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Abstract In this paper we introduce the curvature tensors of (k,u)-paracontact manifold sat-
isfying the conditions R- Wy =0, P- Wy =0, 2 - Wy =0,C-W§ =0 and W§ - Wg = 0.
According these cases, (k, u)-paracontact manifolds have been characterized such as n-Einstein.

1 Introduction

In the modern geometry, the geometry of paracontact manifolds has become a subject of grow-
ing interest for its considerable applications in applied mathematics and physics. Paracontact
manifolds are smooth manifolds of dimension 2n + 1 equipped with a (1, 1)—tensor ¢, a vector
field ¢, and a 1-form 7 satisfying n(¢) = 1, ¢*> = I —n® ¢ and ¢ induces an almost paracomplex
structure on each fibre of D = ker(n) [1].

Moreover if the manifold is equipped with a pseudo-Riemannian metric g so that g(¢x1, px2) =
—g(z1,22) +n(z1)n(x2), g(21, px2) = dn(z1,22), for zy, x5 € x(M) and (M, ¢, &, n, g) is said
to be an almost paracontact metric manifold.

In 1985, Kaneyuki and Williams initiated the perspective of paracontact geometry [2].
Zamkovoy achieved a systematic research on paracontact metric manifolds [3]. Recently, B.
Cappeletti-Montano, 1. Kupeli Erken and C. Murathan introduced a new type of paracontact ge-
ometry so-called paracontact metric (k, 1) —space, where k and p are constant [4].

After then, G.P. Pokhariyal and R. S. Mishra researched curvature tensors and their relativis-
tic significance [5]. R. H. Ojha developed the properties of the M —projective tensor in Sasakian
and Kaehler manifolds [6]. B. Prasad introduced a pseudo projective curvature tensor on a Rie-
mannian manifold [7]. Additionally, some geometers have done studies on the curvature of
manifolds [8, 9, 10, 11, 12, 13].

Motivated by these idea, we make an attempt to the study properties of the some certain
curvature tensor in a (k, u)—paracontact metric manifold. In the present paper we investigate

cases R-Wi =0,P-Wg=0,Z-Wg=0,C-Wg =0 and W} - W =0, where R, P, Z,C
and W denote the curvature tensors of manifold, respectively.

2 Preliminaries

An (2n + 1)-dimensional manifold M is called to have an paracontact structure if it admits a
(1,1)—tensor field ¢, a vector field £ and a 1-form 1 satisfying the following conditions [2]:

PPz =21 —n(x1)E, (2.1
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for any vector field z; € x (M), where x (M) the set of all differential vector fields on M,

n(€) =1no¢=0, ¢ =0, 2.2
an almost paracontact manifold equipped with a pseudo-Riemannian metric g such that
9(dz1, ¢m2) = —g(a1,22) + n(@1)n(x2), g(21,€) =n(z1) (2.3)

for all vector fields xy, ;> € x(M) is said almost paracontact metric manifold, where signature of
gis (n+ 1,n). An almost paracontact structure is called a paracontact structure if g(z1, dY) =
dn(x1,x,) with the associated metric ¢ [3]. We now define a (1, 1)-tensor field h by h = %Lg(j),
where L denotes the Lie derivative. Then h is symmetric and satisfies the conditions

h¢ = —¢h, hE=0, Tr.h =Tr.gph =0. 2.4)
If V denotes the Levi-Civita connection of g, then we have the following relation
Vo & = —¢a1 + dha (2.5)

for any z; € x(M)[3]. For a paracontact metric manifold M2"*!(¢, &, 7, g), if € is a killing
vector field or equivalently, h = 0, then it is called a K-paracontact manifold.

An almost paracontact manifold is said to be para-Sasakian if and only if the following con-
dition holds [3]

(ezﬁﬁ)wz = *g(ﬂflaxz)f + 77(1’2)21

for all z1,z, € x(M) [14]. A normal paracontact metric manifold is para-Sasakian and satisfies

R(xy,22) = —(n(w2)21 — n(1)72) (2.6)

for all z;,2, € x(M), but this is not a sufficient condition for a para-contact manifold to be
para-Sasakian. It is clear that every para-Sasakian manifold is K-paracontact. But the converse
is not always true [15].

A paracontact manifold M is said to be n-Einstein if its Ricci tensor S of type (0,2) is of the
from S(z1,22) = ag(x1,x2) + bn(z1)n(x,),where a,b are smooth functions on M. If b = 0,
then the manifold is also called Einstein [14].

A paracontact metric manifold is said to be a (k, u)—paracontact manifold if the curvature
tensor R satisfies

R(xy,22)€ = k [n(z2)xr — n@i)a2] + p [n(z2)hay — n(z)has)] 2.7)

for all xy,x, € x(M), where k and p are real constants.

