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Abstract This paper is concerned with boundary value problems for a fourth-order nonlinear
difference equation. Sufficient condition are obtained for the existence of at least three solutions,
via variational methods and critical point theory. One example is included to illustrate the result.

1 Introduction

Throughout this paper, we denote by N, Z and R the sets of all natural numbers, integers and
real numbers, respectively. For any integers a and b with a < b, [a, b],, is defined by the discrete
interval {a,a + 1, ..., b}.

Now, we are concerned with the existence of at least three solutions to the fourth-order non
linear difference equation

A*(pp(A%u(t = 2))) = Algp(Au(t — 1)) = af(t.u(t) + Bg(t,u(t)), t € [I,N]z,  (1.1)
satisfying the boundary value conditions
w(0) =u(N+1)=Au(-1) =Au(N +1) =0, (1.2)

where N > 1 is an integer, 1 < p < oo is a constant, ¢, is the p-Laplacian operator, that
is p,(s) = |s[P~2s, a, B3 are real parameters positive, f, g [I, N]z — R are two continuous
functions, A is the forward difference operator defined by Au(t) = u(t+1)—u(t), Au(t) = u(t),
Alu(t) = A1 (Au(t)) fori = 1,2,3, 4.
By a solution of (1.1), (1.2), we mean a function u : [—1, N + 2]z — R that satisfies both (1.1)
and (1.2).

Boundary value problem (BVP, for short) (1.1), (1.2) could be regarded as a discrete analogue
of the fourth-order problem

o (o () = (0 (™0)) = st + 0ttt €0 )
w(0) = u(1) = 4/ (0) = w/(1) = 0.

Difference equations appear in numerous settings and forms, both in mathematics and in its
applications to statistics, computing, electrical circuit analysis, dynamical systems, economics,
biology, and other fields (see, for example [1, 16]). For this reason, in recent years the existence
of solutions for difference equations has been studied by many authors, and some results have
been obtained by using various methods such as fixed point theorems methods, and the upper
and lower solutions methods (see [1, 14, 16] and the references therein). Studying the solvability
of difference equations by using variational methods was initiated by Guo and Yu [12]. Since
then, by using the critical point theory approaches, such as those based on the mini-max methods
and the Morse theory, the existence of solutions for difference equations has been extensively
investigated (see [2, 3,4, 5,6,7, 8,9, 10, 11, 15, 20]).
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In this paper, we shall study the existence of at least three solutions of the BVP (1.1), (1.2),
via variational methods and critical point theory.
Put

F(t,z) = /01' f(t,s)ds and G(t,z) = /01' g(t, s)ds.

To state our main results, we make the following assumptions:

(Hy) There exists § with § < A; such that

. F(t,
lim sup max pF(t,2)

<49,
|| =00 te[l,N]z |x|p

where

N+2
> \A2u(t —2)|” + |Au(t — 1)|P
A\ = min ! , (1.4)
ueEN~{0} N
" 2 lu(t)[?

with
Env={u:[-1,N+2]z — R|u(0)=u(N+1) =Au(-1) = Au(N+1) =0 }. (1.5)

We will see in the Section 3 that A; is the first eigenvalue of the nonlinear eigenvalue
problem corresponding to the BVP (1.1), (1.2).

(H;) There exist ¢, d € ]0, oo[ such that ¢” < NdP and

Al c\P N
F(t,z) < — (= F(t,d).
<t,|w|>elﬁ],%zx[o,d (t.) 6N (d) Z (t,d)

(H3) There exists v > 0 such that

. G(t, . G(t,
max < lim sup max M, lim sup max pG(t,2) <v
S (R P L S TP B

. N 6vpP
(Hy) There exists p > 0 such that >~ G(t, p) > o
t=1 bA

The main results in this paper are the following theorems:

Theorem 1.1. Assume that (H,) and (H,) hold, then there exist a nonempty open set A C [0, 1]
and a positive number v, for each o € A there exist £ > 0 such that, for each § € 10, €], the BVP
(1.1), (1.2) has at least three distinct solutions in E whose norms are less than .

