y has the SOP property. O

Since each T, second-countable locally compact space is paracompact, [19] and locally semi-
compact space is locally compact, by Theorem 2.4, we arrive at the following corollary.

Corollary 2.20.If f : X — Y is an almost open irresolute surjection, X is a locally semi-
compact space, and Y is a semi-T, second-countable space with the SOP property, then 'Y is a
paracompact space.
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Lemma 2.21. If X is a semi-T, space with the SOP property, then each semi-compact set is
semi-closed in X.

Proof. Suppose A is a semi-compact set in X and x € A. Fix y € X — A. Since X is a semi-T5
space, it follows that there exist two semi-open sets, U, and V,, such that x € U, y € V., and
U, NV, =@. Then {U, : x € A} is a semi-open cover of A. Thus, there exists a finite subcover
{Us,,Upy, -+ Uy, } of Aand A c UL\ U,,. Let U = U}_|U,, and V = n?_ V,,. Since X has the
SOP property, it follows that V' is a semi-open set and U n'V = @. Then A nV = @&. Therefore,
A is semi-closed in X. O

Lemma 2.22. If X is a semi-compact space and Y is semi-closed in X, then'Y is semi-compact.

Proof. Suppose {A, : a € I'} is a semi-open cover of Y. For each A,, there exists an open set
B, c Y such that B, c A, c B,. Then there exists an open set C,, in X such that B, = C,, nY.
Thus, A, ¢ B, ¢ C,. Let D, = C,, U A,. Then D, nY = A,. Since C, c D, c D, and
D, = C,UA, = C,, it follows that D,, is semi-open in X. Then {D, : a € [} U {X - Y}
is a semi-open cover of X. There exists a semi-open cover {Dy, D;,-, D, } u{X - Y} in X.
Therefore, there exists a semi-open cover {A;, Ay,--+, A} of Y, and Y is semi-compact. O

The following result is an immediate consequence of Lemma 2.21 and Lemma 2.22.

Theorem 2.23. Suppose X is a semi-compact semi-T; space with the SOP property. Then A c X
is semi-closed if and only if A is semi-compact.

Lemma 2.24. If X is a semi-compact semi-T, space with the SOP property, then X is s-regular.
Proof. The proof is similar to the proof of Lemma 2.21 and thus omitted. O
The following theorem will be helpful to show the next result.

Theorem 2.25. [10] Suppose A ¢ B c X, where X is a topological space. Then
(1) If A is semi-open in X, then A is semi-open in B.
(2) If A is semi-open in B and B is semi-open in X, then A is semi-open in X.

Lemma 2.26.If A ¢ B c X, A is semi-closed in B, and B is semi-closed in X, then A is
semi-closed in X.

Proof. If zisnotin A, then x in X — B or z in B—A. Suppose x in X — B. Since B is semi-closed
in X, it follows that there is a semi-open set U in X such that z in U and U n B = &, and hence
A is semi-closed in X. Suppose xz € B — A. Since A is semi-closed in B, it follows that there is
asemi-open set V in BsuchthatzinVand VNnA=@. ThenV c Bc X and V c sop(B) c X.
By Theorem 2.25, V' is a semi-open set of X . Therefore, A is semi-closed in X. O

Corollary 2.27. Suppose X is locally semi-compact semi-T, with the SOP property and Y is
a-open in X. Then'Y is locally semi-compact when 'Y is semi-closed in X.

Proof. For each z € Y, there exists a semi-compact open set U in X such that z € U. By Lemma
2.21, U is semi-closed in X. Since Y is semi-closed in X, it follows that U n'Y is semi-closed
in X. Then U nY is semi-closed in U. By Lemma 2.22, U nY is semi-compact in U. Since U
is open in X, it follows that U is a-open. By Theorem 2.14, U n'Y is semi-compact in X. Then
U nY is semi-compact in Y. Therefore, Y is locally semi-compact. O

Lemma 2.28. If Y is semi-open in X and X is a semi-T, space with the SOP property, then Y is
a semi-T, space.

Proof. Suppose z # y, z and y in Y. Then there exists a semi-open set U c X containing = and
a semi-open set V' c X containing y such that U n V' = @. Since X has the SOP property and Y’
is semi-open, it follows that Y nU and Y NV are semi-open in X . According to Theorem 2.25,
Y nUandY nV are semi-openin Y and (Y nU) n (Y nV) = @. Therefore, Y is a semi-T>
space. |

Theorem 2.29. Suppose X is a locally semi-compact space with the SOP property. Then X is
s-regular when X is semi-T,.
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Proof. Suppose A c X is closed and = ¢ A. Then there exists an open set U containing x such
that Un A = @. Since X is locally semi-compact, it follows that there exists a semi-compact open
neighborhood V' in X containing x. According to Lemma 2.28, V' is semi-15. Let W =U n V.
Then W is semi-open in X. By Theorem 2.25, W is semi-open in V. Then F = V - W is
semi-closed in V. By Lemma 2.21, V is semi-closed in X. By Lemma 2.26, F' is semi-closed
in X. By Lemma 2.24, V is s-regular. Since x ¢ F', it follows that there exists a semi-open set G
in V containing  and a semi-open set H in V containing £ such that G n H = @&. By Theorem
2.25, G is semi-open in X. Let C =V — H. Then C is semi-closed in V. By Lemma 2.26, C
is semi-closed in X and X — C' is semi-open. Thenz e Gc Cc W cUand A c (X - C).
Therefore, (X - C) NG = @ and X is s-regular. i

Since each T s-regular space is a semi-73 space and according to Theorem 2.29, we obtain
the following corollary directly.

