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Abstract In this paper, we study the fundamental solution of the partial differential equation,
iterated k-times of the form

1 1 b
®FG(z,m) = (@ +m?)* <8A4 + gm‘* + g&) G(z,m) =46

where m is a non-negative real number, p 4+ g = n is the dimension of the Euclidean space R",
z = (z1,22,...,7,) € R™, k is a non-negative integer. After that, we apply the fundamental
solution related to the operator ®* , ultra - hyperbolic operator (1%, Laplace operator A* and
wave operator.

1 Introduction

The diamond operator iterated k-times, first introduced by Kananthai [2], is one of the most well-
known partial differential operators in the theory of distribution or the generalized function.
Kananthai [2] has studied the fundamental solution of the equation Oku(x) = ¢, we obtain
u(z) = RE (u) * (—1)*R5,(v) is the fundamental solution and § is the Dirac delta function.
Later, Kananthai, Suantai and Longani [3] have studied the relationship between the operator
@®" and the wave operator, and the relationship between the operator & and the Laplacian.
Moreover, the equation ¥ K (z) = § we have K (z) = [RE (u) x (—1)* RS, (v)] * Sax (w) * Tay(2)
is the fundamental solution of the operator &*, which is defined by
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, 0 1s the Dirac delta function. Kananthai [2] has studied the diamond operator, which is defined

by
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Otherwise, the operator * can also be expressed in the form {* = (¥ A* = A*[J¥, where [I*
is the ultra-hyperbolic operator iterated k-times, which is defined by

k
D ptq
H? o?

k _
O => o .Z o | (1.2)
r=1 j=p+1 J
AF is the Laplace operator iterated k-times, which is defined by
k

. D 82 p+q 82
AF = Z@JF_Z@ pF+qg=n. (1.3)

r=1 j=p+1 ]

By putting p = k = 1 and z:; = ¢ (time) in (1.2), then we obtain the wave operator

H? n-l 52
7=1 J

Tariboon and Kananthai [4] have studied the Green’s function of the operator
k
P 82 4 p+q 32
NNk _ 2
(@ +m?)F = (H&E%) - > o] T (1.5)

j=p+1 77

, iterated k-times. Moreover, the operator (& +m?)* can be related to the ultra-hyperbolic Klein
Gordon operator ((J+m?)* , the Helmholtz operator (A +m?)* and the diamond Klein - Gordon
operator of the form ({) + m?)*. Satsanit [11] has shown that
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Therefore, from (1.6), we obtain

k
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r=1 j=p+l1 J

where p+ ¢ = n is the dimension of the Euclidean space, R™ and & are a non-negative integer. In
1988, Trione [8] studied the fundamental solution of the ultra-hyperbolic Klein-Gordon operator
iterated k-times such that operator ((J + m?)¥, which is defined by

k
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From (1.5) and (1.7) the operator ®* can be expressed in the form

i p 4 2 ptq N 1"
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k
O* + 6<>2) = (@ +m?)* ek, (1.9)
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For m = 0 then (1.9) becomes

8
o2 > o . (1.10)

p 8 p+q
®k — EBk@k — ( o ) _ 0
j=p+1 J
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Kananthai, Suantai and Longani [3] have studied the relationship between L¥ and L} are defined

by
k

k zp: H? pif 0?
LY = -5 1 -~ (1.1D)
— Ox2 Pl (“)xj
and
pt+q 82 b
32
Ly = Z S —i — 1 . (1.12)
— ox? Pl Ox;
Following that
P 2 p+ 2"
82 pTaq 82
LF=rrrh =5k = — ) 1.13
112 2 L ; 022 + 7‘;1 o (1.13)

Bupasiri [9] has studied the operator ©F , iterated k-times of the equation ®F, H (z,m) = §, H(z,m) =
Wai(x, m) * Yar(z, m) * Moy (x, m) * Npg(z,m), § is the Dirac delta function, & is a non-negative
integer and m is a non-negative real number. From (1.9) with ¢ = m = 0 and k£ = 1, we obtain
the Laplace operator of p-dimension

®= A%

where

ox

=

p 82
A, = Z . (1.14)
=1

In this paper, we study the fundamental solution of the equation ®*G (z, m) = 4, where G (z,m)
is the fundamental solution, ¢ is the Dirac delta function, k is a non-negative integer and m is
a non-negative real number. In particular, for m = 0 and m = ¢ = 0 the fundamental solution
related to the operator ®* , (1% and AF.

