Palestine Journal of Mathematics

Vol 13(2)(2024) , 160-171 © Palestine Polytechnic University-PPU 2024

On the unit group of the semisimple group algebras of groups up
to order 144

N. Abhilash, E. Nandakumar*, G. Mittal and R. K. Sharma
Communicated by S. A. Mohiuddine

MSC 2010 Classifications: Primary 16U60; Secondary 20C05.

Keywords and phrases: Non-metabelian groups, Finite field, Group algebra, Unit group.

Abstract In this paper, we determine the structure of the unit groups of the semisimple group algebras of non-metabelian
groups of order 144. Up to isomorphism, there are 197 non-isomorphic groups of order 144, and only 28 are non-metabelian.
Mittal and Sharma [19] studied the unit groups of the semisimple group algebras of non-metabelian groups of order 144
that have exponent either 36 or 72. In this work, we characterize the unit groups of the group algebras of non-metabelian
groups of order 144 having exponent 12 and 24. This paper completes the study of the unit groups of the group algebras of
non-metabelian groups up to order 144.

1 Introduction

Let KG denote the group algebra generated by the finite group G of order n over the finite field K of order ¢ = p* having
characteristics p. Let U (KG) denote the collection of all elements in KG having multiplicative inverses. The set U(KG) is
known as the unit group of KG. Owing to the applications of the units in various fields like coding theory (see [8],[9],[10]),
number theory ([6]), cryptography [17] etc., the classification of the unit groups of the group algebras has become a salient
research area [7, 13, 20, 21, 25, 26, 27, 28].

For the group algebras generated by metabelian groups (recall that a group G is metabelian if its derived subgroup is abelian),
Bakshi et al. [3] completely characterized the unit groups. Therefore, most of the researchers in this area focus on the unit
groups of the group algebras of non-metabelian groups. Thanks to Pazderski, it is possible to explicitly calculate the possible
orders of non-metabelian groups (see [23]). One can note that the smallest possible order of a non-metabelian group is 24.
The unit groups of the semisimple group algebras of non-metabelian groups of order 24 are studied in [11, 12]. One of the
notable works in this direction is due to Mittal and Sharma [15], where the authors studied the unit groups of the semisimple
group algebras of non-metabelian groups up to order 72. Furthermore, Mittal and Sharma also characterized the unit groups
of the semisimple group algebras of non-metabelian groups up to order 120 (see [16, 18, 22, 24]), except that of the symmetric
group Ss5. Arvind and Panja study the unit group of the semisimple group algebra of Ss in [2]. In continuation, Abhilash et
al. [1] considered all the non-metabelian groups of order 128 and studied the unit groups of their corresponding semisimple
group algebras.

Next, using [23], it is straight-forward to note that there are non-metabelian groups of order 144. Up to isomorphism, there
are 197 groups of order 144, and only 28 are non-metabelian. Moreover, the possible exponents of these 28 non-metabelian
groups are 12,24, 36, and 72. Recently, Mittal and Sharma [19] computed the unit groups of the semisimple group algebras
of non-metabelian groups of order 144 that have exponents 36 or 72. In this work, we consider the remaining non-metabelian
groups of order 144, i.e., the groups having exponents 12 or 24 (a total of 11 such groups), and compute the unit groups
of their corresponding semisimple group algebras. This paper will complete the study of the unit groups of the semisimple
group algebras of groups up to order 144.

This paper is organized as follows. The preliminaries needed in this paper are collected in section 2. Moreover, in the same
section, we discuss the non-metabelian groups of order 144. Sections 3 and 4 deal with our main results on the structure
of the unit groups of semisimple group algebras of 11 non-metabelian groups of order 144. Finally, section 5 concludes the

paper.

2 Preliminaries

Throughout this paper, let K denote the finite field of order ¢ = p* with characteristic p and let G' denote the finite group of
order n. The definitions given below are as in [5].

Definition 2.1. An element z € G is called p’-element, if p { |x|, where |z| is the order of .

Let the least common multiple of the orders of all p’-elements in G' be denoted by s. Let the primitive s*” root of unity over
K be denoted by w. Therefore, K(w) is the splitting field over K. Next, we define the set

Tox = {t|o(w) = w, where o € Gal(K(w)/K)},
where Gal(K(w)/K) denotes the Galois group of K(w) over K.

Definition 2.2. For any p’-element z € G, lety; = > h. Then, the cyclotomic K-class of v, is the set
heCy

Sk(ve) = {7zt |t € Tox}-
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Proposition 2.1. [5] The set of simple components of % and the set of cyclotomic K-classes in G, where J(KG) is the
Jacobson radical of KG, are in 1-1 correspondence.

Proposition 2.2. [5] Let [ be the number of cyclotomic K-classes in G. If K, K3, --- , K; are the simple components of
Z(%) and Si,5,,- -+, S; are the cyclotomic K-classes of G, then |S;| = [K; : K] with a suitable ordering of the

indices, assuming that the Galois group Gal(K(w) : K) is cyclic.

Lemma 2.1. [14] Let KG be a semi-simple group algebra and let G’ be the derived subgroup of G. Then,
KG =~ KGe, & AG, G,

where KGe, =K (g) is the sum of all commutative simple components of KG and A(G, G’) is the sum of all others.

Proposition 2.3. [14] The number of irreducible representations of KG is equal to the number of conjugacy classes of G.

We end this section by discussing the non-metabelian groups of order 144.

