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Abstract Letn € N;n > 2 and (E, || - ||) a Banach space. An element (xy,...,z,) € E™is
called a norming point of T € L("E) if ||z1]] = -+ = ||zn| = 1 and |T (21, ..., z,)| = || T,
where £(™F) denotes the space of all continuous n-linear forms on E. For T € L("E), we
define

Norm(T) = {(a:], .., Zy) € E™t (21,...,2,) is a norming point ofT}.

Norm(T) is called the norming set of T.

Let £2 = R? with the ¢;-norm. In this paper, we characterize the norming set of T € L£("¢3).
Using this result, we completely describe the norming set of 7' € L4("¢3) for n = 3,4, 5, where
Ls("¢3) denotes the space of all symmetric n-linear forms on £3.

1 Introduction

In 1961 Bishop and Phelps [2] showed that the set of norm attaining functionals on a Banach
space is dense in the dual space. Shortly after, attention was paid to possible extensions of
this result to more general settings, specially bounded linear operators between Banach spaces.
The problem of denseness of norm attaining functions has moved to other types of mappings
like multilinear forms or polynomials. The first result about norm attaining multilinear forms
appeared in a joint work of Aron, Finet and Werner [1], where they showed that the Radon-
Nikodym property is sufficient for the denseness of norm attaining multilinear forms. Choi and
Kim [3] showed that the Radon-Nikodym property is also sufficient for the denseness of norm
attaining polynomials. Jiménez-Sevilla and Paya [5] studied the denseness of norm attaining
multilinear forms and polynomials on preduals of Lorentz sequence spaces.

Let n € N,n > 2. We write Sg for the unit sphere of a Banach space E. We denote by
L("E) the Banach space of all continuous n-linear forms on FE endowed with the norm ||T|| =

SUP(, .. 4)ESkx % Sp |T(x1,- - ,xn)|. Ls(™FE) denote the closed subspace of all continuous
symmetric n-linear forms on E. An element (z1,...,x,) € E" is called a norming point of T if
1] = -+ = [lzn| = Tand |T(z1, ..., 2n)| = [IT].
For T € L("FE), we define
Norm(T) = {(x], .., Zy) € E™t (21,...,2,) is a norming point ofT}.
Norm(T') is called the norming set of T. Notice that (z,...,z,) € Norm(7T') if and only if

(6121, ... ,enxy) € Norm(T) for some e, = +1 (k = 1,...,n). Indeed, if (x1,...,2,) €
Norm(T'), then

IT(e121, .. €nxn)| = le1 €T (x1,...,xn)| = |T(z1,...,2,)| = || T,

which shows that (¢;z1, ..., e,2,) € Norm(T). If (e1x1,. .., €pxy,) € Norm(T) for some ¢, =
+1(k=1,...,n), then

(@1, ... a0) = (el(elxl), . ,en(enx”)) & Norm(T).

The following examples show that Norm(7") = § or an infinite set.
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Examples. (a) Let
=1
T((l’z‘)iew (.%:)ieN) = Z i %iYi € L,(co).
i=1

We claim that Norm(7') = {). Obviously, || T|| = 1. Assume that Norm(T') # (.
Let ((%‘)ie% (yi)ieN) S Norm(T). Then,

=1 =1
1= ’T((xi)ieNv (yi)ieN)‘ < z; i 1zl lyil < ; 5 =1

1=

which shows that |z;| = |y;| = 1 for all ¢ € N. Hence, (z;)ien, (¥i)ien ¢ co. This is a contra-
diction. Therefore, Norm(T') = (.
(b) Let

T((xi)ieNv (yi)ieN) =z1y1 € Ls(*cp).

Then,
Norm(T) = { (1,22, 23,...), (FLamm, ) € o x ot fag| 1, Jyg| < 1for j =2}

A mapping P : E — R is a continuous n-homogeneous polynomial if there exists a continu-
ous n-linear form L on the product E X --- x E such that P(z) = L(z,...,z) forevery z € E.
We denote by P(™FE) the Banach space of all continuous n-homogeneous polynomials from E
into R endowed with the norm || P|| = sup,,,_; [P(z)].

An element z € E is called a norming point of P € P("E) if ||z|| = 1 and |P(z)| = || P]|.
For P € P("E), we define

Norm(P) = {x € E : xis a norming point of P}.

Norm(P) is called the norming set of P. Notice that Norm(P) = ) or a finite set or an infinite
set.

Kim [7] classified Norm(P) for every P € P(*(%)), where (2, = R? with the supremum
norm.

If Norm(T') # 0, T € L(™FE) is called a norm attaining n-linear form and if Norm(P) # (),
P € P("E) is called a norm attaining n-homogeneoue polynomial.(See [3])

For more details about the theory of multilinear mappings and polynomials on a Banach
space, we refer to [4].

It seems to be natural and interesting to study about Norm(T") for T' € L(™FE). Form € N, let
£ := R™ with the the /;-norm and /2 = R? with the supremum norm. Notice that if E = ¢}" or
¢2 and T € L("E), Norm(T) # 0 since Sk is compact. Kim [6, 8-10] classified Norm(T") for
every T € L(*02), L(P02), L(203), Ls(363) or L5(3£3). Kim [11] classified Norm(T") for every
T ¢ ,C(Z]R%L(w)), where Ri(w) denotes the plane with the hexagonal norm with weight 0 < w < 1

I )l = max {Jyl, 2] + (1 = w)lyl}.
In this paper, we characterize the norming set of 7 € £("¢3). Using this result, we completely
describe the norming set of T € /.ZS(”E%) for n = 3,4,5. This generalizes the results from [9].

2 The norming set of T' € L("¢?)

Proposition 2.1. ([10]) Let n,m > 2. Let T' € L(™(}) with

1<ip<n, 1<k<m

for some a;,...;,, € R. Then

“ltm

IT| = max{|a;,...,, | : 1 <ip <n, 1 <k <m).
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By simplicity we denote T’ = (a;,...;,,, ) . We call a;,..;,, s the coefficients of T.
Notice that if |T'|| = 1, then |a;,...;,, | < 1 forall 1 <ip <n,1 <k <m.
Theorem 2.2. ([10]) Let n,m > 2. Let T € L(™{}) be the same as in Theorem A. Suppose that
((tﬂ”,...,tﬁﬁ),..., (tﬂm),...,t%m)D € Norm(T). If [a; s | < |T|| for 1 < <m, 1<k <
m, then ti/l) .- ~t(.f”) =0.

