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contraction.

Acknowledgment: The authors express their gratitude to the editor and reviewers for their insightful criticism and helpful
recommendations, which helped to elevate the superiority of our work. For the essential assistance, Khairul Habib Alam was
extremely appreciative of the University Grant Commission, New Delhi.

Corresponding Author: Khairul Habib Alam (almkrlhb@gmail.com/alamkh@gmx.co.uk)

Abstract. This study aims to provide a new class of Ćirić α+(θ, ϕ)-proximal contraction, a
non-self generalized proximal contraction mapping on a non-empty closed subset of any metric
space. Also, we prove that such contractions satisfying some conditions must have a unique
best proximity point if we take the base space as complete. For some particular values of the
constants, that we have used to generalize the proximal contraction, we conclude different types
of proximal contractions. We substantiate the deduced findings with examples. An application
to show the solution of an integral equation in the context of proximity point results over the
space of all real-valued continuous functions is discussed. By presenting these findings, we
aim to encourage a new wave of scholars to keep exploring this exciting topic that has so many
applications ahead of it.

1 Introduction and Preliminaries

Mathematical study on fixed point theory for self-operators covers a large area. It can be used
for a wide range of topics both inside and outside of mathematics, including different kinds of
real-world word problems. To be sure, the traditional Banach contraction principle [3] which is
at the heart of metric fixed point theory continues to inspire scientists to demonstrate ground-
breaking results for self-operators that expand upon it in a variety of ways (see [1, 4, 6, 10, 16]).
Instead of self-operators if we are able to deal with the mappings that are non-self is one method
to make this theory better.

Let us consider a non-self-mapping H : P −→ Q for a metric space (V, d) with non-void
subsets P and Q. Hϑ = ϑ is unlikely to have a solution because H is not a self-mapping. There-
fore, it is crucial to look for an ϑ ∈ P that is in some way most closest to Hϑ ∈ Q. Numerous
academics have investigated this issue and tried to determine whether there is a point ϑ∗ ∈ P
with the least amount of error, where d(ϑ∗, Hϑ∗) is the smallest globally. If ϑ∗ corresponds to
d(ϑ∗, Hϑ∗) = d(P,Q), where d(P,Q) = inf{d(ϑ1, ϑ2) : ϑ1 ∈ P, ϑ2 ∈ Q}, then ϑ∗ ∈ P is a
best proximity point [2] of the non-self-mapping H : P −→ Q. Furthermore, the mapping H
is a self-mapping if P = Q, which leads to the topic fixed point theory that can be solved using
any of the extensions or itself, Banach’s [3] fixed point contraction theorem, and this will lead to
the best proximity point. As a result, one of the intriguing issues in fixed point theory is the best
proximity point theory. For more results in this direction, authors can see [5, 7, 8, 14].

In order to properly read this article, the following notation [2] should be fixed:

P0 = {ϑ1 ∈ P : d(ϑ1, ϑ2) = d(P,Q) for a ϑ2 ∈ Q},
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Q0 = {ϑ2 ∈ Q : d(ϑ1, ϑ2) = d(P,Q) for a ϑ1 ∈ P}.
We now review a number of concepts, examples, and findings that are necessary to compre-

hend this study.

Definition 1.1. [9] Let α : P × P −→ (−∞,+∞) be any mapping and H : P −→ Q is so that

α(u1, u2) ≥ 0
d(u1, Hϑ1) = d(P,Q)

d(u2, Hϑ2) = d(P,Q)

 ⇒ α(ϑ1, ϑ2) ≥ 0,

for any u1, u2, ϑ1, ϑ2 ∈ P . Then H is called α+-proximal admissible.

Definition 1.2. [11] Let (P,Q) represents a pair of non-empty subsets of the metric space (V, d).
For any u1, u2 ∈ P and ϑ1, ϑ2 ∈ Q, we have

d(u1, ϑ1) = d(P,Q)

d(u2, ϑ2) = d(P,Q)

}
⇒ d(u1, u2) ≤ d(ϑ1, ϑ2)

if and only if the pair (P,Q) said to satisfy weak p-property.

Definition 1.3. [12] Let Θ be the collection of mappings θ : R+ −→ (1,+∞) that satisfies

(θ1) r < s ⇒ θ(r) < θ(s), for all r, s ∈ R+, i.e., θ is strictly increasing,

(θ2) lim
n→∞

rn = 0 iff lim
n→∞

θ(rn) = 1, where {rn}n∈N is any sequence in R+,

(θ3) θ is continuous.

Definition 1.4. [13] Let Φ consists the collection of mappings ϕ : [1,+∞) −→ [1,+∞) that
satisfies

(ϕ1) r ≤ s ⇒ ϕ(r) ≤ ϕ(s), for all r, s ∈ [1,+∞), i.e., ϕ is increasing,

(ϕ2) lim
n→∞

ϕn(r) = 1, for any r ∈ (1,+∞),

(ϕ3) ϕ is continuous.