Theorem 1.2. Assume that (H3) and (Hy) hold, then for each compact interval

A
NﬁL, 2L\, there exist ¢ > 0 such that for each 8 € [a,b), there exists n > 0 such
P ; Glt,p) V

that for each o € 10, 71|, the BVP (1.1), (1.2) has at least three distinct solutions in En whose
norms are less than (.

[a,b] C

The rest of this paper is organized as follows. In Section 2, contains some preliminary lem-
mas. Section 3, we introduce the eigenvalue problem (F) associated to the BVP (1.1), (1.2).
The main results will be proved in Section 4.
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2 Variational structure and some lemmas

We consider the vector space defined in (1.5). For v € E, define

N 1/p
[Jull = (ZIU(@I”) ~

So (Ex, ||.||) is an N dimensional reflexive Banach space. In fact, Ey is isomorphic to R¥.
We also put, for every u € En

U = max |u(?t)]|.
lulloe = max fu(t)

Obviously,

ulloo < [lull-
Let the functionals ®, ¥;, and ¥, be defined as follows

P(u) = ! Nijz |A%u(t = 2)IP + |Au(t — 1)J7,
p

t=1

and

Pr(u) =Y G(t,u(t)), (2.1)

for any u € Ex.
The functional corresponding of BVP (1.1), (1.2) is given by

I(x,b’ = — OL‘P] — ﬂlpz

It is easy to see that @, ¥; and ¥, are continuously differentiable and for all u,v € Ey, we

obtain
N+2

D' (u).v = Z 0p(A2u(t — 2))A%0(t — 2) + pp (Au(t — 1))Av(t — 1),

and

N+2
ap(w).w = Z ©p(A2u(t — 2))A%0(t — 2) + ¢, (Au(t — 1))Av(t — 1)

= aft,u(®)o(t) — Be(t,u(t))u(?).

Lemma 2.1. For all u,v € Ey, we have

N+2 N

1) > ep(Au(t —1))Av(t - 1) = —;A(wp(AU(t— 1)) v(?).

t=1

25 eu(ult = 2)0(t—2) = 5 82 (py8%u(t ~ 2) (1)

t=1
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Proof. 1) Letu,v € EN, by the summation by parts formula and the fact that
v(0) = v(N + 1) =0, it follows that

al N 1

Y Alpp(Au(t = 1))o(t) = [pp(Ault — 1)) ! pr (Au(t))Av(t)

t=1 t=1

N+
—|Au(0)[P~2Au(0 Z (Au(t —1))Av(t — 1)
=2
N+2

== pp(Au(t—1))Av(t —1).

t=1
2) By the summation by parts formula and the fact that v(0) = v(N + 1) = 0, it follows that

ZAZ (gap(Azu(t -2)u(t) = [A(gap(Azu(t =2)))v(t)] iVH
= > Alpy(A%u(t — 1)))Av(t)

t=1

= —App(Au(~ ) = D Alpp(A%u(t — 1)) Av(t)
== Alpp(A%u(t — 1))Av(t)

t=0

N+1

== Alpp(APult —2)))Av(t - 1).

Similarly, using the summation by parts formula and the fact that Av(N + 1) = Av(—1) =0,
we get

iA (pu(&u(t — 2)) 0(t) = — [i0p(Au(t — 2)))Aw(t — )]}
+ NZ oo (Au(t — 1)) A%(t 1)
= gy (A2u(~1))Av(0) + ]:i:wpwu(t —D)A(t - 1)
- Nz pu(Au(t — 1)A%(t — 1)

= ep(A%u(t - 2))A%(t - 2).

This completes the proof of the Lemma 2.1. O

By Lemma 2.1, I(;  can be written as

I p(u Z_: (A (0, (A%u(t - 2))) = App(Ault — 1)) — af (t,u(t)) = Bg(t u(t))] v(t),

forany v € Ey.
Thus, finding solutions of PVP (1.1), (1.2) is equivalent to finding critical point of the functional
1o .
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Lemma 2.2. (Minty-Browder see [21]) Let 0 : E — E* be strictly monotone, coercive and
hemicontinuous operator on the real, reflexive Banach space E. Then, the inverse operator
6~ : B* — E exists.