1 m
The following characterizes the norming sets of £("¢3).
Theorem 2.3. Let n € Nand T € L("03) with |T|| = 1. Then,

n

Norm(T') = U (A} UAL UBg1 UByp),

k=1
where ey = (1,0), e2 = (0, 1),
AF = {(in,...,j:Xk_l,i(t,l—t),iXkH,...,an)E(Sﬁ)n:
T(X1, .o Xeersen, Xnots oo 2 X0) < T(X1, . X1, 2, Xpat, -, X)) = 1,
Ogtgl},
AT = {(in,...,j:Xk_l,i(t,f(lft)),ﬁ:XkH, .,an)e(Sg%)n
T(X1, .o Xeersen, Xnots oo 2 X0) X T(X1, .. X1, e, Xyt Xn) = —1,
Ogtgl},
Bui = {(in,...,j:Xk_l,iel,j:XkH,...,an)E(Sg%)n
1= |T(X1,e o, Xty en, Xiprso o £X,) >‘T(Xl,...7Xk,1,eg,Xk+1,...7Xn)]},
Bur = {(:tX],...,iXk_l,j:ez,iXkH,...,:tXn)E(Sg%)n:
1= |T(X1,. . Xeorse2, Xiprs o, £X0) >‘T(Xl,...7Xk,1,el,Xk+1,...,Xn)]}.

Proof. Let Fj, = Af UA, UB, 1 UByyfork=1,...,n.
(Q). Let (Xl, . ,Xn> € Norm(T). Let 1 < k < n be fixed. Then X}, = )\gk)el + )\gk)ez for
some )\gk), )\ék) € R with |)\gk)\ + |)\gk)\ =1.
Case 1.
T(X1,.. Xnotser, Xnoty oo £X0) X T(X1, .. Xko1s €2, X, Xn) = 1.

Since ||T'|| = 1, we have

1 = T(Xy,..., Xp—1 e, Xppt, oo £2X,) =T( X0, X1, 0, Xty -+, Xn)
or
-1 = T(Xp,.... Xp—1, €1, Xpr1, -, £X) =T(X1, ..., Xpm1, €2, X1, - Xin).-
Claim 1. Xi € { + (te; + (1 —t)e) : 0 <t < 1},
By n-linearity of T', it follows that
1 = T(Xl,...,Xn)IT(Xl,...,Xk_I,()\Ek)el+/\£k>€2),Xk+1,...,Xn)

= P\(lk)T(Xh---,Xk—l,leXkH,---,Xn) +>\§k)T(X1,-~-,Xk—1,W2,Xk+1,---7Xn)|
k k k k
= PP A < AP+ =
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Thus, |)\5k) + )\gk)| = |/\(1k>| + |)\gk)\ = 1. Hence, sign(/\(lk>) = sign(/\(lk>). Thus,

X1 (e s, (Wer )} € { & e + (1~ ) s0.< 0 < 1)
Therefore, X € A} C F € Uj_, F-
Case 2.

T(X1, o Xpot,e1, X1, oo X)) X T(X, o0, Xiom1s €2, Xpg1, -0, X)) = —1.
Since ||T']| = 1, we have

1 = T(Xi,..., Xp—t,e1, Xpr1, oo, 2X0) = =T(X1, ..o, Xpo1, €2, X1, -+, Xy

or
-1 = T(Xp,..., Xp—1,e1, Xppr1, .-, £ X)) = =T (X1, ..., Xp—1, €2, Xppg1, -, Xy
Claim 2. Xy, € { £ (te; — (1 —t)ez) : 0 <t < 1}
It follows that
1 = T(X],...,Xn):T(Xl,...,Xk_l,(/\gk)el+>\§k)62),Xk+1,...,Xn)
= |MT(X1, . X e, Xprts - Xn) + 0T (X, Xemr, e, Xprts - X)) |
k k k k
= WA= = 1
Thus, |)\§k> — )\gk)| = \)\gk)| + |)\;k)| = 1. Hence, sign()\gk)) = —sign()\gm). Thus,
X € {A ey — A ea, — (A 1er — A ex)d € { £ (te) — (1 —t)ex) : 0 <t < 1}.

Therefore, X € A, C F CUj_, Fj.
Case 3.

1 = |T(X1,...,Xk_l,el,Xk+1,...,:|:Xn)| > |T(X1,...,Xk_l,ez,Xk+1,...,Xn)|.

Claim 3. A" = 0.

Assume that A¥) # 0. Tt follows that

1= [T(X1, o X)) | = T(X e X, O + AP e0), X, ., X))
< PWHT(X0 o Xt e Xty X)) |+ T (X0 X, e, Xyt o0, X))
< PINT (X Xt e, Xt - Xo) |+ M)
< WPI+=1,

which is a contradiction. Thus, )\g“) = 0and so X, = e;. Therefore, X € B, | C F;, C U;;l Fj.
Case 4.

1= |T(Xtye oy Xty Wy Xty oy £X0) | > [T (X, oy X1, Wi, Xt -, X)) .
Claim 4. \\") = 0.
Assume that /\Ek) # 0. By (x), it follows that

o= |7(X1, o, X)) | = [T X, AP e + AP e0), X, .0, X))
< PINT(X 0 Xmrsen, Xty - Xo) |+ T (X Xm0, Xt -, X))
< P W T (X X e X X))
< PP RP<
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which is a contradiction. Thus, A\; = 0 and so X}, = e,. Therefore, X € By, C Fj, C U?:] Fj.

(2). We will show that F;, C Norm(T) forevery 1 < k < n.
Letl <k<nbefixedandY = (Y7,...,Y,) € Fp.
Suppose that Y € A; .