Lemma 1.5. [15] For all ϕ ∈ Φ, we have ϕ(1) = 1 and ϕ(r) < r,∀r > 1.

Definition 1.6. [13] A mapping H : V −→ V , where (V, d) is any metric space, will be called as
(θ, ϕ)-contraction if for any ϑ1, ϑ2 ∈ V there exist functions ϕ ∈ Φ, θ ∈ Θ that satisfies

d(Hϑ1, Hϑ2) > 0 ⇒ θ[d(Hϑ1, Hϑ2)] ≤ ϕ[θ(d(ϑ1, ϑ2))].

2 Main Results

Here we define Ćirić α+(θ, ϕ)-proximal contraction, a new class of non-self contractions. Also,
we state and prove results, for mappings that satisfy such contraction conditions must have a best
proximity point. Consequently, we define Chatterjea α+(θ, ϕ)-proximal contraction and present
some corollaries that are analogous to Reich, Kannan, Banach, and many more.

Definition 2.1. A mapping H : P −→ Q is known as a Ćirić α+(θ, ϕ)-proximal contraction
when it applies to non-empty subsets P,Q of any metric space (V, d) if for some θ ∈ Θ, ϕ ∈ Φ

we have
d(ϑ1, ϑ2) > 0 ⇒ θ(d(Hϑ1, Hϑ2)) + α(ϑ1, ϑ2) ≤ ϕ(θ(M(ϑ1, ϑ2))), (2.1)

for all ϑ1, ϑ2 ∈ P . Where α : P × P −→ (−∞,+∞) and

M(ϑ1, ϑ2) = ζ1d(ϑ1, ϑ2) + ζ2

{
d(ϑ1, Hϑ1)− d(P,Q)

}
+ ζ3

{
d(ϑ2, Hϑ2)

−d(P,Q)
}
+ ζ4

{
d(ϑ1, Hϑ2)− d(P,Q)

}
+ ζ5

{
d(ϑ2, Hϑ1)

−d(P,Q)
}
,

with ζ1, ζ2, ζ3, ζ4, ζ5 ≥ 0, ζ1 + ζ2 + ζ3 + ζ4 + ζ5 < 1, ζ4 = ζ5, ζ3 + ζ4 ̸= 1.
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The following is an example of a Ćirić α+(θ, ϕ)-proximal contraction.

Example 2.2. Consider two non-empty subsets

P = {(ϑ1, ϑ2) ∈ R2 : ϑ1 = 1, 0 ≤ ϑ2 ≤ 1},

Q = {(ϑ1, ϑ2) ∈ R2 : ϑ1 =
1
2
, 0 ≤ ϑ2 ≤ 1}

of the metric space (R2, du), where du is usual metric of R2. Suppose H : P −→ Q is given by

H(ϑ1, ϑ2) =
(ϑ1

2
,
ϑ2

4

)
,∀(ϑ1, ϑ2) ∈ P

and α+ : P × P −→ (−∞,+∞) is given by α(r1, r2) = 0. Then for θ(r) = 1 + r
2 ∈ Θ and

ϕ(r) = 1+r
2 ∈ Φ, H is a Ćirić α+(θ, ϕ)-proximal contraction for ζ1 = 3

5 , ζ2 = 1
7 , ζ3 = 1

9 , ζ4 =
1

17 , ζ5 =
1

17 .

Now we present our main result.

Theorem 2.3. Consider two non-empty subsets P,Q satisfying weak p-property of any complete
metric space (V, d) with P0 ̸= ∅. Assume that a continuous mapping H : P −→ Q is a Ćirić
α+(θ, ϕ)-proximal contraction so that H(P0) ⊆ Q0, d(ϑ1, Hϑ0) = d(P,Q) and α(ϑ0, ϑ1) ≥ 0
for some ϑ0, ϑ1 ∈ P0. Then unique best proximity point ϑ∗ of H exists in P so that d(ϑ∗, Hϑ∗) =
d(P,Q).