This class is very wide containing the para-Sasakian manifolds as well as the paracontact
metric manifolds satisfying R(x1,z,)¢ = 0 [23].

In particular, if ;4 = 0, then the paracontact metric (k, 1) —manifold is called paracontact met-
ric N(k)-manifold. Thus for a paracontact metric N (k)-manifold the curvature tensor satisfies
the following relation

R(z1,22)€ = k(n(z2)x1 — n(xr)z2) (2.8)

for all 1,2, € x(M). Though the geometric behavior of paracontact metric (k, 1) —spaces is
different according as k¥ < —1, or £ > —1, but there are some common results for k¥ < —1 and
k> —11[4].

Lemma 2.1. There does not exist any paracontact (k, u)—manifold of dimension greater than 3
with k > —1 which is Einstein whereas there exits such manifolds for k < —1 [4].

In a paracontact metric (k, 4)—manifold (M?"*1¢, & n,g), n > 1, the following relation
hold:
h? = (k + 1)¢?, for k # —1, (2.9)

(%xlqﬁ)xz = —g(z1 — hxy,22)€ + n(z2) (1 — hay), (2.10)
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S(xr,2) = [2(1 = n) +nplg(zr, 22) + [2(n — 1) + plg(hay, 22)
+2(n — 1) + n(2k — p)ln(z1)n(22), (2.11)
S(x1,€) = 2nkn(zy), (2.12)
Qr, = [2(1 = n)+nplza+ 2(n — 1) + plha,
+[2(n — 1) +n(2k — p)]n(x2)¢E, (2.13)
QE = 2nkg, g(QX,x2) = S(x1,22), (2.14)
Qo — ¢Q =2[2(n — 1) + plhg, (2.15)

for any vector fields x|, 2, on M>"*! | where Q and S denotes the Ricci operator and Ricci tensor
of (M>"*+1 g), respectively [4].

The concept of quasi-conformal curvature tensor was defined by K. Yano and S. Sawaki [22].
Quasi-conformal, concircular, projective and W -curvature tensor of a (2n + 1)-dimensional
Riemannian manifold are, respectively, defined as

C(x1,m)xs = aR(zy,22)x3 + b[S(22,23)21 — S(21,23) 22
+9(22,23)Q1 — g(21, 23) Q2]
_2nT+ 1 [% +20][g(x2, 23)21 — g(21, 23)22], (2.16)
Z(x1,2)w3 = R(xy, 22) 23 — m[g(m,m)xl — g(z1,23)22), 2.17)
Pla1, w2)s = Rlw1, 02)s — %[S(Iz,m)xl — S(a,23)2), (2.18)
WG (a1, e2)s = Ry, ) + 5 [S(aa,a3)as — glan, 25)Qua] 2.19)

for all z1,x2, 3 € x(M) [5].
3 Some characterizations for a (k, 1) —Paracontact Manifolds

In this section, we will give the main results for this paper.
Let M be (2n + 1)—dimensional (%, ;1)—paracontact metric manifold and we denote W -
curvature tensor from (2.19), we have for later

Wiz, 22)¢ = k(2n(22)21 —n(z1)z2) + p(n(z2)he — n(z)has)
—%n(xl)sz. (3.1)

Putting x; = £ in (2.19), we obtain

W5 (& xa)xs = k(g(w2,23)6 — n(w3)x2) + pu(g(hay, x3)€ — n(x3)hay)
—|—%(S(x2,x3)§ (@) Q). (3.2)

In (3.2), by choosing z3 = &,

1
Wi (&, 2)§ = k(2n(22)€ — 22) — phY — 5, Q2. (3.3)
From (2.7), it follows

R(&,x2)z3 = k(g(w2, 23)§ — n(w3)22) + pu(g(hwva, 23)§ — n(w3)has). (3.4)
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Choosing z3 = £ in (3.4), we have
R(§,22)€ = k(n(x2)€ — 22) — phas. (3.5)

In the same way, choosing z; = £ and by using (3.4) in (2.16), we have

(27;74_1)(% +20)(g(x2, 23)€ — n(x3)22)

+ap(g(haa, x3)€ — n(x3)hY) + b(S(z2, 23)§ — n(z3)Q22).  (3.6)

5(§7m2)x3 = (ak+ 2nkb—

In (3.6) choosing 3 = £ and using (2.12), we obtain

r

C(&m)¢ = (ak+2nkb— m(% +2b)(n(x2)¢ — x2)
—aphzy + b(2nkn(z2)€ — Qx2). 3.7

In same way, from (3.4) and (2.17), we get

Z(& wa)ws = (k- m)(g(% 23)§ — n(ws)w2) + plg(hwa, 23)§ — n(w3)haz), (3.8)
from which
26 2)6 = (h = 53 g5 (0(@2)€ = 2) = aha, (3.9)
From (2.18) and (3.4), we observe
P(& 22)as = kg(22, 23)§ + p(g(hwa, 23)€ — n(23)has) — %5(1’27933)5- (3.10)
Choosing a3 = £ in (3.10), we obtain
P(€,02)€ = —phas. G.11)

Theorem 3.1. Let M*"+' (¢, &, 0, g) be a (k, u)-paracontact space. Then C- Wi = 0 if and only
if M is an n—Einstein manifold.