2 Preliminary Notes

We have studied some properties of the ultra-hyperbolic kernel and the elliptic kernel of Marcel
Riesz which will be used as follows.

Definition 2.1. Let © = (zy,z2, ..., 2, ) be a point of the n - dimensional space R™,
u:z%+x%+~-~+x§—x§+]—z127+2—~~-—x12)+q, (2.1)

where p + ¢ = n. Define I';, = {z € R" : #; > 0 and v > 0} which designates the interior of
the forward cone and I'. designates its closure and the following functions introduce by Nozaki
(see [12], p.72) that
RE(u) ={ #oap H2El 2.2)
0, ife gy

R (u) is called the ultra-hyperbolic kernel of Marcel Riesz. Here « is a complex parameter and
n the dimension of the space. The constant K, («), which is defined by

T ()T (5 o)
P () (s

Kn(a) = (2.3)
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and p is the number of positive terms of
_ 2.2 2.2 2 2 —
U=T]+ T3+ + X, =T — Tpn = Ty ptg=n

and let supp R (z) c T';. Now R () is an ordinary function if Re o > n and is a distribution
of «if Re @ < n.
Now, if p = 1 then (2.2) reduces to the function M,, (u) say, and is defined by

T .
Ma(u) = | @y TTEl 2.4)
0, ifo ¢ T
where u = a1 — a3 —--- — 7, and H, () = 7r("271)2a_11“("%“2). The function M, (u) is
called the hyperbolic kernel of Marcel Riesz.
Definition 2.2. Let © = (zy, 22, ..., 2, ) be a point of the n - dimensional space R™,
v:x%+x%+---+xlz,+x12)+1+xfj+2+---+mi+q. 2.5)
Define the function .
v
RS (v) = (2.6)

~—

where « is any complex number and the constant H,, () is given by the formula

Hn(a) =

mzar(g). 2.7)

L (2
Now the function R¢ (v) is called the Elliptic Kernel of Marcel Riesz.

Lemma 2.3. [2] Given the equation \*u(z) = 6 for x € R™, where AF is the Laplace oper-
ator iterated k-times, which is defined by (1.3). Then u(x) = (—1)¥ RS, (v) is the fundamental
solution of the operator A\F where

r(%5*)

T 2% 3I(k)

Lemma 2.4. [8] If O*u(x) = 6 forx € Ty = {x € R" : 21 > 0 and u > 0}, where OFis the
ultra-hyperbolic operator iterated k-times, which is defined by (1.2). Then u(x) = RH (u) is the
unique fundamental solution of the operator [I* where

RS, (v) lv|k—n, (2.8)

2k—n 2k—n
Ry = ) (a3 + o Fa2—ad, - —ad, )5 2.9)
2k K, (2k) K, (2k)

T T (M) T () D(2k)
r(23=e)ret)

Lemma 2.5. [2] Given the equation $Fu(x) = § for © € R™, then u(z) = (—1)*R5, (v) *
RE (u) is the unique fundamental solution of the operator {F, where OF is the diamond operator
iterated k- times, which is defined by (1.1), RS, (v) and R (u) are defined by (2.8) and (2.9),
respectively. Moreover, (—1)* RS, (v) x RY (u) is a tempered distribution.

K, (2k) = (2.10)

It is not difficult to show that R¢ ,, (v)*RH,, (u) = (—1)*OFS, for k is a non-negative integer.

