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Abstract Let R be a commutative ring with nonzero identity. Let S C R be a multiplicative
closed subset of R and M be a unital module. A submodule N of M with (N :g M)NS = ¢is
said to be S-1-absorbing primary, if abm € N for some non-unit elements a,b € R and m € M,
then there exists an s € S such that sab € /N :g M or sm € N. In the present work, we discuss
some properties, characterizations and applications of S-1-absorbing primary submodules of a
module.

1 Introduction

In commutative algebra, prime submodules (prime ideals) have very significant role to character-
ize different classes of modules (rings). In 2020, Badawi et al. introduced the idea of 1-absorbing
primary ideal as a generalization of primary ideals. In 2021, Farzalipour et al. [3] generalized
the notion of prime submodules to S-1-absorbing prime submodules and discussed some appli-
cations. They called that a submodule N of M with (N :p M) NS = ¢ is an S-1-absorbing
prime, if there exists an s € S whenever abm € N for some non-unit elements a,b € R and
m € M, then sab € (N :g M) or sm € N.

We know that a prime submodule (prime ideal) is always a primary submodule (primary
ideal). Therefore, it motivates us to study the notion of S-1-absorbing primary submodules as a
natural generalization of S-1-absorbing prime submodules.

Definition 1.1. Let R be a commutative ring with nonzero identity. Let S C R be a multiplicative
closed subset of R and M be a unital module. A submodule N of M with (N :g M) NS = ¢ is
said to be S-1-absorbing primary, if abm € N for some non-unit elements a,b € R and m € M,
then there exists an s € S such that sab € /N :g M or sm € N.

During investigation, we find that many properties of S-1-absorbing prime submodules do not
hold in case of S-1-absorbing primary submodules of a module. In support, we provide some
examples in Section 2. In Theorem 2.4, we give some characterizations of an S-1-absorbing
primary submodule in terms of its radicals. In Theorem 2.6, we characterize an S-1-absorbing
primary submodule N of a module M in terms of all S-1-absorbing primary submodules of M
of the form (N :js s°) for some s € S.

In Remark 3.5(ii), we show that a result analogous to [3, Theorem 3.1] does not hold for
S-1-absorbing primary ideal. In Theorem 3.6, we generalize it in case of S-1-absorbing primary
ideal: Let M be a multiplication faithful R-module and S be a multiplicative closed subset of R.
Let I be an S-1-absorbing primary ideal of R. Let a and b be two non-unit elements in R and
m € M. If abm € T M, then there exists an s in S such that sab € VT or sm € I M.

In Section 4, we study some properties of S-1-absorbing primary submodule of a finitely
generated module. In Proposition 4.2, we prove that (N :g M) is an S-1-absorbing primary
submodule of M. The converse is true if M is a multiplication module (In general it is not
true see Remark 4.3). In Proposition 4.6, we provide a characterization of an S-1-absorbing
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primary submodule of a finitely generated von-Neumann regular module. Finally, in Section
S, we discuss properties of S-1-absorbing primary submodule over a singleton multiplicative
closed subset of the ring.

Throughout R is a commutative ring with nonzero identity and M is a unital module. Let N
and L be two submodules of an R-module M and K be an ideal of aring R. Then the residual N
by Lis(N:gL)={x € R:2L C N} andresidual N by Kis (N :py K)={me M : Km C
N}. We denote (0 :g M) by ann(M) and (N :pr Rs) by (N :ar s) where Rs is the principal
ideal generated by an element s € R. According to [6], a prime (resp. primary) submodule is
a proper submodule N of M with the property that for a € R and m € M, am € N implies
thatm € N ora € (N :g M) (resp. a* € (N :g M) for some positive integer k). In [10],
a nonempty subset S of R is said to be a multiplicatively closed subset of R if (i) 0 ¢ S, (i1)
1 €8, and (iii) ss € Sforalls,s €S.

2 Examples and characterizations

Example 2.1. (). An S-1-absorbing prime submodule is always an S-1-absorbing primary but
the converse need not be true. Let R = Z, M = Zjg and N = {0,8}. Then (N :x M) = {a €
Z|aZlie € N} =8Zand /N :g M = {a € Z | a"Zis C N, for somen € N} = 2Z. Let
S = {1} be a multiplicative closed subset of R. Then (N :g M)NS = ¢. Considera =2,b =2
and m = 2 and s0 2.2.2 € N. This implies that 1.2.2 € /N :z M. Then N is an S-1-absorbing
primary submodule of M. But 1.2.2 ¢ (N :g M) and 1.2 ¢ N. So N is not an S-1-absorbing
prime submodule of M.