Proof. Suppose that C- W = 0. This implies that

(5($1,I2)W5)(I5, 954):173 = 5(1‘] 5 I’z)WJ (x5, I4)I3 - WJ(&(I] 5 :L'z)xs, :L'4)£C3
—Wg (25, C(x1, 22)24)3
—W§ (x5, 24)C (21, 32) a3 = 0, (3.12)

for any 1, 2, 3, 4,25 € x(M). Taking 1 = x3 = £ in (3.12), making use of (3.1), (3.6) and
(3.7), for A = [ak + 2nkb — 55 (55 + 2b)], we have

(C(&a)Wi) (s, 24)€ = C(&22)(k(2n(xa)ws — n(ws)aa) + p(n(as) has
nfas)ha) — 5 n(rs)Qu) — Wi (Alg(as, a5)e

—n(xs5)x2) + ap(g(haa, v5)§ — n(zs)has

(
( has)
b(S (w2, w5)E — n(2s5)Qr2), 24))E — Wi (5, A(g (2, 24)€
(
(

+

(
—n(x4)x2) + ap(g(hzy, £4)€ — n(xs)ha)

+0(S (22, 24)§ — 1(24)Q2))§ — W (5, 74) (A(20(22)€
—x2) — aphxy + b(2nkn(x2)€ — Qxz) = 0. (3.13)

Taking into account (3.1), (3.3), (3.6) and inner product both sides of (3.13) by z3 € x(M) and
using (2.3), (2.13) and (2.19) choosing x4 = 2, = €;, £, in (3.13), 1 < ¢ < n, for orthonormal



A (k, p)-Paracontact Manifold 75

basis of x (M), we arrive

(kb — % S A B2(1 - 1) + npa])S (s, 23) + (ap — b+ b2(n — 1) + p])S(as, has)

+(% +ap(1 4+ E)[2(n — 1) + p] + bk[2(n — 1) + n(2k — p)] + ;’—;
+b(1 + k)(1 +k)[2(n — 1) + p)* + bk[2(n — 1) + n(2k — )]

+ Ak 4+ ap®(1 4+ k) — kAQ2n + 1) — kbr)g(xs, x3)

+(bp2(n — 1) +n(2k — p)] + kap + 2nAp — pbr)g(zs, has)
+(=0k[2(n — 1) + n(2k — p)] + 2nk>b + ka(2n + 1) — kbr

—dnkb — ap®*(1 + k)(2n + 1) — 2nbu(1 + k) [2(n — 1) + 4]

_%—aﬂ(l‘Fk)p(n—])«I»u]—;l( +k)[ (n—1)+n(2k‘—,u)]
—b(1+E)[2(n— 1) + p]? — 2bk[2(n — 1) + n(2k — p)]

—bk[2(1 — n) + nu))n(zs)n(zs) = 0. (3.14)

2(1 =n) +ny

Replacing hx; instead of x3 in (3.14) and by using (2.9), we get

(kb — % — A+b2(1 = n) +npu])S(zs, has) + (1 + k) (ap — by

+b2(n — 1) + p])S(zs, x3) — 2nk(1 + k) (ap — by

0200 — 1)+ p)nCes)aCes) + (50 +an(l -+ B)20n— 1) + 4]

FBR2(n — 1) + n(2k — )] + %[2(1 — n)+ ]

+b(1 +E)(1 +K)[2(n — 1) + p]* + bk[2(n — 1) + n(2k — )]

+ Ak + ap*(1 4+ k) — kA2n + 1) — kbr)g(xs, has)

+(1+ k) + (bu[2(n — 1) + n(2k — p)] + kap

+2nAp — pbr)g(xs, x3) — (1 + k) (bp2(n — 1)

+n(2k — )] + kap + 2nAp — pbr)n(xs)n(zs) = 0. (3.15)