Then Yy, = (W1 + (1 — t)W>) for some 0 < ¢, < 1 and

T(Yi,... . YVier,e1,Yiqt, ., 2Y0) - T(V1, .. Yot e, Yy, .., Vo) = 1
It follows that
1 = T(W,....Y,) =T(Y1,..., Y1, (trer + (1 = tp)e2), Yiyr, ..., Vo)
= |fkT()/],...,Yk_],(i],Yk_H,...,Yn) +(1 —tk)T(}/],...,Yk_1,€2,Yk+1,...,Yn)|
= |+ (1 -ty =1
Thus, Y € Norm(T').
Suppose that Y € A, .
Then Yy, = +(tre; — (1 — tx)ez) for some 0 < 5, < 1 and
T(Yi,....Yiet,e1,Yiq1, ., 1Y) - T(V1, .., Yieor, €2, Yir, .., Vo) = — 1.
It follows that
1 = T(Yl, N ,Yn) = T(Y], ce ;kal; (tkel — (1 — tk)eg),Yk+1, N ,Yn>
’tkT(}/h R 7Yk717617Yk+17 cee aYn) - (1 - tk)T<5/17 LR ;kalan)Yk-'rl? s 7Yn)‘
= |t +(1—tp)] =1
Thus, Y € Norm(7').
Suppose that Y € By ;.
Then Yk = :|:€1 and |T(Y1, e ,Yn)| = |T(Yi, . ,kal,el,YkJr], . ,:l:Yn)| 1. ThUS,
Y € Norm(T').
Suppose that Y € By, 5.
Then Y}, = +e; and |T(Yy,...,Y,)| = [T(Y1, ..., Yie1,€2, Yas1, ..., £Y,)| = 1. Thus,
Y € Norm(T"). We complete the proof. ]
3 Classification of the norming set of T' € L ("¢7) for n = 3,4,5
In this section we completely describe the norming set of 7' € L4("¢3) forn = 3,4,5.
Let W C (Sp2)". We denote
Sym(W) = {((xa’(l)vyo'(l))v"'7(1.0'(71)7:[/0(77,))) X = (<x17y1)7'~~7(xn7yn)) eEW,

o is a permutation on {1, . .. 7n}}.

Lemma 3.1. Let T € L;(3(3) be of the form

T((z1,u1), (22,92), (%3, 43), (24, y4), (x5, ¥5)) = az 122232425 + bY1Y2Y3Y4Ys

+ + + + + +

for some a,b,c,d, e, f € R.

c(2223w4T5Y1 + T1T3TATSY2 + T T2T4TSY3 + T1T2T3T5Y4 + T T2T3T4Ys)
d(x32475Y1y2 + T2T4T5Y1Y3 + T2T3T5Y1Ys + T2T3T4Y1Y5 + T1T4TSY2Y3
T\ T3T5Y2Y4 + T1T3TAY2Ys + T1T2TSY3Ys + T1T2T4Y3Ys + T1T2T3YsYs)
e(z122y3Yays + 212392045 + T12432Y3Ys + T1T5Y2y3Ys + T2T3Y1YaYs
TITYYIY3Ys + T2TSY1Y3Ya + TITAY1Y2Ys + TITSY1Y2Ys + TaT5Y1Y2Y3)
f(y2y3y4y5x1 + Y1Y3YaY522 + Y1Y2YaYs23 + Y1Y2Y3Y524 + y1y2y3y4x5)
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Then there is T = (a',b,¢,d ¢, f) € L) such that |T'|| = ||T| and o' > |b'| and
¢ >0.
Proof. If a < 0, we let T; = —T. It is immediate that ' := —a > 0 and ||T}|| = ||T’||. Thus, we

may assume that a > 0.
If a < |b], we let

TZ((xl,y1)7 ($2,92)7 (1‘37?]3), ($47y4), (xS»yS))
= T((y1, 1), (y2,22), (43, %3), (ya, 24), (y5, 25)).

It is obvious that || 73| = ||T|. Let @’ := band b := a Thus, we may assume that a > |b|. If
c <0, welet

Ts((z1,91), (22, 12), (23,93), (4, y4), (5, 95))
= T((z1, =), (22, —12), (23, —93), (x4, —14), (25, —y5)).

It is immediate that ¢ := —c¢ > 0 and || 73| = ||T||. This completes the proof. O

We are in a position to classify Norm(7T') for every T € L,(°£3).

Theorem 3.2. Let T € L;(°(3) be of the form

T((z1,91), (22,92), (3, 93), (24, y4), (25,95)) = azi122232425 + bY1Y2Y3Y4Ys
C($2$3$4$5y1 + T123T425Y2 + X1X2X4T5Y3 + T1T2T3T5Y4 + x1x2x3m4y5)
d(x3maasy1ys + T2T4x5Y1Y3 + T2T3TSY1Y4 + T2T3TAY1Y5 + T1T4T5Y2Y3
T12325Y2Y4 + T1T3X4Y2Ys + T122T5Y3Y4 + T122T4Y3Y5 + I1I2$3y4y5)
6(£U1352y3y4y5 + T123Y2Y4Y5 + T1T4Y2Y3Y5 + T1X5Y2Y3Y4 + T2L3Y1Y4Y5
TITYYLY3Ys + T2TSY1Y3Ya + TIT4Y1Y2Ys + TITSY1Y2Ys + TaT5Y1Y2y3)

+ + + + + o+

f (V29394521 + Y1Y3Y4Y5T2 + Y192YaYsT3 + Y1Y293YsT4 + Y1923Y4Ts)
for some a > |b|,c > 0,||T| = 1.

Then the following assertions hold: let e; = (1,0) and e; = (0,1).
Casel. a=|b|=c=|d =le|=|f| =1
Subcase . a=c=-b=d=e=f=1

Norm(T) = Sym ({(j: (ter + (1 — t)ea), £(ser + (1 — s)ea), £(uer + (1 — w)ea),
+(ver + (1 —v)e), %e1), (£ (ter — (1 — t)en), e, e, ez, 2e2) 1 0 < £, 5,10 < 1})
Subcase2. a =c=-b=—-d=e=f=1
Norm(T) = Sym ({(i (ter — (1 — t)ea), £ (ser — (1 — 5)ea), ey, £y, %ea),
(£ (ter — (1 —t)es), ker, ey, ey, ter), (£ (ter — (1 — t)ea), Ler, Ler, Ler, es),

(i (tey + (1 — t)ez),iel,iez,iez,iez) :0<ts< 1})
Subcase3d. a=c=-b=d=-e=f=1
Norm(7T') = Sym ({(:l: (ter — (1 — t)er), £ (se; — (1 — s)ea), £(ue; — (1 — u)ea), ea, £e3),

