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Abstract Let K = Q(«) be a pure number field generated by a root « of a monic irreducible
polynomial 27" — a € Z[z], where p is a rational prime and 7 is a positive integer. Let Zx
be the ring of integers of K. In this paper, we calculate an integral basis of Zx and study the
monogenity of K in some particular cases.

1 Introduction

Let K = Q(«) be a number field generated by a root a of a monic irreducible polynomial
F(z) € Z|z], Zk its ring of integers, A(F') the discriminant of F'(z), and dx the absolute
discriminant of K. It is well known that the ring Z is a free Z-module of rank n = [K : Q],
and so the Abelian group Zy /Z[c] is finite. Its cardinal order is called the index of Z[a| and
denoted (Zg : Z[«]) or ind(). A well known formula linking A(F), dg, and ind(«) says that
for every rational prime p, v,(A(F)) = vp(dk ) +2vp(ind(e)). f Zx = w\Z+wrZ+ - - - +w, Z
for some (wy,wy,...,w,) € Z%, then {wi,ws,...,w,} is said to be an integral basis of Zx.
If Zs has an integral basis of the form (1,6,...,0"~") for some § € Z, then Z is said to
have a power integral basis and the field K is said to be monogenic. Otherwise, the field K
is said to be not monogenic. In 1871, Dedekind was the first who gave an example of a non-
monogenic number field ([6, § 5, page 30]). He considered the cubic field K generated by a
root of 2> — 22 — 22 — 8 and showed that the rational prime 2 splits completely in K. So, if
we suppose that K is monogenic, then we would be able to find a cubic polynomial generating
K, that splits completely into distinct polynomials of degree 1 in F,[z]. Since there are only
two distinct polynomials of degree 1 in IF,[z], this is impossible. Based on these ideas and using
Kronecker’s theory of algebraic number fields, Hensel gave necessary and sufficient condition on
the so-called "index divisors of K" for any rational prime p to be a prime common index divisor
[17]. The problem of determining an integral basis of Zy and studying the monogenity of a
number field K has been studied by several authors. Namely, Westlund calculated an integral
basis of pure prime number fields of degree p (see [28]). In [9], Funakura, calculated integral
bases and studied the monogenity of pure quartic number fields. In [14], Hameed and Nakahara
showed that if m = 2,3 (mod 4), then the octic number field generated by ms is monogenic.
Also, in [15], Hameed et al. proved that if m = 1 (mod 4), then the octic number field generated
by ms is not monogenic. In [10], by applying the explicit form of the index, Gadl and Remete
obtained new results on monogenity of the number fields generated by mi, where 3 < n < 9.
In [16], Hameed et al. studied the monogenity of pure number fields of degree 2". In [18],
Jakhar reshowed Westlund’s results. In [19], Jakhar et al. gave an integral bases of pure number
fields in some particular cases. In [3], Ben Yakkou and El Fadil studied the monogenity of pure
number fields of degree p” with the square-free parameter. In [4] Ben Yakou and Kchit showed



Integral bases and monogenity of number fields 19

that if m # 41 (mod 9), then the number fields defined by 23" — m are monogenic, but these
fields are not monogenic if » > 3 and m = +1 (mod 81). In [7], El Fadil and Gadl gave integral
bases and studied the monogenity of pure octic number fields. In [26], under the regularity of
polynomials, Remete gave explicitly an integral basis of the field Q( {/m), where m # +1 is
square-free and n > 2. In [20], we studied the monogenity of pure number fields defined by
xP" — a in some particular cases. The main goal of this paper is to calculate an integral basis of
any pure number field generated by a root a of a monic irreducible polynomial F(z) = z" — a,
with p a rational prime, r a positive integer and a € Z, and to study the monogenity of these
number fields in some particular cases. In particular, our results generalize the previously given
in[3,4,7,9, 14, 15, 18, 19, 28].

2 Main results

Let K = Q(«) be a pure number field generated by a root « of a monic irreducible polynomial
F(x) = 2P — a € Z[z], with p a fixed rational prime and r a positive integer. It is well known
that up to replace a by ;%, and so a by (;%, where s is the quotient of the Euclidean algorithm
of v4(a) by p”, we can assume that v,(a) < p” for every rational prime ¢. In such a way,
without loss of generality, we can assume that a = H;’:II ag, with ay, ..., a,r_ are square-free

p"—1 a[’ﬁj

=1 aj fori =

pairwise coprime integers. Let Z x be the ring of integers of K and C; = []
1,...,p" — 1.