(27). An S-1-absorbing primary submodule of a module need not be a primary submodule.
Consider an example from [3, Example 2.1(iii)]. Let the Z-module Z x Z4 and the zero submod-
ule N =0 x 0. Now (N :z (Z x Zs)) = 0and \/N :z (Z x Zs) = 0. Let S = Z — 0 and put
s = 4. Then N is an S-1-absorbing prime submodule of M. Therefore N is an S-1-absorbing
primary submodule of M. Now, let a = 4 and m = (0,1). Then am = 4(0,1) € N, but
4 ¢ /N :z (Z x Zy) and (0,1) ¢ N. Hence N is not a primary submodule of M.

(#7). Let N be a proper submodule of an R-module M such that (N :g M) is a prime ideal
of R. Then the notions of S-1-absorbing primary and S-1-absorbing prime submodules are same
for N.

Further, we discuss sufficient conditions for a submodule to be an S-1-absorbing primary
submodule.

Proposition 2.2. Let S C R be a multiplicative closed subset of R and M be an R-module.

(i) Let P be a primary submodule of M with (P :r M) NS = ¢. Then P is an S-1-absorbing
primary submodule of M.

(ii) Let S| and S, are multiplicative closed subset of R such that S C S, and P be an S,-1-
absorbing primary submodule of M with (P :p M)NS; = ¢. Then P is an S»-1-absorbing
primary submodule of M.

(iii) P is an S-I1-absorbing primary submodule of M if and only if P is an S*-1-absorbing
primary submodule of M.

(iv) Let P be an S-1-absorbing primary submodule of M with (S™'P : ST'M)N S = ¢. Then
S~1P is an S-1-absorbing primary submodule of S~ M.

Proof. (1). Clear.

(2). Let abm € P, for some non-units a,b € R and m € M. Since P is an S;-1-absorbing
primary submodule of M with (P :g M) NS, = ¢, therefore there exists s; € S} such that
sjab € /P :r M or sym € P. Since S| C 55, therefore s; € S,. Hence P is an S,-1-absorbing
primary submodule of M.

(3). Let P be an S-1-absorbing primary submodule of M. First, we show that (P :z M) N
S* =¢.Letw € (P:zp M)NS* = ¢. Then z € S*. This implies that ¥ is a unit of S~' R and so

% =1, for some a € R. Thus xa = s or s's=szaforsomes €5. Also, s =ss=suxa.
It follows that s € (P :p M) N S, which is a contradiction as (P :x M) NS = ¢. Thus

x
1
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(P:g M)NS* = ¢. Since S C S*, P is an S*-1-absorbing primary submodule of M by (2).
Conversely, let abm € P for some non- units a,b € R and m € M. Then there exists s € S*
such that sab e P g M or 5 m € P as P is an S*-1-absorbing primary submodule of M.

Since - is aumt of SIR, ¢ *T =11t glves sa = s. It follows that 515 = 515 a for some

s1 € S. Also, s~ —818—818(1.N0W,S ab—slasabe\/P.R ors m—slasmEP.
Hence P is an S-1-absorbing primary submodule of M.
(4). Let P be an S-1-absorbing primary submodule of M. Let 2™ ¢ S~!P for some

s1 8 t
non-units , 2 € S~ 'Rand 2 € S~'M. Then ryrym € P for some z € S and also ry and r,
are non- unlts Suppose that r; 1s a unit, so there exists x; € R such that r;z; = 1 = xy7;. Then

we can write = q‘f“ =1= g‘f”‘ . So r‘ is a unit, which is a contradiction. Since P is an S-1-

absorbing prlmary submodule of M there exists an s € S such that sxr;r, € \/P g M or sm €

P. Thensr‘ 2 =212 e 57 'WP:r M CVS-'P:S-1M. So sr‘ 2 ¢ S—lP:S—lMor

xrs|182

s =2te S ' P. Hence S~!P is an S-1-absorbing primary submodule of S~'M. O

Remark 2.3. The converse of Proposition 2.2(4) need not be true. For example, consider the
setup from [3, Example 2.3]. Let Q x Q be a Z-module where Q is the field of rational numbers.
Let S = Z — {0} be a multiplicatively closed subset of Z and N = Z x 0 be a submodule of
QxQ.Now (N :z (QxQ)) =0and /N :z (Q x Q) = 0. Let s be an element of S. Let p be

a prime number with ged (p, s) = 1. Then, we observe that for a = p, b = pand m = (]%, 0),

abm = (p,0) € N. But sp* ¢ /N :z (Q x Q) ands 0) ¢ N. Thus N is not an S-1-absorbing
primary submodule of M. Also, by [3, Example 2. 3] S ' N is a 1-absorbing prime submodule
of S71(Q x Q). Hence S~!N is an S-1-absorbing primary submodule of S~!1(Q x Q).

