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Abstract In this paper, we study positive solutions of a Steklov problem driven by the (p, 2)-
Laplacian operator by using variational method. A sufficient condition of the existence of pos-
itive solutions is characterized by the eigenvalues of linear and another nonlinear eigenvalue
problems.

1 Introduction

Let Q@ C RY (N > 2) be a bounded domain with a C?-boundary 9Q. In this paper, we study the
following nonlinear Steklov problem:

(8,2)4 ~ pU—Au+ |ulP2u+u = 0 in Q,
P Vel Ve s Va) = few) onoQ

Here for any p > 2 by A, we denote the p-Laplacian differential operator defined by
Apu = div(|Vu[P7>Vu)  forall ue W'P(Q).

When p = 2, we write Ay = A (the standard Laplace differential operator). v is the outward unit
normal vector on €, (., .) is the scalar product of RY, while the reaction term f : 9Q x R — R
is a Carathéodory function.

In problem (.S, »), the differential operator u — —A,u — Au is non-homogeneous. We men-
tion that equations involving the sum of a p-Laplacian and a Laplacian (also known as (p,2)-
equations) arise in mathematical physics, see, for example, the works of Benci et al. [3](quantum
physics), Cherfils and I’yasov [10](plasma physics) and Zhikov [20](homogenization of com-
posites consisting of two different materials with distinct hardening exponents, double phase
problems).

In [14], the authors studied the problem (.S, >) with the Dirichlet boundary condition, they
impose certain conditions on the reaction term f(z,u) to make equation resonant at +oo and
zero. Using variational methods and critical groups, they obtain existence and multiplicity re-
sults. In [12], the authors consider the case with a reaction term f(x, ) which is superlinear
in the positive direction (without satisfying the Ambrosetti-Rabinowitz condition) and sublin-
ear resonant in the negative direction. They apply Morse’s theory and variational methods to
establish the existence of at least three non-trivial smooth solutions.

A more general problem with a (p, ¢)-Laplacian equation under a Steklov boundary condition
(1 < g <p < o00),was studied in [5, 6, 7, 8, 9, 17, 18]. Elliptic equations involving differential
operators of the form

Au = div(D(u)Vu) = Apu + Agu,

where D(u) = (|Vu[P~2 + |Vu|972), usually called (p, ¢)-Laplacian, occurs in many impor-
tant concrete situations. For instance, this happens when one seeks stationary solutions to the
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reaction-diffusion system.
up = Au+ c(z,u). (1.1)

This system has a wide range of applications in physics and related sciences like chemical re-
action design [2], biophysics [11], and plasma physics [16]. In such applications, the function
u describes a concentration, the first term on the right-hand side of (1.1) corresponds to the dif-
fusion with a diffusion coefficient D(u), whereas the second one is the reaction and relates to
source and loss processes. Typically, in chemical and biological applications, the reaction term
¢(x,u) has a polynomial form with respect to the concentration. For some related study see
[4, 15].

The energy functional p € C'(W!?(Q),R) stemming from the problem (S, ) is defined by

1 1
o(u) = f/(|wp+ lufP)dar + f/(|w|2+ \u|2)dx—/ Fa,u)do, ue W' (Q),
b Ja 2 Jo oQ
where F(xz,t) = fot f(z,s)ds forall (z,t) € 0Q x R.
We say that u € W1P(Q) is a weak solution of (S, ,) if
/(|Vu|p_2Vqu + [u|P~2uw)da + / (VuVv 4+ wv)dx — f(z,u)do =0,
Q Q o0

for all v € W'P(Q). Note that the critical points of the functional ¢ correspond exactly to the
weak solutions of (.S, 2).
Throughout this paper, we denote by W' (Q) the usual Sobolev space with the norm ||ul|; , =

1/p
< Jo(IVul? + |u1’)dm) , and by WP(Q)* its dual space, and the duality pairing between

