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Abstract Let G be a locally compact hypergroup and let K" be a compact subhypergroup of
G. (G, K) is a Gelfand pair if M.(G//K), the algebra of measures with compact support on
the double coset G// K, is commutative for the convolution. In this paper, assuming that (G, K)
is a Gelfand pair, we define and study the inverse Fourier transform on G and then establish a
Bochner theorem for the pair (G, K).

1 Introduction

Hypergroups generalize locally compact groups. They appear when the Banach space of all
bounded Radon measures on a locally compact space carries a convolution having all proper-
ties of a group convolution apart from the fact that the convolution of two point measures is a
probability measure with compact support and not necessarily a point measure. The intention
was to unify harmonic analysis on duals of compact groups, double cosets spaces G//H (H a
compact subgroup of a locally compact group ), and commutative convolution algebras associ-
ated with product linearization formulas of special functions. The notion of hypergroup has been
sufficiently studied (see for example [2, 5, 8, 9]). Harmonic analysis and probability theory on
commutative hypergroups are well developed meanwhile where many results from group theory
remain valid (see [1]). When G is a commutative hypergroup, the convolution algebra M. (G)
consisting of measures with compact support on G is commutative. The typical example of a
commutative hypergroup is the double coset G//K when G is a locally compact group, K is a
compact subgroup of G such that (G, K) is a Gelfand pair. In [5], R. I. Jewett has shown the
existence of a positive measure called Plancherel measure on the dual space G of a commutative
hypergroup G. In [6], R. Lasser relying on this result, has established a Bochner theorem on a
commutative hypergroup G. When the hypergroup G is not commutative, it is possible to involve
a compact subhypergroup K of G leading to a commutative subalgebra of M.(G). In fact, if K
is a compact subhypergroup of a hypergroup G, the pair (G, K) is said to be a Gelfand pair if
M_.(G//K) the convolution algebra of measures with compact support on G//K is commuta-
tive. The notion of Gelfand pairs for hypergroups is well-known (see [3, 10, 11]). When (G, K)
is a Gelfand pair; it has been shown in [4] the existence of a Plancherel measure on G. The
goal of this paper is to extend Lasser’s work by obtaining a Bochner theorem over Gelfand pair
associated with a noncommutative hypergroup. In the next section, we give notations and setup
useful for the remainder of this paper. In sectign 3, we define the inverse Fourier transform on

~

M,(@G), the algebra of bounded measures on G and obtain a relationship between measures in
M, (G) and measures in Mb(é) Then, we define the so-called positive (rep. strongly positive)
definite measure (resp. function) on G and obtain some of their characterizations. Finally, thanks
to these results, we prove that for any strongly positive definite measure, there exists a positive
measure in M, (G) whose Fourier transform coincides with the function on the support of the

Plancherel measure.
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2 Notations and preliminaries

We use the notations and setup of this section in the rest of the paper without mentioning. Let G
be a locally compact space. We denote by:

- C(G) (resp. M(G)) the space of continuous complex- valued functions (resp. the space of
Radon measures) on G,

- Cy(G) (resp. My(G)) the space of bounded continuous functions (resp. the space of bounded
Radon measures) on G,

- K(G) (resp. M.(G)) the space of continuous functions(resp. the space of Radon measures)
with compact support on G,

- Cy(G) the space of elements in C'(G) which are zero at infinity,

- €(G) the space of compact subsets of G,

- §, the point measure at x € G,

- spt(f) the support of the function f.

- spt(u), the support of the measure y.

Let us notice that the topology on M (G) is the cdne topology [5] and the topology on €(G) is
the topology of Michael [7].

Definition 2.1. [5]. Let G be a locallly compact topological space. G is said to be a hypergroup
if the following assumptions are satisfied.

(H1) There is a binary operator * named convolution on M, (G) under which M (G) is an asso-
ciative algebra such that:
i) the mapping (4, v) — p * v is continuous from M, (G) x My(G) in My(G).
ii) Yo,y € G, 0, * d, is a measure of probability with compact support.
iii) the mapping: (x,y) — supp(d, * d,) is continuous from G x G in €(G).

(H2) There is a unique element e (called neutral element) in G such that §, *x 6. = I, * 6, =

0z, Vx € G.

(H3) There is an involutive homeomorphism: x — T from G into (G, named involution, such
that:
i) (05 % 0y)” = 0y * 0z, Va,y € G with p= (f) = p(f~) where f~(z) = f(T),Vf € C(G)
and p € M(QG).

i)V, y,z € G, z € supp(d, * d,) if and only if = € supp(d, * 7).