Corollary 2.30. Suppose X is a T locally semi-compact space with the SOP property. Then the
following properties are equivalent.

(1) X is a semi-T5 space.

(2) X is an s-regular space.

(3) X is a semi-T5 space.

Theorem 2.31. If X and Y are locally semi-compact spaces with the SOP property, then X xY
is locally semi-compact.

Proof. Suppose zyp € X and yp € Y. Since X and Y are locally semi-compact spaces, it fol-
lows that there is a semi-compact neighborhood U in X such that 2y € U and a semi-compact
neighborhood V in Y such that yy € V. Suppose <7 is a semi-open cover of U x V. For each
x € U, {} x V is semi-compact in U x V. Then </ is a semi-open cover of {z} x V and
there exists a finite cover o7, c o of {z} x V. Let o, = {Uy, x Vi, Uy, X Voo, Uy x Vo 3.
Since X has the SOP property, it follows that W, = n]_,U,, containing x is semi-open. Then
Wex Vo= Wy x (Vy, UV, UV, ) € Uy x Vo, WU, X Vo, U-U,, x V, and o7, is a
semi-open cover of W, x V. Since {W,, : x € U} is a semi-open cover of U and U is semi-
compact, it follows that there exists a semi-open cover # = {W,,, W,,,---, W, } of U. Then
there exists a finite semi-open cover <7,, of W,, x V for each W, € # and i = 1,2,---,s. Let
Ay = Ay, Uy, UeU, . Then U xV = (W, UW,, U--UW, ) xV CUgeeA. Thus, o c of
is a finite semi-open cover of U x V, and U x V' is semi-compact. Therefore, X x Y is a locally
semi-compact space. O

Corollary 2.32. Suppose each X; is a locally semi-compact space with the SOP property for
i € N. Then X = [l;en Xi is locally semi-compact when there are only finite many X,; are not
semi-compact.

Proof. Suppose X1, X, -+, X, are locally semi-compact but not semi-compact, and z = (z; ) e €
X. For z; € X;, there exists a semi-compact open neighborhood U; in X; such that z; € U; for
i € N. By Theorem 2.31, [],.y U; is a semi-compact open neighborhood of z, where U; = X for
i > r. Therefore, X is locally semi-compact. O

The following example shows that each X;(z € N) is a locally semi-compact space, but
[1;en X need not be locally semi-compact. Theorem 2.33 and Lemma 2.34 will be helpful to
show the following example, so we introduce them first.

Theorem 2.33. [20] If f : X — Y is an open continuous, then f is irresolute.
Lemma 2.34. Each discrete space is semi-compact if and only if it is finite.

Proof. Suppose X is a semi-compact discrete. Assume that X is infinite. Since X is a discrete
space, then {{z} : € X} is an open cover of X. Then {{z} : € X} is a semi-open cover
of X. Since X is semi-compact, it follows that there exists a finite cover {{z1}, {z2},--, {z+}}
such that U]_ {z;} = X. Thus, X = {x,2,,-,2,} is a finite set. It contradicts the assump-
tion, and hence, X is a finite space. Conversely, suppose X is a discrete finite space. Let
X = {z1,z2,-,xp}. Then each {x;} is open when ¢ = 1---p. Thus, {z;} is a semi-open set.
Let {U, : « € I} be a semi-open cover of X. Then there exists a finite semi-open cover
{{z1}, {z2},---,{zp}} of X. Therefore, X is semi-compact. i
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Example 2.35. Suppose F is the discrete topology of N, and X =[],y N; for each N; = N and
i € N. Then N; is a locally semi-compact space. Let F, = [],.y U;, where each U is open in N;
and U; # N; for only finitely many . Then F is a product topology of X. If P, : X - N, is a
projection, then P; is an open continuous surjection. By Theorem 2.33, f is irresolute. Suppose
V is a semi-compact and open set of X, and by definition of F3, a projection P; exists such that
P;(V) = N; is a semi-compact set. Since N is a discrete set, and by Lemma 2.34, it follows
that P;(V) = N; = N is a finite set. It contradicts the fact, and hence, [T,y X; is not locally
semi-compact.

It is well known that discrete spaces are compact spaces if and only if it is finite spaces [19],
and by Lemma 2.34, we arrive at the following theorem.

Theorem 2.36. If X is a discrete space, then the following properties are equivalent.
(1) X is a finite space.

(2) X is a compact space.

(3) X is a semi-compact space.

3 Semi-k space

This section begins by generalizing locally semi-compact spaces to semi-k spaces. Later, analo-
gous results of locally semi-compact spaces will be presented under the generalization. We first
obtain the following lemma to better introduce the definition of semi-k space.

Lemma 3.1. []/4] If A is semi-compact relative to X and B is semi-closed in X, then An B is
semi-compact relative to X.

Lemma 3.2. Suppose X is a locally semi-compact semi-T, space with the SOP property. Then
A c X is a semi-closed set if and only if for each semi-compact set C c X, AnC'is a semi-closed
set of X.

Proof. Suppose A is not a semi-closed set. Then there is a point « € sclA and = ¢ A. Since X
is a locally semi-compact space, it follows that there is a semi-compact neighborhood B such
that x € B. Since z € sclA, it follows that Bn A # @ and z € sclA n sclB. For each semi-open
neighborhood C' containing . Since X has the SOP property, it follows that C'n B is semi-open
and z € C'n B. Since x € sclA, it follows that CNnBnA # gand z € scl(AnB). Since z ¢ AnB,
it follows that A n B is not a semi-closed set.