(£ (ter + (1 —t)ez), (se; + (1 — s)ez), ey, ey, +ey) 10 < t,s,u < 1})
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Subcase4d. a =c=-b=d=e=—-f=1
Norm(T') = Sym ({(j: (ter + (1 — t)ez), £(ser + (1 — s)ea), £(ues + (1 — u)ea), ey, ey,
(£ (ter — (1 —t)es), key, kea, tea, tea), (£ (te; + (1 — t)ez), ea, ea, s, +e3)
0<ts< 1})
SubcaseS. a =c=-b=-d=—-e=f=1
Norm(7T') = Sym ({( + (te; — (1 —t)ex), (se; — (1 — s)e), ea, ez, +e3),
(£ (tey — (1 —t)ea), er, ey, ey, ker), (£ (tey + (1 — t)ea), key, +ey, +ey, +e),
(:I: (tey + (1 — t)ez),:lzel,:tel,:l:ez,:l:ez) :0<t,s< 1})
Subcase 6. a =c=-b=—-d=e=—-f =1
Norm(7') = Sym ({(j: (ter — (1 — t)er), £(ser — (1 — s)ea), xey, ey, +es),
(i (tey — (1 —t)ea), Lea, +ea, te, iez), (i (tey + (1 — t)ea), ey, iel,iel,iel) :
0<ts< 1})
Subcase7. a =c=-b=d=—-e=—-f=1
Norm(7') = Sym ({(:l: (ter + (1 — t)ea), £(ser + (1 — s)ea), ey, ey, £ey ),
(£ (ter — (1 —t)es), £(se; — (1 — s)ea), ey, kez, +ea),
(:t (ter + (1 —t)ea), ey, Lea, Lea, :i:ez) :0<t,s< 1})
Subcase8. «a =c=-b=—-d=—-e=—-f=1
Norm(T) = Sym ({(j: (ter + (1 —t)ez), (ser + (1 — s)e2), £(uer + (1 — u)ez), £ea, +ez),
(£ (ter + (1 —t)ez), key, tey, ey, tey) 1 0 < t,s,u < 1})
Subcase9. a =c=b=d=e=f=1
Norm(T) = Sym ({(j: (te1 + (1 — t)ea), £(se1 + (1 — 8)ea), £(uer + (1 — u)ea),
+(ver 4+ (1 = v)er), £(wey + (1 —w)e)) 1 0 < ¢, 5,u,v,w < 1})
Subcase 10. a =c=b=—-d=e=f =1
Norm(T) = Sym ({(i (ter — (1 — t)e), £(se1 — (1 — s)ea), ey, er, £ea),
(:I: (tey + (1 —t)ea), (se; + (1 — s)ez), ez, tea, :i:ez),
(:I: (tey + (1 — t)ez),j:el,j:el,:tel,:lzel) :0<t,s< 1})
Subcase 1. a =c=b=d=—-e=f=1
Norm(7') = Sym ({(i (ter + (1 — t)ea), £(ser + (1 — s)ea), ey, ey, £ey ),
(:t (tey — (1 —t)ez), £(se; — (1 — s)ea), ey, :i:ez,:l:eg),

(i (te+ (1 —t)ea), tea, +ea, Lea, iez) :0<t,s< 1})
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Subcase 12. a =c=b=d=e=—-f=1

Norm(T') = Sym ({(:l: (ter + (1 —t)ea), £(ser + (1 — s)ea), £(uey + (1 — u)ea), +ey, +ey ),

(£ (ter — (1 —t)es), £ (se; — (1 — s)ea), ker, ker, +e2) : 0 < £, 5,u < 1})

Subcase 13. a =c=b=—-d=—-e=f=1

NOI'II’I ({ tel 1715)62),:&61,:&61,:‘:61,:&62),
(£ (ter — (1 —t)es), ker, kea, tea, +er), (£ (te; + (1 — t)ez), tey, tey, Ley, +ey),
(i (tey + (1 —t)ea), ey, xeg, *ea, iez) (i (te+ (1 —t)ea), tea, Lea, tey, iez) :

Ogtglb.
Subcase 14. a =c=b=—-d=e=—f =1

Norm(7') = Sym ({(i (tey — (1 — t)ea), £(sey — (1 — s)ea), £(uey — (1 — u)ea), ey, £ey),
( + (tel — (1 — t)62), +ep, ey, teo, ﬂ:ez), ( + (t€1 + (1 — t)ez), +ey, +ey, ey, :|:€]) :

Ogt,s,ugl}).
Subcase 15. a =c=b=d=—-e=—f =1

Norm(T') = Sym ({(:l: (tey + (1 —t)ea), £(se1 + (1 — s)ea), ey, ey, :tel),
(:l: (tel - (1 - t)ez), +ep, ey, feo, :‘:62), (:l: (tel + (1 - t)ez), +ep, tep, tea, :|:62) :

OSLSSID.
Subcase 16. a =c=b=—-d=—-e=—-f=1

Norm(7') = Sym ({(i (ter + (1 — t)ea), £(ser + (1 — s)e2), ey, +ea, £er),
(:l: (tel — (1 — t)ez), :|:61, :|:61, :|:€1, :|:€2), (:l: (tel — (l — t)62)7 :|:62, :|:62, :‘:62, :|:62)7
(i (tey + (1 — t)eg),iel,iel,iel,iel) :0<ts< 1})

Case 2. |a;,..;5| < 1 for some i, € {1,2} (k=1,...,5),
where ajjin = a,a222 = b,aiiz = c,ai12 = d,a1122 = e,a12002 = f and a;,...;; =

g (iy)---o(is) JOT every permutation o on {1,...,5}.