WP(Q) and W!P(Q)* is written as (.,.). It is well known that the embedding W'?(Q) —
L"(99Q) is compact for each r € [1,p*), where p* = co for N < pand p* = (N — 1)p/N —p
for N > p. Hence, for every r € [1, p*), there exists S, > 0 such that

1p- (1.2)

For each ¢ € (p,p*), a vital constant is defined as follows:

- -1 —1)/(g—1
o 1 [q_p}(q p)/(q )[q(p—l)yp )/(a—1)
ople-1 S Sq '

The asymptotic behaviors of f near zero and infinity lead us to define

lull Lra0) < Srllu

py = inf{ / (|Vul? + |u?)dz : u € HI(Q),/ lu>do = 1},
o Y
(1.3)
Al = inf{/(|Vup +uP)dz :u € Wl’p(.Q),/ |ulPde = 1}.
Q 0

Now, we give our hypothesis on the reaction term f(x,u) :
H(f) f:0Q x R — Ris a Carathéodory function with f(x,¢) > 0 for any z € 9, ¢t > 0.
H(f)> There exist ¢ € (p,p*) and C € (0, C,) such that for all z € 9Q,¢ € R,

|f(z, )| < C(1+ [t]971).
H(f)3 There exist fo > 1, foo > A1, such that the limits

fim 14 _ fo,  lim f.t) _ Foo (1.4)

t
t—0t t t—oo tp—1

exist uniformly for x € 0S.

Remark 1.1. Since we are looking for positive solutions and the above hypotheses concern the
positive semiaxis R, = [0, +00), without any loss of generality we assume that

f(xz,t) =0 forae. x € 0Q,forall ¢t <O0.
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Our main result is the following theorem.

Theorem 1.2. Suppose that f satisfies H(f)-H(f)s. Then, (S,,2) yields at least two positive
solutions.

In [7], the authors show that if f satisfies H(f); and H(f)s with fo < p1, foo > A1, then
the problem (.S, ) has a positive solution. In this article, Theorem 1.2 is a supplement of the
above result. In the process of this work, we require the introduction of the concept of the Fucik
spectrum X, of the p-Laplacian operator with the Steklov boundary condition. Specifically,
¥, =X,(m,n) is a set that consists of those («, 3) € R? such that

Apu = |ulP~u in Q,
[VulP=28% = am(z)(u")P~! — Bn(z)(u™)P~!  on0Q,
has a nontrivial solution, where u™ = max{u,0} and v~ = max{—wu, 0}, it is shown in [1] that

in particular if m and n both change sign in 9€, then each of the four quadrants in the («, 3)
plane contains a first (nontrivial) curve of X,,.

Remark 1.3. For each fy > p1, foo > A1 and g € (p, p*), we consider the following functions:

0, t € (—o0,0],

tfo, t € (0,46],

(1) = fo y (0,0]
Ci + Gyt te (5, R],

foot?P™ 1, t € (R, o0,

where § € (0,1) and R € (1, 00). Moreover, C} = (fod RI~!— foo 6P~ RP~1) /(RI~! —§9!) and
Cr = (fuRP™1 — fo6/(RI~! — §271). One can select sufficiently small 6 and sufficiently large
R such that fy0 < Cy, foo < CqR?7P, and Cy,C, > 0. Considering C = max{ fod, foc RP "9} in
the condition H(f),, we observe that these function f satisfy the hypotheses H(f)1-H(f)3.

2 Preliminaries

Let X be a Banach space and X* its topological dual while (., .) denotes the duality brackets on
the pair (X, X*).

Definition 2.1. The functional ¢ € C'!(X) fulfills the Palais-Smale condition (the PS-condition
for short) if the following holds:

Every sequence {u,} C X such that {¢(u,)} is bounded and ¢ (u,) — 0in X* as n — oo,
admits a strongly convergent subsequence.