2.1 Non-metabelian groups of order 144

From [19, section 2], we know that there are 28 non-metabelian groups of order 144. These are listed as follows: We write
all the 28 non-metabelian groups of order 144 in the following list:

1. (Qs % Cy).Cy 15. G5 x (A4 x Cy)

2. (Qs 1 Cy) x Cy 16. C3 % (C1.54)

3. ((Cy x Ca) x Co) x Cy 17. (Cs x SL(2,3)) x Cy
4. Cy x (Qg x Cy) 18. (C5 x Ag) X Cy

5. ((Cy x C) x Cy) x Cy 19. ((C4 x S3) x Cp) x C;
6. Cy x (((C2 x Ca) x Cy) x Cs) 20. S3 x SL(2,3)

7. (C3 x C3) x ((Cq x Ca) x Cy) 21. C¢ x SL(2,3)

8. (O3 x C3) x (Cy4 x Cy) 22. C3 x (((C4 x Cp) x C3) % ()
9. (C3 x C3) x Dys 23. (C5 x C3) x QDye

10. (C53 x C3) x QDyg 24. S3 X Sy

11. (C5 x C3) x Q16 25. Cy X ((S3 x S3) x Cy)
12. (C3 x C3) x (C4 x Cy) 26. Cp X ((C3 x C3) X Q3)
13. C3 x (Cy- 54) 27. Cg x S4

14. C3 x GL(2,3) 28. Cy X ((Cy x Ag) x C).

Among these 28 groups, the groups at the serial numbers 7, 8, 12, 18 and 19 have exponent 12 (total 5) and the groups at the
serial numbers 9, 10, 11, 16, 17 and 23 have exponent 24 (total 6). In the subsequent sections, we study the unit groups of
group algebras corresponding to these 11 groups.

3 Groups of exponent 12

As discussed in section 2, we know that there are 5 non-metabelian groups of order 144. In this section, we characterize the
unit group of the semisimple group algebra generated by these 5 groups. Throughout this paper, let z 'y~ lzy = [z, 4]
denote the commutator of x,y € G. The 5 non-metabelian groups of order 144 with exponent 12 are given below. We
remark that, in order to be consistent with the list given in section 2, we represent the groups with the same serial numbers as

appearing earlier.
7. (03 X 03) X ((04 X Cg) X Cz)
8. (C3 X C";) X (C4 X C4)
12. (03 X 03) X (04 X 04)

18. (Cg X A4) X C4
19. ((C4 X S3) X Cz) X C3

3.1 G7 = (C3 X C3) X ((C4 X Cz) X Cz).

The group G7 has the following presentation:
Gy =(x1, 22,03, x4, 5, 06 | 27, [w2, 1]y ", (w3, 21, [wa, 11, [ws, 21)a5 ", [we, @1], 23y ', (w3, @), [, 2],

[ws, Talzg ‘252, (w6, wa)as ', @3, (T4, 23], [, @325 ", (w6, ws]ag ', 23, o5, xal, (w6, 24], 23, [26, 5], 22)

The sizes, orders and the representatives of the 18 conjugacy classes of G are given below:

Representative e x| T2 x3 Ty x5 1T T1T4 T1Te ToTy XT2I5
Size 1 6 6 9 1 4 18 6 12 6 12
Order 1 2 4 2 2 3 4 2 6 4 12
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T3x4 X425 T5T6 X1T2X4 T1T4T6 XX 45 T4T5T6
9 4 4 18 12 12 4
2 6 3 4 6 12 6

Theorem 3.1. Let G7 be the group defined above and K be the finite field of characteristic p > 3. Then
1) for k even or p* = {1,5} mod 12, U(KyG7) = (K;)® & (GL2(Kq))? & (GL4(Kg))2.
2) forp® = {7,11} mod 12, U(K,G7) = (K;)* & (K;z)2 & (GL2(Kg))? & (GL4(Ky))® & GL4(K 2).

Proof. The group G7 is finite and so, Artinian. Thus, by Maschke’s theorem, J(KqG7) = 0. Also, the commutator subgroup
G} = (C3xC3) xC, and % 2 (4 x Cy. Therefore, lemma 2.1 can be applied to compute the Wedderburn decomposition.
Let us discuss the Wedderburn decomposition in the following 2 cases.
Case 1: k is even in ¢ = p* or p* = {1,5} mod 12.
In this case, | Sk(vg) |=1,Vg € G7. By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposition of KqG7
is given by,

10 10

KqGr = (Ko)* @) M, (Kg),ni > 2 = 136 =Y _ni.

i=1 i=1

The choices of n;’s can be
(2%,10),(27,6%), (2°,4°,8), (2°,3°,5,8), (2°,4,5%), (2%,3%,4,5%, 6), (27, 3%,4,67),
(2°,3°,4,7),(2%,3%,5,7),(2%,4%), (2,3°,4°,5) and (3°,4%,5°).

In the direction of finding n;’s uniquely, we consider the normal subgroup N = (z4) of G7. The Wedderburn decomposition

of the factor group F = % = (53 x S3) x C; is due to [15] and is given below: K F = (K )* @ M>(Kg) @ My(Ky)*.

With this information, we can conclude that the choices for n;’s can either be (2%,4%) or (2,33,4°,5). Suppose, if p = 5,
then by proposition 1 of [4], (2, 33,4%, 5) cannot be the choice in the decomposition of KqG?7. Therefore, we have

KqG7 = (Kq)* @ (Ma(Kq))® @ (Ma(Kq))®.

Case 2: k is odd and p* = {7, 11} mod 12.

In this case, SK('YJCz) = {'790277922$4}7 SK('thﬂfz) = {'lew21'7x1932904}1 SK('Yﬂizxs) = {7362905 s 79321‘4705} and SK('YQ) =
{74}, for the remaining g € G7. By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposition is given by

8 8
KqG7 = (Kg)* @ (Kp2)2 €D Mn, (Kg) @ Mg (Kj2),mi >2=> 136 = > ni +2-nj.

i=1 i=1
Therefore, by repeating the same process as in case 1, we get that (22,49, 4) is the only possibility for n;’s. Thus, we have
KqG7 2 (Kg)* @ (Kp2)® @ (Ma(Kq))? ® (Ma(Kqg))® & Ma(Kp2).
This completes the proof. ]

3.2 Gg = (C3 X C3) X (C4 X C4).

The group Gy has the following presentation:
Gy =(x1, 22, %3, T4, T5, T | x%h_], [382,9[11]363_], [z3, z1], [z, 1], [385,9[11]365_], [5867451]796336;], [x3, 22], [X4, 2],

[$57 xZ]x(,_le_zv [1'6’ mz]wﬁ_zm;l’m%» [$4,:E3L [1’5, 1’3]$5_17 [CE@, 1’3]936_1,.%4217 [CE5, CE4], [x():xdv wgv [1'6’ 15]7$g>~

The sizes, orders and the representatives of the 18 conjugacy classes of Gy are given below:

Representative | e | x| xy | 3 | x4 | x5 1Ty | T1T4 | T1T6 | ToTa | XT2Ts
Size 1 6 6 9 1 4 18 6 12 6 12
Order 1 4 4 2 2 3 4 4 12 4 12

TIT4 | T4T5 | TsTe | T1TaT4 | T1XT4T6 | TaT4T5 | T4T5T6
9 4 4 18 12 12 4
2 6 3 4 12 12 6

Theorem 3.2. Let Gg be the group defined above and K be the finite field of characteristic p > 3. Then
1) for k even or p* = {1,5} mod 12, U(K4Gs) = (K;)® @ (GLy(Kq))? ® (GL4(Kq))2.
2) forp* = {7,11} mod 12, U(K,Gs) = (K;)* & (K;z)z @ (GLa(Kq))* @ (GL4(Kq))* @ (GL4(K2))?.