In Theorems 2.1 and 2.2, we give an integral basis of any number field defined by F(z) =
2?" — a € Z[z], and their proofs are slightly simpler than the proofs given by Jakhar et al. ([19]).

Theorem 2.1. B; = (1, «Q, g—z, cee %) is a Z-integral basis of Zy if and only if p divides a

and p does not divide v,(a) or p does not divide a and v,(a?~! — 1) = 1.

Theorem 2.2. If p does not divide a and 1/,,((11”1 —1) > 2, then

Qi(a) .
B=|1,—————,1<i<p" —1
2 <’pL%JC’pr_i <t1<p >

is a Z-basis of L, where for every 0 < i < p", q;(z) is the quotient upon to the Euclidean
division of F(z) by ¢(z)" = (x — a)" and
(i) if vy(aP~' — 1) =v > r +2, then
il =r—ti— 1,
(ii) ifup(apT —a)=v<r+1, then

lyi] =

r—ti—1 if i>prvtL

{’U—l U('Z-Spr—v+17

Where t; € {0,...,7 — 1} is the smallest positive integer such that i — pt*T! < 0 for every
1=0,...,p".

The following corollary characterizes when does Z i = Z[«]; that is when Z is generated by
o and K is monogenic, unlike Gassert’s results [11, Theorem 1.1], which give just one meaning
and requires more details to reach our result.

Corollary 2.3. Zx = Z[c] if and only if a is a square-free integer and v,(a? — a) = 1.

The following theorem generalizes the result given in [3, Theorem 2.2], where a is a square-
free rational integer was previously considered.

Theorem 2.4. If p does not divide a and one of the following conditions holds:
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(i) p#2,r>pandvy(a? —a) > p+1,
(i) p=2,r=2and v,(a — 1) > 4,
(iii) p=2,r >3 and v1(a — 1) > 5,

then K is not monogenic.

3 Preliminaries

Newton polygon techniques is a standard method which is rather technical but very efficient to
apply. We briefly describe the use of these techniques, which makes our proofs understandable.
For more details, we refer to [8] and [12].

Let K = Q(«) be a number field generated by a root a of a monic irreducible polynomial
F(x) € Z[x]. We shall use Dedekind’s theorem [24, Chapter I, Proposition 8.3] relating the
prime ideal factorization of pZk and the factorization of F'(x) modulo p (for rational primes p
not dividing (Z : Z[a])). Also, we shall need Dedekind’s criterion [5, Theorem 6.1.4] on the
divisibility of (Zk : Z[«]) by rational primes.

For any rational prime p, let v, be the p-adic valuation of Q, Q, its p-adic completion, and Z,
the ring of p-adic integers. We keep the same notation for the Gauss’s extension of v, to Q,(z),
which is defined on Q,[z] by v,(>°1a;z) = min{v,(a;)},a; € Q,. Also, for nonzero
polynomials, P,Q € Q,[z], we extend this valuation to v,(P/Q) = v,(P) — 1,(Q). Let ¢ €
Zyp|z] be a monic lift to an irreducible factor of F'(zz) modulo p. Upon to the Euclidean division
by successive powers of ¢, there is a unique ¢-expansion of F(z); that is F(z) = ap(z) +
ar(z)p(z)+- - -+a;(x)p(x)!, where a;(z) € Zy[z] and deg(a;) < deg(¢). Foreveryi=0,...,1,
let u; = v,(a;(x)). The ¢-Newton polygon of F(z) with respect to p, is the lower boundary
convex envelope of the set of points { (%, u;), a;(x) # 0} in the Euclidean plane, which we denote
by N, (F). Itis the process of joining the obtained edges S|, . . . , S; ordered by increasing slopes,
which can be expressed as Ny (F') = S; +---+.S;. For every side S; of N, (F), its length I(S;) is
the length of its projection to the z-axis and its height h(S;) is the length of its projection to the
y-axis. We call d(S;) =ged(1(S;), h(S;)) the degree of S;. The polygon determined by the sides
of the ¢-Newton polygon with negative slopes is called the principal ¢-Newton polygon of F(x),
and it is denoted by N (F). As defined in [8, Def. 1.3], the ¢-index of F'(z), denoted indy(F),
is deg(¢) multiplied by the number of points with natural integer coordinates that lie below or
on the polygon NJ(F), strictly above the horizontal axis, and strictly beyond the vertical axis.