Now we provide some characterizations of an S-1-absorbing primary submodule of a module.

Theorem 2.4. Let S be a multiplicative closed subset of R and M be an R-module. Let N C M
with (N :g M) NS = ¢. Then the following are equivalent:

(i) N is an S-1-absorbing primary submodule of M.

(ii) There exists an s € S such that if abN|; C N for some non-units a,b € R and a submodule
Ny of M, then either sab € /N :gp M or sN; C N.

(iii) There exists an s € S such that if IJN| C N for some ideals I, J € R and a submodule N,
of M, then either sIJ C /N :g M or sN; C N.

Proof. (1) = (2). Let abN, C N for some non-units a,b € R and a submodule N; of
M. Suppose that sN; ¢ N. Then there exists some non-unit n; € N such that sn; ¢ N. But
abn; € N and N is an S-1-absorbing primary submodule of M. Then sab € /N :p M.

(2) = (3). Let IJN; C N for some ideals I, J € R and a submodule N; of M. Suppose
slJ Q VN :g M. Then there exist non-units a € I and b € J such that sab ¢ /N :g M. But
abNy C N. Then sN; C N by (2).

(3) = (1). Let abm € N for some non-units a,b € R and m € M. Let Ny = Rm,
I = Ra and J = Rb. Then IJN; = RaRbRm = Rabm C N. Thus there exists an s € S
such that sIJ C /N :g M or sN; C N. So sRaRb C /N :g M or sRm C N. It follows that
sab € /N :g M or sm € N. Hence N is an S-1-absorbing primary submodule of M.

|

Corollary 2.5. Let S be a multiplicative closed subset of R and N be an ideal of R with NNS =
¢. Then the following are equivalent:

(i) N is an S-1-absorbing primary ideal of R.

(ii) There exists an s € S such that if abl C N for some non-units a,b € R and an ideal I of
R, then either sab € v'N or sI C N.

(iii) There exists an s € S such that if IJK C N for some ideals I, J and K of R, then either
sIJ C VN orsK C N.

In the following, we generalize [3, Theorem 2.3].
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Theorem 2.6. Let S be a multiplicative closed subset of R and M be an R-module. Let N be a
submodule of M with (N :r M) N S = ¢. Then the following are equivalent:

(i) N is an S-1-absorbing primary submodule of M.
(ii) (N :pr 8%) is an S-1-absorbing primary submodule of M for some s € S.

Proof. (1) = (2). Let abm € (N :j s) for some non-units a,b € R and m € M. Then
s*abm € N. Since N is an S-1-absorbing primary submodule of M, there exists an s; € S such
that s;s2ab € VN :g M or sym € N. Also, sysab € s/N :R M or sym € N where S]S = 5.
This implies that sab € \/(N :g M) :rp o C /N :g M g 52 Now, we show that rRM :p

C V(N:gM):gs® Letx € V/N:g M :p s3. Sos3z € /N :g M. Then (s )233" €
(N ‘R M)forsomenEN,so;v € V(N :g M) : (sh)2 Also,x 6 \/N.RM). ( 2 C
V(N :g M) : sby Lemma 3.3(ii). This implies that = € /(N 15 C /(N ‘g S2.
Thus(«/(NRM CV(N:g M): s SOSGbE\/ RM Rs2c\/NRs2)RM
Now s;m € Nlmphes thatm € (N:as1) C (N st)and (N ipy s7) C(N iy s) C (N iy
s%) by Lemma 3.3(ii). Then sm € (N 117 s2). It follows that (N :3; s2) is an S-1-absorbing
primary submodule of M.

(2) = (1). Letabm € N. Then abm € (N :p s?). Since (N :p s?) is an S-1-
absorbing primary submodule of M, there exists s € S such that sab € /(N :g s?) :g M or
sm € (N :pr 8%). So s™(ab)™ € (N :g M) :p s> C (N :g M) :g (s*)" for some n € N. Then
(s%)"s™(ab)™ € (N :g M). Thus sjab € \/(N :g M) where s; = s?s. Now sm € (N :p s?).
Then s?>sm € N. Hence N is an S-1-absorbing primary submodule of M. O

3 General properties

Proposition 3.1. Let M and M " be R-modules and f : M — M be an R-homomorphism.

(i) If N' is an S-1-absorbing primary submodule of M with (f~(N') :p M) NS = ¢, then
f~YN'") is an S-1-absorbing primary submodule of M.

(ii) If f is an epimorphism and N is an S-1-absorbing primary submodule of M with Kerf C
N, then f(N) is an S-1-absorbing primary submodule of M .