The hypergroup G is compact if G is a compact topological space.
The hypergroup G is commutative if 6, * 0y = 6y * 05, Vo, y € G. For z,y € G, z xy is the
support of d, * §, and for f € C(G),

flxxy) = (65 % dy) /f d(65 * 0y)(2).

The convolution of two measures yu, v in M(G) is defined by: Vf € C(G),

() / / (62 8,) () du()d(y) = /G /G F (@ % y)du(z)du(y).

For pin My(G), p* = (). So M,(G) is a *-Banach algebra.

Definition 2.2. [5]. Let G be a hypergroup and H subset of G. H is a subhypergroup of G if the
following conditions are satisfied.

(i) H is non empty and closed in G,
(il) Vx € H,7 € H,
(iii) Vz,y € H, supp(d, * d,) is a subset of H.

Let us now consider a hypergroup G provided with a left Haar measure i and K a compact
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subhypergroup of G with a normalized Haar measure wg. Let us put M, (G) the space of
measures in M, (G) which are absolutely continuous with respect to pug. M, (G) is a closed
self-adjoint ideal in M,(G). For = € G, the double coset of = with respect to K is K * {z} * K =
{ky *xx xko; ki, kp € K}. We write simply KxzK for a double coset and recall that KoK =
U  supp(dg, * dz * dk,). All double cosets form a partition of G and the quotient topology
ki k€K
with respect to the corresponding equivalence relation equips the double cosets space G//K
with a locally compact topology ([1], page 53). The natural mapping px : G — G//K defined
by: px(z) = KzK ,z € G is an open surjective continuous mapping. A function f € C(G)
is said to be invariant by K or K — invariant if f(ky x z x ky) = f(z) for all z € G and
for all k1, k» € K. We denote by C%(G), (resp. K%(G)) the space of continuous functions
(resp. continuous functions with compact support) which are K —invariant. For f € C%(G),
one defines the function f on G//K by f(KzK) = f(z) Vo € G. [ is well defined and
it is continuous on G//K. Conversely, for all continuous function ¢ on G//K, the function
f = popk € C*G). One has the obvious consequence that the mapping f fv sets up
a topological isomorphism between the topological vector spaces C*(G) and C(G//K) (see

[10, 11]). So, for any f in C%(G), f = fo pi . Otherwise, we consider the K- projection

f — fi(by identifying f7 and f%) from C(G) into C(G//K) where for z € G, fi(z) =
Jic [ (k1 % @ * ky)dwg (ki )dwg (k2). If f € K(G), then f* € K(G//K). For a measure
i € M(G), one defines 4 by /Lh(f) = u(f%) for f € K(G). p is said to be K —invariant if
/f = u and we denote by M? (G) the set of all those measures. Considering these properties,

one defines a hypergroup operation on G/ /K by: dxox *0xyi (f) = [i f(xxk*y)dwk (k) (see
[2, p. 12]). This defines uniquely the convolution (KzK) * (KyK ) on G//K. The involution is
defined by: KzK = KTK and the neutral element is K. Let us put m = [ dxorduc(z), mis
a left Haar measure on G//K. We say that (G, K) is a Gelfand pair if the convolution algebra
M.(G//K) is commutative. M,.(G//K) is topologically isomorphic to M# (G). Considering
the convolution product on K(G), K(G) is a convolution algebra and K%(G) is a subalgebra.
Thus (G, K) is a Gelfand pair if and only if K%(G) is commutative ([3], theorem 3.2.2).

3 Bochner theorem

In this section, we give a Bochner theorem for a noncommutative hypergroup extending Lasser’s
works on commutative hypergroups. For that we give some characterizations of the inverse
Fourier transform as well as positive definite measures on the dual space of the hypergroup.

Let G be a hypergroup provided with a left Haar measure p¢ and K a compact subhypergroup
of G such that (G, K) is a Gelfand pair.

Let G be the space of continuous and bounded function ¢ on G satisfying the following condi-
tions:

(1) ¢ is K- invariant,

(ii) p(e) = 1,

(i) [re ¢(z % k= y)dwi (k) = d(x)d(y) Yo,y € G,

(iv) ¢(Z) = ¢(x) Yz € G.

Equipped with the topology of uniform convergence on compact subsets of G, Gisa locally
compact space (see [4]). G is the dual space of the hypirgroup G.

We can notice that the function 1 : x — 1 belongs to G.