Proof. The group Gy is finite and so, Artinian. Thus, by Maschke’s theorem, J(K;Gg) = 0. Also, the commutator subgroup

Gé =~ (O3 x C3)x C, and % >~ Cy x (. Therefore, lemma 2.1 can be applied to compute the Wedderburn decomposition.
As in theorem 3.1, we further discuss the following two cases.
Case 1: k is even in ¢ = p* or p* = {1, 5} mod 12. The proof is same as case 1 in theorem 3.1.
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Case 2: k is odd and p* = {7, 11} mod 12.

In this case, S]K('Yzl) = {7117’711I4}7 Sﬂ(('yzz) = {712772214}7 S]K(’YI]I(,) = {7211677111416}7 S]K('YIZIS) =
{Yar25> Yoraqxs } and Sg(vg) = {7y}, for the remaining g € Gg. By lemma 2.1 and propositions 2.2 and 2.3, the
Wedderburn decomposition is given by

6 8 6
KqGs 2 (Ko)* @ (K 2)> @D Mn, (Kg) @ M, (Kj2),mi >2 =136 => nj +2-nj+2-ng.
=1 =7

i=1

By repeating the same process as in theorem 3.1, we conclude that (22, 4%, 4, 4) is the only possibility for n;’s. Therefore,
we have

KqGs = (Ko)' @ (Kp2)* @ (Ma(Kq))* @ (Ma(Kq))* @ (Ma(K2))*-
This completes the proof. O

3.3 G12 = (C3 X C3) X (C4 X 04).

Here, note that the structure of the groups Gy and G|, are same, but they are not isomorphic because of the small variation
in the presentations. The group G, has the following presentation:

Gy = (w1, 22,03, w4, 5,06 | @ixy ', [, 21)2y ', (23, 1), (204, 1), (w5, 1]y %, (w6, )2y ' wg 2, wday wy ! 3, ma),

[z4, 2], [Isaxz]iglx;27 [w67x2]x52$;27$§7 [z4, x3], [$57w3]x;l, [%Jz]x{lwf, [xs, 24, [x6, 24], 23, 6, 5], 23)

The sizes, orders and the representatives of the 12 conjugacy classes of G}, are given below:

Representative e X i) T3 T4 x5 1Ty T1Ty4 X4 T3T4 X425 1Ty
Size 1|18 | 18 9 1 8 18 18 18 9 8 18
Order 1 4 4 2 2 3 4 4 4 2 6 4

Theorem 3.3. Let G» be the group defined above and K, be the finite field of characteristic p > 3. Then
1) for k even or p* = {1,5} mod 12, U(K,Gp) = (K3 & (GLa(Kq))* @ (GLg(Kq))2.
2) forp* = {7,11} mod 12, U(K,G12) = (K5)* & (K3,)? @ (GLa(Kyg))* @ (GLs(Kqg))*-

Proof. The group G, is finite and so, Artinian. Thus, by Maschke’s theorem, J (Kquz) = 0. Also, the commutator

subgroup G, = (C3xC3)xC; and g}z = Cy4x ;. Therefore, lemma 2.1 can be applied to the Wedderburn decomposition.
12

Let us discuss the decomposition in 2 cases.
Case 1: k is even in ¢ = p* or p* = {1,5} mod 12.
In this case, | Sk(vg) |= 1,Vg € Gi2. By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposition of
KqG2 is given by,
4 4
KqG12 22 (Ko) @D M, (Kg),mi > 2 = 136 = > _ni.
i=1 i=1

The choices of n;’s can be (22, 8%) and (2,42, 10). In the direction of finding 7;’s uniquely, we consider the normal subgroup
N = (x5, z¢) of G12. The factor group F' = % = Cy x Cy. Using [3], we note that Ko F' = (Kq)® @ (M, (K,))?. With
this information, we can conclude that the Wedderburn decomposition of K,G' is given by

KqGi = (Ko)* @ (Ma(Kq))* @ (Ms(Kq))™.

Case 2: kis odd and p* = {7,11} mod 12.

In this case, Sk (Vz,) = {Vars Yeras br SK (Yey22) = { V21205 V2024 } and Sk (vg) = {4}, for the remaining g € G5.
By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposition is given by

4 4
KqGi2 2 (Ko)* @ (Kp2)* @) M, (Kg),ms > 2= 136 = > nj.

i=1 i=1

Further, by repeating the same process as in theorem 3.1, we get that (22, 82) is the only possibility for n;. Therefore, we
have

KqoGi2 & (Kq)' @ (Kp2)* @ (Ma2(Kq))® @ (Ms(Kq))™.
This completes the proof. O

34 Gy = (C3 X A4) x Cy.
The group G5 has the following presentation:
Gig =(x1, 22,3, T4, x5, 26 | T35 ", [w2, 1), [w3, 2oy | [ma, )2y !, [ws, 2]y 2t [we, ai]zg a5t 22, [23, 22,

[CE4, xZL [1‘5, ZZ]) [xén xZL :17%, [‘7741 (E3], [%5, $3]x;1xs_] 5 [mé’ z3]$5_I 5 xiv [1‘5, 14]) [136, 14}7 xgv [(E(), (E5], CE%>

The sizes, orders and the representatives of the 18 conjugacy classes of Gg are given below:

Representative e x| T2 x3 Ty x5 1T xr1T5 Tox3 ToTy L5 T34
Size 1 18 1 8 2 3 18 18 8 2 3 8
Order 1 4 2 3 3 2 4 4 6 6 2 3
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T425 X1xx5 ToX3T4 TPT4T5 $§£E4 $2{L‘§$4
6 18 8 6 8 8
6 4 6 6 3 6

Theorem 3.4. Let G5 be the group defined above and K be the finite field of characteristic p > 3. Then
1) for k evenor p* = {1,5} mod 12, U(K,Gg) = (K:)* @ (GLa(Kq))® & (GL3(Kq))* & (GL6(Kq))>.
2) forpF = {7,11} mod 12, U(K,G15) = (K})? oK, (GLy(Kq))® @ (GL3(Kq))* ® GL3 (K 2) ® (GLs(Kq))*.