Proof. (1). Let abm € f~'(N') for some non-units a,b € R and m € M. Then f(abm) =
abf(m) € N ". Since N’ is an S-1-absorbing primary submodule of M there exists s € S such
that sab € \/N' :gr M’ or sf(m) € N'. Now, we show that \/N' :zx M’ C \/f~1(N') :g M.
Letz € \/N' :g M'. Then 2"M C N',n € N. Now, f(z"M) = 2" f(M) C 2"M C N,
so f(z"M) C N'. This implies that "M C 2" M + Kerf = f~'(f(z"M)) C f~(N'). So,
"M C f~Y(N"). It follows that - € \/f~1(N") :r M. Then \/N" :p M’ C /1
Thus either sab € /f~1(N') :g M or sm € f~'(N'). Hence f~!(N') is an S-1-absorbing
primary submodule of M.

(2). First we show that (f(N) :g M')NS = ¢. Lets € (f(N) :r M')N S. Then
s (f(N):g M'). So, sM' C f(N). This implies that f(sM) = sf(M) C sM C f(N). So
sM C sM+Kerf C N+ Kerf = N.ThensM C N. Itfollows that s € (N :g M), whichis a
contradiction as N is an S-1-absorbing primary submodule of M. Hence (f(N) :zp M )NS = ¢.
Let abm' € f(N) for some non-units a,b € R and m" € M . Since f is epimorphism, there
exists an m € M such that f(m) = m’. Then f(abm) = abf(m) = abm’ € f(N). This implies
that abm € N 4+ Kerf C N, so abm € N. Then there exists s € S such that sab € /N :gp M or
sm € N as N is an S-1-absorbing primary submodule of M. Since /N :gp M C \/f(N) :r M’,
therefore sab € \/f(N) :g M or sm’ = sf(m) = f(sm) € f(N). Hence f(N) is an S-1-
absorbing primary submodule of M. O

Proposition 3.2. Let S be a multiplicative closed subset of R and L be a submodule of an R-
module M. Let N be a submodule of M and L C N. Then N is an S-1-absorbing primary
submodule of M if and only if N/L is an S-1-absorbing primary submodule of M /L.
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Proof. Let N be a submodule of M with L C N. Consider a canonical homomorphism 7 :
M — M/L by m(m) = m + L for all m € M. Then N/L is an S-1-absorbing primary
submodule of M /L by Proposition 3.1(ii). Conversely, suppose that N/L is an S-1-absorbing
primary submodule of M/L. Let abm € N for some non-units a,b € R and m € M. Then
ab(m + L) € N/L. Since N/L is an S-1- absorbing primary submodule of M/L, there exists
s € Ssuch that sab € \/N/L:g M/L C /N :g M ors(m+L) € N/L. Thensab € /N :g M

or sm € N. Hence N is an S-1-absorbing primary submodule of M.
As a consequence of the following result, we have [3, Lemma 2.2].

Lemma 3.3. Let S be a multiplicative closed subset of R and M be an R-module. If N is an
S-1-absorbing primary submodule of M, then the following conditions hold for some s € S:

(i) (N :pr87) C (N iy s)forall sy €8S.
(ii) (N:gp M):rs}) C((N:grM):gs)foralls €8.

Proof. (1). Let m € (N :pr s7). Then sim € N. If s; is a unit, then m € N and we are done.
Suppose s; is non- unlt Since N is an S-1- absorbmg primary submodule of M, there exists an
s € S such that ss? € /N :g M or sm € N. If ss3 € /N :g M, then (ss3)" € (N :g M) for
some n € N. So (ss?)" € (N :gp M)N .S which is not possible as N isan S-1- absorblng primary
submodule of M. Then sm € N implies that m € (N :ps s). Thus (N :ps s ) C (N :pr s) for
all s; € S.

(2). Letz € (N :r M) :g s3). Then M C (N :ps s7) € (N :pr s) by (1). This implies
thatz € (N :gp M) :r s. Hence (N :g M) :p s7) C ((N :p M) :g s) forall s; € S. i

Corollary 3.4. [3, Lemma 2.2] Let S be a multiplicative closed subset of R and N be an S-1-
absorbing prime submodule of an R-module M. The following statements hold for some s € S:

(i) (N :m 3/2) C (N s)foralls € 8.
(ii) (N g M) :ps”) C((N:p M):gs)foralls €8.

Remark 3.5. (i) The converse of Lemma 3.3 need not be true. For example, consider the case
from Remark 2.3. Then N is not an S-1-absorbing primary submodule of M. Let s; be any
element of S and s be some element of S. Then (N : s7) = 0 and (N :p; s) = 0. Thus
(N M S%) - (N ‘M 8).