Lemma 2.6. [3] Given the equation L’fu(w) = for x € R™, where L’f is the operator, which is
defined by (1.11), then u(x) = (—1)*(—i)? Sqx(w) is the fundamental solution of the operator
LY, where

I (5%)

. 2k—mny
SZk(w)=W%[x%+x§+--~+x§—z(x§+l+-~-+x§+q)]< ) i=+v/—1, (2.11)

2, 2 22 2
w=a]+a5+ -ty =iz oot an,)
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Lemma 2.7. [3] Given the equation Lyu(x) = 6 for x € R™, where L} is the operator, which is
defined by (1.12), then u(z) = (—1)*(i)? Tay.(2) is the fundamental solution of the operator L,
where

F n—2k . 2k—n .
TZk(Z):M[:ﬂ%—l—m%—l—“-—kxi—i—z(xiﬂ+---+x§+q)]< ) i=v-1. (2.12)

p=aidas o anHi(an, o ah,,).

p+q

Lemma 2.8. [3] Given the equation L*u(x) = § for x € R", then u(x) = Sa(w) * Tor(2) is
the fundamental solution of the operator L*, which is defined by (1.13), Sy, (w) and Ty, (2) are
defined by (2.11) and (2.12), respectively.

Lemma 2.9. [11] (Convolution of R¢ (v) and RH (u) ). If RS (v) and RH (u) are defined by (2.8)
and (2.9) respectively, then

i) R (v)* RG(v) = R¢_4(v) where o and [ are complex parameters;
« B a+f

(i1) R (u)* RY (u) = R, 5(u) where a and (3 are both integers and except only the case both
«a and B are both integers.

Lemma 2.10. The function R™,, (u) and (—1)* R ,, (v) are the inverse in the convolution alge-
bra of RH (u) and (—1)* RS, (v) respectively. That is,

szk(u) * Ryj (u) = Ri[zmzk(u) = RSI(U) =4,
(1" R (v) * (=1)" RS, (v) = (1) RSy 14 (v) = R§(v) = 6.
Proof. For proof of the this Lemma is given (see [6, 7, 10]). O

Lemma 2.11. /5] (Convolution of S (w) and T, (=) ). If S, (w) and T, (z) are defined by (2.11)
and (2.12), respectively., then

(1) Sy(w) Sy (w) = (1)9/28, 4 (w);
(i3) Ty(2) * Ty (2) = (—4)%/*T, 4 (2) where v and v' are complex parameters.
Moreover, So(w) = (i)%/%5 and Ty(w) = (—i)?/?6.
Lemma 2.12. [4] Given the equation
(@ +m*) u(z) =6, (2.13)

where (& + m?)¥ is the operator iterated k-times, which is defined by (1.5), § is the Dirac delta
Sfunction, ©x = (z1, 12, ...,x,) € R™, m is a non-negative real number and k is a non-negative
integer, we obtain

w(x) = Yag ok, 26,2 (0, v, 0, 2, M)
[k
- Z ( r )szRgC+2T (U) * (_1)k+TR§k+2T (U) * 52k+2r(w) * T2k+2r(2) (214)
r=0

is the fundamental solution of (2.13). Since

Yor 22,25 (U, v, w, 2, M)

—k .
= < 0 >m2(0)R§£+2(o)(U) * (71)’”0}22“2(0)(@) * Szk+2(o)(w> * T2k+2(0)(z)
o [~k
+2 ( . )mszz’m(u) # (~D)FT RS 5, (0) * Sppar () * Tapgar(2). (2.15)
r=1

The second summand of the right-hand member of (2.15) vanishes for m = 0 and then, we have
Yak 2k 2k 2k (U, v, 0, 2,0) = RE (u) x (1)K RS, (v) * Sar(w) * Tag(2) which is the fundamental
solution of the operator ®F .
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3 Main Results

Theorem 3.1. Given the equation

k
©FG(x) = (W) Glz) = 3.1)

for x € R™, where ®F is the operator iterated k-times, which is defined by (1.7) . Then we obtain
G(z) is the fundamental solution of the equation (3.1), where

G(z) = (Ridy(u) * (1) Riz, (v)) * (H™ (2)) ™! (3.2)
Gla) = (Ri3(u) * Ripy(v)) * (H* ()" (3.3)
and
H(r) = g (R« (~12R5(0) + g (R (u) = (<1 RE(0)) + & (R () = (~1)*B5(0))
34
v 1 H 1 H 6 H
H(x) = 3 (Ri3(u) * R§(v)) + 3 (Ry' (u) * Riy(v)) + 3 (Rg' (u) * Rg(v)) .

Here H**(x) denotes the convolution of H (z) itself k-times, (H**(x))*~! denotes the inverse of
H*k(x) in the convolution algebra. Moreover, G(x) is a tempered distribution.