Proof. According to the statement of the theorem, there are some points ϑ0, ϑ1 ∈ P0 so that
d(ϑ1, Hϑ0) = d(P,Qa) and α(ϑ0, ϑ1) ≥ 0. Since H(P0) ∈ Q0, for ϑ1 ∈ P0 there will be ϑ2 ∈ P0
so that d(ϑ2, Hϑ1) = d(P,Q). Being H an α+-proximal admissible, we have α(ϑ1, ϑ2) ≥ 0.
Again since H(P0) ∈ Q0, for ϑ2 ∈ P0 there will be ϑ3 ∈ P0 so that d(ϑ3, Hϑ2) = d(P,Q).
Being H an α+-proximal admissible, we have α(ϑ2, ϑ3) ≥ 0. Proceeding similarly, we will have
a sequence {ϑn} of points in P0 with

d(ϑn+1, Hϑn) = d(P,Q) and α(ϑn, ϑn+1) ≥ 0,∀n ∈ N. (2.2)

Since the pair (P,Q) is fulfilling the weak p-property, we have

d(ϑn, ϑn+1) ≤ d(Hϑn−1, Hϑn),∀n ∈ N.

If for some n ∈ N, ϑn = ϑn+1, then

d(ϑn+1, Hϑn) = d(P,Q) ⇒ d(ϑn, Hϑn) = d(P,Q).

So that ϑn will be a best proximity point of H in P0 ⊆ P .

Hence we can assume that ϑn ̸= ϑn+1,∀n ∈ N i.e., the sequence consists of distinct points,
i.e., d(ϑn, ϑn+1) ≥ 0. Since H is Ćirić α+(θ, ϕ)-proximal contraction

θ(d(ϑn, ϑn+1)) ≤ θ(d(Hϑn−1, Hϑn)), since θ is strictly increasing

≤ θ(d(Hϑn−1, Hϑn)) + α(ϑn−1, ϑn), since α(ϑn−1, ϑn) ≥ 0

≤ ϕ(θ(M(ϑn−1, ϑn))).



Non-self Ćirić α+(θ, ϕ)-proximal contractions 33

Where

M(ϑn−1, ϑn) = ζ1d(ϑn−1, ϑn) + ζ2

{
d(ϑn−1, Hϑn−1)− d(P,Q)

}
+ζ3

{
d(ϑn, Hϑn)− d(P,Q)

}
+ ζ4

{
d(ϑn−1, Hϑn)

−d(P,Q)
}
+ ζ5

{
d(ϑn, Hϑn−1)− d(P,Q)

}
≤ ζ1d(ϑn−1, ϑn) + ζ2

{(
d(ϑn−1, ϑn) + d(ϑn, Hϑn−1)

)
−d(P,Q)

}
+ ζ3

{(
d(ϑn, ϑn+1) + d(ϑn+1, Hϑn)

)
−d(P,Q)

}
+ ζ4

{(
d(ϑn−1, ϑn) + d(ϑn, ϑn+1)

+d(ϑn+1, Hϑn)
)
− d(P,Q)

}
+ ζ5

{
d(ϑn, Hϑn−1)

−d(P,Q)
}

= ζ1d(ϑn−1, ϑn) + ζ2

{
d(ϑn−1, ϑn) +

(
d(ϑn, Hϑn−1)

−d(P,Q)
)}

+ ζ3

{
d(ϑn, ϑn+1) +

(
d(ϑn+1, Hϑn)

−d(P,Q)
)}

+ ζ4

{(
d(ϑn−1, ϑn) + d(ϑn, ϑn+1)

)
+
(
d(ϑn+1, Hϑn)− d(P,Q)

)}
+ ζ5

{
d(ϑn, Hϑn−1)

−d(P,Q)
}

=
(
ζ1 + ζ2 + ζ4

)
d(ϑn−1, ϑn) +

(
ζ3 + ζ4

)
d(ϑn, ϑn+1), by 2.2.

Thus

θ(d(ϑn, ϑn+1)) ≤ ϕ(θ(M(ϑn−1, ϑn)))

< θ(M(ϑn−1, ϑn)), since ϕ ∈ Φ and by Lemma 1.5

⇒ θ(d(ϑn, ϑn+1)) < θ
((

ζ1 + ζ2 + ζ4

)
d(ϑn−1, ϑn) +

(
ζ3 + ζ4

)
d(ϑn, ϑn+1)

)
.

Since θ is strictly increasing

d(ϑn, ϑn+1) <
(
ζ1 + ζ2 + ζ4

)
d(ϑn−1, ϑn) +

(
ζ3 + ζ4

)
d(ϑn, ϑn+1)

⇒
(

1 − ζ3 − ζ4

)
d(ϑn, ϑn+1) <

(
ζ1 + ζ2 + ζ4

)
d(ϑn−1, ϑn)

⇒ d(ϑn, ϑn+1) <

(
ζ1 + ζ2 + ζ4

)
(

1 − ζ3 − ζ4

) d(ϑn−1, ϑn).