From (3.14), (3.15) and also using (2.11), for the sake of brevity, we set

br

p = (kb—%—A#-b[Z(l—n)—}—n,u})
2 = (ap—bu+b2(n—1)+pu])
ps = (¥+au(1—I—k’)[Z(n—1)+u]—|—bk‘[2(n—1)+n(2kz—u)}
£ 201 = m) + ] b+ K1+ )20 — 1)+
+0k[2(n — 1) + n(2k — p)] + Ak + ap® (1 + k) — kA(2n + 1) — kbr)
ps = (bp2(n—1) +n(2k — p)] + kap + 2nAp — pbr)
ps = (=bk[2(n—1) +n(2k — p)] + 2nk*b + ka(2n + 1) — kbr — 4nkb
—ap*(1+ k) 2n + 1) = 2nbu(1 + E)[2(n — 1) + p] — 1247:

—au(1+ R)2(n — 1) + ] = 30 (1+ B2~ 1) + n(2k — )]

—b(1+E)[2(n — 1) + p)* = 20k[2(n — 1) +n(2k — )] — bk[2(1 — n) + npu])



76 P. Uygun and M. Atceken

and

a1 = (pap2(1 4+ k) —p3p1)[2(n — 1) + p] + (pap1 — p3p2)[2(1 — n) + np]

@ = 0 —p(1+k)[2(n— 1)+ pl + (papr — p3p2)

3 = (pap1 — p3p2)[2(n — 1) + n(2k — p)] — (psp1 + 2nkp3(1 + k) + papa (1 + k))[2(n — 1) + 1],

we conclude

@S(xs,23) = qrg(s, x3) + q3n(xs)n(xs).
So, M is an n—Einstein manifold. Conversely, let M>"!(¢, &, 7, g) be an n—Einstein manifold
ie. ¢25(zs,23) = q1g(ws, x3) + gan(zs)n(x3), then from (3.15)-(3.12), we have C- Wi =0. O

Theorem 3.2. Let M (¢,&,n, g) be a (k, p)-paracontact space. Then P- W = 0 if and only
if M is an n—Einstein manifold.

Proof. Assume that P - Wy = 0. This yields to

(P(iE] y $2)WJ)($5, $4)1‘3 = P(.T] , l‘z)WJ ($5, $4)ZE3 — de (P(JS] s xz)l‘s, I4)JL‘3
—Wy (@5, P(x1, x2)xs)x3
—W5 (x5, x4) P(21, 22)23 = 0, (3.16)

for any w1, z2, z3, 24, v5 € x(M). Taking z; = z3 = £ in (3.16) and making use of (3.1), (3.10),
(3.11), we obtain

(P(&22)Wi) (s, 24)6 = P(& 22)(k(2n(za)zs — n(zs)zs) + p(n(es)hes — n(zs)has)

1
—%TI(JTS)QM) — W5 (kg(z2, 25)& + p(g(haa, x5)E

—n(zs)hxs) — %5(502, x5)&, 24)6 — Wi (w5, kg(x2, 24)€

1
thlg(hee, 24)€ — n(za)haz) — 7522, 24)€)¢
+W5 (x5, z4) wha, = 0. 3.17)

Taking into account (3.1), (3.3), (3.10), putting x5 = £ and inner product both sides of (3.17) by
& € x(M), we arrive

2nuS (x4, hiry) — S(x2, Qug) + 4n’k(k — 2n)n(x4)n(x2) — 4n’k?g(22, 24)
—dn? kg (o, hag) + (2np — 2nk + 4n’k)S (22, 24) = 0. (3.18)
Using (2.3), (2.13) and (3.18), we get
(2n(2nk + p— k) = 2(1 = n) +npl)S(w2, 74) + (2(n = 1) + 4]
+2n)S (22, hag) — 4n’k>g (2, 24) — dn*kug(za, hag)
+(2nk[2(n — 1) + n(2k — p)] + 4n’k(k — 2n))n(z2)n(zs) = 0. (3.19)
Replacing haxs of x3 in (3.19) and making use of (2.9), we have
(2n(2nk + p — k) — [2(1 — n) + np))S(z2, hes) + (1 + k) ([2(n — 1) + 4]
+2np) S (22, 24) — 2nk(1 + k)([2(n — 1) + p] + 2np)n(22)n(z4)
—4n?k?g(xa, hay) — 4n?ku(1 + k)g(za, 24) + 4n2ku(1 + k)n(xy)n(zs) = 0. (3.20)
From (3.19), (3.20) and using (2.11), for the sake of brevity, we put

pi = (n(nk+p— k) - 201 —n) + np))
p2 = ([2(n—1)+p]+2np)

ps = 4n’k’

Py = 4n2ku

ps = (2nk[2(n — 1) +n(2k — p)]) + 4n’k(k — 2n))
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and

a1 = (pip3 — pap2(1+K))[2(n — 1) + p] + (p2p3 — p1pa) [2(1 — n) + np)

@ = (pi —p(1+k)[2(n—1) + u] + (p2ps — pips)

e = (paps —pipa)2(n — 1) +n(2k — p)] + (pap2(1 + k) — 2nkp3(1 + k) — pips)[2(n — 1) + 4],
that is,

@S(x2, 1) = q19(22, v4) + @31(72)7(74).
Thus, M is an 7-Einstein manifold. Conversely, let M?"*1(¢, £, 7, g) be an n—Einstein manifold
ie. S(22,74) = q19(22, 74) + q3n(x2)n(24), then from (3.20)-(3.16) we have P- Wi =0. O

Theorem 3.3. Let M*""(¢,&,m, g) be a (k, p)-paracontact space. Then R-W§ = 0 if and only
if M is an n—Einstein manifold.