Let IF, be the field ) [z]/(¢), then to every side S of N (F), with initial point (s, u,), and every
i=0,...,1=1(9), let the residue coefficient ¢; € I, be defined as

0, if (s + 14, us44) lies strictly above S,

c;i = <as+z(x)> mod(p, gb(m)), if (s + 1, usH) lies on S.
pus\z

where (p, ¢(x)) is the maximal ideal of Z,[z] generated by p and ¢. Let A = —h/e be the slope
of S, where h and e are two positive coprime integers and [ = [(S). Then d = I/e is the degree
of S. Since the points with integer coordinates lying on S are exactly (s, us), (s+e,us—h), ...,
(s+de,us—dh). Thus if i is not a multiple of e, then (s+4, us;) does not lie on S, and so ¢; = 0.
Let R\(F)(y) = tay®+ta—1y? '+ -+t1y+to € Fyly], called the residual polynomial of F(z)
associated to the side S, where for every i = 0,...,d, t; = corie- If Rx(F)(y) is square-free
for each side of the polygon N (F), then we say that F'(z) is ¢-regular. Let F(z) = [];_, @li
be the factorization of F'(x) into powers of monic irreducible coprime polynomials over IF,,, we
say that the polynomial F(z) is p-regular if F'(z) is a ¢;-regular polynomial with respect to p for
everyi=1,...,r. Let N(;ri (F) = Si1 + -+ Sir, be the ¢;-principal Newton polygon of F'(z)
with respect to p. Forevery j = 1,..., 7, let Ry, (F)(y) = [[.2, v;;2° (y) be the factorization
of Ry, (F)(y) in Fg,[y]. Then we have the following theorem of index of Ore:

Theorem 3.1. (Theorem of Ore)
Under the above hypothesis, we have the following:
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(i)
((ZK Z > Zmd¢

The equality holds if F(x) is p-regular.
(ii) If F(x) is p-regular, then

r  r; Sij

rx =TT 1T

i=1j=1s=1

is the factorization of pZy into powers of prime ideals of Zy, where e;; is the smallest
positive integer satisfying e;;\i; € Z and the residue degree of p;;s over p is given by
fijs = deg(e;) - deg(vijs) for every (i, 5, s).

Corollary 3.2. Under the hypothesis above (Theorem 3.1), if for every i = 1,...,r,l; =
1or qu (F) = S, has a single side of height 1, then v,((Zk : Z]a])) = 0.

An alternative proof of the index theorem of Ore is proposed in [8]. The main advantage of
that proposed proof is it gives an efficient method to calculate p-integral bases of Z . We recall
here how one can do it. Assume that F(z) = []}_, ab (mod p) for some monic polynomials
¢i € Z[x] of degree m;, whose reductions are irreducible over IF,,. We fix one of these polyno-
mials ¢(z) = ¢;(z).

Let F(z) = ao(z) + a1 (x)d(x) + - - + a;(x)d(x)" be the p-expansion of F(z), ¢;(x) the quo-
tient of the Euclidean division of F(x) by ¢'(z). Then q(z),...,q(x) are obtained along the
computation of the coefficients of the ¢-expansion of F'(z):

F@) = gl +ae),
a@) = H@)n) +al),
a®) = 6(x)-0+ae) = al)

Let 7;(x) be the residue of the Euclidean division of F/(z) by ¢(x)*. Thus, foreveryi =1,...,1,
we have:

F(z) =ri(z) + qi(x)p(x)",
ri(x) = ao(z) + ar(2)(x) + - + a1 (x)d(z) ",
4:(2) = ai(z) + a1 (2)p(x) + - - + ar(z)p(z)' .