Conversely, suppose A is a semi-closed set, and D is a semi-compact set. By Lemma 3.1,
An D is semi-compact. By Lemma 2.21, An D is semi-closed. O

Definition 3.3. A space X is said to be a semi-k space if, for each A c X, A is semi-closed if
and only if A n B is a semi-closed set of X for any semi-compact B of X.

According to Lemma 3.2, we obtain the following corollary directly. Next, Example 3.5
shows that semi-k spaces need not be locally semi-compact.

Corollary 3.4. If X is a locally semi-compact semi-T, space with the SOP property, then X is a
semi-k space.

Example 3.5. Let R be the real line, and P be the set of all irrational numbers. Let T' be the
usual topology of R, and «# = T'u {{z} : z € P} is a base that defines a topology on R. The R
with the topology generated by <7 is called the Michael line [19] and is denoted by X. It is clear
that X is first countable and not locally compact. If X is locally semi-compact, then X is locally
compact, a contradiction. Then X is not locally semi-compact.

Next, we prove X is a semi-k space. Suppose A € X is not closed. Then there exists z in
d(A) such that z ¢ A. Since X is a first countable space, there is a countable open neighborhood
basis {V; : ¢ € N} for 2. Suppose U,, = nI*,V; and n € N. Then U4, c U, and {U,, : n € N}
is a countable open neighborhood basis of z. Thus, {U, : n € N} is a countable semi-open
neighborhood basis of z. Since z € d(A), it follows that U, n (A - {z}) # @. Suppose x,, in
Upon(A-{z})and B = {z,, : n e N} u{z}. Suppose {W, : o € I} is a semi-open cover of
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B. Then there exists W, such that z € W,,. Thus, there exists U,,, € {U,, : n € N} such that x
in Uy, and U,,, ¢ W,,. For each n > ng, U,, c U,,, it follows that z,, in U,, and U,, ¢ W,,. Then
there exists a finite semi-open cover {W,---, W} of {z,, : n < ng}. Then {W,,, Wy, W;} is a
finite semi-open cover of B. Thus, B is a semi-compact space and B n A = {x,, : n € N}. Since
x is a semi-closure point of {z,, : n € N} and z is not in it, it follows that {z, : n € N} is not a
semi-closed set in X. Therefore, X is a semi-k space.

Since the intersection of two semi-closed sets is semi-closed, and according to Definition 3.3
and Lemma 2.21, we obtain the following corollary directly.

Corollary 3.6. If semi-15 space X has the SOP property, and each A c X is semi-closed, pro-
viding B N A is a semi-closed set of X for any B is semi-compact, then X is a semi-k space.

Proposition 3.7. Suppose X is semi-T, with the SOP property. Then the following properties
are equivalent.

(1) X is a semi-k space.

(2) Each B c X is semi-open, providing An B is a semi-open set of A for any A, which is
semi-compact.

(3) Each B c X is semi-closed, providing A n B is a semi-closed set of X for any A, which is
semi-compact.

Proof. Ttis clear that (1) = (3) by Definition 3.3 and (3) = (1) by Corollary 3.6.

(1) = (2). Since An B is a semi-open set of A, it follows that A— (AN B)=An (X - B) is
a semi-closed set of A. Since X is semi-7; with the SOP property and A is semi-compact in X,
and by Lemma 2.21, it follows that A is semi-closed in X. By Lemma 2.26, An (X - B)isa
semi-closed set of X. Since X is a semi-k space, it follows that X — B is semi-closed. Therefore,
B is a semi-open set of X.

(2) = (1). Suppose A c X is a semi-compact set. Then A is semi-closed in X. If C is a
subset of X and A n C is a semi-closed set of X, then A n C is a semi-closed set of A. Thus,
A-AnC=An (X -C) is a semi-open set of A, and X — C is a semi-open set of X . Therefore,
C' is a semi-closed set of X. By Corollary 3.6, X is a semi-k space. O

Here are some basic properties of semi-k spaces and show what mappings preserve semi-k
spaces.

Proposition 3.8. If each X, is a semi-k space, then the topological sum X = ®X, is a semi-k
space.

Proof. Suppose A is a semi-closed set of X, and B is a semi-compact set of X. Since X is a
topological sum, it follows that A N X,. is a semi-closed set of X,.. Suppose {U, : o € [} is a
semi-open cover of B n X, in X,.. For each U, there exists a semi-open set V,, ¢ X such that
Uy =VanX,and {V, : « € I'} is a semi-open cover of B in X. Since B is a semi-compact set of
X, it follows that there exists a finite semi-open subcover { Vi, V3, -+, V;} of B. Then there exists
a finite semi-open subcover {Vn X, . VanX,.,---. V;n X, } = {U;,U,, -, U; } of BnX,. in X, and
BnX, is a semi-compact set of X,.. Since X, is a semi-k space, (BnX,)n(AnX,) = BNnAnX,
is a semi-closed set of X,., and U(An Bn X,) = An B is a semi-closed set of X. Suppose C
is a subset of X and D is a semi-compact set of X. If C'n D is a semi-closed set of X, then
CnDnX,=(CnX,)n(Dn X,) is a semi-closed set of X,. and D n X,. is a semi-compact
set of X,.. Since X, is a semi-k space, it follows that C'n X, is a semi-closed set of X,.. Thus,
u(CnX,)=CnX = C isasemi-closed set of X. Consequently, X = ®X,. is a semi-k space. O

Proposition 3.9. If X is a semi-k space and 'Y is regular-open in X, then Y is semi-k in X.