Proof. The group Gg is finite and so, Artinian. Thus, by Maschke’s theorem, J (Kqug) = 0. Also, the commutator

subgroup G = C3 x Ay and g}s = Cy. Therefore, lemma 2.1 can be applied to compute the Wedderburn decomposition.
18

Case 1: k is even in ¢ = p* or p* = {1,5} mod 12.
In this case, | Sk(vg) |= 1,Vg € Gis. By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposition of
KqGs is given by,

14 14
KqGis = (Kg)* @) Mn; (Kq),ni > 2 = 140 = " nj.
i=1 i=1
The choices of n;’s can be

(2'1,42,8), (2'9,5%),(2°,3%,5%,6), (2%,3%,6%), (2°,3%,4%,7), (27, 47),

(2°,33,4%)5),(2°,3%,4,5%), (2%,3%,4,6) and (3'2,4?).
In order to find the value of n;’s uniquely, we consider the normal subgroups N; = (xs,x¢) and N, = (x4) of G3. The
factor group F = GT‘IS = (O3 x C3) x Cy. Using [3], we know that K F = (Kg)* @ (M2(Kq))®. By theorem 3.3 from
[15], Kq s = (Kq)* @ (Ma(Kq))? ® (M;3(Kg))*. With this information, we conclude that the Wedderburn decomposition
of K4 G'g is given by
KqGIS = (]Kq)4 D (MZ(Kq))S D (M3(Kq))4 @ (M6(Kq))2-
Case 2: k is odd and p* = {7, 11} mod 12.

In this case, Sk (Vz,) = {Vz;s Y122} SK (Y, 25) = {V2 25, Vo 2005 } and Sk (vg) = {vg}, for the remaining g € Gs.
By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposition is given by

14 14
KqGis = (Kq)? @ Koo @) M, (Kg),mi > 2= 140 = > " nj.
i=1

i=1
Furthermore, using [3, 15] we know that K, F} 2 (Kq)?> ® Kp® (M5 (Kq))® and Ky 5 = (Kq)2 @ Kpe® (M, (Kq))* ®
(M3(Kq))? ® M3(K2). This means that
KqGis & (Kq)® © K2 ® (Ma(Ky))® @ (M3(Kq))? © M3(K2) & (Ms(Kq))™.
This completes the proof. O

3.5 G19 = ((C4 X S3) X Cg) X C3.

The group G9 has the following presentation:

G =(x1, T2, 23,4, T5, 6 | z%x;', [x2, z1], [x3, 21], [24, 1], [965,961]96571, [z, 1], 23, [903,902]56;17 [$47$2]9€;1$;17

[5, 2], [w6, 2], B35 ", [wa, walag L, [ws, 23], [we, @3], g ', (s, @), [ws, wa], 22, [6, 5], 22)

The sizes, orders and the representatives of the 21 conjugacy classes of G9 are given below:

Representative € Ty T T3 x5 e T1I) T3 T1Te CE% T3 X5 T35
Size 1 3 4 6 2 1 12 18 3 4 4 8 12
Order 1 4 3 4 3 2 12 2 4 3 6 3 12

T5T¢ :171:1?% T1T2X3 "E%$5 I%l‘é TPT3T5 IIZE%I() 1%15:1?6
2 12 12 8 4 8 12 8
6 12 12 3 6 6 12 6

Theorem 3.5. Let G |9 be the group defined above and K be the finite field of characteristic p > 3. Then
1) for k even or p¥ = 1 mod 12, U(KyG9) = (K%)® @ (GL2(Kq))® @ (GL3(Kq))* @ (GL4(Kq))? & GLg(Ky).

2) for p* = 5mod 12, U(KyGro) = (K;)? & (K7,)* @ (GLa(Kg))' @ (GLa(Kp2))* @ (GL3(Kg))? & GLa(Kqg) ©
GL4(K2) ® GLs(Kqg).

3) forp* = 7mod 12, U(KyGho) = (K3)08(GLa(Kqg)) @(GL (K 2))* & (GLs (Ky))* @ (GLa(Ky)) B GLs (Ky).

4) for p* = 11 mod 12, U(KyG1o) = (K5)* @ (K;z)2 ® GLy(Kq) & (GLa(K2))* @ (GL3(Kg))? @ GL4(Kg) @
GL4(K2) ® GLs(Kyg)-



Unit group of the semisimple group algebra of dimension 144 165

Proof. The group Gy is finite and so, Artinian. Thus, by Maschke’s theorem, J (Kqug) = 0. Also, the commutator
subgroup Gy = C3 X Qg and 5 (SIE Cj. Therefore, lemma 2.1 can be applied to compute the Wedderburn decomposition.
9

We discuss the decomposition in the following 4 cases.
Case 1: k is even in ¢ = p* or p¥ = 1 mod 12.
In this case, | Sk(vg) |= 1,Vg € Gj9. By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposition of
KqGio is given by,
15 15

KqGro = (Kq)® @D M, (Kg),mi >2 = 138 = nj.

i=1 i=1
The choices of n;’s can be

(212,4,5,7), (219,43 5%),(2°,3,5%), (2, 3%,4%,6), (28,3, 5,6), (2%, 3%,4%) and (2%,3°,4,5)
In the direction of finding n;’s uniquely, we consider the normal subgroup N = (xs5) of G19. The Wedderburn decomposition
of the factor group F' = G19  ((Cy x Cp) x Cy) x C3is KgF = (Kq)® @ My(Kq)® @ M;3(Kq)? (see [15]). With this
information, we can conclude that the choices for n;’s are reduced to (2%, 3%,5%), (2°,32,4%,6) and (28,3, 5,6). Suppose,
if p = 5, then by proposition 1 of [4], (2°,3%,43,6) can be the only choice in the Wedderburn decomposition of KqG'9.
Thus, we have

KqGio = (Kq)® @ (M (Kq))® @ (M3(Kq))* @ (Ma(Kq))® ® Ms(Kq).