Lemma 2.3. (see [19]) Let E be a nonempty set and ¢, 1) two real functions on E. Assume that
there are R > 0 and ug,u; € E such that

o) = 6(w) =0, o(w)> R sp ) < RE,
u€g=1(]-o0,R)) B(ur)

Then for each p satisfying

P(ur)
quﬁ*lS(l]lPoo,R])w(U) =rs R¢(U1) ’

one has

sup inf [p(u) + alp = ¥ (u))] < infsup [o(u) + alp = ¥(w))]

Lemma 2.4. (see [18]) Let E be a reflexive real Banach space, S C R an interval, let ¢ : E —
R be a sequentially weakly lower semicontinuous C' functional, bounded on each bounded
subset of E and whose derivative admits a continuous inverse on E*; ¢ : E — Ra C 1
functional with compact derivative. Assume that

i) lim [p(u) — ap(u)] = oo, forall a € S;

llull—o0

ii) there exists p € R such that

sup inf [¢(u) + a(p — ¢(u))] < inf sup [$(u) + a(p — ¢ (u))].

acSUEE u€EE 5

Then there exist a nonempty open set A C S and a positive number -, with the following prop-
erty: for every a € A and every C' functional T : E — R with compact derivative, there exists
& > 0 such that, for each 8 € 10, €], the functional ¢ — axp — U has at least three distinct critical
point in E, whose norms are less than ~.

Lemma 2.5. (see [17]) Let E be a separable and reflexive real Banach space with the norm ||.|| g,
E* be the dual space of E. Let ¢ : E — R be a coercive, continuously Gdteaux differentiable
and sequentially weakly lower semi-continuous functional that is bounded on bounded subsets
of E and whose Gdteaux derivative admits a continuous inverse on E* and v : E — R be a
continuously Gateaux differentiable functional whose Gateaux derivative is compact.

Assume that ¢ has a strict local minimum vy with ¢(ugp) = ¥(ug) = 0.

Let
_ , Plu) . P(u)
0 = max {O, Hulﬂlgloo sup o)’ uleuO sup o) } ,

and
P(u)
n= sup )
weo—1(0,00]) P(1)

and assume that § < n. Then, for each compact interval [a,b] C }%,%
1 1

(6 = 00), (; = 0)), there exists w > 0 with the following property: for each 3 € [a,b] and

[ (with the conventions

every C! functional T : E — R with compact derivative, there exists ( > 0 such that, for each
a €10, ¢], the functional ¢ — arp — BT has at least three distinct critical point in E whose norms
are less than w.
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3 Eigenvalue problem

We consider the nonlinear eigenvalue problem () corresponding to the BVP (1.1), (1.2):

(P) A (pp(A%u(t - 2))) — Algp(Au(t — 1)) = App(u(t)), t € [1,N]z,
0 w(0) = u(N + 1) = Au(=1) = Au(N + 1)

Definition 3.1. ) € R is called eigenvalue of (FPp) if there exists u € E ~\ {0} such that

N+2 N
Z ©p(A2u(t —2))A%v(t—2) + pp(Au(t—1))Av(t —1) = X Z op(u(t))v(t), Yo e En\{0}.

t=1 t=1

Proposition 3.2. (see [13]) Let E be a real Banach space, G,J € C'(E,R) and a set of con-
straints S = {u € E | G(u) = 0}. Suppose that for any u € S, G'(u) # 0 and there exists
ug € S such that J(ug) = neng(u) Then there is X € R such that J'(ug) = AG'(up).