Proof. Suppose A is a semi-closed set of Y, and C is a semi-compact subset of Y. Since Y
is regular-open, it follows that Y = Y™, Then Y° = Y% and Y = Y°. Thus, Y ¢ Y% and
Y% c Y% ThenY c Y% and Y is a-open. According to Lemma 2.14, C' is a semi-compact
subset of X. Since Y = Y, it follows that Y c Y. Then Y is semi-closed. By Lemma 2.26,
A is a semi-closed set of X. Since X is a semi-k space, it follows that A n C is a semi-closed
set of X. Thus, An C is a semi-closed set of Y. Suppose B c Y, D is a semi-compact subset
of Y, and B n D is a semi-closed subset of Y, then B n D is a semi-closed subset of X. By
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Lemma 2.14, D is a semi-compact subset of X. Since X is a semi-k space, it follows that B is
a semi-closed subset of X. Therefore, B is a semi-closed subset of Y, and Y is a semi-k set of
X. O

Lemma 3.10. If X is a semi-k space and f : X — Y is a bijective, irresolute and pre-semi-open
mapping, then 'Y is a semi-k space.

Proof. Suppose A is a semi-closed set of Y and B is a semi-compact set of Y. Since f is
irresolute, it follows that f~! (Y — A) = X — f~1(A) is a semi-open set of X and f~'(A) is semi-
closed. Suppose {U,, : a € I'} is a semi-open cover of f~'(B) in X. Then f~!(B) c Uae; U, and
B € Uuer f(Uy). Then there exists a finite semi-open subcover { f(U,), f(U2), -, f(U,)} such
that f~'(B) c Ul_,U;. Thus, f~'(B) is a semi-compact set of X. Since X is a semi-k space, it
follows that f~'(B)n f~!(A) is a semi-closed set of X and X — f~!(B)n f~!(A) is a semi-open
set. Since f is bijective pre-semi-open mapping, it follows that f(X — f~1(B) n f7'(A)) =
Y — Bn Ais asemi-open set of Y. Thus, B n A is a semi-closed set of Y.

Suppose C'is a subset of Y, D is a semi-compact set of Y, and C'n D is a semi-closed set in
Y. Then f~'(CnD) = f~1(C)nf~1(D) is semi-closed in X, and f~!(D) is semi-compact in X.
Thus, f~'(C) is semi-closed, and X — f~!(C) is semi-open in X. Then f(X - f~1(C)) =Y -C
is semi-open in Y, and C' is semi-closed in Y. Therefore, Y is a semi-k space. O

It is well known that if f : X — Y is bijective, irresolute, and pre-semi-open, then f is said
to be semi-homeomorphism, and by Lemma 3.10, we obtain the following corollary directly.

Corollary 3.11. If X is a semi-k space and f : X — Y is a semi-homeomorphism mapping, then
Y is a semi-k space.

Since each locally semi-compact semi-7; space with the SOP property is a semi-k space, it
follows that the following remark can be obtained directly by Lemma 3.10.

Remark 3.12. If X is a locally semi-compact semi-7; space with the SOP property and f: X —
Y is an irresolute, pre-semi-open and bijective mapping, then Y is a semi-k space.

It is well known that we connect various class spaces using mappings as a linkage. This way,
we will use irresolute and pre-semi-open mappings to investigate the relationships among locally
semi-compact, semi-k, and k spaces. The following Theorem implies the connection between
semi-k spaces and locally semi-compact spaces, and Theorem 3.16 implies the connection be-
tween semi-k spaces and k spaces.

Theorem 3.13. If Y is a semi-T, semi-k space with the SOP property, then there exists a locally
semi-compact semi-T, space X with the SOP property and a bijective irresolute and pre-semi-
open mapping f such that f(X) =Y.

Proof. Let the family formed by all semi-compact sets in Y be Z = {4, x {a} : « € I}, and
(Aq x{a})n(Agx{B}) =@, fora # B, € I, and 3 € I. Suppose the set X = @, An x {a}
is a topological sum formed by all sets of Z. Each set G c X is a semi-open(semi-closed) set
if and only if G n (A, x {a}) is a semi-open(semi-closed) set in A, x {a}) for each a € I.
Then X is locally semi-compact. For each av € I, let f : X — Y be a surjective mapping and
fla,: Aa x {a} - K, be a semi-homeomorphism mapping. If M c Y is a semi-open set, then
(Y - M) cY is a semi-closed set. Since Y is a semi-k space, it follows that (Y — M) n 4, is
semi-closed in Y. Then f~'(Y -M)nA,x{a} = (Y-M)nA,x{a} is a semi-closed set of X.
Thus, f~'(Y = M) = X — f~!(M) is a semi-closed set, and f~! (M) is a semi-open set. Hence,
f 1s an irresolute mapping. Suppose U is a semi-open set of X. Then X — U is semi-closed.
Then (X - U) n A, x {a} is semi-closed. Then f(X -U) n A, x{a} = (X -U)n A, x {a}
is semi-closed. Since Y is a semi-k space, it follows that f(X —U) =Y - f(U) is semi-closed,
and f(U) is a semi-open set. Therefore, f is a pre-semi-open mapping. O

We arrive at the following theorem according to Theorem 2.31, Remark 3.12, and Theorem
3.13.