This compactness-type condition on ¢ leads to a deformation theorem which is the main
ingredient in the minimax theory of the critical values of ¢. A basic result in that theory is the
so-called mountain pass theorem.

First, we demonstrate that the functional ¢ satisfies the Palais-Smale condition under the
conditions H(f);-H(f)3;. Thus, we only need to prove Lemmas 2.2 and 2.3.

Lemma 2.2. If H(f);-H(f)3 hold. {u,} ¢ W"?(Q) is bounded, and ¢ (u,,) — 0, as n —
oo, then {uy,} admits a convergent subsequence.

Proof. Assume that {u,, } is bounded, ¢ (u,) — 0 in W'?(Q)*, as n — oc. By extracting a
subsequence, we may suppose that there exists {u,,} C W!?(Q) such that, as n — oo

u, —u in WHP(Q),  w, — u in L*(0Q), sc[l,p"). 2.1)
It follows from H(f)1-H(f)3 that there exists C; > 0, such that

|f (2, )] < C(1+ [tP7h), (z,t) € 0Q x R. (2.2)
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Hence, by Holder’s inequality and Sobolev’s embedding theorem, we have

f(z,up)(uy —u)do

SCI(/ |un||un—u|d0—|—/ |un|p_1|un—n\da)
oQ 2Q

‘89

1 i p=t 1
< C (/ |u”|2da> </ |un — u2da> + C) </ unpda> </ [ty — u|pd0)
a0 a0 %o} o0

SC'2</ |un—u2d0> +C3</ un—u|pdo> — 0, as n — oo.
oQ oQ

Similarly, we have

(2.3)

f(z,u)(uy — u)do

‘ — 0, as n— oc. 2.4)
oQ

Noting that

’

< gol(un) —p (u),up —u >=< cp/(un),un —u>—-< gol(u),un —u >

= / Vu, V(u, —u)dz —l—/ Up,(Up, — u)dx —l—/ |V, [P 2V, V (U, — u)da +/ [t [P~ (1, — u)da
Q Q Q Q
- f(z,un)(up — w)do — /

Vu.V(u, —u)dr — / u.(uy, — u)dr — / \Vu|p72Vu.V(un — u)dx
Q Q Q

Ye)
- / JulP~2 (u,, — u)dz + f(z,u)(uy — u)do
Q a0
= /Q (IV (un = w)? + |(un — w)?)do + /Q (IVun P2V, — [VulP2Vu).V (4, — u)dz
+/ (|un|1’—2 _ ‘u|p—2) (up, — u)dx — Fz,upn)(uy — u)do + [z, w)(u, —u)do
Q

0 0
(2.5)

and the inequality deduced from an inequality in Appendix of [13]
/ (IVun [P 2V, — [VulP~2Vu).V (u, — u)dz > 217 — / |V (wy — ) (2.6)
Q
it follows from (2.3) and (2.4) that

2p (=1 _ 1) /\V —u)|P < ( /|V n—u)|P + 8Qf(;p ) (U, — u)do

— f(z, upn)(uy — u)do — oo, 2.7
20

where we have used the fact that
<<p(un)— ( )y up —u>—0, as n — oo. (2.8)

Hence u,, — uin W1P(Q). The proof is completed. o
Lemma 2.3. If H(f)1-H(f)3 hold, then each Palais-Smale sequence of ¢ is bounded.
Proof. Let {u,} C Wl’p(Q) be a Palais-Smale sequence of ¢, i.e., there exists M > 0 such that
lo(un)| < M foralln € N:={1,2,..} and ¢ (u,) — 0, as n — co.