Let M = {(i1,....,is) : |ai...s] < 1} and define S = (b;,...;) € L(63) be such that
biy.ois = Qiyonnis if(ih...7 s) & M andb;,....; = 1if (i1,...,is) € (Natzce that S is included
in Case 1.) Then,

Norm(T') = ﬂ Sym ({(til)el + tgl)ez, e ,tgs)el + t(zs)ez) € Norm(S) :
(4150-0yi5)EM
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Proof. Notice that

(*) ((3?1 1), (v2,92), (x3,y3),(x4,y4),(:v5,y5)) =

T {562 x3(zalaxs + cys] + yalexs + dys]) + yz (zalcxs + dys] + yaldzs + eys])]

+

2 [z3(zalexs + dys] + yaldzs + eys)) + ya(zalexs + eys) + yalexs + fys])] }

+

Y1 {fvz x3(z4lcas + dys) + ya[das + eys]) + y3(zaldos + eys] + yalexs + fys)])]

+

Yo [w3(za[das + eys] + yalexs + fys)) + ys(walews + fys] + yalfas + bys]] }

By (x), it follows that

(xx)  Norm(T) 2 Sym ({(j: (ter + (1 — t)ez), key, +ey, +ey, +e),
(£ (tey +d(1 — t)ea), ey, ey, ey, £e3),
( (tey + de(l —t)ep), ey, :i:el,:l:ez,:lzez),
(:I: tey +ef(1 —t)ey), ey, e, ea, iez),
(+

(tey +0f(1 —t)ea), ieg,iez,iez,iez) 0<t< 1})
Casel.a=b|=c=|d|=le|=|f| =1
Subcase . a =c=-b=d=e=f=1

By (xx),

Norm(7) 2 Sym ({ (£ (tey + (1 —t)ez), +ey, xey, tey, £eq),
(* (ter + (1 —t)ex
tel + 1 — t)eg

aielaiela :l:el;:tSZ)a

—

(£ ter, £er, Tez, L),
(itel + 1 —t)€2) iel,iez,iez,iez),
(+

t61 1 — t)ez), :tez, :|:€2, :|:62, :|:€2) :0 <t< 1})

By Theorem 2.3, the assertion of Subcase 1 follows.

Subcase2. a =c=—-b=—-d=e=f=1

By (%),

Norm(T) 2 Sym ({(i (ter + (1 — t)ep), ey, £er, %er, ey,
(£ (ter — (1 —t)es), ey, ter, ey, +e),
( (tey — (1 —t)ea), iehiel,iez,iez),
(:t te; + (1 —t)ea), ey, ea, :tez,:lzez),
(+

tel 1 — t)ez), :‘:62,:|:62,:|:62, :|:€2) :0 <t< 1})

By Theorem 2.3, the assertion of Subcase 2 follows.

Subcase 3. a =c=—-b=d=—-e=f=1
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By (xx),

Norm(7) 2 Sym ({(j: (ter + (1 —t)ez), xey, tey, tey, £eq),
(£ (ter + (1 —t)ez)

( tel 1 7t)62),:t61,:|:61,:|:62,:|:€2),
(:i:tel 1 —t)eg) :|:61,:|:62,:|:€2,:‘:62),

, fey, ey, tey, ieZ)v

tel 1 —t)ez),i€27i€2,iez,i€2) 0<t< 1})
By Theorem 2.3, the assertion of Subcase 3 follows.

Subcase4. a =c=—-b=d=e=—-f=1

By (#x),

Norm(7) 2 Sym ({ (£ (tey + (1 —t)ez), +ey, tey, tey, £ey),

(:t (tel + (1 — t)ez , e, teyp, :I:el,:tez),

— =

( (tey + (1 —t)ea), ey, +ey, Fey, :i:ez),
(itel 1 —t)ez) iel,iez,iez,i€2>7
( t61 + 1 — t)EQ) +ep, ey, feo, :t62) 0<t< 1})

By Theorem C, the assertion of Subcase 4 follows.
Subcase 5. a =c=—-b=—-d=—-e=f=1

By (xx),

Norm(T) 2 Sym ({(i (ter + (1 — t)ep), ey, £ey, %ey, ey,
(£ (ter — (1 —t)es
(ter + (1 —t)er

)7ielvielaiel7i62)a
( ), £eq, teq, Lea, iez),
(:ttel 1 —t)ez) :|:€1,:|:62,:|:€2,:‘:62)7
(+

(tey — (1 —t)ez),:tez,:teg,:tez,j:ez) 0<t< 1})

By Theorem 2.3, the assertion of Subcase 5 follows.
Subcase 6. a =c=—-b=—-d=e=—-f=1

By (x+),

Norm(T) © Sym ({(j: (ter + (1 —t)ez), tey, tey, tey, +eq),
(i (tel — (1 — t)ez ,:tel,:l:el,:l:el,:l:ez),
,ter, ker, ey, £er),

(£
( +tey — (1 —t)es), ey, +es, Fey, :i:ez),
(£

~— ~—

t61 1 — t)ez

tel Jr 1 — t)ez) +ey, ey, ey, iez) 0<t< 1})

By Theorem 2.3, the assertion of Subcase 6 follows.

Subcase7. a =c=—-b=d=—-e=—-f=1
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By (xx),

Norm(7) 2 Sym ({(j: (ter + (1 —t)ez), xey, tey, tey, £eq),
(£ (ter + (1 —t)ez)

( tel 1 7t)62),:t61,:|:61,:|:62,:|:€2),
(:i:tel 1 —t)eg) :|:61,:|:62,:|:€2,:‘:62),

, fey, ey, tey, ieZ)v

tel Jr 1 — t)ez) +ey, ey, ey, iez) 0<t< ]})
By Theorem 2.3, the assertion of Subcase 7 follows.

Subcase 8. a =c=—-b=—-d=—e=—-f=1

By (#x),

Norm(T) 2O Sym ({(i (ter + (1 —t)ez), key, +ey, +ey, +e),
(:I: (tey — (1 = t)ea), ey, :tel,:tel,:lzez),

( (tey + (1 —t)ea), :i:el,:l:eh:teg,:lzez),

(i te; + (1 — t)ez), xey, tea, tea, iez),

(+

te] + 1 - t)ez) :‘:62,:&62,:|:62,:|:62) 0<t < 1})

By Theorem 2.3, the assertion of Subcase 8 follows.

Subcase 9. a =c=—-b=d=e=f=1

By (xx),

Norm(T') 2 Sym ({(i (ter + (1 — t)ep), ey, £ey, ey, ey,
(:t (tel + (1 — t)ez
tel Jr 1 — t)ez

), ker, tey, tey, tez),

(£ ), ker, tey, tea, tez),

(:t te; + (1 —t)ea), ey, ea, :tez,:lzez),

( (tey + (1 —t)ea), e, +ea, Fey, :i:ez) 0<t< 1})

By Theorem 2.3, the assertion of Subcase 9 follows.
Subcase 10. a=c=b=—-d=e=f =1
By (xx),

Norm(T) © Sym ({(j: (ter + (1 —t)ez), xey, tey, tey, £eq),
(£ (ter — (1 —t)es
t61 lft)ez

, tey, ey, tey, :‘:62),

~— ~—

(£ ,ter, ey, e, £ey),
(:t tey + (1 —t)ea), tey, +ea, :i:ez,:lzeg),
(£

tel Jr 1 — t)ez) +ey, ey, ey, iez) 0<t< 1})

By Theorem 2.3, the assertion of Subcase 10 follows.