Theorem 3.14. Suppose X and Y are semi-T, spaces with the SOP property. Then X xY is a
semi-k space when X is a semi-k space, and Y is a locally semi-compact space.
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Definition 3.15. [21] A space X is said to be a k space if X is 75 and each A c X is closed,
providing B n A is closed in X for any compact set B.

Theorem 3.16. Suppose f : X — Y is a pre-semi-open bijection, and the inverse image of each
semi-open subset of Y is open in X. Then X is a k space if and only if Y is a semi-T, semi-k
space.

Proof. Suppose X is a k space. Let A be asubset of Y, and AnC'is a semi-closed set in Y, which
C is semi-compact in Y. Then f~ (Y -~ AnC) = X - f71(A)n f71(C) is an open set in X, and
Y (A)n f71(C) is a closed set in X. Suppose {F,, : o € I} is an open cover of f~!(C). Since
f: X — Y is a pre-semi-open mapping, it follows that { f(F,) : « € I'} is a semi-open cover of
C. There is a finite subcover { f(F}), f(F2),-, f(F,)} of C. Then {Fy, F>,--, F,.} is an open
cover of f~1(C), and f~!'(C) is a compact set of X. Since X is a k space, it follows that f~!(A)
is a semi-closed set of X and X — f~!(A) is a semi-open set. Then f(X — f~1(A4)) =Y - A'is
semi-open, and A is semi-closed in Y.

Suppose G c Y is semi-closed and ¢ f~'(G). Thus, f(z) ¢ G. Then there is a semi-
open set £ in Y such that En G = @ and f(z) € E. Thus, z € f~'(E). Since the inverse
image of each semi-open subset of Y is open in X, it follows that f~!(E) is semi-open in X
and f(E) n f71(G) = @. Then f~'(G) is closed in X. Suppose H in Y is semi-compact
and {Wp : 3 € J} is an open cover of f~'(H). Hence, {Wj : B € J} is a semi-open cover
of f~'(H). Thus, {f(W5) : B € J} is a semi-open cover of H. Then there is a finite cover
{f(WV), f(Wy), -, f(W,)} of H. Thus, there is a finite cover {W;, Wh,---, W, } of f~1(H).
Then f~'(H) is compact in X. Since X is a k space, it follows that f~'(G) n f~'(H) is closed
in X. Since f is pre-semi-open bijection, it follows that G n H is semi-closed in X. Then Y is a
semi-k space.

For every distinct y; and y, in Y, there exists distinct z; and z, in X such that y; = f(z;)
and y, = f(x). Since X is T», it follows that there exist disjoint open sets W and R such that
x1 € W and z; € R. Then W and R are semi-open sets, and y; € f(W) and y, € f(R). Since f
is a pre-semi-open bijection, it follows that f(1W) and f(R) are disjoint semi-open sets. Then
Y is semi-T5.

Conversely, suppose Y is a semi-k space. Let A ¢ X and A n C be a closed set in X, where
C'is compact in X. Thus, X — An C'is an open set of X. Then f(X -AnC) =Y - f(AnC)
is semi-open, and f(An C) = f(A) n f(C) is semi-closed in Y. Suppose {E, : v € L} isa
semi-open cover of f(C). Thus, {f '(E,) : v € L} is an open cover of C. Then there exists
a finite cover {f~'(Ey), ' (E,), -, f'(E,)}. Then {E, E,, -, E,} is a semi-open cover of
f(C), and f(C) is semi-compact in Y. Since Y is a semi-k space, it follows that f(A) is semi-
closed, and Y — f(A) is semi-open in Y. Then f~!(Y - f(A)) = X — Ais open in X. Hence, A
is closed in X. For every distinct x; and z, in X, there exists distinct y; and ¥, in Y such that
y1 = f(z1) and y, = f(x2). Since Y is semi-T5, it follows that there exist disjoint semi-open sets
Uand V suchthaty; e U,y € V. Then z; € f 1 (U), 2y € f1(V), and f1(U)n f1(V) = 2.
Since f~1(U) and f~!(V') are open in X, it follows that X is T». Therefore, X is a k space. O

To complete the following proof, we need to introduce a new definition. First, we recall some
basic notations. A collection & = {B,, : « € I'} of subsets of a topological space X is said to be
s-locally finite [22] if each x € X has a semi-open set U containing z, and U intersects at most
finitely many members of Z. A collection ¢ = {Cj : 8 € J} of subsets of a topological space X
is said to be net [19] if for each z € V, V' is an open set of X, and there exists Cz € € such that
zeCgcV.

Definition 3.17. A collection & = { A, : o € I'} of subsets of a topological space X is said to be
semi-net, if U is a semi-open set of X and each z € U, there exists A, € o/ suchthatz € A, c U.

Definition 3.18. A collection &7 = Uy, of subsets of a topological space X is said to be a o
s-locally finite semi-net if each 27, is an s-locally finite semi-net.

Since each open set is a semi-open set and based on the definition of the net, we arrive at the
following remark directly. But example 3.20 shows that the converse of the remark may not be
true.

Remark 3.19. Every semi-net in a topological space is a net.
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Example 3.20. Suppose X = {1,2,3} and F} = {@, X,{1},{2},{1,2}} is a topology of X.
Thus, /> = {2, X, {1},{2},{1,2},{1,3},{2,3}} is the family of all semi-open sets of X. Sup-
pose F3 = {X,{1},{2}}. Then F; is a net of X. Notes that {I1,3} is a semi-open set and
3 € {1,3}. For each set A in F5 does not satisfy the condition that 3 € A c {1,3}. Therefore, F3
is not a semi-net of X.