Case 2: k is odd and p* = 5 mod 12.
In this case, SK('sz) = {'Yzzz'yx%}v S]K('Vzlzz) = {7111277351%%}7 SK(72213) = {730213773;%306}7 SK('YZ2175) =

{71215771%15}7 S]K('Ya:lzzz;) = {'Yzla:zzy’Yz]z%zﬁ}» SK(71213935) = {712131577122516} and S]K(’Yg) = {'Yg}v for
the remaining g € G9. By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposition is given by

K,Gro = (Kq)? 2@Mn (Kyq) @Mn n122:>138—2n +2. Zn.

Therefore, repeat the same process as in case 1, we get that (2°,3%,43, 6) is the only possibility for n;’s. Hence, we have
KqGi9 2 K @ K2, ® My (Kq)® © Ma(Kp2)® @ M3(Kq)® © Ma(Kq) © Ma(Kp2) & Mo(Kq)-
Case 3: k is odd and p* = 7 mod 12.

In this case, S]K(’Y:Cl) = {'Yacl s 'Yxlws}u SK(’Yaclxz) = {7x1x27790]x2x3}a SK('Yxlx%) = {'lexgv'yxlx%g%} and S]K('Vg) =
{74}, for the remaining g € G9. By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposition is given by

9 12
KoGio & (Kg)® @D Ma, (Kq) @ Mn, (K, )n,>2:>138_2n +2- Zn

i=1 i=10 i=10
On repeating the same process as in case 1, we get that (27,32, 43, 6) is the only possibility for n;. Therefore, we have
KqGro & (Kq)° @ (Ma(Kq))* @ (Ma(K2))* @ (M3(Kq))* @ (Ms(Kq))* ® Mo (Ky).
Case 4: k is odd and p* = 11 mod 12.
In this case, SJK(%cl) = {%cl :7:61366}7 SK(%Cz) = {’Yﬂczv%;%}a SK(%lez) = {7$1$277x1x516}7 SK(’Yaczac3) = {’79623?3 ) ’Ymgxﬁ}v
Sk (Vayas) = {’Yaczzy’yz%zS}v SIK(’YZIZ%) = {Vz 12325, ’Yzlzg}v Sk (Yoywsws) = {Varzaws, 7152516} and Sk (vg) =
{74}, for the remaining g € G9. By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposition is given by

K,Gro = (K,)? @Mn (Kq) @Mn n122:>138—2n +2- Zn

W eepeat the same process as in case 1 to note that (27, 32, 43, 6) is the only possibility for n;’s. Consequently, we get
KqGio = (Kq)* @ (Kp2)? @ Ma(Kq) @ (M2(K2))' @ (M3(Kq))? @ Ma(Kg) ® Ma(Kg2) © Mo(Ky).
This completes the proof. O

4 Groups of exponent 24

In this section, we characterize the unit group of group algebra generated by 6 non-metabelian groups of order 144 with
exponent 24. We use the same numbers for these groups as in section 2. The 6 non-metabelian groups of order 144 with
exponent 24 are given below:

9. (C53 x C3) x Dyg 16. C3 x (Cy - Sy)
10. (03 X Cg) x QD¢ 17. (C3 X SL(2,3)) x Cy
1. (C3 x C3) x Q16 23. (C3 x C3) x QD1

4.1 Gg = (C3 X 03) x Dy
The group Gy has the following presentation:
Gy =(z1, 22,23, T4, T5, Tg | 27, [afz,ﬂﬂl]%_l, [$37$1]$4_17 [z4, 21], [z51z1]$5_|7[$67z1]7x%7 [9037172]%_17 [z4, 2],

[157372}1‘671375727 [$67 xZ]x(,_wa_lvxgzzt_lv [274, £B3], [1’571‘3]:25_17 [xﬁ’ 1’3]33(,_17:24217 [CE5, 1’4], [27(,, x‘dv xgv [16»15]:$g>

The sizes, orders and the representatives of the 15 conjugacy classes of G are given below:



166 N. Abhilash, E. Nandakumar*, G. Mittal and R. K. Sharma

Representative e X i) T3 T4 x5 1Ty T1Te I2X5 X425 T5T6
Size 1|12 | 12 | 18 1 4 18 12 12 4 4
Order 1 2 2 4 2 3 8 6 6 6 3

TITrT4 | TIT3IXT5 | TaX3T5 | T4T5T6
18 12 12 4
8 6 6 6

Theorem 4.1. Let Gg be the group defined above and K be the finite field of characteristic p > 3. Then
1) for k even or p* = {1,7} mod 24, U(KyGo) = (K%)* @ (GL2(Kq))® @ (GL4(Kqg))®.
2) forp* = {5,11} mod 24, U(K4Gy) = (K;)* @ GLa(Kq) ® GLy(K,2) @ (GLa(Kg))* @ (GL4(K2))?.
3) for p* = {13, 19} mod 24, U(KqGo) = (K;)* & GLy(Kq) & GL2(K,2) & (GL4(Ky))®.
4) for p* = {17,23} mod 24, U(K4Go) = (K3)* & (GLa2(Kq))* @ (GL4(Kg))* @ (GLa(K,2)).

Proof. The group Gy is finite and so, Artinian. Thus, by Maschke’s theorem, J(K4Gy) = 0. Also, the commutator subgroup
arl

We discuss the Wedderburn decomposition in the following 4 cases.

Case 1: k is even in ¢ = p* or p* = {1,7} mod 24.

In this case, | Sx(vg) |=1,Vg € Go. By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposition of KG9

is given by

G§ = (C3 x C3) x Cy and G? = (C, x C,. Therefore, lemma 2.1 can be applied to compute the Wedderburn decomposition.