Proof. We have
A4 L 2\
@*G(z) = (+8+60> G(z) =6

or we can write

4 4 2 4 4 2\ k-1
(A +D8+6<>)<A —i—DS+6<>> Gl) = 6.

Convolving both sides of the above equation by R (u) * (—1)°R¢,(v),

k—1
(é A4 +ém4 + g&) (R (w) * (—1)°R{,(v)) (:; At +ém4 + 202> G(x)
=0 (Ri3(u) * (~1)°Rfy(v))

or

k—1
(1 X 6<>2> (R (u) * (=1)°R, (v)) <é A +éD4 + g&) G(x)
= % A* (R (u) # (= 1) R (v) * (RS (u) * (—1)* R (v)))

+ o0 (B (w) * (= 1)*R§(v) = (B (u) * (~1)*R§(v)))
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By Lemma 2.3, Lemma 2.4 and Lemma 2.5, we obtain

507 (RE () « (R 0) = (S1R50)) + g0 (CD*RS() * (RE () (-1 R5(0))

+ gé* (Rf(u) * (71)4R§(v)) (8 A +8D4 + g 2) G(x)

= 0% (Ri3(u) * (~1)°Rf(v)) .
By properties of convolutions and Lemma 2.9,
1 1
g (B = (C12R{0) + g (R (0« (~1)°Riz(v))

4 g (R (u) * (—1)*R5(v) <; IR 202> G

= (R{5(u) * (~1)°Rf(v)) .

Keeping on convolving both sides of the above equation by R (u) * (—1)°R¢,(v), up to k — 1
times, we obtain

* e *k
H*(z) x G(x) = (Rf}(u) * (=1)°Ri,(v)) (3.5)
the symbol %k denotes the convolution of itself k-times. By properties of R (u) and RS, (v) in
Lemma 2.9, we have

(R (w)  (—1)°RE,(0))™ () = RiL(u) * (= 1) Riyy (v).
Thus (3.5) becomes,

H**(x) * G(z) = Ri3j,(u) * (=1)% Riy (v),
*—1

Gx) = (RIL () * (1) Ry (v)) * (H*(2))~ (3.6)
Glz) = (RIL,(u) * Riy(v)) * (H*(2))™" 3.7)

is the fundamental solution of (3.1). We consider the function H**(x), since R (u)*(—1)°R¢, (v)
is a tempered distribution. Thus H(z) defined by (3.4) is tempered distribution, we obtain
H*k(x) is tempered distribution.

Now, R, (u) x (—1)%*R$,, (v) € S, the space of tempered distribution. Choose S’ C
D', where D', is the right-side distribution which is a subspace of D’ of distribution. Thus
Ri}y(u) * (—1)°* Ry (v) € Dp. It follows that Ri}, (u) « (—1)** Ry (v) is an element of
convolution algebra, since D/, is a convolutlon algebra. Hence Zemanian [1], (3.3) has a unique

solution .
G(z) = (RIZk( )+ (= )6kR12k( ))*(H*k(f)) )

or
*—1

G(z) = (ng(u) * szk(v)) * (H*k(l")) )

where (H *’“(x))**1 is an inverse of H**(z) in the convolution algebra. G(z) is called the
fundamental solution of the operator ®*.

Since RE, (u) * (—1)%*R$,, (v) and (H*’“(:z:))**l are lies in S, then by (see [1], p.152)
again, we have (Rf3, (u) * (—1)°*R$,, (v)) * (H*’“(J:))*_l € S'. Hence, G(z) is a tempered
distribution. ]

Theorem 3.2. Given the equation
®*G(z,m) = (@ +m*)* " G(z,m) =4 (3.8)

where (& +m?)* and @" are the operators iterated k-times, which is defined by (1.5) and (1.7),
respectively, § is the Dirac delta function, x € R™, m is a non-negative real number and k is a
non-negative integer. Then we obtain