Proof. Suppose that R - W; = 0. That is,

(R(xl,xz)WJ)(%, $4>l‘3 == R(JS[ y :EQ)W(T (ZL’5, x4)x3 - Wék (R(a:l,xz):c5, x4)x3
—WJ(Z‘5,R(Z‘1,$2)J)4)£3
—W5 (x5, 2z4) R(zy,22)23 = 0, (3.21)

for any x1, 2, 3, x4, x5 € x(M). Setting 1 = x3 = £ in (3.21) and making use of (3.1), (3.3),
(3.4), we obtain

(R(&, m)W5 ) (25, w4)€ = R(& 22)(k(2n(wa)xs — n(ws)1s)

u(n(za)has — n(xs)has) — 5—n(xs)Qrs)

i S
=W (k(g(z2, 25)€ — n(as)z2)
+u(g(haa, x5)€ — n(ws)has), v4)€

—W§ (5, k(g(22, 24)§ — n(24)2)
+u(g(haz, 24)§ — n(z4)hr))E
—Wg (s, x4) (k(n(22)€ — 22) — phaa) = 0. (3.22)
Inner product both sides of (3.22) by x3 € x(M) and using of (3.2), (3.3) and (3.5), we get
2nkg(Wy (25, w4) 22, 23) + 2npg(We (s, 24) hao, x3)
+2nkp(n(za)n(@s)g(xz, has) — g(hU, 3)g(x2, 24))
20 (1 + k) (n(za)n(a3)g (w2, 25) — n(as)n(es)g(a, 2a))
+u(n(zs)n(z3)S(z2, has) — n(za)n(xs)S(22, has))
+2nk?(g(22, 25)g (w4, 23) — g(2, 24)g(5, 23))
+2npuk(g(w2, 25)g(has, va) — g(hra, 24)g(2s, 73))
+2n? (9(ha, ws)g(has, 23) — g(hwa, 24)g(has, x3))
+k(g(z2,x5)S (24, 3) — g(72, 24) S (75, 73))
—k(S (@2, z4)n(zs)n(x3) + S(22, 23)n(xs)n(z4))
+20k? (g (x4, 22)n(ws)n(as) — g(w, x3)n(xs)n(za))
+2nkp(n(xs)n(ze)g(haa, v3) + g(hwo, x5)g (s, 23))
—p(n(@s)n(x3)S(haa, z4) + g(haz, 24)S(@s, 3)) = 0. (3.23)

Making use of (2.9), (2.19) and choosing x5 = x3 = ¢;, &, 1 < i < n, for orthonormal basis of
x(M) in (3.23), we have

kS (xq,x2) + 4npuS(xq, haa) + k(2nk — 4n*k — r)g(x, 24)
+u(2nk — 4nk — 1) g(z2, hay) = 0. (3.24)
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Replacing hx; instead of z; in (3.24) and taking into account (2.9), we get
AnkS (x4, has) + dnp(1 4+ k)S (x4, 22) — 8n2ku(1 + k)n(zs)n(z)
+k(2nk — 4n’k — 7)g(xa, hxa) + p(1 + k) (2nk — 4n*k — r)g(z4, 22)
—u(1 4 k)(2nk — 4n2k — r)n(z4)n(z2) = 0. (3.25)
From (3.24), (3.25) and by using (2.11), for the sake of brevity, we set
po= Ak —i2(1+ k),
p = (WP +E)—E)2nk — 40’k — 1),
p3 = —p*(14+k)(2nk —4n’k —r)
and we have

p1S (22, 24) = pag(z2, x4) + p3n(x2)n(24),

which verifies our assertion. Conversely, let M2" (¢, &, 7, g) be an —Einstein manifold i.e.
p1S (22, 24) = p2g(z2, 24) + p3n(22)n(24), then from (3.25)-(3.21) we have R - W; = 0. O

Theorem 3.4. Let M>"+1 (¢, ¢, n, g) be a (k, p)-paracontact space. Then Z- Wi = 0ifand only
if M is an n—Einstein manifold.