11 11
KqGo = (Ko)* @ Mn; (Kg),ni >2 =140 = ni.
i=1 =1
The choices of n;’s can be
(2°,10),(2%,6%),(27,4°,8),(2°,3%,5,8), (2°,4,5%), (2°,3%,4,5%,6), (2*,3%,4,6°), (2*,3°,4°,7),

(2,3%,5,7),(2%,4%),(2%,3°,4°,5),(2,3%,42,5%) and (3°,4%,6).
In the direction of finding n;’s uniquely, we consider the normal subgroup N; = (z4) of Gy. The Wedderburn decomposition
Go ~

of the factor group F} = ¥ = (83 x 93) x Cris K Fy 2 (Kg)* @ M, (Ky) @ My(Kg)* (see [15]). With this information,

we can conclude that the choices of n;’s can either be (23,43) or (22,33,43,5). Suppose, if p = 5, then by proposition 1 of
[4], (22, 33,43, 5) cannot be the choice in the decomposition of K,Gy. Hence
KqGy = (Kq)* @ (Ma(Kq))® @ (Ma(Kq))®.

Case 2: k is odd and p* = {5, 11} mod 24.

In this case, Sk (Vx zy) = {Vayz2 Vayzazs > SK(Vzi26) = {Vzy26> Var2325 )5 SK(Vapas) = {Vapass Yapasas b and
Sk(vg) = {vg}, for the remaining g € Gy. By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposi-
tion is given by

8

5 5 8
KqGo = (Kg)* @D Mn, (Kg) @D Mn; (K,2),mi > 2= 140=> nj +2-Y ni.
i=1 =6 =1 =6

On repeating the same process as in case 1, we get that (2,4*,2,42) is the only possibility for ;. Hence, we have
KqGo 2 (Kq)* © Ma(Kg) ® Ma(Kg2) © (Ma(Kq))* @ (Ma(K2)).

Case 3: k is odd and p* = {13, 19} mod 24.
In this case, Sk (Ve 2,) = {Va 22, Vo 2024 } and Sk (vg) = {74}, for the remaining g € Gg. By lemma 2.1 and proposi-
tions 2.2 and 2.3, the Wedderburn decomposition is given by

9 9
KqGo 2= (Ko)* @) M, (Kg) & M,y (K2),ni > 2= 140 = > nj +2-nj.
i=1 i=1
Next, we consider N, = (xs,z6) < Gg. Accordingly, F» = %‘; = Ds. Using [3], we note that Ky Fp = (]Kq)4 &
M (Kq) & M>(K,2). Hence, we note that

KqGo 2 (Ko)* @ My(Kq) @ Ma(K2) @ (Ma(Kq))®.

Case 4: k is odd and p* = {17, 23} mod 24.
In this case, Sk (Ve z6) = {Voi26) Vo232 b SK (Varws) = {Vaszs, Yaoraszs } and Sk(vg) = {vg}, for the remaining
g € Gy. By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposition is given by

9

7 7 9
KqGo = (Kg)* @D Mn, (Kg) @ Mn; (K2),mi > 2= 140=> nj+2- ni.
=1 =8 1=1 =8

By repeating the procedure as in case 3, we note that
KqGo 2 (Kg)* @ (Ma(Ky))® @ (M4(Kq))* @ (Ma(K2))*.
This completes the proof. O
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4.2 G10 = (C3 X C3) X QD16.

The group G has the following presentation:
—1 —1 —1 —1 —1
Gio :<117127m3vx47x57x6 ‘ m%:[x27x1]x3 ,[x3,x]]z4 ,[ﬂc4,x1},[a¢5,xl]x5 ,[x(,,x]],‘x%le 7[$37x2]x4 :[I47332]»

s, o]z "5 2, [we, malwg 2as !, aday !, (x4, @3], [ws, wslws ' (w6, wslag | a3, s, 24], (w6, 4], 23, [x6, @5], 73)

The sizes, orders and the representatives of the 15 conjugacy classes of G are given below:

Representative | e | x xy | 3 | x4 | x5 T1xy | T1XT6 | Tax5 | T4Ts T5T6
Size 1 12 | 12 | 18 1 4 18 12 12 4 4
Order 1 2 4 4 2 3 8 6 12 6 3

T1TT4 T1x3xs5 TPX3T5 T4T5T6
18 12 12 4
8 6 12 6

Theorem 4.2. Let G be the group defined above and K be the finite field of characteristic p > 3. Then
1) for k even or p* = 1 mod 24, U(K,G10) = (K;)* @ (GL2(Kq))* @ (GL4(Kq))2.
2) for p* = 5 mod 24, U(KqG1o) = (K)* & GLa(Kg) ® GLo(K2) @ (GLa(Kg))* & (GL4a(K 2))%
3) for p* = {7,23} mod 24, U(KqG1o) = (K})* & GLy(Kq) ® GL2(K,2) @ (GL4(Kg))® & GLa(K 2).
4) for p* = {11,19} mod 24, U(KqGo) = (K;)* @ (GLa2(Kq))® @ (GLa(Kg))® & GL4(K 2).
5) for p¥ = 13 mod 24, U(KqG1o) = (K3)* @ GLo(Kq) & GLa(K,2) & (GLa(Kg))®.
6) for p* = 17 mod 24, U(K,G1o) = (K3)* @ (GL2(Kq))® ® (GL4(Kg))* @ (GLa(K 2))2

Proof. The group G is finite and so, Artinian. Thus, by Maschke’s theorem, J(K;G9) = 0. Also, the commutator
subgroup G, = (C3 x C3) x Cy and g}o = () x (. Therefore, lemma 2.1 can be applied to compute the Wedderburn
decomposition. Let us discuss the Wedderburn decomposition in the following 6 cases.

Case 1: k is even or p* = 1 mod 24. The proof follows from case 1 of theorem 4.1.

Case 2: k is odd and pF = 5 mod 24. The proof follows from case 2 of theorem 4.1.

Case 3: k is odd and p* = {7, 23} mod 24.

For p¥ = 7 mod 24, Sk (Yoy2y) = {Vwym2s Yormams b SK(Vapzs) = {Vwpwss Yogwsas} and Sk(vg) = {vg}, for the
remaining g € Gg. Forpk = 23 mod 24, Sk (Yo 2,) = {Va 120> Ye12024 }» SK (Va,26) = { V1265 Vo 2325 } and Sk (vg) =
{74}, for the remaining g € G|o. For both the cases, the Wedderburn decomposition and the choices of n;’s are same as in
case 3 of theorem 4.1. Then, as in case 3 of theorem 4.1, we note that Ky 5 2 (Kq)* @ My(Ky) @ M>(K2). Thus, we
have

KqGio = (Kq)* @ M>(Kq) @ My(Kp) @ (My(Kq))® @ My(Kg2).