G(xz,m) = Yok 2k 2525 (0, v, w, 2, M) * [ng (u) * (—l)élee%(v) % (H*k(x))**l} 3.9
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or
G(z,m) = Yap 2ok 26 (u, 0,0, 2,m) * [RI, (w) % RSy, (v) * (H**(2))* ] (3.10)

is the fundamental solution for the operator ®"* iterated k-times, which is defined by (1.9). In
particular, m = 0 then (3.8) becomes

k
8 pt+q 32
k k —
®"G(z,0) = aF @* G(z,0) <23x2> - > o G(z,0) =0, (3.11)
j=p+1
we obtain
G(2,0) = (=1)"R{,(v) * Rl () * S (w) * Top(z) + (H**(z)*! (3.12)
is the fundamental solution of the (3.11), for ¢ = m = 0 then (3.8) becomes
8k
NG (x,0) =0, (3.13)
we obtain
G(z,0) = Rig(v) (3.14)

is the fundamental solution of (3.13), where Agk is the Laplace operator of p-dimension, iterated
8k-times, which is defined by (1.14). Moreover, from (3.12) we obtain

(Rflzk(u) * (*1)7kRe—14k(U) * S_op(w) * T—2k(2)) * (H*k(x)) * G(,0) = Rﬁ(u) (3.15)

is the fundamental solution of the ultra-hyperbolic operator OF iterated k-times, which is defined
by (1.2),

(RHgx(u) 5 (= 1) RE 1 (v) % S_a(w) * Toai(2)) * (H™(2)) * G(2,0) = (~1)* R5.(v)
(3.16)

(RI—{Mk(u) * RE o (v) % S_ap(w) * T—Zk(z)) * (H*k(x)) * G(z,0) = (—l)kRSk(v) (3.17)

is the fundamental solution of the Laplace operator \* iterated k-times, which is defined by
(1.3) and

(RH 4u(w) * (—1)"F R 14, (v)) * (H™(2)) * G(2,0) = Sap(w) * Top(2) (3.18)

is the fundamental solution of the operator L* = LYLY iterated k-times, which is defined by
(1.13), where R® ;. (v), RH 4, (u), S_ax(w), and T_»(2) are the inverse of RSy, (v), R, (u),
Sor(w), and Thi(z), respectively. From (3.12) and (3.15) withp=1,q=n—-1,k=1,m =0
and x; =t (time), we obtain

((=1)7 R 14(v) ¥ My (u) % S_a(w) * T-a(2) ¥ (H* (2))) * G(,0) = My (u) ~ (3.19)
or
(=R 14(v) = M, (u)  S_o(w) x T_p(2) * (H* (2))) * G(z,0) = MH (u) (3.20)
is the fundamental solution of the wave operator is defined by (1.4), where M, (u) is defined by
(2.4) with o = 2.
Proof. From (1.9) and (3.8), we have

1 1 g
®*G(x,m) = (@ +m*)k (8A4 + §D4 + goz> G(x,m) = 4. (3.21)

Convolving both sides of (3.21) by Yay, 2 2,2 (u, v, w, 2, m)*[RIL, (u) * (—1)%* RS, (v) * (H**(x))*~

we obtain
(Y2k72k,2k,2k(u7vawa Z,m) * [ng(u) * (—1)6kRT2k(U) * (H*k(x))*_l])
1 1 6 ,\"
* (@ + mZ)k <8A4 + §D4 + 802> G($7m)

= (sz:zmk,zk(u,v,w,z,m) [RIZk( ) * (= 1)6kRT2k(U) * (H*k(l"))*_l}) * 0.

1,
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By properties of convolution

(@ + mz)k(Y—Zk,Zk,Zk,Zk (’LL, v,w,z, m))

(5055 400+ 82) (R + (1 Bin0) « (04 @) 1) <Gl
= Yap o202 (1,0, w0, 2,m) % [Riby (u) % (=1)° Riyy (0) + (H™* ()]
By Lemma 2.12 and Theorem 3.1, we obtain,
5x0%G (w,m) = G, m) = Yok 2k 26 26 (0, w, 2, m)x[Ri5, ()  (=1)°* Riy (v) % (H** ()]
is the fundamental solution of the operator ®*. In particular, m = 0 then (3.8) becomes (22
oF @F G(x,0) =4, (3.23)
from Lemma 2.12, Lemma 2.9, (3.22) and by properties of convolution, we obtain
G(,0) = ((~1)*Rse(v) * RE(u) * Sax(w) * Tor(2)) * (Rl (u) * (~1)* Rz (0) % (H* ()" ")
= (=)™ Riy.(v) * Rilx (u) * Sai(w) * Ty (2) * (H*(2)*! (3.24)
is the fundamental solution of (3.11), for ¢ = m = 0 then (3.8) becomes
NS G(x,0) =0, (3.25)

where AZS,’“ is the Laplace operator of p-dimension iterated 8%-times. By Lemma 2.3, we have