According to Definition 3.17, we obtain the following corollaries directly.

Corollary 3.21.If & = {A, : « € I} is a semi-net of X and f : X — Y is an irresolute
surjection, then { f(Ay) : a € I} is a semi-net of Y.

Corollary 3.22. If of = {A, : « € I} is a semi-net of Y and f : X - Y is a pre-semi-open
injection, then {f~'(A,) : a € I} is a net of X.

Corollary 3.23. If o = {A, : « € I} is a semi-net of X and B = {Bg : 8 € J} is a semi-net of
Y, Then {A, x Bg:aeI,B € J}isasemi-netof X xY.

Corollary 3.24. If o7 is a semi-net of X, and Y is semi-open in X, then <f is a semi-net of Y.
Corollary 3.25. If of is a semi-net of X, and each A € </ is open, then X has the SOP property.

Theorem 3.26. Suppose X is an s-regular space with the SOP property. Then X is s-normal
when X has a countable semi-net.

Proof. Suppose A and B are closed sets in X and A n B = @. For each x € A, there exist semi-
open sets U, and V, suchthatz e U,, Bc V,,andU, NV, =@. Let W, = X —V,. Then W, is
semi-closed. Thus, z € U, c W, and W, n B = @. Then « = {U, : z € A} is a semi-open cover
of A. Meanwhile, for each y € B, there exists a semi-open set £, containing y and a semi-closed
set Fy, such thaty € By, c F,, and F, n A = @. Then # = {E, : y € B} is a semi-open cover of
B. Thus, & u ZuU {X — (AU B)} is a semi-open cover of X. Suppose € = {C,, : n € N} is
a countable semi-net of X. Hence, U, = u{C),, : x € C,, c U,,x € U,,C,, € €} and each U, in
. Thus, €| = {C,, : C,, € €,2 € C, c U,z € A} is a cover of A. For each C,, in &, there
exists U, in & such that C,, c U, . Then there exists a countable semi-open cover .«7] ¢ &/ of
A. Let o) = {U, : n € N}. Meanwhile, there exists a countable semi-open cover %, c % of B.
Let Z, = {E,:neN} LetG, =U, —U{F, : k<n}and H, = B, —U{Wj : k < n}. Then
G,nH, =and G,, n H, = & form <n. Then G,, n H,, = @& for each n and m in N. Since
X has the SOP property, it follows that GG,, and H,, are semi-open sets. Let G = U,,.nG,, and
H =u,nH,. Then G and H are semi-open sets, G N H = @, and A c G and B c H. Therefore,
X is s-normal. O

According to Theorem 3.26 and Theorem 2.29, we obtain the following corollary directly.

Corollary 3.27. Suppose X is a locally semi-compact space with the SOP property. Then X is
s-normal when X is a semi-T, space with a countable semi-net.

Theorem 3.28. Suppose X is a semi-T, semi-countably compact space with the SOP property.
Then X is a semi-k space when X has a o s-locally finite semi-net.

Proof. Suppose & = Uy, is a o s-locally finite semi-net of X. Let o7, = {A, : « € I'}. For
each v € I, pick z, € A,. Let B = U{scl{z} : a € I}. Suppose C = U{scl{zy}:a € J}is
a subset of B. If scl{z,} c C, then {z,} € Uses{zs} and scl{z,} c scl(Upes{xs}). Thus,
Uaesscl{za} € scl(Unes{Ta}). If T ¢ Unesscl{x,}, there is a semi-open set U containing z such
that U intersects at most finitely many members of <7,. Then U intersects at most finitely many
members of {{x,} : @ € I'}. Thus, U intersects at most finitely many members of {{x,} : v € J}.
Let it be {{z1}, {2}, -, {x:}}. Since x ¢ Uyesscl{z,}, it follows that z ¢ Ul_,scl{z;}. Since
T ¢ Ugegscl{z,}, it follows that z ¢ U!_ scl{z;} and x € X — U!_ scl{z;}. Since X has the
SOP property, it follows that U!_, scl{z;} is semi-closed, X —U!_,scl{x;} is a semi-open set, and
Un (X -ul_scl{x;}) is semi-open. Since (X — Ul_;scl{x;}) n{z;} = @ fori=1,2,-1, it
follows that (U n (X - U!_ scl{x;})) n (U{{zn}:a€J})=2. Thenz ¢ scl(U{{za} : v € J})
and scl(Uges{Ta}) € Unesscl{zy}. Thus, scl(Unes{Ta}) = Unesscl{za}. Therefore, each
subset of B and B are discrete semi-closed sets.
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Assume that B is an infinite set. Let Z = {B,, : n € N}, B,, = U{scl{x,4;};i=0,1,2,3,--}
and n € N. Then B, ¢ B and B, n B,, # @ for every n, m € N. We assume N,nB,, = @.
Since B,, is semi-closed, it follows that X — B,, is semi-open and U, y(X — B,,) is a semi-open
cover of X. Since X is a semi-countably compact space, it follows that there exists a finite semi-
open cover {X — By, X — B,,--, X — B, } such that Ul | (X — B;) = X. Then n!_|B; = @. Itis
contradictory. Then there exists a point xg € N,enBy, and xg € B. If x( is not a semi-accumulation
point of B, then z is not a semi-accumulation point of B,,, which contradicts the fact that B,, is
semi-closed and z¢ € B,,. Then z( is a semi-accumulation point of B, which contradicts that B
is a discrete set. Therefore, B is a finite set. We may assume scl{z,} = scl{zz} when a and /3
are in I. Hence, 47, is not s-locally finite on z,,. It is contradictory. Thus, 7, is finite. Thus, </
is a countably s-locally finite collection of X, and let & = {A,, : n € N}.