Now since ζ1, ζ2, ζ3, ζ4, ζ5 ≥ 0, ζ1 + ζ2 + ζ3 + 2ζ4 < 1, ζ3 + ζ4 ̸= 1, we have(
ζ1 + ζ2 + ζ4

)
(

1 − ζ3 − ζ4

) < 1

⇒ d(ϑn, ϑn+1) < d(ϑn−1, ϑn)

⇒ θ(M(ϑn−1, ϑn))) < θ(d(ϑn−1, ϑn)).
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Hence
⇒ 1 ≤ θ(d(ϑn, ϑn+1)) ≤ ϕ(θ(M(ϑn−1, ϑn))) ≤ ϕ(θ(d(ϑn−1, ϑn)))

⇒ 1 ≤ θ(d(ϑn, ϑn+1)) ≤ ϕ(θ(d(ϑn−1, ϑn)))

≤ ϕ(ϕ(θ(d(ϑn−2, ϑn−1)))) = ϕ2(θ(d(ϑn−2, ϑn−1)))

...

≤ ϕn(θ(d(ϑ0, ϑ1))).

Limiting as n → +∞ and as θ(d(ϑ0, ϑ1)) ≥ 1, we have lim
n→+∞

ϕn(θ(d(ϑ0, ϑ1))) = 1 and so

lim
n→+∞

θ(d(ϑn, ϑn+1)) = 1

⇒ lim
n→+∞

d(ϑn, ϑn+1) = 0, since θ ∈ Θ. (2.3)

By the contrary method we will prove lim
n→+∞

d(ϑn, ϑm) = 0, that is {ϑn} is a Cauchy sequence,
as follows:

Suppose the sequence {ϑn} is not Cauchy, then there must be ε > 0, k ∈ N and sub-sequences
{pn}n∈N, {qn}n∈N of {n}n∈N with pn > qn > k so that

d(ϑpn
, ϑqn) ≥ ε and d(ϑpn−1, ϑqn) < ε for all n > k.

Now

ε ≤ d(ϑpn , ϑqn) ≤ d(ϑpn , ϑpn−1) + d(ϑpn−1, ϑqn)

< d(ϑpn−1, ϑpn
) + ε.

⇒ lim
n→+∞

d(ϑpn
, ϑqn) = ε, by 2.3. (2.4)

Again

ε ≤ d(ϑpn
, ϑqn) ≤ d(ϑpn

, ϑqn+1) + d(ϑqn , ϑqn+1)

⇒ ε ≤ d(ϑpn
, ϑqn+1) ≤ d(ϑpn

, ϑqn) + d(ϑqn , ϑqn+1),

by limiting n → +∞ and triangle inequality.

⇒ lim
n→+∞

d(ϑpn
, ϑqn+1) = ε, by 2.3 and 2.4. (2.5)

Similarly, we have
lim

n→+∞
d(ϑpn+1, ϑqn) = ε. (2.6)

Using the following inequalities

d(ϑpn+1, ϑqn+1) ≤ d(ϑpn+1, ϑqn) + d(ϑpn
, ϑqn) + d(ϑqn , ϑqn+1),

ε ≤ d(ϑpn
, ϑqn) ≤ d(ϑpn

, ϑpn+1) + d(ϑpn+1, ϑqn+1) + d(ϑqn , ϑqn+1),

and 2.3, 2.4, 2.5, 2.6 we have

lim
n→+∞

d(ϑpn+1, ϑqn+1) = ε. (2.7)

Using α+(θ, ϕ)-proximality of H and substituting ϑ1 = ϑpn+1, ϑ2 = ϑqn+1 in 2.1, we have

θ(d(ϑpn+1, ϑqn+1)) ≤ ϕ(θ(M(ϑpn
, ϑqn))), (2.8)
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where

M(ϑpn , ϑqn) = ζ1d(ϑpn , ϑqn) + ζ2

{
d(ϑpn , Hϑpn)− d(P,Q)

}
+ζ3

{
d(ϑqn , Hϑqn)− d(P,Q)

}
+ ζ4

{
d(ϑpn

, Hϑqn)

−d(P,Q)
}
+ ζ5

{
d(ϑqn , Hϑpn

)− d(P,Q)
}

≤ ζ1d(ϑpn
, ϑqn) + ζ2

{(
d(ϑpn

, ϑpn+1) + d(ϑpn+1, Hϑpn
)
)

−d(P,Q)
}

+ζ3

{(
d(ϑqn , ϑqn+1) + d(ϑqn+1, Hϑqn)

)
− d(P,Q)

}
+ζ4

{(
d(ϑpn

, ϑqn+1) + d(ϑqn+1, Hϑqn)
)
− d(P,Q)

}
+ζ5

{(
d(ϑqn , ϑpn+1) + d(ϑpn+1, Hϑpn)

)
− d(P,Q)

}
= ζ1d(ϑpn

, ϑqn) + ζ2

{
d(ϑpn

, ϑpn+1) +
(
d(ϑpn+1, Hϑpn

)