(i) We find that a result analogous to [3, Theorem 3.1] does not hold for S-1-absorbing primary
ideal. For example, consider M = Z as Z-module. We know that M is a faithful multipli-
cation Z-module. Let N = 8Z be a submodule of M and S = {1} be a multiplicatively
closed subset of Z. Then (N :gp M) = 8Z and /N :g M = 27. Suppose a = 2,b = 2
and m = 2, then abm € N. Consider I = (N :g M) which is an ideal of Z. It is easy to
see that (N :g M) is an S-1-absorbing primary ideal. Here IM = (N :g M)M = N as
M is a multiplicattion module. But 1.a.b ¢ (N :gp M) and 1.m ¢ N. In the following, we
generalize [3, Theorem 3.1] and get it’s proof interesting by taking .S-1-absorbing primary
ideals in place of S-1-absorbing prime ideals.

Recall from [3], let M be an R-module. If P is a maximal ideal of R then Tp(M) = {m €
M : (1—p)m =0 for some p € P}. Clearly Tp(M) is a submodule of M. Also, M is P-cyclic
provided there exist ¢ € P and m € M such that (1 — ¢)M C Rm.

Theorem 3.6. Let M be a multiplication faithful R-module and S be a multiplicative closed
subset of R. Let I be an S-1-absorbing primary ideal of R. Let a and b be two non-unit elements
in Rand m € M. If abm € I M, then there exists an s in S such that sab € VT or sm e IM.

Proof. Let a, b, c be any non-unit elements of R. Then abc € I implies that there exists an s € S
such that sab € /T or sc € I as I is an S-1-absorbing primary ideal of R. Let abm € IM,
m € M and sab ¢ VI. Consider K = {r € R : rsm € IM}. If K = R, then we are
done. If K # R, then there exists a maximal ideal P of R such that X’ C P. We show that
m ¢ Tp(M). Let m € Tp(M), so there exists an element p € P such that (1 — p)m = 0. Then
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(1 —p) € K C P which is a contradiction. Hence T»(M) # M. By [7, Theorem 1.2], M is a
P-cyclic module as M is a multiplication module. Then there are p € Pandm' € P such that
(1—p)M C Rm'. So (1 —p')sm € Rm’. Then, there is r; € R such that (1 — p')sm = rym .
It gives (1 — p')sabm = rjabm’ € IM and (1 — p')sabm € Rm'. Then, there exists a; € I
such that (1 — p')sabm = a;m . Now, rjabm’ = a;m’. This implies that ryab — a; € ann(m,).
Then, (1 — p )M C Rm’ implies that (1 — p')ann(m )M C Rann(m')m’ = 0. It follows
that (1 — p)ann(m’) C ann(M). Since M is faithful, therefore (1 — p')ann(m’) = 0. Thus
(1 fp/)(rlab —a1) = 0. So rab(1 fp/) = ay(1 —p,) € I. Hence rjab(1 fp/) € I. Now,
we have two cases for 1. First suppose that r; is a unit. Then ab(1 —p') € I. Now, if (1 — p’)
is a unit, then ab € I. So sab € v/I, a contradiction. Suppose that (1 — p') is non-unit. Then
sab € VT ors(1 —p') € I as I is an S-1-absorbing primary ideal of R. If sab € v/I, we have
a contradiction. Let s(1 —p') € I, s0 (1 —p')sm € IM. Then (1 —p') € K C P which is
a contradiction. Now, suppose that r; is a non-unit. If (1 — p/) is a unit, then riab € I. So,
sab € \/T or sty € I because I is an S-1-absorbing primary ideal of R. If sab € /I, then a
contradiction. Suppose sr; € I, then srym’ € IM. Also, srym’ = (1 — p')sm implies that
(1—p')sm e IM. So, (1—p') € K C P which is a contradiction. If (1 — p') is a non-unit, then
riab(1 —p') € I implies that sab € v/T or s (1 —p') € I. Since I is an S-1-absorbing primary,
sab e VT or s?r; € VT ors(1 —p') € I. If sab € /I, we have a contradiction. If s>, € v/T,
then (s")?r?" € I for some n € N. This implies that r?* € I :p (s")? C I :p s, by Lemma 3.3.
So, sr € I. Also, sr?m/ € IM. Thus ri* € K C P. It follows that | € V/P. Since R is a
commutative ring with identity, therefore P is a prime ideal. So, r; € P which is a contradiction
as P is a maximal ideal of R. Let s(1 —p’) € I. This implies that (1 — p')sm € IM. Then,
(1 —p') € K C P which is again a contradiction. So, K = R. Hence sm € M. ]

Proposition 3.7. If N is a proper submodule of a Noetherian module M and S is a multiplicative
closed subset of R with (N; :r M) NS = ¢ for each i, then N has an S-1-absorbing primary
decomposition.