Let N;ri (F) =8+ -+ S, with [; = Z(N (F)) For every integer abscissa j = 0, ...,1;,
let y;; € Q be the ordinate of the point N & N & (F) of abscissa j. Then we have the followmg
theorem:

£C

(
)

Theorem 3.3. (/8, Theorem 2.7])
If F(x) is p-regular, then the family
{ql.j(a)ak/pwm’ 1<i<t,1<j<1l;,0<k<m;}isa p-integral basis of L.

In what follows, we obtain

t 1

1nd ) > Zlnd@ Z m; Z Yij)

i=1 j=1

&

Our method is based on calculating a g-integral basis for every rational prime ¢ dividing A(F).
Once the g-integral bases are calculated for every rational prime ¢ dividing A(F), the following
theorem allows to recover an integral basis of Zy from the g-integral bases (see for instance [1,
Theorem 1.3.6]) by applying: v,(ind(«)) = >_¢_, ind, (F) if and only if ind,(F) = O for every
i=1,...,t
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Theorem 3.4. (/1, Theorem 1.3.6])

Let K = Q(«) be the number field generated by « a root of a monic ireductible polynomial
F(z) € Z[z] of degree n. Let p1,pa,...,ps be the distinct rational prime integers dividing
(Zy : Z[a]) and

krp 7 L kr noi

Lo ta e dallarar agVa et Vet b han? b
pr’ pre Pr

a pr-integral basis of K for every r = 1,2,...,s. Define the integers XZ.(j) (t=1,2,...,5 —
L,7=12,...,n—1) by

X9 = 29 (mod pkr) (r=1,2,...,s),

and let )
T =1]pk? (G=12....n-1).
r=1

Then

{1 xVia xP4rxParar XUV x Vot x0an2 pant }

T 1 Y Th—1

is an integral basis of Z .

Recall that the requirement, F'(z) is p-regular is only a sufficient condition to have equality
in theorem of index of Ore and not necessarily.

If a factor of F(x) provided by Hensel’s lemma and refined by Newton polygon (in the
context of Ore program) is not irreducible over QQ,, then in order to complete the factoriza-
tion of F(z) in Q,[z], Guardia, Montes, and Nart introduced the notion of higher order New-
ton polygon [12]. They showed, thanks to a theorem of index [12, Theorem 4.18], that af-
ter a finite number of iterations, the process provides all monic irreducible factors of F(x),
all prime ideals of Z lying above a rational prime p, the index (Zg : Z[a]), and the abso-
lute discriminant of K. We recall some fundamental techniques of Newton polygon of high
order. For more details, we refer to [12] and [13]. A type of order » — 1 is a data t =
(g1(x), =M1, 2(x), = A2y oo oy gr1 (%), — A1, ¥r—1(x)), where every g;(z) is a monic polyno-
mial in Z,[z], A; € QT and ¢,_,(y) is a polynomial over a finite field of pf elements, with

r—2
H= H fi and f; = deg(;(x)), satisfying the following recursive properties:
=0
(0) IFy is the finite field of p elements.

(1) gi(z) is irreducible modulo p, ¥y(y) € Foly] (Fy = F,) is the polynomial obtained by
reducing g; (z) modulo p, and F; = Fy[y]/(¢o(y)).

(2) Foreveryi = 1,...,7 — 1, the Newton polygon of i™ order, N;(g;+1(z)), has a single side
of slope —\;.

(3) Foreveryi = 1,...,r—1, the residual polynomial of i order, R;(g;+1)(y) = ¥i(y) € F;[y]
is a monic irreducible polynomial in F;[y], and F;+; = F;[y]/(¢:(v)).

(4) Foreveryi = 1,...,7 — 1, g;11(x) has minimal degree among all monic polynomials in
Z,[z] satisfying (2) and (3).

(5) ¥r_1(y) € F,_1[y] is a monic irreducible polynomial, 1.1 (y) # y, and F,. = F,_1[y]|/(¢»_1(v)).