−d(P,Q)
)}

+ζ3

{
d(ϑqn , ϑqn+1) +

(
d(ϑqn+1, Hϑqn)− d(P,Q)

)}
+ζ4

{
d(ϑpn , ϑqn+1) +

(
d(ϑqn+1, Hϑqn)− d(P,Q)

)}
+ζ5

{
d(ϑqn , ϑpn+1) +

(
d(ϑpn+1, Hϑpn

)− d(P,Q)
)}

= ζ1d(ϑpn
, ϑqn) + ζ2d(ϑpn

, ϑpn+1) + ζ3d(ϑqn , ϑqn+1)

+ζ4d(ϑpn
, ϑqn+1) + ζ5d(ϑqn , ϑpn+1), by 2.2.

Using 2.3, 2.4, 2.5, 2.6, 2.7 and ζ1 + ζ2 + ζ3 + ζ4 + ζ5 < 1 implies

lim
n→+∞

M(ϑpn
, ϑqn) ≤ ε. (2.9)

Again, using properties of θ, ϕ, 2.8, 2.9 and limiting we have

θ(ε) ≤ ϕ(θ(ε)) < θ(ε), since θ(ε) > 1

⇒ ε < ε, a contradiction.

Which proves lim
n→+∞

d(ϑn, ϑm) = 0, that is {ϑn} is a Cauchy in P0 ⊆ V . Being (V, d) is

complete, there must be ϑ∗ ∈ V , in fact, being P is closed in V and {ϑn} is Cauchy in P0 ⊆ P ,
ϑ∗ must be in P , with

lim
n→+∞

d(ϑn, ϑ
∗) = 0

⇒ lim
n→+∞

d(Hϑn, Hϑ∗) = 0, since H is continuous.

Again
d(ϑn+1, Hϑn) = d(P,Q)

⇒ lim
n→+∞

d(ϑn+1, Hϑn) = lim
n→+∞

d(P,Q)

⇒ d(ϑ∗, Hϑ∗) = d(P,Q).

This shows that ϑ∗ is a best proximity point of H in P. To prove uniqueness, suppose ϑ∗, ϑ∗∗ are
two distinct best proximity points of H in P0 ̸= ∅. Then d(ϑ∗, ϑ∗∗) ≥ 0 and

d(ϑ∗, Hϑ∗) = d(P,Q)
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d(ϑ∗∗, Hϑ∗∗) = d(P,Q).

Since the pair (P,Q) satisfies weak p-property we have

d(ϑ∗, ϑ∗∗) ≤ d(Hϑ∗, Hϑ∗∗).

Using α+(θ, ϕ)-proximality of H and substituting ϑ∗, ϑ2 = ϑ∗∗ in 2.1, we have

θ(d(ϑ∗, ϑ∗∗)) ≤ θ(d(Hϑ∗, Hϑ∗∗)) ≤ ϕ(θ(M(ϑ∗, ϑ∗∗))) < θ(M(ϑ∗, ϑ∗∗)), (2.10)

where

M(ϑ∗, ϑ∗∗) = ζ1d(ϑ
∗, ϑ∗∗) + ζ2

{
d(ϑ∗, Hϑ∗)− d(P,Q)

}
+ζ3

{
d(ϑ∗∗, Hϑ∗∗)− d(P,Q)

}
+ ζ4

{
d(ϑ∗, Hϑ∗∗)

−d(P,Q)
}
+ ζ5

{
d(ϑ∗∗, Hϑ∗)− d(P,Q)

}
≤ ζ1d(ϑ

∗, ϑ∗∗) + ζ4

{(
d(ϑ∗, ϑ∗∗) + d(ϑ∗∗, Hϑ∗∗)

)
−d(P,Q)

}
ζ5

{(
d(ϑ∗∗, ϑ∗) + d(ϑ∗, Hϑ∗)

)
− d(P,Q)

}
= ζ1d(ϑ

∗, ϑ∗∗) + ζ4

{
d(ϑ∗, ϑ∗∗) +

(
d(ϑ∗∗, Hϑ∗∗)

−d(P,Q)
)}

ζ5

{
d(ϑ∗∗, ϑ∗) +

(
d(ϑ∗, Hϑ∗)− d(P,Q)

)}
=

(
ζ1 + ζ4 + ζ5

)
d(ϑ∗, ϑ∗∗)

⇒ θ(M(ϑ∗, ϑ∗∗)) ≤ θ
((

ζ1 + ζ4 + ζ5

)
d(ϑ∗, ϑ∗∗)

)
, by Definition 1.3.