Proof. Assume that Z- Wy = 0. This implies that

(Z(21, 2) W) (@5, 4, 23) = Z(21, 22)W (w5, 24) 23 — Wi (Z (21, 22) w5, 74) 03
Wy (xs,Z (:vl,xz):c4)x3
Wi (s, 24) Z (21, a2) 23 = 0, (3.26)
for any 1, x2, x;,x4,x5 € x(M). Setting z1 = z3 = £ in (3.26) and making use of (3.1), (3.8),

3.9 for A=k — ﬁ we obtain

(Z(&,22)W3) (a5, 2a)é = Z(€ 22)(k(2n(xs)zs — nlws)zs)
Aas)has — n(es)has) — 5-n(as)Qus)

+1(
~W5 (A(g(22, 25)€ — n(ws)x2)
+ug(hxy, x5)6 — n(2s)hay, x4)€
~Wg (s, A(g(2, ©4)€ — n(z4)22)
+u(g(hxa, 24)€ — n(x4)ha2))E
0 (25, 24) (A(n(22)€ — 22) — phaz) =0.  (3.27)
By means of (3.1), (3.3), (3.8) and inner product both sides of (3.27) by z3 € x(M), we get

%

2nAg(Wy (x5, xa) w2, 23) + 2npg(Wy (s, 24)RY, 23) + 2nAu(n(za)n(z3)g(x, hU)
—n(s)n(w3)g (@2, AW)) + 24> (1 + k) (n(a)n(3)g (@2, 25) — n(s)n(s)g (w2, 24))
+2nkA(n(zs)n(z4)g(z2, x3) — n(@s)n(xs)g(z2, x4)) + 2nkp(n(zs)n(zs)g(hY, z3)
—n(as)n(xz3)g(hY,z4)) + A(g(x2, 25)S (23, 24) — g(22, 24) S (25, 23))

+u(g(hY, x5)S (24, 23) — g(RY, 24)S (25, 23)) + 2np? (g(hY, z5)g(hW, 23)

—9(hY, 24)g(hU, 23)) — A(S (22, z4)n(25)n(23) — S(22, 23)0(24)0(5))

+2npA(g(za, 25)g(hW, 23) — g(22, 24)g(RU, 23)) + 2nku(g(RY, x5)g(24, 73)

—g(hY, z4)g(xs, x3)) + 2nkA(g(22, 25)9(24, 23) — 9(22, 74)9(25,73))
—p(n(zs)n(x3) S (x2, AW) + n(z4)n(25)S (22, hZ)) + dnk(Ag(x2, 24)n(25)0(23)
+ug(RY, za)n(zs)n(x3)) — pn(zs)n(za)S(x2, hZ) = 0. (3.28)
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Making use of (2.12), (2.19) and choosing x5 = x3 = ¢;, £, 1 < i < n, for orthonormal basis of
x(M) in (3.28), we have

4nAS (x4, 22) + dnpS (g, hay) + A(2nk — 4n’k — r)g(z4, x2)
+u(2nk — 4n2k — 7)g(z4, hay) = 0. (3.29)

Replacing hx; instead of x; in (3.29) and taking into account (2.9), we arrive

4nAS( (x4, hay) + dnp(1 4 k)S (x4, 22) — 8n2ku(1 + k)n(zs)n(z))
+AQ2nk — 40’k — r)g(xq, hay) + p(1 + k) (2nk — 40’k — r)g(x4, 22)
—u(1 4 k)(2nk — 4n2k — r)n(z4)n(z2) = 0. (3.30)

From (3.29), (3.30) and by using (2.11), for the sake of brevity, if we set

pro= 4n(A - (1 + k),
p = (WP +Ek)— A%)(2nk — 40’k — 1),
p3 = —p(14+k)(4n*k 4 2nk —7)

then (3.30) reduce

p15(w4, x2) = pag(a, 22) + p3n(x4)n(x2).
This tell us, M is an n-Einstein manifold. Conversely, let M2"*1(¢, ¢, 7, g) be an n—Einstein

manifold i.e. p1S(x4,22) = p2g(x4, x2) + p3n(xs)n(x2), then from (3.30)-(3.26) we have Z -
Wg =0. ]

Theorem 3.5. Let M>""1(¢,&,n, g) be a (k, u)-paracontact space. Then W - Wi = 0 if and
only if M is an n—Einstein manifold.