Subcase Il. a =c=b=d=—-e=f=1
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By (xx),

Norm(7) 2 Sym ({(j: (ter + (1 —t)ez), xey, tey, tey, £eq),
(£ (ter + (1 —t)ez)

( tel 1 7t)62),:t61,:|:61,:|:62,:|:€2),
(:i:tel 1 —t)eg) :|:61,:|:62,:|:€2,:‘:62),

, fey, ey, tey, ieZ)v

tel Jr 1 — t)ez) +ey, ey, ey, iez) 0<t< ]})
By Theorem 2.3, the assertion of Subcase 11 follows.

Subcase 12. a =c=b=d=e=—-f=1

By (#x),

Norm(7) 2 Sym ({ (£ (tey + (1 —t)ez), +ey, tey, tey, £ey),

(:t (tel + (1 — t)ez , e, teyp, :I:el,:tez),

— =

( (tey + (1 —t)en), ey, +ey, Fey, :i:ez),
(itel 1 —t)ez) iel,iez,iez,i€2>7
( t61 1 —t)62),:t62,:|:62,:|:62,:|:€2) IOStS 1})
By Theorem 2.3, the assertion of Subcase 12 follows.
Subcase 13. a=c=b=—-d=—-e=f=1

By (xx),

Norm(T) 2 Sym ({(i (ter + (1 — t)ep), ey, £ey, %ey, ey,
(£ (ter — (1 —t)es
(ter + (1 —t)er

)7ielvielaiel7i62)a
( ), £eq, teq, Lea, iez),
(:ttel 1 —t)ez) :|:€1,:|:62,:|:€2,:‘:62)7
(+

(tey + (1 —t)ea), ez, +ea, Fey, :i:ez) 0<t< 1})

By Theorem 2.3, the assertion of Subcase 13 follows.
Subcase 14. a=c=b=—-d=e=—-f=1

By (x+),

Norm(T) © Sym ({(j: (ter + (1 —t)ez), tey, tey, tey, +eq),
(i (tel — (1 — t)ez ,:tel,:l:el,:l:el,:l:ez),
,ter, kep, ey, £e3),

(£
( +tey — (1 —t)es), ey, +es, Fey, :i:ez),
(£

~— ~—

t61 1 — t)ez

tel 1 — f,)ez), iez,iez,iez,iez) 0<t< 1})

By Theorem 2.3, the assertion of Subcase 14 follows.

Subcase I15. a =c=b=d=—-—e=—f=1
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By (xx),

Norm(T') 2 Sym ({ (£ (ter + (1 —t)ea), ey, ey, Ley, £ey),
(:t (tel + (1 — t)ez , e, teyp, :I:el,:i:ez),
7iel>ielai€27i62)u

(+
( =+ teg + 1 — t)€2) +ey, ey, ey, iez),
(£

(tey — (1 —t)ey

t61 1 — t)ez), :tez, :|:€2, :|:62, :|:€2) :0 <t< 1})
By Theorem 2.3, the assertion of Subcase 15 follows.
Subcase 16. a =c=b=—-d=—-e=—f=1
By (),
NOI'II’I(T) O Sym ({ ( + (tel + (1 — t)ez), +ey, *ey, :‘:61,:|:61)7

(£ (ter — (1 —t)er), ey, ter, ey, +es),

)
tel —|— 1 — t)ez)

(£ ter, £er, Tez, Les),
( =+ teg + 1 — t)ez) +ey, +ep, eo, :|:€2),
(+

tel 1 —t)ez),:tez,ﬂ:eg,:tez,:tez) :O§t§ 1})
By Theorem 2.3, the assertion of Subcase 16 follows.

The proof of Case 2 follows from Theorem 2.2 and Case 1.
Therefore, we complete the proof.

Proposition 3.3. Let m,n > 2. Let T € L(™(}). Then,
Norm(T) = {(Xl,...,Xm) (X Xer) eNorm(T)}
- {(Xl,...,Xm) (X1 X, €2) eNorm(T)},
where e; = (1,0...,0),e2 = (0,1,0...,0) and T € L("™"47) is defined by
T((x(l”,...,ozg)),...,(:c mt) oz
T((z&”,...,xs})),...,(ac

Proof. 1t follows from the fact that || T'|| = || T

Let

T((z1,y1), (w2,92), (%3, 43), (24, y4)) = az 1322334 + by132y3y4

+ 0(1’2333!1”42/1 + 212324y + T12224Y3 + $1$2$3y4)

+

d(x324y192 + T2T4Y1Y3 + T2T3Y1Y4 + T1T4Y2Y3 + T1T3Y2Ys + T1T2Y3Y4)

+ e(1y2y3y4 + 229193y + T3Y1Y2Ys + Tay1yey3) € Ls(1F)
with a,b,¢,d, e € R.

By an analogous argument as in the proof of Lemma 3.1, we may assume that a > |b|,e > 0.

We classify the norming set of T € L4(*43).
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Theorem 3.4. Let

T((Il ) y1)7 ('T27 y2)7 (IE3, y3>a (.’,E4, y4)) = AT 1 T2T3T4 + byly2y3y4

+  c(zam3zay + T12324Y2 + T172T4Y3 + T1T223Ys)

+

d(x324y1y2 + T2T4Y1Y3 + T2T3Y1Y4 + T1T4Y2Y3 + T1T3Y2Ys + T1T2Y3Y4)

+  e(z1y2y3ys + T2y1Y3Y4 + T3Y1204 + Tay192y3) € Lo(H7)
with | T]| = 1,a > [bl,e > 0,c,d € R.

Then the following assertions hold:
Casel.a=1b|=|c|=|d=e=1

Subcasel. a=b=c=d=e=1
Norm(T) = {( + (ter + (1 — t)ez), £(ser + (1 — s)ea), £(uey + (1 — u)er), £(ver + (1 —v)er)) :
0<tsuv< 1}.