3.1 Inverse Fourier transform

For 3 belongs to M,(G), the Fourier transform of 3 is the mapping

B : G — C defined by : 3(¢) = /G(b(f)dﬂ(x).
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The Fourier transform of f € K(G) is defined by

F(6) = Fuc(¢ / () f(x)dpg(x)

For more details on the Fourier transform, see [4].

Definition 3.1. [1]. Let 8 € Mb(é ), we call inverse Fourier transform of 3, the
mapping
ﬂ G — C defined by : ﬁ /(b )dB (o

The inverse Fourier transform of ¢ € L'(G, 7) is defined by

S(x) = (pm)" () = /éﬂﬁ(w)so(@dﬂ(qb),

where 7 is the Plancherel measure (see [4]) on G.

In the following results, we give some proporties of the inverse Fourier transform.
~ Vv v v
Theorem 3.2. Let 3 € My(G). Then 3 belongs to C*(G) and (5*) = .
Proof. For x € G, we have

Bla) = f5o(a)dB(o
= Ja(Je @()ddx(y))dB(¢)
= Ja(Je @)dd=(y))dp(¢)
=[5 6+(4))dB(¢)

= B(57)
The mapping  — 6, of G on Mb(G) is continuous (see [5] lemma 2.2B). Since the Fourier

transform and 3 are continuous, then ﬂ is continuous. [ is also bounded, then 5 is bounded. Let
ki,ky € K and x € (G, we have

\

Bk *xxxky) =

\
Thus, 8 is K —invariant.
Moreover for x € G, we have
\

(8)(x) =B (0z)
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O
Remark 3.3. The map:
My(G) — Ci(G)
\2
g — B
is a continuous linear functional.
Theorem 3.4.1f h = f * g with f,g € K*G), then [, h(z) = fG ¢)dm(¢)

Yu e MY(Q).

Proof. Let us put 7 the Plancherel measure of the commutative double coset hypergroup G// K.
We know (see [4], Proof. th 3.11) that 7(i7) = 7() where 3(3) = (@) for & € K(G//K),
0 e K(G), qSEG//KanquEG

Je Ma)du(®) = [ f* g(x)du(T)
= Jo(px £)(2)g(z)dug(x)
= Jo(nx f)(@)g* (z)duc(z)
= Joy e P (KeK)g" (KoK )dm(KoK)

_fG//K u*f)(KxK) “(KzK)dm(KzK)

—

= [ (1 )(@)F(B)d7 (), (seel5] 12.1.C)

—~——

= [ i D) (@)3(0)d7(9)
= Ja(ix )(9)3(¢)dn(0)
= [z W) [(9)g(9)dn(8) = [5 A()h()dr(9).

Theorem 3.5. (i)

/—’h\

fi fek(G )} is a sup-norm dense subspace of Co(Q).

IFB =0, then 8 = 0.
v
)and p € ME(G). Then u = Bug if and only if B = fir.

(ii) Let 8 € Mb(
(iii) Let B € My(

Q>v

Proof. (1) We know that {f, fe IC(G)} C Co(@). Let suppose that {f, fe IC(G)} + Co(G).

By the Hahn-Banach theorem, there exists v in OO(@)’ such that ¢ # 0 and w(f) =0Vf e
K(QG). Using the Riesz’s representation theorem, we can take p in M, (G) such that p # 0 and

U(p) = [59(9)du(9) Yo € Co(G).
Let us consider f € K(G) with sptf C K such that [, f(z)dpa(z) = 1.

We have
0 = [z [(0)du(9)
= Jg Jo 0@ f(2)duc(z)du(e)
= |z [x f(x)dpc(z)du(¢) since ¢(x) = 1 Vo € K.

= u(G).
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Thus, u = 0 and we have a contradiction. So {f fe IC(G)} = Co(@).
In addition, since{f; fe IC(G)} c {fi; p € M,,.,(G)} € Cy(G), then we can

deduce that {fi; u € M,,,(G)} is a sup-norm dense subspace of Co(G).
(ii) Let us suppose that 5 # 0 and take € M, (G) such that 3(f1) # 0.

We have
0# [a(8)dB(d) = [a [q o z)dB(9)
= J¢ Jg o(x)dB(¢)du~ (x)

= [, (@) ().