Thus, Fy € F; € --- C F, is a tower of finite fields, here the field IF; should not be confused
with the finite field of i elements. For every i = 1,...,r — 1, the residual polynomial of the i
order, R;(g;+1)(y) is an irreducible polynomial in IF;[y], and by the theorem of the product in
order i, the polynomial g;(x) is irreducible in Z,[z]. Let wy = [vp, x, 0] be the Gauss’s extension
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of v, to Q,(z). According to MacLane’s terminology ([21]), g1 is a key polynomial of w;, and
it induces a valuation on Q,(z), denoted by w;+1 = e;[wi, gi, Ai], where \; = h;/e;, e; and h;
are positive coprime integers. The valuation w; is called the augmented valuation of w; with
respect to g; and \; and defined over Q,[z] as

wi+1(F(x)) = min {e wi(a ( )+ j(ewi(gi) + hi), 5 =0,... ,ni} , (3.1
where F(z Z a’ ) is the g;-expansion of F'(x). According to the terminology

in [12], the Valuatlon w, is called the r™-order valuation associated to the data t. For every
order r > 1, the g.-Newton polygon of F(z), with respect to the valuation w, is the lower
boundary convex envelope of the set of points {(i, u;),7 = 0,...,n,} in the Euclidean plane,
where y; = w,(a?(z)gi(x))). The relevant theorems from Montes-Guardia-Nart’s work are
theorem of the product theorem of the polygon and theorem of the residual polynomial in high
order Newton polygon (see [12, Theorems 2.26, 3.1, 3.7]).

4 Proofs of main results

Proof. (of Theorem 2.1.)

Since A(F) = £p™" -a?" ~! is the discriminant of F(x) and thanks to the formula linking A(F),

dg, and ind(c), we need to calculate a g-integral basis of Z for every rational prime ¢ such that

q = p or q divides a.

(i) If g divides a and g # p, then F(z) = 2?" (mod q). Let ¢ = z. Then Ny (F) = S; has a sin-

gle side of slope —\; = l;j( %) length [ = p", and ind, (F) = ind,,(F) = S22 “’; wala) |
By [12, Theorem 4.18], v,((Zk : Z[a])) = ind;(F') if and only if ind;(F') = 0, where
ind,(F) is the index of the second order of Newton polygon.

a. If ged(p,vg(a)) = 1, then d(S;) = 1; that is Ry (F')(y) is irreducible, and so by
Theorem 3.3, v, (ind(cr)) = indy(F) = zp o lyy) = el

b. If p divides v, (a), thenlet t = v,(v4(a)), e = p"~*, and d(S;) = p' is the degree of S;.
Thus Ry, (F)(y) = y*" — a, € Fy[y], where a, = ﬁ (mod (g, ¢(x))). As p # q,
R,\,( )(y) is separable over F,, and so by Theorem 3.3, v,(ind(a)) = indy(F) =
S ) = X ).

In both cases, F(z) is g-regular. By Theorem 3.3, ( ulo) 51, ’) is a g-integral

ly; 1>

basis of Zg, where |y; | = Lppﬂuq(a)J forevery j = 1,...,p" and |y| is the integral part

of y; the greatest integer b satisfying b < y. Thus

p P

o o? aP ! . . .
(1, PRy ) is a g-integral basis of Z.
q- " q- *" q 3
(i) If ¢ = p, then we have the following cases:
a. If p divides a, then F(z) = x?" (mod p). Let ¢ = z. Then Ny4(F) = S joining
(0,vp(a)) and (p",0). Thus v,((Zk : Z]e])) > ind,(F). More precisely, if p divides
a and p does not divide v, (a), then d(S;) = 1, and so its attached residual polynomial
is irreducible. Therefore v, ((Zk : Z[a])) = indg(F') and

(1 « a? aP 1

P T opla@) 0 2wpla) 0 T (0 —Dup(a)
=] =] "]
p-r p-r p ?

is a p-integral basis of Z .
If p divides v, (a), then by Remark 4.1, v,((Zk : Z[e])) > indy(F) and

| a a? aP 1
’ vpl(a ’ 2up(a LA pT —1)vp(a
pL ffr)J pL 5T>J pL@ pl””j
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is a Z-free set of Z .

b. If p does not divide a, then F(z) = 2" — a (modp) = (z — a)?" (mod p). Let

¢ = = — a. Then
Fz) = (x—a+a)? —a
= Yio()a"er F —a ‘ 4.1
o+ (pl )a¢pr—1 4+t (pfil)apr—l(b La _a

If v,(a?~! — 1) = 1, then Ng(F) = S has a single side of height 1. Hence, by
Corollary 3.2, v,(ind(a)) = 0.