Proof. If N is a proper submodule of a Noetherian module M, N has a primary decomposi-
tion. Since every primary submodule with (N; :rg M) NS = ¢ is an S-1-absorbing primary
submodule, N has an S-1-absorbing primary decomposition. O

4 Properties over a finitely generated module

Proposition 4.1. Let S be a multiplicative closed subset of R and M be a finitely generated R-
module. Let N be a submodule of M with (S™'N :g ST'M) NS = ¢. Then the following are
equivalent:

(i) N is an S-1-absorbing primary submodule of M.

(ii) ST'N is an S-I1-absorbing primary submodule of S~'M and there exists an s € S with
(N :ar 87) € (N i 8) forall sy € S.

Proof. (1) = (2). It follows from Proposition 2.2(iv) and Lemma 3.3.

(2) = (1). Letabm € N for some non-units a,b € R and m € M. Then 24 € S~!N.
Since S~'N is an S-1-absorbing primary submodule of S~!'M and M is finitely generated,
therefore there exists an s € S such that (sab)"S~!M C SN or sm € S™!'N. So (sab)" €
(S7IN :g1p ST'M) = S7Y(N :g M) or sm € S™'N. Then s;(sab)” € (N :g M) for
some s; € S. Also, sf(sab)” € (N :g M). Then szab € /N :g M, where s3 = s;s. Thus
sps3ab € VN g M, sy € S. Let spsm € N for some s, € S. This implies that s;spsm € N.
Hence N is an S-1-absorbing primary submodule of M. O

In [7], an R-module M is called a multiplication module if every submodule N of M has the
form I M for some ideal I of R. Since I C (N :g M), therefore N = IM C (N :g M)M C N,
soN = (N g M)M. Let N = 1M and L = I,M are submodules of a multiplication R-
module M. Then the product NL of N and L is defined by NL = I, M. Now, we discuss
some properties over a multiplication and finitely generated multiplication modules.
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Proposition 4.2. Let S be a multiplicative closed subset of R and M be an R-module. If N is an
S-1-absorbing primary submodule of M, then (N :g M) is an S-1-absorbing primary ideal of
R. The converse is true, whenever M is a multiplication module.

Proof. Let N be an S-1-absorbing primary submodule of M. Let abc € N :g M for some non-
units a, b, ¢ € R. So ab(cM) C N or RaRb(cM) C N. Then by Theorem 2.4, there exists s € S
such that sRaRb C /N :g M or s(cM) C N. Thus either sab € /N :g M or sc € (N :gp M).
Hence (IV :g M) is an S-1-absorbing primary ideal of R. Conversely, let M be a multiplication
module and (N :z M) is an S-1-absorbing primary ideal of R. Let IJN; C N for some ideals
I, J of R and some Ny C M. First, we show that IJ(N; :g M) C (IJN; :g M). Letzx €
IJ(Ny:g M).Soz = IJawherea € Ny :g M. Thus aM C Ny. Then M = IJaM C [JNy,
sozM C IJN;. This implies that x € (IJN; :g M). Therefore IJ(N, :p M) C (IJN; :r M).
Letz € (IJNy :g M), so xM C IJN;. Then, ztM C N, this implies that x € (N :g M). So
(IJNy :g M) C (N :g M). It follows that IJ(N; :g M) C (IJN; :g M) C (N :g M).
Since (N :r M) be an S-1-absorbing primary ideal of R, therefore there exists s € S such that
sIJ C+/N:g Mors(Ny:g M) C (N :g M) by Corollary 2.5. Also, either sI.J C /N :g M
or sNy = s(Ny :g M)M C N as M is a multiplication module. Hence N is an S-1-absorbing
primary submodule of M. O

Remark 4.3. The converse of Proposition 4.2 need not be true in general. For example, consider
the Z-module Z x Z. Let N = 6Z x 0 be a submodule of M. Then (6Z x 0) :z (Z x Z) = 0.
So (N :z M) is an S-absorbing primary ideal of R. Now we have VN :z M = 0. Leta = 2,
b=3and m = (1,0). Then abm = 2.3.(1,0) € N. Let S = Z — 6Z. Then for any s € S,
sab ¢ /N :z M and s(1,0) = (s,0) ¢ N. Hence N is not an S-1-absorbing primary submodule
of M.

Proposition 4.4. Let S be a multiplicative closed subset of R and M be an R-module. Let N be
a submodule of M with (N :g M) NS = ¢. If M is a finitely generated multiplication module,
then the following are equivalent:

(i) N is an S-1-absorbing primary submodule of M.

(ii) KLP C N for some submodules K, L and P of M implies that there exists an s € S such
that sKL C rad(N) or sP C N.