Proof. Suppose that W - Wi = 0. That is,

(Wo (z1, ) W5 ) (25, 24, 23) = Wi (21, 22) W (w5, 24) 23 — W5 (W (21, 22) 25, 74) 253
—W(;F (l‘j, WS (1‘1, l‘z)x4)l‘3
Wi (x5, xa)W§ (21, 22) 23 = 0, (3.31)

for any z1, z2, 23, 24,25 € x(M). Setting x; = z3 = £ in (3.31), in view of (3.1), (3.2), we
obtain

(W5 (&, 22)W5 ) (s, x4)§ = Wi (&, 22)(k(2n(za)xs — n(ws)zs) + p(n(zs)has

s)hs) — () Qus) — W (K(g(a 75)€

%77
—n(xs)xy) + p(g(has, x5)€ — n(xs)hay) + %(5(3«"2,%5)5
—n(25)Q12), 74)§ — Wi (25, k(9(22, 74)€ — n(74)22)

g, 23)6 — n(aa)hes) + 5 (S(2,24)e

—n(74)Qx2))§ — Wy (25, 74) (k(2(22)€ — 22)

—phxy — iQgcz) =0. (3.32)
2n
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Using (3.2), (3.3) and inner product both sides of (3.32) by z3 € x (M), we get

202 kg(W5 (x5, 24) 32, 23) + 4n* pg (W5 (s, 24) hag, x3) 4 2ng (W (25, 24) Q2, 73)

+an kp(n(za)n(z3)g(2, has) — g(ws, ©3)g(w2, hag)) + 40 (1 4 k) (n(za)n(23)g(22, 25)
—n(@s)n(x3)g(x2, 24)) + 2np(n(zs)n(zs)S(x2, has) — n(ws)n(x3)S (22, has))

+4n? k2 (n(ws)n(z4) g (22, 23) — g2, 2a)g(ws, 23)) + 2npu(g(haz, w5)S (23, x4)

—S(haa, xa)n(xs)n(w3)) + 40’k (g(w2, 25)g (24, 23) + g (72, 24 (25)7(3))
+4n2 k2 pu(g(x, x5)g(hag, x3) + g(hxy, x5)g(xa, 23)) + 2nk(g(22, 25)S (24, 73)

+S (22, 25)g(24,23)) + 2nu(S(22, 25)g(hxa, x3) — S(22, 24)g(has, x3))

k2 (g (has, 3)n(ws)n () — g2, 24)g(has, 23)) + 4n’ 2 (g(haa, ws)g (has, x3)
—g(haz, x4)g(has, x3)) — 2nk(g(x2, 24) S (@5, 23) + g(s, 23) S (22, 24))

=2np(g(hzy, x4)S(xs, 23) + S22, x4)g(has,x3)) + (S(22, x5)S (24, 23)

—S(2, 24) S (25, 23)) — (S(22, Qua)n(25)N(23) + S(Q2, 23)1(25)M(74))

+2n (kS (2, 23)n(2s)n(2a) — pS(haa, 23)n(2s)n(z4))

+8n2k2g(xq, x3)n(zs5)n(z2) = 0. (3.33)

Making use of (2.12), (2.19) and choosing x4 = 3 = ¢;, £, 1 < i < n, for orthonormal basis of
x(M) in (3.33), we conclude

(2n[2(1 = n) +nu] — r)S(xs, 23) + (4n’k + 2np + 2n2(n — 1) + u])S(zs, hZ)
+(@n2u(1 + k)2(n — 1) + ) + 4nk[2(n — 1) +n(2k — )] + r[2(1 = n) + npl
+2n(1 + E)[2(n — 1) + p)? + 421 (1 + k) — 8n°k?)g(zs, x3)

+2nu2(n — 1) + n(2k — )] — 2nrp + 4nkp(1 — 2n))g(hU, x3)

+(20n2k* — 8nk[2(n — 1) +n(2k — p)] — r[2(1 — n) + ny]

+4n?k*(2n + 1) — 80 (1 + k) — 8n?u(1 + k)[2(n — 1) + y]

—2n(1 +k)[2(n — 1) + p]*)n(zs)n(as) = 0. (3.34)

Replacing hxs instead of x5 and putting (2.9) in (3.34), we observe

(2n[2(1 = n) + nu] — r)S(zs, has) + (1 + k) (4n’k + 2np + 2n[2(n — 1) + u])S(zs, 23)
—2nk(1 + k) (4n*k + 2np + 2n2(n — 1) + p))n(zs)n(xs3) + (An’p(1+ k) [2(n — 1) + 4]
+4nk[2(n — 1) + n(2k — )] +7[2(1 = n) + nu] + 2n(1 + k)[2(n — 1)

+ul? +4n* 12 (1+ k) — 80 k%) g (s, haz) + (14 k) (2np[2(n — 1) + n(2k — )]

—2nrp 4+ 4n*ku(l —2n))g(xs, 23) — (1 4+ &) 2nu2(n — 1) +n(2k — )]

—2nrp + 4n*kp(1 — 2n))n(zs)n(z3) = 0. (3.35)