Subcase2. a =b=—-—c=d=e=1

Norm(T) = Sym ({( + (tey — (1 — t)ea), £(ser — (1 — s)ea), ey, %ey, ),
(£ (t,1—1),%(s,1 —s),xer, +er) : 0 < 8,5 < 1})

Subcase3. a =b=c=—-d=e=1
Norm(T) = Sym ({(j: (ter — (1 — t)ea), £(ser — (1 — 5)ea), ey, £ea),

(:I: (tey + (1 —t)ea), *eq, ey, j:el), (:I: (tey + (1 —t)ea), tea, :i:ez,:lzez) :0<t,s< 1})

Subcase4d. a =b=—-—c=—-d=e=1

Norm(T') = Sym ({( + (tey + (1 — t)ez), tea, tea, +e),
(:I: (tey + (1 —t)ea), :i:el,:I:e],:I:ez), ( + (tey — (1 —t)ea), :tel,:lzel,:lzm),
(j: (tey — (1 = t)ey), ey, iez,iez) 0<t< 1})
SubcaseS. a = -b=c=d=e=1
Norm(7') = Sym ({(:l: (ter + (1 —t)ez), £(sey + (1 — s)ea), (uer + (1 —u)ez), £ey ),
(£ (ter — (1 —t)er), ker, ker, +e2) : 0 < 8, 5,u < 1})
Subcase 6. a = —b=-—c=d=e=1
Norm(T) = Sym ({(i (tey — (1 — t)ea), £(sey — (1 — s)ea), e1, +ey),
(:I: (ter + (1 —t)ea), ey, Lea, :i:ez), (:I: (tey — (1 = t)ez), Lea, £ea, :i:ez) :0<t,s< 1})
Subcase7. a = —b=c=—-d=e=1

Norm ({ tel + lft)ez) :|:61,:|:€1,:‘:61),

(£ (ter — (1 —t)ea), £ (se; — (1 = s)ea), £ (uey — (1 —u)er), +er) : 0 < t,5,u < 1})
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Subcase8. ¢ = —b=-—c=—-d=e=1

Norm(T) = Sym ({(j: (ter — (1 — t)ea), £(ser — (1 — s)ea), ea, %e2),

(:I: (ter + (1 —t)eg),:lzel,:lzel,:tez), (:I: (tey — (1 — t)ez),:lzel,:lzel,:tel) :0<t,s< 1})
Case 2. |a;,...,| < 1 forsome i, € {1,2} (k=1,...,4),

where aji1 = a,a20 = b, a1112 = ¢, a1122 = d, a1 = e and aj,...i, = g (i))...o(iy) JOT €very
permutation o on {1,...,4}.

Let M = {(iy,...,i ) |ai,...i,| < 1} and define S = (bz i) € L(*6) be such that
biyoriy = Giyooiy if (11, .-y 0a) € M and b;,..;, = 1if (i1,...,1a) € M. ( Notice that S is included
in Case 1.) Then,

Norm(T) = ﬂ Sym ({(t&l)el + tél)ez, e ,t§4)el + t(24)ez) € Norm(9) :
(’il ..... ’L4)€M
=)

Proof. We will slightly modify the proof of Theorem 3.2.
Notice that

(*) T((x1,91), (22, 92), (23, 93), (z4,94)) =
x {xz (z3]azs + cys] + y3lczs + dya]) + yo (w3]cas + dys] + y3[das + 61/4])}
+ U {xz (z3[cas + dys] + ys[dzs + eys]) + vo (z3[dzs + eya] + y3lexs + bya]) }
By (x), it follows that
(xx)  Norm(T) 2 Sym ({(i (ter 4+ c(1 — t)ea), ey, tey, +ey),
(£ (ter + cd(1 — t)ea), ey, tey, £e), (+ (te; + de(l — t)ea), tey, e, es),
(:I: (tey + b(1 — t)e), e, te, j:e2) 0<t< 1})
Casel.a=|b|=|c|=|d=e=1
Subcase l. a =b=c=d=e=1
By (%),
Norm(T) 2 Sym ({(i (ter + (1 —t)ez), xey, tey, +ey),
(i (tey + (1 —t)ea), ey, ey, iez), (i (tey + (1 —t)ea), ey, ea, iez),
(tter + (1 —t)er), er, tep, der) 1 0 <t < 1})
By Theorem 2.3, the assertion of Subcase 1 follows.
Subcase2. a=b=—-c=d=e=1
By (%),
Norm(T) O Sym ({( + (ter — (1 — t)e), +ey, tey, +ey),
(j: (te; — (1 —t)ep), Ley, :i:el,:lzez), ( + (ter + (1 —t)ea), :i:el,:l:eg,:lzez),
(£ter+ (1= t)es), +ea, Eea, +e) 10 <t < 1})

By Theorem 2.3, the assertion of Subcase 2 follows.
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Subcase 3. a=b=c=—-d=e=1
By (),
Norm(T') 2 Sym ({(:l: (ter + (1 — t)ez), tey, ey, ey),
(i (tey — (1 —t)ea), Leq, *ey, iez), (i (tey — (1 —t)ea), teq, tea, iez),
(:I:te] + (1 — t)ez), +ey, :|:62,:|:€2) 0<t < 1})
By Theorem 2.3, the assertion of Subcase 3 follows.

Subcase4. a=b=—-—c=-d=e=1

By (%),
Norm(T) 2 Sym ({( + (tey — (1 — t)ea), ey, ep, +ey),
(:l: (te1 -+ (1 — t)ez), :tel,ﬂ:61,:t€2), ( + (tel — (1 — t)ez), +eyp, ey, :|:€2),
(:I: te; + (1 —t)ey), tea, +ea, j:ez) 0<t< 1})
By Theorem 2.3, the assertion of Subcase 4 follows.