We conclude, using Theorem 2.1, that (1,a, g—z, ey gpr:11> is a Z-integral basis of Z g if and
only if p divides a and p does not divide v,(a) or p does not divide a and v, (a?~! — 1) = 1.

O

Remark 4.1.If p divides v,(a), then a natural question is "under which conditions we get
vp(ind(r)) = ind,(F), and so B, is an integral basis of Zx ? The answer is negative, that
means if p divides v,(a), then ind, (F") > 1. For this reason, let v,(a) = bp®, with v,(b) = 0 and
s < r. Thus a = p®" - A such that p does not divide A. Then F(z) = z?" —p””" A = 27" (mod p).
Let ¢(z) = x. Then N,(F) = S; joining (0, bp®) and (p”,0) (see Figure 1), with slope —\; =

—b_. Its attached residual polynomial is Ry, (F)(y) = y*» — A = (y — A)?" € Fy[y]. In this

case, we have to use second order Newton polygon.

S

bp

‘ A 4

pT
Figure 1. N,(F)

Let us take the example s = 1. Let t = (z, A1, ¢ ), with ¢y =y — A. We have also f; = m; =1
and e; = p"~! are the data of first order Newton polygon. Let wy = p"~![v,, ¢,b/p" '] be the
valuation of second order Newton polygon and g, = D p A the key polynomial of w,,
where [v,, ¢, b/ p"~!] is the augmented valuation of v, with respect to ¢ and A\; = b/ p"—1. Let

p—1
Py =g+ 3 (D) 0Payrok + prar - )
k=1

be the g>-expansion of F'(z). By (3.1), we have wy (z) = 1, wa(g2) = bp" !, w) ((2) g5 (p*A)P~F) =
bp" + p" !, and way(p?P (AP — A)) > bp” + p"~!. Hence, according to v,(A? — A) = 1 or
vp(AP — A) > 2, the Newton polygon of second order is given by the following figure (Figure
2):

In both cases ind(F') > m; - f1 -ind(N>(F')) and ind(N,(F)) > 1 because its length is p"~! > 2
and its height is greater than e; > 2.

Proof. (of Theorem 2.2)

In order to prove this theorem we need to calculate a p-integral basis when p does not divide a
and v,(aP~! — 1) > 2, and then collect it with the other g-integral bases when ¢ # p divides a,
found in the proof of Theorem 2.1.
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bpr 4 prfl‘ bpr + prfl__

bp bp

V(AP — A) =1 V(AP — A) > 2
Figure 2. N,(F)

p does not divide a implies that F(z) = 2?" — a (mod p) = (z — a)?" (mod p). Let ¢ = = — a
as the lift to Z|x] to the irreducible factor of F'(x) modulo p. Then

F(z) = (= —a +7 a)?” —a,
2:0 (pk: )ak¢p k- a,

¢p" 4 (plr)a(prfl + ..+ (pf:l)aprfld) + apr —a,

Letv = v,(a?~! — 1), then the number of sides of the Newton polygon depends on v. Two cases
arise:

(i) Ifv > r +2, then N (F) = Sy +--- + Sy has 7 + 1 sides joining (0,v), (1,7), (p,r —

1),...,(p"=1, 1), and (p",0). Thus every side has degree 1 (see Figure 3, v > r + 2). So,

forevery i = 1,...,r + 1, the residual polynomial Ry, (F)(y) attached to S; is irreducible
over [, as it is of degree 1. Hence F'(x) is p-regular, and by Theorem 3.3,

(qz'(a) 1<i Spr) :

pluil

is a p-integral basis of Zg, with |y; | = r —t; — 1, where ¢; € {0,...,r — 1} is the smallest
positive integer such that i — p*! < 0 for every i = 0,...,p". Since g,-(z) € Z and

lypr | = 0, then
(1,‘”(0_‘) 1<i<p - 1) :

is a p-integral basis of Zy.
Likewise, let pi,...,ps be the distinct rational primes whose dividing a. So, for every
j=1,...,s

« a? aP 1

EIRE

Py P D

is a p;-integral basis of Zg .