From (3.34), (3.35) and by using (2.11), for the sake of brevity, we set

b1
P2
p3

y2
ps

(2n[2(1 = n) +np] —r)

(4n*k + 2np + 2n2(n — 1) + 4])

(An’u(1+ E)[2(n — 1) + p] + 4nk[2(n — 1) + n(2k — p))]

+r[2(1 = n) 4+ np] +2n(1 + k) [2(n — 1) + p]* + 40?12 (1 + k) — 8n°k?)
(2nu[2(n — 1) + n(2k — p)] — 2nrp + 4n’kp(l — 2n))

(20n%k? — 8nk[2(n — 1) +n(2k — p)] — 7[2(1 = n) 4+ ny] + 4n’E*(2n 4 1)
—8n3 2 (1 + k) — 8n%u(1 + k)[2(n — 1) + ] — 2n(1 + k)[2(n — 1) + u]?)
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and

a1 = [pap2(1+ k) — papr][2(n — 1) + p] + (pap1 — p3p2)[2(1 — n) + npl,

@ = (i —p(1+k)2(n—1)+ ul + (pap1 — pap2),

s = (pap1 — p3p2)[2(n — 1) + n(2k — p)] — (psp1 + 2nkp3(1 + k) + papa (1 + k) [2(n — 1) + 4],

then we have

@S(xs,3) = q1g(zs, v3) + g3n(ws)n(xs).
So, M is an n-Einstein manifold. Conversely, let M>"*!(¢, &, 1, g) be an —Einstein manifold
ie. ¢S(ws,23) = q1g(ws, 23) +q3n(zs)n(z3), then from (3.35)-(3.31) we have Wi - Wi = 0. O

Example 3.6. We consider the 3-dimensional manifold M = {(z, 7, 73) € R, z; > 0}, where
(w1, 1, 73) are standart coordinates of R?. The vector fields

0 0 0 0 0
=5 S 2 5)— —5)— = — = —
“l v 81‘1 + (933 + )8x2 * (\/E )8.1‘3’ @ 81‘2, “ 61‘3
Let g be the Riemannian metric defined by
gler,ea) = gler,e3) = glez,e3) =0,
gle,er) = glez,e2) =1, gles,e3) = —1

Let 7 be the 1-form defined by 1(z;) = g(z1,e2) for any z; € x(M). Let ¢ be the (1,1) tensor
field defined by
d)(eZ) = Oa (j)(@g,) = —€y, ¢(€3) = —€y.
Let V be the Levi-Civita connection with respect to the metric tensor g. Then we get
le3,e1] = 2zey, [e1,e2] =0, [ez,e3] =0.
Then we have
n(e2) = glez,e2) = 1, ¢z =21 —n(w1)es, g(¢X,9Y) = —g(x1,22) + n(z1)n(zs),

for any z1,z0 € x(M). Hence, (¢,,n,g) defines a paracontact metric structure on M for

6225.

The Levi-Civita connection V of the metric g is given by the Koszul’s formula
29(Vy xa,23) = Xg(ma,x3) + Yg(rs,z1) — Zg(x1,x2)
—g(w1, [2, 23]) — g(22, [21, 23]) + g(3, [21, 22]).

Using the above formula we obtain.

Veer = 0, Ve, €1 = —2e3, Ve,e1 = ze,
Ve e = —zes, Ve,e2 =0, Vee2 = —zey,
Ve ez = —ze, Ve, 3 = —zey, Ve,e3 =0.

Comparing the above relations with V,, e; = —¢X + ¢h X, we get
he; = —(1‘3 + 1)61, hes = —(.133 + 1)63, hey, = 0.

Using the formula R(z1, 22)23 = Va4, Vi, 23—V, Vi, 23—V, 4,123, we calculate the following:

R(er,ex)er = a3(z3 +2){n(e2)er —nler)ea} + 22{n(e2)he; — n(er)hex}
= —x%a

Rler,e3)er = a3(z3 +2){n(es)ea — n(ez)es} + 2z{n(es)hea — n(ez)hes}
= .%‘%63

R(er,es)ea = x3(x3+2){n(es)er —n(er)es} +2z{n(e3)he; —n(er)hes}
= 0.

By the above expressions of the curvature tensor and using (2.9), we conclude that M is a
(k, u)—paracontact metric manifold with k = z3(z3 + 2) and u = 2z3.
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4 Conclusion remarks

This paper aims is to obtain the curvature tensors of (k,u)-paracontact manifold satisfying the
conditions R - W§ =0, P- Wy =0, 7. Wy =0, C- Wy =0 and W - W5 = 0. According
these cases, (k, u1)-paracontact manifolds have been characterized such as n-Einstein. Therefore,
the results of this work are variant, significant and so it is interesting and capable to develop its
study in the future.
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