Proof. (1) = (2). Let KLP C N for some submodules K, L and P of M. Then (K : M)(L :
M)P:M)M CN.So(K:M)(L:M)PC N as M is a multiplication module. By Theorem
2.4, there exists s € S such that s(K : M)(L : M) C /N :g M or sP C N. This implies that
sKL C /N :g MM or sP C N. Since M is a multiplication module, N :p MM = rad(N)
by [7, Theorem 2.12]. Then sK'L C rad(N) or sP C N.

(2) = (1). Let IJK C N : M for some ideals I, J and K of R. So IJKM C N.
Then (IM)(JM)(KM) C N as M is a multiplication module. Since N is an S-1-absorbing
primary submodule of M, therefore there exists s € S such that s(IM)(JM) C rad(N) or
s(KM) C N. Also sIJ C rad(N) : M or sKk C N : M. Since M is finitely generated,
(rad(N) : M) = /N :g M by [5, Theorem 4.4]. Then sIJ C /N :g M or sK C (N :g M).
Thus by Corollary 2.5, (N :g M) is an S-1-absorbing primary ideal of R. Hence by Proposition
4.2, N is an S-1-absorbing primary submodule of M. O

In the following, we generalize [3, Theorem 3.3].

Theorem 4.5. Let S be a multiplicative closed subset of R and M be an R-module. Let N be a
submodule of M with (N :g M) NS = ¢ and M be a finitely generated multiplication module.
Then the following are equivalent:

(i) N is an S-1-absorbing primary submodule of M.
(ii) (N :g M) is an S-1-absorbing primary ideal of R.
(iii) N = IM for some S-1-absorbing primary ideal I of R with ann(M) C I.

Proof. (1) <= (2). It follows from Proposition 4.2.
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(2) = (3). Let (N :g M) is an S-1-absorbing primary ideal of R. Then N is an
S-1-absorbing primary submodule of a multiplication module M. So N = IM for some S-1-
absorbing primary ideal I of R. Let z € ann(M) = (0 :g M), soxM =0 € N = IM. This
implies that « € I. Thus ann(M) C I.

(3) = (1). Let JKL C N for some ideals J, K of R and some submodule L C M.
Then JK(L :g M)M C N = IM as N is a submodule of a multiplication module M, so
JK(L :g M)M C IM. By [8, Theorem 9], JK(L :g M) C I +annM = I as M is a finitely
generated multiplication module. This implies that JK (L :g M) C I as ann(M) C I. Then by
Corollary 2.5, there exists s € S such that sJK C /T or s(L :g M) C I. Now, let z € /1.
Then z"M C IM = N,sox € /N :g M. Thus sJK C /N :g M orsL = s(L :g M)M C
IM = N. Hence N is an S-1-absorbing primary submodule of M. O

In [4], an R-module M is said to be von-Neumann regular module if for each m € M, there
exists a € R such that Rm = aM = a>M. It is easy to see that von-Neumann regular modules
are multiplication (see [9]). Also, if M is a finitely generated von-Neumann regular module,
then IM N JM = IJM for every ideal I and J of R by [4, Lemma 6 and Theorem 1]. Now, we
discuss some properties over a finitely generated von-Neumann regular module.

Proposition 4.6. Let S be a multiplicative closed subset of R and M be a finitely generated von-
Neumann regular R-module. Let P be a submodule of M with (P :gr M)NS = ¢. Then P is an
S-1-absorbing primary submodule of M if and only if there exists s € S such that KNLNN C P
for some submodules K, L and N of M implies that either s(K N L) C rad(P) or sN C P.

Proof. Let KN LN N C P for some submodules K, L and N of M. Now KLN = (K :
M)(L: M)(N: M)M C KNLNN C P. Since P is an S-1-absorbing primary submodule
of M, there exists s € S such that sK L C rad(P) or sN C P by Proposition 4.4. Since M is
a finitely generated von-Neumann regular module, for any N, N " of M we have NN = (N :
M)(N': M)M = (N : M)MN (N : M)M = NN N’ by [4, Lemma 6 and Theorem 1]. Then
s(KNL) Crad(P)orsN C P. Conversely, let K LN C P for some submodules K, L and N of
M.Now KNLNN = (K : MYMN(L: M)MN(N:M)M = (K :M)(L:M)(N: M)MC
KLN C P. It follows by the assumption that there exists an s € S such that s(K N L) C rad(P)
or sN C P. Thus by [4, Lemma 6 and Theorem 1], it follows that sK L. C rad(P) or sN C P.
Hence by Proposition 4.4, P is an S-1-absorbing primary submodule of M. O

5 Properties over a singleton multiplicative closed subest of a ring

Recall from [2], a submodule N of M is said to be irreducible if it cannot be expressed as the
intersection of two submodules of M.