Suppose Z = {D., : v € K} is a semi-open cover of X. For each v € K, let o, = {A,, 1 y €
A, cDy,yeD, A, e} Then D, = u{A, : A, € &}, and U,k o7, is a cover of X. For
each A, € U g, there exists D, € & such that A, € D, . Then there exists a countable
semi-open cover {D., :n € N} of X. Since X is semi-countably compact, it follows that there is
a finite cover { Dy, D,,---, D; } of X. Then X is semi-compact. Thus, X is locally semi-compact.
Since X is a semi-75 locally semi-compact space with the SOP property, and by Corollary 3.4,
X is a semi-k space. O

According to Theorem 3.28, we obtain the following corollary directly.

Corollary 3.29. Suppose < is s-locally finite in X and o) = {Ay : a € I} c /. Then U{sclA, :
Ay €/} =scl(U{Ay 2 Ay € 1 }) when X has the SOP property.

By Theorem 3.16 and Theorem 3.28, we obtain the following corollary.

Corollary 3.30. Suppose f : X — Y is a pre-semi-open bijection, the inverse image of each
semi-open subset of Y is openin X, and'Y has a o s-locally finite semi-net. Then X is a k space
when Y is a semi-countably compact semi-T, space with the SOP property.

Corollary 3.31. Suppose X is a semi-countably compact space with the SOP property. Then X
is a semi-compact space when X has a o s-locally finite semi-net.

Proof. The proof is similar to Theorem 3.28, and it is omitted. O

Since each subset in discrete space is open and closed, it follows that discrete space has the
SOP property. We obtain the following theorem by Lemma 2.34 and corollary 3.31

Theorem 3.32. Suppose X is a semi-countably compact discrete space. Then X is a finite and
compact space when X has a o s-locally finite semi-net.

4 The application of locally semi-compact spaces

In this section, we obtained some applications of locally semi-compact spaces and established the
relations among locally semi-compact spaces, s-paracompact spaces, and s-topological groups.

Theorem 4.1. [23] Suppose X is an s-regular space and U is semi-open in X. Then, for each
x € U, there exists a semi-open set V and a semi-closed set W such that x € V c W c U.

Theorem 4.2. Suppose X is locally semi-compact and has a countable semi-net. Then X is
s-paracompact when X is a semi-T, space with the SOP property.

Proof. Suppose o = {A, : « € I} is an open cover of X and % = {B,, : n € N} is a countable
semi-net. By Theorem 2.29, X is s-regular. For each x € A,, by Theorem 4.1, there exists a
semi-open set U, and a semi-closed set V,, suchthatx e U, c V, c A,. Then % = {U, : x € X}
is a semi-open cover of X. Since £ is a countable semi-net, it follows that there exists a set
B, € # such that y € B,, c U, for y € U,. Then there exists a collection &, = {B,, : y €
B, c U,y €Uy, B, € B} c & suchthat U, = U{B,, : B, € B,}. Then B = UyexPBs
is a cover of X. Thus, there exists a set U, in % such that B, c U, for each B, € 4.
Then there exists a countable semi-open cover % ¢ % and let % = {U,, : n € N}. Let
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Wy =Ug, ,Wo =Uy, = Uy, Wy, =U,, —UgenUs,. Then W, c U, cV, foreachn N, and
W = {W, :n € N} is an s-locally finite cover of X.

Since V, is a semi-closed set, it follows that {sci/W,, : n € N} is a semi-closed refinement
of o/. Since # is s-locally in X, for each x € X, it follows that there exists a semi-open
set C, such that x € C, and C, intersects at most finitely many members of 7. Let it be
Wy = {Wy, Wy, -, W,.}. Then C,, N sclW, # @. If C,, 0 sclW,.,; # @ and W,.,; is not in #, then
there exists a point y € C, N sclW,.,1. Thus, there exists a semi-open neighborhood D, such that
y € D, c C,. Since y € sclW,,y, it follows that D, N W,..; # @. Then C, n W,y # @. Itisa
contradiction. Then #5 = {sclW,, : n € N} is an s-locally finite cover of X and scIlW,, c V,. for
eachn e N.

For each x € X, there exists a semi-open set £, such that F, intersects at most finitely many
members of #5. Then & = {FE, : z € X} is a semi-open cover of X. In the same way, there
exists a countable s-locally finite semi-closed cover of X, which is a refinement of &. Let it be
F.

Foreachn e N, let H, = X —-U{F: F € #,F nsclW, =@} and 5 = {H,, : n € N}. Since
Z is s-locally finite and semi-closed, and X has the SOP property, and by Corollary 3.29, it
follows that U{F' : F' € Z, F n sclW,, = @} is semi-closed, and H,, is semi-open in X. For each
y € sclW,, there exists a semi-closet set F' € % such that y € F'. Then F n sclW,, # @ and F is
notin{F:FeZF FnscdW,=0}. Then Fc X —U{F:Fe% FnscdW, =@} =H,. Thus,
y € H,, and sciW,, ¢ H,. Hence, foreachn e Nand F € &, H, N F # @ when sclW, N F + @.
If F n H, # @, then there exists a pointy € H, N F. Theny ¢ U{F : F € Z#,F nscW,, = @}.
Thus, y e U{F : F € Z,F nsclW,, # @} and F n scIlW,, # @. Thus, foreachn e Nand F € .7,
Fn H, # @ isequivalent to F n sclW,, # @.