Theorem 3.3. \; and Ay are the first and the last eigenvalue respectively of the problem (%),
where

N+2
SO A%u(t —2)|P + |Au(t — 1)|P

A1 (defined in (1.4)) and A\y = max

vEEN {0} N
" > lu(®)lP
t=1
Proof. Put
N+2 N
=D |A%u(t = 2)]” + |Au(t - D)P, G Z =1 =ul’ -1,
t=1 =1
and

S={ueEn| Glu) =0} ={ue Ex| |u]| =1}

It is easy to see that G’ (u) # O for any u € S.
The set S is compact and .J is continuous on S, then there exists u; € S such that

— 1 —_\/
J(ur) = g]eng(U) =\.

Clearly ' > 0. From the Proposition 3.2, there exists A; such that

J’(ul) == AlG/(U]). (31)

Which mains that A? (¢, (A%u; (t — 2))) — A(pp(Aui(t — 1)) = Aipp(ui(t)), t € [1, N]z.
Multiplying (3.1) by u; in the sense of inner product, we obtain

N+2
Z |A2u1 t— )\p+|Au1(t—1 |p—/\12\u1

t=1 t=1

1.€.,
J(ul) - )\1HU1||p = /\].

Therefore, A’ = A; is an eigenvalue of the problem ().
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Thus, we have

N2
= mi 2 _ p o P
A min ; |A*u(t —2)P + |Au(t — 1)

N+2

t—2 t—1
= pin St D p s Dy
uEEN~ {0} ] ]

N+2
> [A%u(t = 2)P + |Au(t — 1)[?
t=1

ueEN~{0}

N
> [u(t)lP

t=1

Similarly, we show that Ay is an eigenvalue of the problem (F) and

N+2
S A2 u(t — 2)|P + |Au(t — 1)|P
t=1

ANy = max
veEEN~{0}

M=

p u(t)[P

Il
-

If X is an eigenvalue of the problem (7)), then there exists u € Eny . {0} such that:

N+2 N
Z p(A2u(t —2))A%0(t —2) + o, (Au(t — 1)) Av(t—1) = A Z op(u(t))v(t), Yve Exy~{0}.

t=1 t=1

N+2
S A%u(t = 2)|P + |Au(t — 1)[P
1

In particular for v = u, we get A = =

M=z

2 fu(lr

Il
_

So, we deduce that \; < A < A\y.
Then, A; and A\ are the first and the least eigenvalue respectively of the problem (7).
The proof of Theorem 3.3 is complete. O

It is clear to see that

A A
Sl < @) < ZEull”, Yu € Ey. (3.2)

4 Proofs of the main results

Proof of Theorem 1.1. We will apply Lemma 2.4, with ¢ = @, ¢ =¥ and [ = W,.

Firsty, we show that the functionals ®, ¥, and ¥, satisfy the regularity assumptions of Lemma
2.4.

It is easy to see that ¥, ¥, are continuously Gateaux differentiable functional whose Gateaux
derivative is compact.

Clearly, by (3.2) that ® is coercive, sequentially weakly lower semicontinuous functional and
is bounded on each bounded subset of Fy, Gateaux differentiable. We continue to prove the
existence of the inverse function (®')~! : E% — Ex. At first, we show the strict monotonicity
of @'. Indeed, let u;, u; € En with u; # us, then

N+2
(@ (1) = D' (u2)) (wr —uz) > Y (|A%uy(t = 2)[P2A%uy (t = 2) — [A*up(t — 2)[P2APus(t — 2))
(A%uy(t —2) — Aup(t —2))
+ i (JAur (t — 1)[P2Aug (t — 1) — [A2up(t — 1)|PAun(t — 1))

(Aup(t — 1) — Aua(t — 1)).
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By the well-known inequality, for any v, w € RY,
(\v|m_2v — |w\m_2w) (v—w)>Cplv—w|™, m>2,Cp >0,

we obtain,

N+2
(CD/(U]) — (I)/(Uz)) (u1 — UQ) > C Z |A2U1<t - 2) — AZUQ(t — 2>|p72
=1
N+2
+C Y [Au(t—1) = Aug(t — 1)P~* > 0,
=1

where C] and C; are two positive constants. Therefore @' is strictly monotone. Moreover,

N+2
)ou = Z |A2u(t — 2)|P 4 [Au(t — 1)[P > \y||ul|P.