G(x,0) = (~1)* Rig(v) = Rig(v)
is the fundamental solution of (3.25). Convolving both sides of (3.24) by
(R o (u) % (= 1) R 43, (v) % S_ap (w) * Tox(2)) * (H™(x)) ,
we obtain
(RY () # (—1)"F R 14, (v) * S_ap(w) * T_op(2)) * (H**(2)) * G(x,0)
= (Riy(u) * RE () + (1) Riy () % (1) RS 144 (v))
(S an(w)  Sap(w)) (T (=) # Tan(2))  ((H* () (™ ()" ) + R ()
(RY 5 (w) # (—1)"F R 4. (v) * S_p(w) * T_op(2)) * (H**(2)) * G(x,0)
=0%0%0%0 %0 % R (u) = R (u)

by Lemma 2.9, Lemma 2.10, Lemma 2.11, Theorem 3.1 and properties of convolution. It follows
that

(RY 5 (w) # (—1)"F R 14, (v) * S_ap(w) * Top(2)) * (H**(2)) * G(x,0) = Rjj.(u) (3.26)

as the fundamental solution of the ultra-hyperbolic operator [1* iterated k-times, which is defined
by (1.2). Similarly,

(Rl—{Mk(U) # (1) RE 1, (v) % S_ap(w) * T ok (2)) * (H*k(l")) * G(z,0)
= (Rﬁk(u) * REMI@(“)) * (( )%ch( ) * (= )6kRe k(U)))
* (S_ak(w) * Sap(w)) * (Tag(2) * T2k (2)) * ((H*k ) (H* ()" ) * (=1)PFR5 (v))
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(Rflwc(u) * (—1)6kRilzk(U) * S_op(w) * Tka(Z)) * (H*k(w)> * G(r,0)
=0%0%0%0%0x(—1)3 RS, (v) = (=1 RS, (v)).
It follows that
(R 4 () % (= 1)°F R 5. (v) % S_ap(w) * T_ax(2)) * (H**(2)) * G(=,0) = (=1)* Rg;,(v)

is the fundamental solution of the Laplace operator A* iterated k-times, which is defined by
(1.3), and

(RIij(U) * (—1)7kRe—14k(U)) * (H*k(x)) * G(z,0)
= ( ﬂk(u) * Rflmk(“)) * ((—1)7kRT4k(U) * (—1)7kRe—14k(U)))
* ((H*k(x)) * (H*k(:v))*fl) * Sop(w) * Tay(2)
or

(R g (u) (1) RE 5 (v)) * (H** () * G(x,0)
=0*0 %0 * Szk(w) * Tgk(2’> == Szk(w) * Tzk(z).

It follows that
(Rfmc(u) * (—1)7kR314k(0)) * (H*k(w)) % G(2,0) = Sop(w) * Tap(2)

is the fundamental solution of the operator L* iterated k-times, which is defined by (1.13). In
particular, if we putp = 1, = n — 1,k = 1,m = 0 and 2| = ¢ (time) in (3.26) then R%,,(u)
reduces to M ¥, (u) and R¥ (u) reduce to MY (u) where M ,(u) and M} (u) are defined by
(2.4) with « = —12, o = 2 respectively. Thus, (3.26) becomes

(MF,(u) * (—1)"R% 14(v) * S_a(w) * T_p(2)) * (H*(x)) * G(z,0) = MJ (u) (3.27)
or
(M5 (u) % (=R 14 () * S_a(w) * T_5(2)) * (H*(z)) * G(z,0) = My (u) (3.28)

as the fundamental solution of the wave operator, which is defined by (1.4) and R® ,(v) which
is defined by (2.8). This completes the proof. O
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