First, we consider the following problem:

—Apu—Au+ |uPPu+u =0 inQ,
<|VulP2Vu+Vu,v > = fool(u")P" ! +g(z,u) ondQ,
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where g(z,t) = f(z,t)—foo (t7)P~ ! forall (z,t) € 0QxR. The operators A, L, K: W'P(Q) —
WP (Q)* are defined by

(Au, v) :/ |Vu|p_2Vu.Vvdm+/ \u|p_2uvd:r—/ foo(u+)p_1d0',
Q Q 0

<Lu,v>:/Vu.Vvalx—}—/uvalglc7
Q Q

(Ku,v) = / g(z,u)vdo,
00
u,v € WHP(Q). For any given £ > 0, there exists C. > 0 such that
[Kull. < eSEllullP~" + C.S1,  ue WHP(Q). (2.9)
Indeed, because H(f)1-H(f)3 hold, for any given ¢ > 0, there exists C. > 0 such that
lg(z,t)] < e|t|P~' +C.y  (x,t) € OQ x R, (2.10)

Using Holder’s inequality and (1.3), we obtain that

(Ku,v)] < / g ) [o]do,
oQ

§e/ |u|p_l\v\da+05/ lo|do
oQ oQ

-1
< ellullfyog)llvllzeoe) + CellvllLioq)

-1
<eSpllully, — CeSillullip, uv e whr(Q).
Therefore, (2.9) holds. It follows from Holder’s inequality that
| Lull, < QPP |ully,, ue WP (Q). (2.11)
Next, we claim that there exists Cy > 0 such that

-1
[Aull > Col[lullf,s  u e WHP(Q). (2.12)
Assume for a contradiction that there exists a sequence {v,} € W'P(Q) with |Jv]|; , = 1 such
that || Av, || < L, ie.,

— n?

1
< ﬁ||w|\17p, we WhP(Q),n € N.

(2.13)
Because {v,,} is bounded in W!P(Q), we may assume by passing to a subsequence if necessary,
which is still denoted by {v,,}, thatv,, — vin WHP(Q), v,, — vin LP(Q) and LP(0Q). Choosing
w = v, — v in 2.13 and passing to the limit we obtain

‘/ Vo2V Vuds [ o, 20, Vude— [ fufe) wdo
° Q Fre)

lim </ Vv, |P~2V, - V (v, —v)dz + / [0n [P~ 20y, (v, — v)dz) =0.

Using Holder’s inequality, we get

/ [0n [P~ 20y, (v, — v)dz S/ [0 [P~ |0, — vl|da
o) o

p=1 1
< (/ vn|p_1> (/ |vn —v|p> dx
Q Q

—1
< ||Un||1£p(g)HUn - UHLP(Q)
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and as v,, converges to v in LP(Q), it follows

/ |Un|P 20 (v, — v)dz — 0
Q
and consequently,

n—oo

lim </ |V, [PV, - V(v —v)dx = 0.
o

Thus, v, — v in W'P(Q), and ||v||1»(q) = 1 by the S property of —A,. Passing to the limit
again in (2.13), we have that v is a nontrivial solution of the following problem:

(S,) —Apu+ [ulP?u = 0 in Q,
b (IVulP=2Vu,v) = folum)P~!  onoQ.

Therefore, we obtain that (fs,0) € >° . Since foo # Aj and 0 # A; on has foo > A and
0 > A;. This is a contradiction. Thus, from the inequalities (2.11), (2.9), and (2.12), we obtain
for all n that

Collun [P~ < N[ Aun |l < 10" (wn) || L |+ K | < 0(1) 4|72 || +£S8 || [P~ +Ce St
Selecting sufficiently small ¢, we obtain the boundedness of {u,,}. |
Next, we prove that the functional ¢ satisfies mountain pass geometry.
Lemma 2.4. Assuming that f satisfies H(f)1-H(f)3, there exist p > 0 and o > 0 such that
(i) o(u) > aforall u € WHP(Q) with ||ully,, = p;
(ii) There exists e € W'P(Q) such that |le||1 , > p. and p(e) < 0.
Proof. (i) For all u € W?(Q), considering H(f), and (1.3), we deduce that

q

|U||Lq(3g)

||UHf,p - C||“||Ll(aQ) - g|

RSl

o(u) >

—_—

C
> —|lullf ), = CSillullpy — ESQ’HUII'{,(]