By Theorem 3.4, we get that
qi(a) .
l, ——————,1<i<p" -1
( pdc, ;=P )
is a Z-basis of K, with ¢;(«) and |y; ] are defined above.
(i) If v < r + 1, then two cases arise.

a. If p # 2, then Ny(F) = S; + --- + S, has v sides joining (0,v), (p""*!,v —
1),...,(p7=1,1), and (p",0). Thus every side has degree 1 (see Figure 3, v < r + 1).
So, forevery i = 1,...,v, Ry, (F)(y) is irreducible over F,, as it is of degree 1.
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b. If p =2, Ny(F) = Sy + - + S,—1 has v — 1 sides joining (0,v), (p"~*2,v — 2),
(pr=vt3,0 —3),...,(p""1, 1), and (p",0) with d(S;) = 1 for every i = 2,...v, and
the residual polynomial attached to S; is Ry, (F)(y) = y* +vy + 1 which is irreducible
over [Fy.

In both cases F'(x) is p-regular, and by Theorem 3.3,

(1 4i(@) 1<i<p"— 1) is a p-integral basis of Zg,

T pluil”
v—1 if i <prvt!
with |y;| = - ’
Ly { r—t;—1 if §>pr—vFl
where ¢; € {0,...,r — 1} is the smallest positive integer such that i — p*i*! < 0 for every
1=0,...,p". Using the same process, we get that
gi(@) o
<i<p —
(LpLyiJCpri)l =t=P 1),
is a Z-basis of K, with the ¢;(«) and the |y; ] are defined above.
V¢
Ve
T v—1
r—11 . v_2
]i ]i7 pr%—I p-r pr—iv-&-l pr—iv+2 prLI
v=r+2 v<r-+1

Figure 3. N (F)

Proof. (of Corollary 2.3)

According to the bases given in Theorems 2.1 and 2.2, we conclude that Z[«] is the ring of
integers of K if and only if v,(a? —a) = 1 and C; = 1 forevery i = 2,...,p" — 1, which means
that v, (a? — a) = 1 and a is square-free. O

The index of a number field K is defined by
i(K)=gcd{(Zk : Z]0]) | K = Q(#) and 6 € Zk}.

A rational prime p dividing i(K) is called a prime common index divisor of K. If Zf has a
power integral basis, then (K ) = 1. Therefore a field having a prime common index divisor is
not monogenic.

For the proof of Theorem 2.2, we need the following lemma, which characterizes the rational
primes dividing i(K).

Lemma 4.2. ({27, Theorem 2.2])

Let p be a rational prime and K a number field. For every positive integer f, let Py be the
number of distinct prime ideals of Z lying above p with residue degree f and Ny the number
of monic irreducible polynomials of F,,[x] of degree f. Then p divides the index i(K) if and only
if Py > N for some positive integer f.
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Remark 4.3. In order to prove Theorem 2.4 we do not need to determine the factorization of
pZy explicitly. But according to Lemma 4.2, we need only to show that Py > N for an
adequate positive integer f. So in practice the second point of Theorem 3.1, could replaced
by the following: if I; = 1 or d;; = 1 or a;;; = 1 for some (i, j, k) according to notation of
Theorem 3.1, then ;5 provides a prime ideal p;;;, of Zg lying above p with residue degree
fijle = m; - tiji, where t;;, = deg(v;jx) and pZg = pfjil , where the factorization of the ideal
I can be derived from the other factors of each residual polynomial of F'(z).

Proof. (of Theorem 2.4).

Let v = v,(aP — a) and recall that F(z) = ¢?" (mod p), where $ = = — a. By the above
¢-expansion (4.1) of F(x), NJ(F) is the lower boundary convex envelope of the set of points
{(0,v)} U{(p",r —j), 0 < j < r} in the Euclidean plane. More precisely, if v > r + 2, then
N (F) is the polygon joining the points {(0,v), (1,7), (p,7 —1)...,(p",0)} and if v < 7 + 1,
then N (F) is the polygon joining the points {(0,v), (pr=tho—1),...,(p",0)}.