Which gives

θ(d(ϑ∗, ϑ∗∗)) < θ(M(ϑ∗, ϑ∗∗)) ≤ θ
((

ζ1 + ζ4 + ζ5

)
d(ϑ∗, ϑ∗∗)

)
⇒ d(ϑ∗, ϑ∗∗) <

(
ζ1 + ζ4 + ζ5

)
d(ϑ∗, ϑ∗∗), by Definition 1.3

⇒
{

1 −
(
ζ1 + ζ4 + ζ5

)}
d(ϑ∗, ϑ∗∗) < 0, a contradiction,

since ζ1 + ζ4 + ζ5 < 1 and d(ϑ∗, ϑ∗∗) ≥ 0.

Hence the proximity point is unique.

The example below illustrates Theorem 2.3.

Example 2.4. Consider the Ćirić α+(θ, ϕ)-proximal contraction defined in Example 2.2. Where
(R2, du) is a complete metric space, P0 = P ̸= ∅ and Q0 = Q. Also, the pair (P,Q) meets weak
p-property. That is, H satisfies all the conditions of Theorem 2.3. Clearly (1, 0) is a unique best
proximity point of H .

Definition 2.5. A mapping H : P −→ Q is known as a Chatterjea α+(θ, ϕ)-proximal contraction
when it applies to non-empty subsets P,Q of any metric space (V, d) if for some θ ∈ Θ, ϕ ∈ Φ

we have
d(ϑ1, ϑ2) > 0 ⇒ θ(d(Hϑ1, Hϑ2)) + α(ϑ1, ϑ2) ≤ ϕ(θ(M(ϑ1, ϑ2))),

for all ϑ1, ϑ2 ∈ P . Where α : P × P −→ (−∞,+∞) and

M(ϑ1, ϑ2) = ζ
{
d(ϑ1, Hϑ2) + d(ϑ2, Hϑ1)− 2d(P,Q)

}
,

with 0 ≤ ζ < 1
2 .
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The following is an example of a Chatterjea α+(θ, ϕ)-proximal contraction.

Example 2.6. Consider two non-empty subsets

P = {(ϑ1, ϑ2) ∈ R2 : ϑ1 ≥ 0, ϑ2 = 1},

Q = {(ϑ1, ϑ2) ∈ R2 : ϑ1 ≥ 0, ϑ2 = 0}
of the metric space (R2, du), where du is usual metric of R2. Suppose H : P −→ Q is given by

H(ϑ1, ϑ2) =
(ϑ1

6
, 0
)
,∀(ϑ1, ϑ2) ∈ P

and α+ : P × P −→ (−∞,+∞) is given by α(r1, r2) = 3
2 . Then for θ(r) = ln r ∈ Θ and

ϕ(r) = 1+r
2 ∈ Φ, H is a Chatterjea α+(θ, ϕ)-proximal contraction for ζ = 1

3 .

Theorem 2.7. Consider two non-empty subsets P,Q satisfying weak p-property of any complete
metric space (V, d) with P0 ̸= ∅. Assume that a continuous mapping H : P −→ Q is a Chatterjea
α+(θ, ϕ)-proximal contraction so that H(P0) ⊆ Q0, d(ϑ1, Hϑ0) = d(P,Q) and α(ϑ0, ϑ1) ≥ 0
for some ϑ0, ϑ1 ∈ P0. Then unique best proximity point ϑ∗ of H exists in P so that d(ϑ∗, Hϑ∗) =
d(P,Q).

Proof. Putting ζ1 = ζ2 = ζ3 = 0, ζ4 = ζ5 = ζ we get the proof from the Theorem 2.3.

The example below illustrates Theorem 2.7.

Example 2.8. Consider the Chatterjea α+(θ, ϕ)-proximal contraction defined in Example 2.6.
Where (R2, du) is a complete metric space, P0 = P ̸= ∅ and Q0 = Q. Also, the pair (P,Q)
meets weak p-property. That is, H satisfies all the conditions of Theorem 2.7. Clearly (0, 1) is a
unique best proximity point of H .

Like Chatterjea α+(θ, ϕ)-proximal contraction, we now present definitions and subsequent
corollaries that are analogous to Reich, Kannan, Banach, and many more.

Definition 2.9. A mapping H : P −→ Q is known as a Reich α+(θ, ϕ)-proximal contraction
when it applies to non-empty subsets P,Q of any metric space (V, d) if for some θ ∈ Θ, ϕ ∈ Φ

we have
d(ϑ1, ϑ2) > 0 ⇒ θ(d(Hϑ1, Hϑ2)) + α(ϑ1, ϑ2) ≤ ϕ(θ(M(ϑ1, ϑ2)),

for all ϑ1, ϑ2 ∈ P . Where α : P × P −→ (−∞,+∞) and

M(ϑ1, ϑ2) = ζ1d(ϑ1, ϑ2) + ζ2

{
d(ϑ1, Hϑ1)− d(P,Q)

}
+ ζ3

{
d(ϑ2, Hϑ2)

−d(P,Q)
}
,

with ζ1, ζ2, ζ3 ≥ 0, ζ1 + ζ2 + ζ3 < 1, ζ3 ̸= 1.