Proposition 5.1. Let N be a proper submodule of an R-module M and S = {1} be a multiplica-
tive closed subset of R with (N :g M) NS = ¢. If N is an irreducible submodule of M. Then
the following are equivalent:

(i) N is an S-1-absorbing primary submodule of M.
(ii) (N :pr7) = (N :pr 72) for some non-unitr € R\\/N :g M.

Proof. (1) = (2). Let N be an S-1-absorbing primary submodule of M. Since (N :j/
r) C (N :p 7?), first we show that (N :pr 72) C (N :p 7). Let m € (N :p 12), s0
r*m € N. Thenr? € /N :g Morm € N. If r2 € \/N :g M, then r € /N :z M which is
a contradiction as r € R\\/N :g M. Suppose m € N, sorm € N. Thenm € (N :j; r), so
(N :pr 72) € (N :pr 7). Hence (N :p 7) = (N :pr 7%) for some non-unit » € R\\/N :x M.

(2) = (1). Let abm € N for some non-units a,b € R and m € M. Suppose ab ¢
VN:gMand m ¢ N. Thena ¢ VN:gMand b ¢ VN :g M. If a € /N :g M and
be N :g M,thenab € (/N :g M)2 C /N :gr M, which is a contradiction. So, we assume
that (N : a) = (N : a?) or (N : b) = (N : b%) by hypothesis. Suppose (N : a) = (N : a?). Now
N C (N+Ram)N(N+ Rbm), then we have to show that (N +Ram)N(N+Rbm) C N. Letz €
(N+Ram)N(N+Rbm). Then x = py+riam = py+rbm. So, ax = ap;+ria’m = aparrabm.
Since ap; € N, aps € N and rpabm € N, ria®>m € N implies that rym € (N : a?) = (N : a).
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Sorjam € N, also z € N. Thus (N + Ram) N (N + Rbm) = N, which is a contradiction. By
the similar argument for (N : b) = (N : b?), we have again a contradiction. Therefore N is an
S-1-absorbing primary submodule of M. O

Recall from [2], a module M is cancellative if whenever am = an for elements m,n € M
and a € R, then m = n. Recall from [2], a submodule N of M is said to be pure if rN = NNrM
for every r € R.

Proposition 5.2. Let N be a proper submodule of a cancellative R-module M and S = {1} be
a multiplicative closed subset of R with (N :g M) NS = ¢. Then N is a pure submodule of M
if and only if N is an S-1-absorbing primary submodule of M with /N :p M = {0}.

Proof. Let N be a pure submodule of an R-module M with abm € N for some non-units
a,b € Rand m € M. Suppose 1.ab ¢ /N :g M. Then abm € abM NN = abN as N is a
pure submodule of M. This implies that abm = abn for some n € N. Som =n € N. It
gives 1.m € N as M is cancellative. Therefore N is an S-1-absorbing primary submodule of
M. Now, let 0 # a € /N :g M. Since N # M, there exists x; € M\N such that a"x; €
a"M NN = a"N for some n € N. So, there exists z» € N such that a"z; = a"x,. This
implies that z; = x, which is a contradiction. Hence v/N :g M = {0}. Conversely suppose
that abm € abM N N, so abm € N. Since N is an S-1-absorbing primary submodule of M,
l.ab € /N :g M or 1.m € N. Suppose that ab € v/N :g M. Then ab=0as /N :p M = {0}.
So we have abm = 0 € abN. Suppose that I.m € N. So abm € abN, then abM N N C abN.
Also, abN C abM N N. Thus abM N N = abN. Hence N is a pure submodule of M. O

In the following, we find a sufficient condition for a ring R to be quasilocal. First we recall a
result.

Lemma 5.3. [ I, Lemma 1] Let R be a ring. Suppose that for every non-unit element w of R and
for every unit element u of R, we have w + u is a unit element of R. Then R is a quasilocal ring.

Proposition 5.4. Ler S = {1} be a multiplicative closed subset of a ring R. Let I be an S-1-
absorbing primary ideal of R which is not a primary ideal of R. Then R is a quasilocal ring.

Proof. Let I be an S-1-absorbing primary ideal of R and I is not a primary ideal of R. Then
there exist non-unit elements a and b with ab € I such that a ¢ v/T and b ¢ I. Let c be a non-unit
element of R. Then cab € I implies that ca € v/T orb € I as I is an S-1-absorbing primary ideal
of R. So, ca € v/T as b ¢ I. Now, consider a unit element  of R. Suppose that ¢+ is not a unit
element of R. Then (c + u)ab € T implies that (¢ +u)a € VT orb € I as I is an S-1-absorbing
primary ideal of R. Then (¢ + u)a € VT asb ¢ I. So ca + ua € \/I. Since ca € \/T, therefore
a € v/1. This is a contradiction. Therefore, ¢ + u is a unit element of R. Hence R is a quasilocal
ring. O
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