So, @' (u) — oo as |lu]| = .

Then, from Lemma 2.2, CID’ has an inverse mapping (P’ )_] EY — En.

Now we prove that (®') " is continuous. Let (u),u* € E} withu? —s u*, andlet (@) (u}) =
Up, (@) (u*) = u. Then, ®'(u,,) = u and @' (u) = u*, which means that (u,,) is bounded in
En. Hence there exists ug € Ey and a subsequence, again denoted by (u,,) such that u,, — ug
in Ey. Thus ®'(u,) — ®'(up). Since the limit is unique, it follows that ®'(ug) = ®’(u).
Therefore ug = u, then (®') " (uz) — (@)~ (u*). Hence (®') " is continuous.

Next, from (H;) there exists p > 0 such that

pF(t,x)
|z [P

<d+4+¢e for (t,]z]) €[l,N]z x ]p,+ool,

where 0 < e < \{ — 4, i.e.,

Fltz) < ;(mg)w for (t,]]) € [1, N]z x ], 409 @.1)

Then, by (4.1) and the continuity of z — F (¢, x), there exists ¢ > 0 such that
F(t,z) < (5 +e)|z|P +e¢, V(tzx)e[l,N]z xR 4.2)

According to (1.4), we have

N+2
DA u(t = 2)P + [Au(t = )P > Ay |ful[”. (4.3)
t=1

Let « € [0, 1], using the preceding inequality and (4.2), we obtain

N
=A1||ullP - fa (6+¢) Z

P(u) — a¥i(u) >

’6\'—"6»—

A — (6 + )] |lull” — eN.

Since £ < A\ — 4, then
m (P(u) — a¥(u)) = .
llull—oco
The condition i) in Lemma 2.4 is satisfied.
Next, for up = 0 we have ®(0) = ¥(0) = 0.
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d , tell,N],,

1
Put R = =\ c? and choose u; € E defined by: u,(t) = )
p 0 , otherwise.

By (3.2) with u = u; and ¢? < NdP, we have

CD(U]) -

v
|
=

If ®(u) < R, then for all ¢ € [1, N|z, we have

lu(t)| < ful < (pd>(u)> :

Al
pR ’
< | — =c.
h (/\1 ) ‘
Which implies that,
CID_l(]—oo,R]) C{ue€ En/|u(t) <c, t€[l,N]z}.
So, we get
N
sup Wi(u) = sup Y F(tu(t))
ued—1(]—o0,R]) u€d~!(]—o00,R]) 1

<N max F(t, ).
(t,|2])€[1, Nz x[0,c]

Therefore, from (H,) we deduce that

sup Y(u) < % (g)piF(t,d)

ued—!(]—oo,R]) i—1

N
On the other hand, it is easy to verify that ®(u,) = gd?’, Y (u) = > F(t,d),
p t=1

and N
R‘Z)l((;fll)) _ % (g)p;F(t,d)
Consequently, ¥ (up)
u
ue¢—§ggw,r])wl (W) <R q;(ull) .

Then from Lemma 2.3, for each p satisfying

v
su Yi(u)<p<r ,
uequ(]r—)oo,r]) (W) <p D(uy)

one has
sup inf [®(u) + a(p — W1 (u))] < inf sup [®(u) + a(p — ¥i(u))].
a;ouEE ueEaZO
Therefore, all the assumptions of Lemma 2.4 are satisfied. Then the functional /, 3 admits at

least three distinct critical points, which are solutions of BVP (1.1), (1.2). This completes the
proof of Theorem 1.1. O
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Proof of Theorem 1.2. We know that the functional ®, ¥ and ¥, satisfy the regularity assump-
tions of Lemma 2.5. For ug = 0, ® has a strict local minimum and ®(0) = ¥,(0) = 0.
In view of (H3), there exist 0 < Ry < R; such that
1
G(t,z) < ;1/|x|p, for any (¢, |z|) € [1, N]z x [0, Ri[ U] Rz, o0] . (4.4
Together with the continuity of g , this implies that there exists ¢; > 0 and ¢ > p such that
G(t,l’) < Cl|1'|q for all (t,x) € [1,N]Z X [*Rz, *Rl} @] [Rl,RQ}.
Using the preceding inequality and (4.4), we have
1
G(t,z) < —v|z|P + ¢1|z|? forall (t,x) € [1,N]z x R.
p