Subcase 5. a=-b=c=d=e=1

By (),
Norm(T') 2 Sym ({(i (ter + (1 —t)ep), £y, %ey, %ey),
( + (tel + (1 - t)ez), +ep, *ey, :|:€2), ( + (t@l + (1 — t)ez), teyp, ey, :|:62)7
(i te; — (1 — t)62)7i62,i62, iez) 0<t< 1})
By Theorem 2.3, the assertion of Subcase 5 follows.
Subcase 6. a = —-b=—-c=d=e=1
By (),
Norm(7T) 2 Sym ({( + (te; — (1 — t)er), +ey, ey, +e),
(i (tel — (1 — t)ez), +ey, *ey, iez), (i (tel + (1 — t)ez), +eq, Leo, iez),
(:l: te; — (1 — t)ez), iez,i@z,ﬂ:ez) :0 <t< 1})
By Theorem 2.3, the assertion of Subcase 6 follows.

Subcase 7. a = —-b=c=—-d=e=1

By (),
Norm(T) 2 Sym ({(i (ter + (1 — t)es), ey, ey, +e),
(:l: (tel — (1 — t)ez),:lzel,:lzel, :|:62), ( + (tel — (1 — t)ez),:l:el,:tez, :tez),
(:I:tel —(1 —t)ez),:lzez,j:ez,:lzez) 0<t< 1})

By Theorem 2.3, the assertion of Subcase 7 follows.

Subcase 8. a = -b=—-—c=—-d=e=1
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By (%),
Norm(7T') O Sym ({( + (te; — (1 — t)er), +ey, ey, +e),
(i (tey + (1 —t)ea), iel,iel,iez), ( + (tey — (1 —t)ea), iel,iez,iez),
(:I: te; — +(1 — t)ep), Lea, Le, :tez) 0<t< 1})
By Theorem 2.3, the assertion of Subcase 8 follows.

The proof of Case 2 follows from Theorem 2.2 and Case 1.
This completes the proof. O

Let

T((Sﬂl,yl), (22,92), (23, ZJ3)) = ax12273 + by1ypys + C(T/zmyl + 2123Y2 + 9619523/3) =+
d(xgy]yz + oy1yz + x1y2y3) € ﬁS(SE%) with a,b,c,d € R.

By an analogous argument as in the proof of Lemma 3.1, we may assume thata > b > 0.

Kim [9] classified the norming set of T € L4(3¢2). The following classifies the norming set
of T € L,(*¢%) in a different way.

Theorem 3.5. Let

T((x1,91), (22, 52), (23,33)) = az12223 + by1yays + c(z2w3y1 + 212392 + T122Y3) +
d(z3y192 + 22y1y3 + T132y3) € Ls(C6]) with | T = 1,a > b > 0,c,d € R.

Then the following assertions hold:
Casel. a= b =|c]=|d=e=1
Subcasel. a =b=c=d =1

Norm(T) = {(i(m—t),i(s,1—s),i(u,1—u)) 0 <t su< 1}.
Subcase2. a =b=—-c=d=1
Norm(T) = Sym ({( + (te — (1 — t)es), £(ser — (1 — 5)ez), %ey),
(£ (ter + (1 — t)ea), +ea, +ep) 10 < t,5 < 1})
Subcase3. a =b=c=—-d=1
Norm(7T') = Sym ({( + (ter — (1 —t)ea), £(se; — (1 — s)ez), £ez),
(£ (ter + (1 — t)ea), +er, +e;) 10 < t,5 < 1})
Subcase4. a =b=—c=—-d=1
Norm(7') = Sym ({(:l: (ter — (1 —t)ea), +ey, £ey),
(£ (ter — (1 — t)ea), e, er), £(ter + (1 — t)en), Hep, +ey) 1 0 < # < 1})
Case 2. |a;,4,i,| < 1 for some i, € {1,2} (k= 1,2,3),

where a1 = a, a2 = b,a112 = ¢, a122 = d and aiiyiy = q(i))0(ir)o(i5) JOTr €very permutation
oon{l,2,3}.
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Let M = {(i1,i2,43) : |ai,iri,| < 1} and define S = (bi,i,i,) € L(303) be such that b;,;,;, =
Qiyiyiy 0f (i1,72,13) € M and b; 5,4, = 1 if (i1,12,13) € M. ( Notice that S is included in Case 1.)
Then,

Norm(T) = ﬂ Sym ({(tﬁl)el + tg)ez, ... ,t§3)el + t(23)ez) € Norm(9) :
(i1 sis)EM

1™ = 0}).

i i3

Proof. We will slightly modify the proof of Theorem 3.2.
Notice that

(%) T((ﬂflayl)’ (22,92), (3, y3)) = wl{frz[au + cya] + yafcas + dyg]}
+ w {xz[Cst + dys] + yadzs + by3]}~
By (x), it follows that
(xx)  Norm(7T') 2 Sym ({( + (tey + (1 — t)ea), Ler, +ey),
(£ (ter + cd(1 — t)ez), ey, kep), (£ (ter + de(1 —t)en), £ea, e) 1 0 < t < 1})

Casel.a=b=|c=|d =1
Subcase I.a=b=c=d=1
By (),

Norm(T) 2 Sym ({(j: (ter + (1 — t)ea), £er, £ey),

(:l: (te1 + (1 — t)ez), :|:€1,:|:62)7 (:l: (te1 + (1 — t)ez), ﬂ:ez,:l:ez) 0<t< 1})
By Theorem 2.3, the assertion of Subcase 1 follows.
Subcase2. a=b=—c=d=1
By (xx),

Norm(T) 2 Sym ({(:l: (ter — (1 —t)ez), ker, +ep),

(i (t€1 — (1 —t)ez),i€17i62),(i (tel + (1 —t)ez),iez,iez) 0<t<1

—
N—

By Theorem C, the assertion of Subcase 2 follows.
Subcase 3. a =b=c=—d =1
By (%),

Norm(7') O Sym ({( + (ter + (1 — t)ez), ey, +ey),

(£ (ter — (1 —t)es), ey, +er), (£ (tey — (1 —t)er), ker, +er) : 0 <t < 1})

By Theorem 2.3, the assertion of Subcase 3 follows.
Subcase4. a =b=—-c=—-d=1
By (#x),

Norm(7') 2 Sym ({( + (ter — (1 — t)ea), xey, £ey),

(:l: (tel + (l — t)ez),ﬂ:e], :|:€2), (:l: (tel — (1 — t)ez),:teg,:tez) 0<t< l})

By Theorem 2.3, the assertion of Subcase 4 follows.
The proof of Case 2 follows from Theorem 2.2 and Case 1.
This completes the proof. O
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