(i) If pis an odd rational prime, then Ng(F) = S+ -+, has g sides of degree 1 each, with
g > min{v,r + 1} > p+ L. So, Ry, (F)(y) is irreducible over [, forevery i = 1,...,g.
Then F(z) is p-regular and by Theorem 3.1, there are at least p + 1 distinct prime ideals
of Zy lying above p with residue degree 1 each ideal factor. As there are just p monic
irreducible polynomials of degree 1 over [F,,, by Lemma 4.2, p divides i(K'). Hence K is
not monogenic.

(i) If p=2,r = 2,and v > 4, then N;(F) = 51+ 5> + S5 has 3 sides of degree one each. So,
Ry, (F)(y) is irreducible over F 4 for every ¢ = 1,2, 3. Hence there are three distinct prime
ideals of Z lying above 2 with residue degree 1 each ideal factor. As it is known, there
are just two monic irreducible polynomials of degree 1 over F,, by Lemma 4.2, 2 divides
i(K). Hence K is not monogenic.

(iii) Ifp =2,r > 3,and v > 5, then NJ(F) =51+ + 5, has at least g — 1 sides of degree 1
each, with ¢ > min{v,r + 1} > 4. So, there are at least g — 1 > 3 prime ideals of Zx lying
above 2 with residue degree 1 each ideal factor. By the same reason, 2 divides (X') and so
K is not monogenic.

5 Examples
Let K = @(a) be a number field generated by a root o of a monic irreducible polynomial
F(x) = 2P — a € Z[x], where p is a rational prime and r a positive integer.
(i) Forr = 1, Theorems 2.1 and 2.2 generalize the results given in [18].
(i1) For a is square-free, Theorems 2.1 and 2.2 generalize the results given in [26].
(iii) For a is a square-free integer, then Theorem 2.4 generalizes the results given in [3].
(iv) For p = 3 and «a a square-free integer, Theorem 2.4 generalizes the results given in [4].
(v) For p =2 and r = 3, the main Theorems generalize the results given in [7].

(vi) For p =2, r = 3 and a a square-free integer, Corollary 2.3 and Theorem 2.4 generalize the
results given in [14].

(vii) For p = 2 and a a square-free integer, our Corollary 2.3 and Theorem 2.4, show that the
results given in [16] hold.

(viii) For p = 7 and a = 15, we have vs(a® — 1) = 1 and a is square-free, then by Corollary
2.3, (1,a,...,a7 71 is an integral basis of Zy for every positive integer . Hence K is
monogenic.

(ix) Forp =5, =2, and a = 150, we have v5(a) = 2, which is coprime with 5. By Theorem
13 4 ot

(e
2.1, (1 2 — ., =
5 o 04,575, 75

PILC PRI

) is an integral basis of K.
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x)

(x1)

(xii)

(xiii)

(xiv)

For p = 3,7 = 2, and a = 80, we have v3(a®> — 1) = 4 and v»(a) = 4, then by Theorem

2.2,
Lo g6(@) gs(a) q(a) (@) @(a) q(a)
YT T T T T2 24 T2

is an integral basis of Zx, where gs(a) = o® — 6a* + 21la — 56, ¢s(a) = a* — 50° +
1502 — 35a + 70, g4(a) = & — 4a* + 1003 — 20202 + 350 — 56, 3(a) = a® — 30’ +
a* — 100’ + 1502 —21a + 28, ¢p(a) = o’ —2a5 + 30’ — 4a* + 50° — 6a% + Ta — 8, and

q1(@) = Yio(~1)'a’.

If p=2,r =4, and a = 1800, we have 1, (a) = 3, which is coprime with 2. By Theorem
o ol of &0 ald gl ols
2.1, 1,a,...0°, 33 30°30' 30° 607"’ €0 is an integral basis of Zg-.

If p=2,r =7, and a = 1050625, we have r > 3 and v,(a — 1) = 11 > 5, then by
Theorem 2.4, K is not monogenic.

If p=25r =28, and a = 11602921876, we have r > 6 and vs(a* — 1) = 6, then by
Theorem 2.4, K is not monogenic.

If p= 11,7 = 20, and a = 6044929680708, we have » > 11 and v11(a'® — 1) = 12 > 11,
then by Theorem 2.4, K is not monogenic.
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