So, from (2.1), it follows that

N
1
Wau) <) ];V\U(t)lp + arfu(t)]?
t=1
1
< —vfull” + e Nulll
p
1
< —vfull” + eV ull?,
p
for any u € Ex.
Hence, using (3.2), we have
. Y(u) v
lim su < —. 4.5
o™ @) S Ay @
On the other hand, if |u(t)| > R, for any ¢ € [1, N|z then the inequality (4.4) implies that
1
G(t,u(t) < 2;Vlu(t)l”- (4.6)
And if |u(t)| < Ra, by continuity of g there exist ¢, such that
|G(t,u(t))| < ea foranyt € [1,N]z. 4.7
Using the preceding inequality, (4.6) and (2.1), we obtain
N
olu) =) Gltu®) = Y Gltu)+ Y Gltult))
t=1 [u(t)| <R, [u(t)[> Ry
|
<SNey+-v Y |ut)P
-
1
< Ney + —vlulP.
p
Therefore, we get
¥ (u) < pNey s
D(u)  AdflullP A
So, we deduce that
How) v (4.8)

lim su < .
flw]| =00 P D(u) by
Consequently, from (4.5) and (4.8), we obtain

, Yo (u) . Y (u) v
6 =max{0, lim su , lim su < —.
{ [l ]| =00 P D(u) juf—0 P D(u) ' A1
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For p > 0, choose u; € Ey such that uy(¢) = p forany ¢ € [1, N|z,
6 .

Clearly ®(up) = —pP > 0, therefore uy € ®~'(]0, 00[). So, it is easy to see that
p

N
G(t,
n= sup TZ(U) > IPQ(UZ) _ ptzz:l ( p)
wea-1(0,00) Plw) ~ P(u2) 6pP

From (Hy), we deduce that
14
— =26
n> N

Hence, all the assumptions of Lemma 2.5 are satisfied. Therefore the functional I, 3 admits
at least three distinct critical points, which are solutions of the BVP (1.1), (1.2). The proof of
Theorem 1.2 is complete. O

Example 4.1. We consider the problem

A% (p10(A%u(t = 2))) — A(go(Au(t — 1)) = af(t, u(t)) + Bg(t u(t)), t € [1,6]z, 4.9)
w(0) = w(7) = Au(—1) = Au(7) =0, ’
where f : [1,6]z x R — R and for ¢ € [1,6]z, z € R let
x o, | >1
ta) =t
It is easy to see that
1,
—zt— =, |z|>1
G(t,x)=tq 2, 8
gxg , Jzl < 1.
Clearly lim sup max PGt ) = 0and lim sup max PGt o) = 0, thus (H3) holds for any
|z]—o00 te[l,N]z |CE|p z—0 te[l,N]z ‘$|p
v > 0, (for example v = \; x 107°).
6 21 6vpP 7 .
We choose p = 1, then we have > G(t, 1) = 3 and = 6 x 1077, therefore (Hy) is
t=1 bA1
satisfied. g
We deduce for each interval compact [a,b] C ] 35 108 [, there exist ¢ > 0 such that for each

B € [a,b], there exists n > 0 such that for each a € ]0, n], the problem (4.9) has at least three
distinct solutions in E, whose norms are less than (.

References
[1] R.P. Agarwal, Difference Equations and Inequalities: Theory, Methods and Applications, Marcel Dekker,
New York, NY, USA, (1992).