Corollary 2.10. Consider two non-empty subsets P,Q satisfying weak p-property of any com-
plete metric space (V, d) with P0 ̸= ∅. Assume that a continuous mapping H : P −→ Q
is a Reich α+(θ, ϕ)-proximal contraction so that H(P0) ⊆ Q0, d(ϑ1, Hϑ0) = d(P,Q) and
α(ϑ0, ϑ1) ≥ 0 for some ϑ0, ϑ1 ∈ P0. Then unique best proximity point ϑ∗ of H exists in P so that
d(ϑ∗, Hϑ∗) = d(P,Q).

Proof. Putting ζ4 = ζ5 = 0 in Theorem 2.3, we get the proof.

Definition 2.11. A mapping H : P −→ Q is known as a Kannan α+(θ, ϕ)-proximal contraction
when it applies to non-empty subsets P,Q of any metric space (V, d) if for some θ ∈ Θ, ϕ ∈ Φ

we have
d(ϑ1, ϑ2) > 0 ⇒ θ(d(Hϑ1, Hϑ2)) + α(ϑ1, ϑ2) ≤ ϕ(θ(M(ϑ1, ϑ2))),

for all ϑ1, ϑ2 ∈ P . Where α : P × P −→ (−∞,+∞) and

M(ϑ1, ϑ2) = ζ
{
d(ϑ1, Hϑ1) + d(ϑ2, Hϑ2)− 2d(P,Q)

}
,

with ζ ∈ [0, 1
2).
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Corollary 2.12. Consider two non-empty subsets P,Q satisfying weak p-property of any com-
plete metric space (V, d) with P0 ̸= ∅. Assume that a continuous mapping H : P −→ Q
is a Kannan α+(θ, ϕ)-proximal contraction so that H(P0) ⊆ Q0, d(ϑ1, Hϑ0) = d(P,Q) and
α(ϑ0, ϑ1) ≥ 0 for some ϑ0, ϑ1 ∈ P0. Then unique best proximity point ϑ∗ of H exists in P so that
d(ϑ∗, Hϑ∗) = d(P,Q).

Proof. Putting ζ1 = ζ4 = ζ5 = 0, ζ2 = ζ3 in Theorem 2.3, we get the proof.

Definition 2.13. A mapping H : P −→ Q is known as a Banach α+(θ, ϕ)-proximal contraction
when it applies to non-empty subsets P,Q of any metric space (V, d) if for some θ ∈ Θ, ϕ ∈ Φ

we have
d(ϑ1, ϑ2) > 0 ⇒ θ(d(Hϑ1, Hϑ2)) + α(ϑ1, ϑ2) ≤ ϕ(θ(M(ϑ1, ϑ2))),

for all ϑ1, ϑ2 ∈ P . Where α : P × P −→ (−∞,+∞) and

M(ϑ1, ϑ2) = ζd(ϑ1, ϑ2),

with 0 ≤ ζ < 1.

Corollary 2.14. Consider two non-empty subsets P,Q satisfying weak p-property of any com-
plete metric space (V, d) with P0 ̸= ∅. Assume that a continuous mapping H : P −→ Q
is a Banach α+(θ, ϕ)-proximal contraction so that H(P0) ⊆ Q0, d(ϑ1, Hϑ0) = d(P,Q) and
α(ϑ0, ϑ1) ≥ 0 for some ϑ0, ϑ1 ∈ P0. Then unique best proximity point ϑ∗ of H exists in P so that
d(ϑ∗, Hϑ∗) = d(P,Q).

Proof. Putting ζ2 = ζ3 = ζ4 = ζ5 = 0, in Theorem 2.3, we get the proof.

In Theorem 2.3, if α = 0 on P , then we get a new result.

Corollary 2.15. Consider two non-empty subsets P,Q satisfying weak p-property of any com-
plete metric space (V, d) with P0 ̸= ∅. Assume that a continuous mapping H : P −→ Q is so
that, for some θ ∈ Θ, ϕ ∈ Φ we have

d(ϑ1, ϑ2) > 0 ⇒ θ(d(Hϑ1, Hϑ2)) ≤ ϕ(θ(M(ϑ1, ϑ2))),

for all ϑ1, ϑ2 ∈ P with H(P0) ∈ Q0, d(ϑ3, Hϑ4) = d(P,Q) for some ϑ3, ϑ4 ∈ P0. Where

M(ϑ1, ϑ2) = ζ1d(ϑ1, ϑ2) + ζ2

{
d(ϑ1, Hϑ1)− d(P,Q)