Case 4: k is odd and p* = {11, 19} mod 24.

For p* = 11 mod 24, Sk (Yay26) = {Va 26 Vo232 } and Sk (vg) = {7¢}, for the remaining g € G1o. For p* = 19 mod
24, Sk (Yeazs) = {Varzs> Vayasas b and Sk (vg) = {vg}, for the remaining g € Go. For both the cases, similar to case 3,
we can see that the Wedderburn decomposition is given by K¢ F = (Kq)* @ (M) (Kq))?

KqGio & (Kq)* @ (M2(Kq))* @ (Ma(Kq))® @ My(K2).

Case 5: k is odd and p* = 5 mod 24. The proof follows from case 3 of theorem 4.1.
Case 6: k is odd and p* = 5 mod 24. The proof follows from case 4 of theorem 4.1. This completes the proof. O

43 G, = (C3 X C3) X Qlé-

The group G has the following presentation:
-1 -1 -1 -1 -1 -1
Gu :<I1,12,Z3,$4,$5,$(, ‘ (E%$4 ,[$2,$1]$3 ,[$3,$1]$4 ,[%4,$1],[15,$1}1’5 ’[267‘%1]7:’3%1’4 ,[(E3,(Ez]$4 7[1'4»"[2]7

[5, 2]y 252, (e, walag 2as ' aday ! [wa, @3, (w5, 2s)as ! [we, wslag ' @, [ws, w4, w6, 2a], 22, [, 5], 23)

The sizes, orders and the representatives of the 15 conjugacy classes of G are given below:

Representative e x| T2 x3 Ty x5 1T xT1Zg T2Ts5 45 T5T6
Size 1 12 12 18 1 4 18 12 12 4 4
Order 1 4 4 4 2 3 8 12 12 6 3

T1TRT4 T1x3xs5 TPX3T5 T4T5%6
18 12 12 4
8 12 12 6

Theorem 4.3. Let GG be the group defined above and K be the finite field of characteristic p > 3. Then
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1) for keven or p* = {1,23} mod 24, U(K;G 1) = (K;)* @ (GLa(Kq))® @ (GL4(Ky))B.

2) for p* = {5,19} mod 24, U(KqG 1) = (K;)* @ GLy(Kq) ® GLo(K,2) & (GLa(Kg))* @ (GLa(K ).
3) for p* = {7,17} mod 24, U(KyG11) = (K})* & (GL2(Kyg))® @ (GLa(Kg))* & (GLa(K )

4) for pb = {11,13} mod 24, U(KqG11) = (Kj)* ® GLa(Kq) ® GLa(K2) ® (GL4(Kq))®.

Proof. The proof can be done on the similar lines of theorem 4.1. O

4.4 G16 = C3 X (Cz . 54)
The group G has the following presentation:
Gi6 =(21, %2, T3, T4, T5, T6 | m%az(’_l, [:rz,xl]xz_l, [$3,£B1]CI¢3_1, [m,:p]]zb_':vs_lm;l, [15,ml}x5_12;',[x6,:v1],
x%, [x3, z2], [14,x2]x;1x;1, [ms,xz]xglx;l, [x6, x2], :L‘g, (x4, z3], [T5, 23], [T6, 23], xﬁxgl,
[ac5,:v4]a:6_l, (@6, 4], x%a:gl, (@6, 5], x%)

The sizes, orders and the representatives of the 15 conjugacy classes of G4 are given below:

Representative e x| T2 x3 T4 X6 1T T3 TT5 T34 T3Tg
Size 1 36 8 2 6 1 18 8 8 12 2
Order 1 4 3 3 4 2 8 3 6 12 6
T1TyT4 x%x_z TrT3IT5 I%I3CE4
18 8 8 8
8 3 6 6

Theorem 4.4. Let G be the group defined above and K be the finite field of characteristic p > 3. Then

1) for k even or p* = {1,7,17,23} mod 24, U(K4G16) = (K3)? ® (GLa2(Kq))® ® (GL3(Kq))* @ (GL4(Kq))* @
GL6(Kq).

2) forp* = {5,11,13,19} mod 24,U(KqG16) = (K})* ® (GLa2(Kq))* ® GLy (K 2) B (G L3(Kq))? © (G Ls(Kq))* @
GLg(Ky).

Proof. The group G| is finite and so, Artinian. Thus, by Maschke’s theorem, J(K,G1¢) = 0. Also, the commutator

subgroup G = C3 x SL(2,3) and

position. Let us discuss the decomposition in the following 2 cases.

Case 1: k is even in ¢ = p* or p* = {1,7,17,23} mod 24.

In this case, | Sk(vg) |= 1,Vg € Gi6. By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposition of
KqG6 is given by,

g}"’ 2 (0. Therefore, lemma 2.1 can be applied to compute the Wedderburn decom-

13 13
KqGie = (Kg)* @D Mn; (Kg),mi > 2 = 142 =) "nj.
1=1 =1

The choices of n;’s can be
(2"1,7%),(2%,3,5,6%), (2°,42,5,7), (27,4%,5%), (2%, 3%,8), (2°,3%,4,5%), (25,32,4%  6),

(2°,3%,4,5,6),(2°,3°,7), (22,3%,4%) and (2,3°, 4%, 5).
In the direction of finding n;’s uniquely, we consider the normal subgroup N = C3 of G¢. The Wedderburn decomposition
of the factor group F' = % >0y SyisKgF = (Kg)? @ Ma(Kq)3 @ M;3(Kq)? © My(Kq) (see [15, theorem 3.1]). With

this information, we can conclude that the choices of n;’s can be (26,334, 5%), (25,32, 4% 6) or (25,3,4,5,6). Suppose,
if p = 5, then by proposition 1 of [4], (26, 32,44 6) is the only choice for the decomposition of K G 6. Therefore, we have

KqGis = (Kq)* @ (M2(Kq))® @ (M3(Ky))* @ (Ma(Kq))* © Mo(Ky).