[2] R.P. Agarwal, K. Perera, D. O’Regan, Multiple positive solutions of singular discrete p-Laplacian prob-
lems via variational methods, Adv. Differential Equations 2, 93-99 (2005).

[3] R. P. Agarwal, K. Perera, D. O’Regan, Multiple positive solutions of singular and nonsingular discrete
problems via variational methods, Nonlinear Anal. 58, 69-73 (2004).

[4] D.R. Anderson, I. Rachunkova, C.C. Tisdell, Solvability of discrete Neumann boundary value problems,
J. Math. Anal. Appl. 331, 736-741 (2007).

[5] G. Bonanno, P. Candito, Infinitely many solutions for a class of discrete non-linear boundary value prob-
lems, Appl. Anal. 88 (4), 605-616 (2009).

[6] G.Bonanno, P. Candito, Nonlinear difference equations investigated via critical point methods, Nonlinear
Anal. 70, 3180-3186 (2009).



EXISTENCE OF THREE SOLUTIONS 155

[7] P. Candito, N. Giovannelli, Multiple solutions for a discrete boundary value problem involving the p-
Laplacian, Comput. Math. Appl. 56, 959-964 (2008).

[8] P. Candito, G. Molica Bisci, Existence of two solutions for a second-order discrete boundary value prob-
lem, Adv. Nonlinear Stud. 11 (2), 443-453 (2011).

[9] A.E. Amrouss, O. Hammouti, Spectrum of discrete 2n-th order difference operator with periodic bound-
ary conditions and its applications. Opuscula Math. 41 (4), 489-507 (2021).

[10] A.E. Amrouss, O. Hammouti, Existence of multiple solutions to a discrete 2n-th order periodic boundary
value problem via variational method. Sci. Bull. Ser. A, 83 (3), 159-170 (2021).

[11] A.E. Amrouss, O. Hammouti, Multiplicity of solutions for the discrete boundary value problem involving
the p-Laplacian. Arab J. Math. Sci. Doi 10.1108/AJMS-02-2021-0050.

[12] Z. M. Guo, J.S. Yu, The existence of periodic and subharmonic solutions for second-order superlinear
difference equations, Sci. China Ser. A 33, 226-235 (2003).

[13] O. Kavian, Introduction a la théorie des points critiques, Springer-Verlag France, Paris, (1993).

[14] W. G. Kelley and A. C. Peterson, Difference Equations: An Introduction with Applications, Academic
Press, New York, NY, USA, (1991).

[15] Y. Li, L. Lu, Existence of positive solutions of p-Laplacian difference equations, Appl. Math. Lett. 19,
1019-1023 (2006).

[16] I. Rachuankova, C.C. Tisdell, Existence of non-spurious solutions to discrete Dirichlet problems with
lower and upper solutions, Nonlinear Anal. 67, 1236-1245 (2007).

[17] B. Ricceri, A further three critical points theorem, Nonlinear Anal.: Theory, Methods and Applications A,
71 (9), 4151-4157 (2009).

[18] B. Ricceri, A three critical points theorem revisited, Nonlinear Anal.: Theory, Methods and Applications
A, 70 (9), 3084-3089 (2009).

[19] B. Ricceri, Existence of three solutions for a class of elliptic eigenvalue problems, Mathematical and
Computer Modelling, 32 (13), 1485-1494 (2000).

[20] D. Wang, W. Guan, Three positive solutions of boundary value problems for p-Laplacian difference equa-
tions, Comput. Math. Appl. 55, 1943-1949 (2008).

[21] E. Zeider, Nonlinear Functional Analysis and its Applications, II/B: Nonlinear Monotone Operators,
Springer, New York, (1990).

Author information

Omar Hammouti, Department of Mathematics, University Mohammed First, Oujda, Morocco.
E-mail: omar . hammouti.83@gmail.com

Received: 2023-02-15
Accepted: 2023-08-17



	1 Introduction
	2 Variational structure and some lemmas
	3 Eigenvalue problem
	4  Proofs of the main results