\%
Thus, 5 # 0 and we have a contradiction.
(iii) Using (i) and ([1] th.1.4.30), it is sufficient to consider the functions of the form h = f * g,
with f, g € K¥(G) to ensure our proof

Let us note that [, h( (BMG = [5h( ). Indeed we have
Ja W(z)d(Buc) ™ (z) = Jo 1®) Jg ¢(x)dB(d)dpc(x)
= Ja Ja M T)dpc(z)dB(¢)

= [5h(¢)dB(9)

Since [, h(z)dp (z) = [5 1(¢)d(fim) (), then we have the result. o
Corollary 3.6. If f € K*(G), then f¥ = .

Proof. Let f € K*(G), and let us put p = fug, e M“(G). We have i = f and so fir = fr.
Using Theorem 3.5, we have p = (fﬂ') = Vug. ]

Sincef:fhforfGIC( G), then fV = fiVf € K(G).
Theorem 3.7. (K(G))Y is a sup-norm dense subspace of Co(G).

Proof. Let us note that (K(G))" is a subspace of Cy(G). This comes from the
continuity of the inverse Fourier transform, Theorem 3.5 and corollary 3.6.
Moreover, assume that (K(G))Y is not sup-norm dense in Cy(G). From the
Hanh-Banach theorem and Riesz’s representation theorem, we can take

1€ My(G), pu # 0 such that [, o(x)du(z) = 0 Vy € K(G).

Thus,
= fc fG )e()dm(¢)
= Ja = (9)p(¢)dr(9)
= p=m(p) ¥ € K(G).
This implies that /;:77 = 0. By Theorem 3.5 we have ¢ = 0 and we have a contradiction. O

3.2 Positive definite measures and strongly positive definite functions

Definition 3.8. [6]. A measure 1 € M, (G) is called positive definite if 1> 0.
Let o € Cp(G). Then ¢ is called strongly positive definite if for any positive definite measure p,

u(e) = [z o(d)du(o) > 0.
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The space of positive definite measure is denoted by P M (CA}’ ) and that of strongly positive definite
functions is denoted by SP(G).

~

Remark 3.9. If ¢ € SP(G), then (1) > 0.

4
In fact 5 € Mb( @) and 6, (z) = [z ¢(2)dé1(¢) = 1(z) =1 > 0. Thus,
= Jav(¢)dér(¢) = 0.

In the following proposition, we bring out some properties of the strongly positive definite func-
tions and the positive definite measures.

Proposition 3.10. Let o € SP(G). Then the following statements hold.
(i) If w € PM(G), then (pp)¥ > 0.
(ii) If i1 € My (G) such that |1 is real values, then w(e) = [z 0(o)du(d) € R.

(iii)Vo € G, p(8) = ¢(¢);  and Re(y) belong to SP(G).
(iv) If v € SP(QG), then oy and ci¢ + c21) belong to SP(G) for ¢1,c; > 0.

Proof. (i) Let p € PM(G). Va € G, 6,11 € My(G) and for y € G, we have

~ ~ o~

(02p)"(y) = dxps(dy)
= [ 55(6)32(6)du(9)
= Ja Jo 2(E)doy(21) [ ¢(72)dde(22)du(9)
= Ja Jo #(21)d3y(21) [ ¢(22)doz(22)du(9)
= Ja J Jo #(21)¢(22)ddy (21)ddz(22)du(¢)
= Ja I Io i #(z1 # k5 z2)dwic (k) doy (21)doz(z2) dp(¢)
= Ja [k Ja JaUg @(21 23 % 22)do(23)) dby (21 )doz(22) dwic (k) dpa(¢)
= Ja Ik Ja Jo 8(z * 22)d(6k % 6,)(2))doz(22) dwic (K)dps(9)
= Ja Jx Jo #)d{ (0  0y) * 5} (t)dwi (k)dp(9)

= [1c o (8)d {(8 % 8,) % 6} (t)dwre (k) > O since u € MP(G).

It follows that d,. € M P(G). Thus,

(e)V(@) = pu(ds)

= Jo 2(#)0:(9)du(9)

~

= Jg (6)d(d:11)(¢)
= §,u(p) > 0 since ¢ € SP(G).