Case 2: k is odd and p* = {5,11,13,19} mod 24.
In this case, Sk(Va,2,) = {Va24) Vo e, b and Sx(vg) = {7g}, for the remaining g € Gj6. By lemma 2.1 and
propositions 2.2 and 2.3, the Wedderburn decomposition is given by

11 11
KqGis =2 (Kg)> @D M, (Kg) @ My, (Kp2),ni > 2= 142=> " nj +2-nj,.

i=1 i=1
On repeating the same process as in case 1, we get that (20,32, 4%, 6) is the only possibility for n;’s. Hence, we get
KqGis = (Kq)* @ (M2(Kq))* © Ma(Kp2) @ (M3(Kg))? ® (Ma(Kqg))* @ Mo(Ky)-

This completes the proof. O
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4.5 G17 = (C3 X SL(Z, 3)) X Cz.

The group G17 has the following presentation:

1

Gy =(@1, 22,03, 24, 75,36 | 21, [22, 21]25 ', [w3, m1]ay ' [, 2]y o ) (s, @2 ) (e, @], 23,

—1_—1 —1,_—1 3 2 —1 —1
bl p
[x3, 2], [z4, 2] "2, (@5, Ty ), [T6, T2, @3, (4, 3], [25, 3], (26, 3], Y6, [5, TalTg s
(w6, 74, 2325 ', [w6, 75], 73
The sizes, orders and the representatives of the 15 conjugacy classes of G}7 are given below:

Representative e x| T2 x3 Ty X6 XT1T4 T3 TT5 T34 T3Tg
Size 1 36 8 2 6 1 18 8 8 12 2
Order 1 2 3 3 4 2 8 3 6 12 6
T1T2T4 JJ%Z‘3 TaT3IT5 a:%x;;m
18 8 8 8
8 3 6 6

Theorem 4.5. Let Gi17 be the group defined above and K be the finite field of characteristic p > 3. Then
1) for kevenor p*¥ = {1,11,17,19} mod 24, U(K,G17) = (K})? @ (GL2(Kq))® @ (GL3(Kq))? @ (GL4(Kg))* @

GLs(Ky).
2) forp® ={5,7,13,23} mod 24, U(KyG17) = (K3)* & (GL2(Kq))* @ GLa(K 2) © (GL3(Kg))? & (GL4(Kg))* &
GLs(Ky).
Proof. The proof is similar to that of theorem 4.4. O

4.6 Gy = (C3 X Cg) X QDlé.
The group G»3 has the following presentation:
Gos =(a1, 22, 3, T4, 5, 76 | 212y ', [0, 1]y "2y ! s, 21, [2a, 2], (25, 21 )ag oy 2, [we, 2]y 'ag ! 23,

[903,962]3?4717 [z4, 2], [$57$2]$527 [x67$2]x517$§$217 [z4, x3], [w57x3]xg2, [-1’67-1’3}396711’5727'731217 [$57$4]$;17

-1 .3 3
[$G,$4]IE6 ,275,[$6,$5],l'6>
The sizes, orders and the representatives of the 9 conjugacy classes of G,3 are given below:

Representative | e | x Xy | 3 | x4 | TS5 | 1T | TIXY | THXS
Size 1 18 | 12 | 18 9 8 36 18 24
Order 1 8 2 4 2 3 4 8 6

Theorem 4.6. Let G»3 be the group defined above and K be the finite field of characteristic p > 3. Then
1) for k even or p* = {1, 11,17, 19} mod 24, U(K,Ga3) = (K3)* @ (GL2(Ky))® @ (GLs(Kq))?.
2) for p* = {5,7,13,23} mod 24, U(KqGa3) = (K )* & GLa(Kg) & GLa (K 2) & (GLg(Ky))

Proof. The group Gos is finite and so, Artinian. Thus, by Maschke’s theorem, J(K;G23) = 0. Also, the commutator

subgroup G4, = (C3 x C3) x Cy and g? =
23

decomposition. Let us discuss the Wedderburn decomposition in the following 2 cases.

Case 1: kis even in ¢ = p* or p* = {1, 11,17, 19} mod 24.

In this case, | Sk(vg) |= 1,Vg € Gz3. By lemma 2.1 and propositions 2.2 and 2.3, the Wedderburn decomposition of

KqGhs is given by

C, x C,. Therefore, lemma 2.1 can be applied to compute the Wedderburn

5 5
KqGaz = (Kq)4@M"i (Kq),ni 22 = 140 = an
i=1 i=1
The choices of n;’s can be
(2%,8%),(2%,4%,10), (3°,7,8), (3%, 4,5,9), (4?,6”) and (4,5%,7).
In the direction of finding n;’s uniquely, we consider the normal subgroup N = (x5, z6) of Ga3. Using [3], the Wedderburn
decomposition of the group F' = % =~ QD¢ is given by Ko F = (Kq)* @ (M(K4))?. With this information, we can
conclude that the only choice for the decomposition of KqGa;3 is (23, 82). Therefore, we get
KqG = (Ko)* @ (Ma(Kq))® @ (Ms(Kq))™.
Case 2: k is odd and p* = {5,11, 13,19} mod 24.
In this case, Sk (vz,) = {Vz,> Va2, } and Sk (vg) = {7g}, for the remaining g € G»3. By lemma 2.1 and propositions 2.2
and 2.3, the Wedderburn decomposition is given by
3 3
KqGas 2 (Ko)* €D M, (Kg) & M, (Kp2),ni >2=>140=> ni+2-nj.
i=1 i=1
Therefore, we repeat the same process as in case 1 to get that (2, 82,2) is the only possibility for n;’s. Therefore, we get
KqGr = (Ko)* @ Ma(Kq) © Ma(K2) @ (Ms(Kq))-
This completes the proof. O
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5 Conclusion remarks

We have characterized the unit groups of the semisimple group algebras of non-metabelian groups of order 144 that have
exponent either 12 or 24. In all, we have considered 11 group algebras in this paper. With this paper, the study of the unit
groups of semisimple group algebras of groups up to order 144 is completed. This paper further motivates the researchers to
compute the unit groups of the semisimple group algebras of non-metabelian groups of order greater than 144.
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