}
+ ζ3

{
d(ϑ2, Hϑ2)

−d(P,Q)
}
+ ζ4

{
d(ϑ1, Hϑ2)− d(P,Q)

}
+ ζ5

{
d(ϑ2, Hϑ1)

−d(P,Q)
}
,

with ζ1, ζ2, ζ3, ζ4, ζ5 ≥ 0, ζ1 + ζ2 + ζ3 + 2ζ4 < 1, ζ4 = ζ5, ζ3 + ζ4 ̸= 1. Then best proximity point
ϑ∗ of H exists in P so that d(ϑ∗, Hϑ∗) = d(P,Q). In fact, the best proximity point is unique in
P .

Remark 2.16. Following the Corollary 2.15 if α = 0 on P , we can get more corollaries from the
Theorems 2.7 and Corollaries 2.10, 2.12, 2.14.

3 Application

Integral equations are typically essential when solving differential equations in mathematics.
Many writers have used methods from proximity point theory to tackle integral problems. In
order to show the usefulness of our findings, we explore that there is a solution to the following
integral equation over the space of all real-valued continuous functions on V = [0, r]

ϑ(v) = f(v) +

r∫
0

g(v, u)γ(u, ϑ(u))du, (3.1)
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where f : V −→ R, g : V × V −→ [0,+∞] and γ : V ×R −→ R are continuous functions.

Let (C(V ), || · ||) be the complete normed linear space of all real-valued continuous functions
on V with respect to usual "sup" norm and define H : C(V ) −→ C(V ) by

Hϑ(v) = f(v) +

r∫
0

g(v, u)γ(u, ϑ(u))du.

Being f, g, γ continuous, the function H is well defined. Then to find a solution of 3.1 is
same as to find a best proximity point of H i.e., a solution to the equation d(Hϑ(v), ϑ(v)) =
d(C(V ), C(V )), where metric d is given by d(ϑ1, ϑ2) = ||ϑ1 − ϑ2||.

Now we state our result.

Theorem 3.1. The problem 3.1 will have unique solution if for some 0 < ζ < 1, the mappings
g : V × V −→ [0,+∞], γ : V ×R −→ R satisfies

(a)
r∫
0
g(v, u)du ≤ 1,

(b) |γ(u, ϑ1(v))− γ(u, ϑ2(v)))| ≤ ζ|ϑ1(v)− ϑ2(v)| − τ , for τ with eτ = 2,

for all u ∈ V ;ϑ1(v), ϑ2(v) ∈ C(V ).

Proof. From the definition of H , for ϑ1(v), ϑ2(v) ∈ C(V ) with d(ϑ1, ϑ2) > 0, we have

|Hϑ1(v)−Hϑ2(v)| =
∣∣∣ r∫

0

g(v, u)(γ(u, ϑ1(u))− γ(u, ϑ2(u)))du
∣∣∣

≤
r∫

0

g(v, u)|γ(u, ϑ1(u))− γ(u, ϑ2(u)))|du

≤
r∫

0

g(v, u)(ζ|ϑ1(u)− ϑ2(u)| − τ)du, by (b).

Taking supremum both sides and using condition (a), we have

d(Hϑ1, Hϑ2) ≤ ζd(ϑ1, ϑ2)− τ

⇒ ed(Hϑ1,Hϑ2) +
1
2

≤ 1 +
eζd(ϑ1,ϑ2) − 1

2

Now if θ(r) = er, ϕ(r) = 1+ r−1
2 , for ζ = ζ1, and any choice of ζ2, ζ3, ζ4, ζ4 ≥ 0, H satisfies

the condition
θ(d(Hϑ1, Hϑ2)) + α(ϑ1, ϑ2) ≤ ϕ(θ(M(ϑ1, ϑ2)))

of the Theorem 2.3 for α(ϑ1, ϑ2) =
1
2 ,∀(ϑ1(v), ϑ2(v)) ∈ C(V )× C(V ). Thus there is a unique

best proximity point of H i.e., a solution of 3.1.

4 Conclusion

Starting with the introduction of Ćirić α+(θ, ϕ)-proximal contraction, a new class of non-self
generalized proximal contraction mapping on a non-empty closed subset of any metric space,
we have proved that such contractions satisfying some conditions must have unique best prox-
imity point if we take the base space as complete. We arrived at several distinct forms of proximal
contractions for certain values of the constants that we utilized to generalize the proximal con-
traction. We substantiated the deduced findings with examples. There is an application discussed
to demonstrate the solution to an integral equation over the space of all real-valued continuous
functions in the context of proximity point results. We hope that by showcasing these findings,
we can inspire a new generation of academics to continue investigating this fascinating field with
so many potential uses.
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