(i) Ifp e Mb(@), then (HXLH 51 + )Y >0, where H;VLH is the sup-norm of;\i.
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In fact,([|j1] 01+ )" (@) = | H e )>() Thus, (| H 51+ 1)() > 0

s (] 505 = [ 50+ ton 1]+ )20
Thus, u(p) € R.
(iii) Let ¢ € G, then 6 € G and

(0p +05)"(z) = [z a(z)dis(a) + [5 alz)diz(@)

— Re(6(1)).
Thus, (65 + 65)() = @(¢) + »(¢) € R and we deduce that Im(p(¢)) = —Im(p(¢)). B
We have also, (( 5)/1)" = 2Im(e). So p(¢)—p() € iR and we have Re(p(¢)) =Re(p(4)).
(

0p—
It comes that ¢(¢) = ¢(¢).
Let u € PM(G). Then p* € PM(G) and

w®@) = [zela)du(a)
= [z e@)du(a)

= Jg p(@)dp(a)

= u*(p) >0,

then g € SP(G) and so Re(p) = (¢ +7) € SP(Q).
(iv) Let o, € SP(G).
For u € PM(G), we have(yu)Y > 0. So (vu)(¢) > 0 and it follows that

wley) = [z e()v()du(o)
= [ae(®)d(yp) (o)

= (Yu)(e) 20

Thus, p1p € SP(G).
Let ¢, ¢, > 0. For p € MP(G), we have

Ja(ero + ) (9)du(d) =1 [5e(9)du(d) + e2 [ 1b(d)du(e)
> 0.

Thus, c1p + ) € SP(@). O

We have the following result which is the main theorem of this paper.

Theorem 3.11. Let o in SP(G). Then there exists a unique positive measure v € M, E(G) such
that P\ spi(x) = Vispe(x). Conversely, U is strongly positive for each positive measure v € My(G).

Proof. If v € M(G) such that v > 0, then v € SP(@). In fact, for 4 € PM(G), we have

faﬁ(@dﬂ(@ *fG fG dﬂ(¢)
= fG fG ¢)dv(z)

= [ (@) dv(z) > 0.
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Let ;1 € M, (@) such that [t is real-valued. Since ‘/\i(x)‘ < HZ/LH , then
o0

- HZLH 5v1 ZL( ) ,L\i Ooél(x)Va: € G and so (Hl\iHooévl :I:,l\i) > 0. This implies that
i| o) % [z 0(@)du(s) = 0,50 | [z o(0)du(o)| < [if (1)

For p € Mb(G),leius put uy = S(u+p*) and g = L (u—p*). We have uvl = j(u—i—p) Re(;vL)

and ;Yz = 2%(/\1 — ZL) = Im(;VL). So uy and p; are in Mb(@) such that /l/] and ‘L\L/z are real valued.
Since p = p + iy, then

|z e(@)du(@)| < |[ze(e)dui ()] + | [z 0()dpa(0)]

Vv Vv
< Hulew(l) +[R2]| _e(1)
Vv
< 20(1) |||
The mapping
0 (Mb(é)) —C
(i) = [z e()du(o)
is a sup-norm continuous linear function. The restriction 1 ). of 7 to (K (G))V is also linear

and continuous. Let g be its extension to Cy(G), there exists v € M, (G) such that
n= [ @@ vre o).
SoVh € K(G),

Jo 0(@)h(@)dn(8) = () = [, o dla)h(6)dn(@)dn(z)
= J5 Ji o) du)h(9)dn(9)
= J s 6(@)dv (@) h(@)dm(0)
= [ v ($)h(d)dn(6).

Since ¢ and v~ are continuous, then

— —

Plspt(n) = V' |spt(n) = (Vf)u\spt(ﬂ'

Furthermore, v is a positive measure. In fact let f € Cy(G) such that f > 0 and € > 0. Since
~ ~ \%
(K(G))Y is dense in Cy(G), then there exists h € K(G) such that ’f - hH < e. We may

\ ~
assume that h is real valued. Define p = €y + hrr. p € M,(G) and
V; \
p(z) =e+h(z) > f(z) > 0Vz € G.

Thus, /2 > 0 and 77 = [z e(o)du(s) > 0.
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In addition we have

vV

[ f@)dv () = (i)

S F@)du(z) — en(8y) — [, hdv(z)

< 67)(5v1) + [ |(f = fvl)(x) dv(z)

vV

< 2en(d1)

<dep(1).

Thus, [, f(z)dv(z) > 77(,[\1) — 4ep(1) and taking e so small that we want, we can conclude that
Je f(z)dv(x) > 0. So v and (v~)" are positive. Finally, the uniqueness follows from Theorem
3.5. O

In this paper, we have proved a Bochner theorem for a noncommutative hypergoup G admitting
a compact subhypergroup K such that (G, K) is a Gelfand pair. In fact, we have obtained a
one to one correspondence between the space of strong positive definite functions on G and the
space of K-invariant and positive measures on (G. Our results generalize those established on
commutative locally compact hypergroups for in this case, (G, {e}) is a Gelfand pair with e the
neutral element of G.
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