3

1 1 —1
=Lz, [unfr,p o bt }

where a = pC'S) and b = %Sg. We define a function b : Ry — R by h(t) = tP~! — a — bta~!
for all £ € R,. Then we have that

max h(t) = h(to) = (¢ — p)bi=r

—a,
teR,

(p—1)P~! 1/(a—p)
{(q - l)ql}

where to = [b(g—1)/(p—1)]~"/(@=P) > 0. This implies that h(ty) > 0 if and only if a4~ PbP~! <
(¢ —p)TP(p—1)P"1/(g— 1)1, ie.,, C < C,. Considering p = ty, we obtain that p(u) >
p~ph(p) :=a > 0forall u € W'P(Q) and ||ull;, = p.

(ii) Tt follows from (f);-(f)3, and fo > A; that for any given e € (0, foo — A1), there exists
C. > 0 such that

f(@,t) > (foo —e)tP' = O, (z,t) € 0Q x R,

which implies that
Flat) > S(fu— el — Cut,  (2,1) € QxR
p

Hence, for all t € R, and v; a positive eigenfunction corresponding to A;, we have that

2

t tP 1
p(tdr) < 5 Q(\Wl ?+ [ P)dz + ;HU’I 1y = = (foo =) + Cet][¥n [l 1100

pA
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2

t

<5 (IWI2 + |1 [P)da — F(foc — A1 = e)t? + Cet|[¥n | L1 oa)
which demonstrates that ¢(#1);) — —oo as t — oo. Thus, we can select sufficiently large ¢; > 0
and e = t1¢; such that |le]|; , > p and ¢(e) < 0. o

3 Proof of the main result
In this section, we are now ready to prove our main Theorem 1.2.

Proof. According to H(f)1-H(f)3, we obtain for any given ¢ € (0, fo — u1) that there exists
C. > 0 such that

flz,t) > (fo—e)t — CotP 1, (z,t) € 0Q x R,

Subsequently, we have that
(fo —e)t? — C.t?, (z,t) € 0Q x R.

Thus, it follows that

2
plto) < 5 (Vo +10P)da+ Shonll, = 50— [ _jonfao+ == [ s

t2

= _ _ 2 2 tp %
= (fo—m E)/Q(|V¢1| + [¢1|7)dx + »

||¢1Hip(ag) < 07

for sufficiently small ¢ > 0. By Lemma 2.4, there exist p,a > 0 such that p(u) > « for
all w € W'P(Q) with |lull;, = p. Hence, we have m = inf{p(u) : u € B,} < 0 where
B, ={ue W' ?(Q): |lull1, < p}. Thus, there exists a minimizing sequence {u,,} such that

o(un) = m, ¢ (up) =0

by Ekeland’s variational principle. It follows from Lemma 2.2 and Lemma 2.3 that ¢ satisfies the
Palais-Smale condition. Thus, there exists u; € B, such that ¢(u;) = m < 0 and ¢'(u;) = 0,
which yields that u is a nontrivial critical point of ¢. Furthermore, by applying the mountain
pass theorem [19] for
= inf ma t
¢ = inf max e(1(t))
and
= {yecC(0,1],Wh(Q) : v(0) = 0,7(1) = e},

there exists uy € W'P(Q) such that p(uy) = ¢ > 0 and ¢'(uz) = 0, which shows that u; is
another nontrivial critical point of .

Finally, we claim that v and wu; are positive solutions of the problem (Sp, 2). In fact, if uis a
critical point of ¢, then by multiplying (S,,2) by v~ , we obtain |ju~ ||%2 + [lu™|[7, = 0, which
yields v~ = 0 and v > 0. Thus, u; > 0 and u; > 0. Hence, the proof is complete. O
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