For each n € N, there exists a set A,, € </ such that sclWn c A,, . Let o4 = {A,, :
sclWn c A,, ,n € N}. Then 7 is a semi-open cover of X. Let G,, = A, n H, for eachn € N.
Let¥ = {G,, : n € N}. Since sclWn c H,, and #5 is a cover of X, it follows that ¢ is a cover of
X and semi-open refinement of .o/

For each x € X, there exists a semi-open set @), such that x € @, and @, intersects at most
finitely many members of .%. Let itbe { F|, >, -, F, }. Foreach F; € % and i = 1,2, s, there
exists a set £, € & such that F; € E,,. Since E,, intersects at most finitely many members
of W, fori = 1,2,--- s, it follows that F; intersects at most finitely many members of #5 for
i=1,2,---,s. Then F; intersects at most finitely many members of 7 for i = 1,2,---,s. Thus,
Q. intersects at most finitely many members of .77. Then @), intersects at most finitely many
members of ¢, and ¢ is an s-locally finite collection of X. Therefore, X is s-paracompact. O

Definition 4.3. [15] An s-topological group is a group G with a topology <7 such that for each
x, y in G and each neighborhood W of zy~!, there are semi-open neighborhoods U of z and V/
of y such that UV~! c W.

Theorem 4.4. [15] Let G be an s-topological group. Then each left (right) translation 1, : G —
G(ry: G - G) is a semi-homeomorphism.

Theorem 4.5. Suppose G is an s-topological group. Then G is a locally semi-compact space if
and only if there is a semi-compact neighborhood of e in G.

Proof. Since G is a locally semi-compact space and e in G, it follows that e has a semi-compact
neighborhood. Suppose U is a semi-compact neighborhood of e. For each x in G. Since the
right translation r, : G — G is a semi-homeomorphism, it follows that Uz is a semi-compact
neighborhood and x in Uz. Therefore, G is locally semi-compact. O

Corollary 4.6. Suppose G is a locally semi-compact semi-T, s-topological group with the SOP
property. Then H is locally semi-compact when H is an a-open subgroup.

Proof. Since H is a-open, it follows that H is semi-open. Let r,, : G — G be the right translation.
Then r,, is a semi-homeomorphism. Thus, 7, (H) = Hz is semi-open, and Uy Hz is semi-
open. Then H = G — Ugeg-g Hx is semi-closed. According to Corollary 2.27, H is locally
semi-compact. O

We obtain the following corollary directly according to Lemma 2.22 and Lemma 2.34.
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Corollary 4.7. Suppose G is a semi-compact group and H is a semi-closed subgroup. Then H
is semi-open if and only if H is finite in G.

Theorem 4.8. Suppose G is an s-topological group with the SOP property, H is semi-compact,
and f : G —» G/H is a projection. Then G is locally semi-compact when (G|H, ) is semi-
compact, where of = {U c G/H : f~'(U) is semi — open}.

Proof. Since f : G — G/H is a projection and < is a topology on G/H. Then f is semi-
continuous and surjective. Let A c G be semi-closed. Then f~!(f(A)) = AH c G. Let
z €G- AH. Then AnzH™ ' = . Let {U, : a € I} be a semi-open cover of zH~'. Then
TH™' ¢ UpesUq and H™' ¢ Ugerz™'U,. Thus, H c UaerzU,L. Since H is semi-compact, it
follows that there exists a finite set J c I such that H c uaEJxU;1 and 2™ 'H c uaeJU;I. Then
2H™" ¢ Uy UL and 2 H™' are semi-compact. Then there exists a semi-open neighborhood V
of esuchthat AnV nzH ™' = @ and AH nVz = @. Since Vz is a semi-open neighborhood
of z, it follows that AH is semi-closed and G/H — AH € «/. Since & is a topology on G/H,
it follows that f(A) is closed in G/H, and f is semi-closed. If gH € G/H and f(a) = gH for
some a € G, then f~'(¢gH) = f~'(f(a)) = aH. Thus, aH is semi-compact by Lemma 4.4. Then
f~'(gH) is semi-compact for each gH € G/H.

Let {Ws : B € L} be a semi-open cover of G = f~'(G/H) and y = gH € G/H. Then there
exists a finite set Ly ¢ L such that f~'(gH) c Uger,Wps. Let D, = Uger,,Wp. Then D, is
semi-open, E, = G/H - f(G - D,) is semi-open, and gH is in E,. Thus, G/H c Uycc/uE,.
Since G/H is semi-compact, it follows that there are finite points y;,v2,*, 4, in G/H such that
G/H c U_E,,. Then G = f"Y(G/H) c Ul_,f'(E,,) = U_,D,,. Therefore, G is locally
semi-compact. O

5 Conclusion remarks

In this paper, we continue the study of the properties of locally semi-compact spaces, and some
new properties have been obtained. At the same time, we establish the connections between
locally semi-compact spaces and semi-k spaces by irresolute and pre-semi-open mappings and
obtain the relation between semi-countably compact spaces and semi-k spaces. The relation
between s-topological groups and locally semi-compact spaces is also established. Several di-
rections for future research are discussed below. The work initiated here is the starting point
for continuing work towards that direction and motivating others to do so. To obtain differ-
ent types of spaces in further research, we suggest adopting semi-countable compact spaces or
semi-paracompact spaces instead of semi-compact spaces.
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