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Abstract The main purpose of this paper is to provide a complete characterization of non
integrally closed ring extensions with exactly three non-Artinian intermediate rings.

1 Introduction

In this work, all rings and algebras are commutative and unital; all inclusions of rings, ring
extensions and algebra/ring homomorphisms are unital. We will adopt the same notation and
conventions as in [1, 2]. Fix, a ring extension R C S. The symbol [R, S| designates the set of
intermediate rings; that is, rings T such that R C T C S. In particular, if S = tq(R) is the
total quotient ring of R, then any ring in [R,tq(R)] is called an overring of R. Given a ring
theoretic property P, we let [R, Slhon—p = {T' € [R,S] | T does not satisfy P} and [R, S]p
its complement in [R, S]. The second named author and Al Subaiei in [2] raised the following
problem, which we label it as SJ-Probem: “Let P be a ring-theoretic property and let n be a
nonnegative integer. Provide necessary and sufficient conditions in order that a ring extension
R C S satisfies |[R, S]pon—p| = n.” As usual, |Q| denotes the cardinal number of a set Q. It
is worth noticing that SJ-Probem generalizes those related to pairs of rings and maximal non-P
subrings. In fact, (R, S) is a P-pair if |[R, S]pen—p| = 0 and R is a maximal non-P subring
of S if [R, Slhon—p = {R}. P-pairs and maximal non-P subrings have been studied for many
properties P such as Noetherian [5, 34], Jaffard [9, 10, 11, 23], S-domain [30], treed [6, 7],
valuation [13], Priifer [31], universally catenarian [3, 8, 12], Artinian [26, 33], integrally closed
[32, 35], pseudo-valuation [36]. Solutions to SJ-Probem were given in [33] (resp., [2]) in case
0 <n < 2and P := Artinian (resp., Priifer). For n = 3 and P := Artinian, a complete answer
was provided in case R is integrally closed in S (cf. [1]). To complete this circle of ideas, we aim
to answer SJ-problem in case P := Artinian, n = 3 and R is not integrally closed in .S. Our work
is motivated both by the importance of Artinian rings in commutative algebra and several related
fields, and the recent growing interest in the study of extensions with few non-P intermediate
rings as described above. In Theorem 2.4, we give a complete characterization of such pairs of
rings by means of the shape of the ordered set [R, S] as a directed graph. Corollary 2.5 takes
care of the case of integral domains.

We let Rg denote the integral closure of R in S and R’ denote the integral closure of R (in its
total quotient ring). The symbol “C” denotes proper containment. qf(R) is the quotient field of
the integral domain R. For a ring extension R C S, we let |R, S| := [R, S] \ {R}. Most of our
notation is standard and can for instance be found in [24] and [37].

2 Main results

We call a ring extension R C S minimal if I[R, S]| = 2 (cf. [15, 22]). If moreover, Rs = R
(resp., Rs = 5), then R C S is called closed (resp., integral). We start our investigation with the
following two lemmata.
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Lemma 2.1. If R C S is an integral extension with |[R, Slpon—p| = n > 1, then [R,S] =
[R, Slhon—p and son > 2.

Proof. Since |[R, S|pon—p| = m > 1, then [33, Proposition 1] ensures that R is not Artinian.
Now, let T' €] R, S| and assume, by way of contradiction, that T is Artinian. As [R, T|npon—p is
finite, we can choose C' in [R, T| maximal with respect to being non-Artinian. Thus, C' would
be a maximal non-Artinian subring of 7. Hence, C' C T would be a closed minimal extension
according to [33, Theorem 1]. This contradicts the integrality of C' C T'. Hence, we have proved
that [R, S| = [R, S]non—p and so n = |[R, S]| > 2. The proof is complete. i

The following lemma generalizes [1, Lemma 3.1], which was proved only for integrally
closed extensions. But, first recall that a ring extension R C S is said to be an FIP extension (for
the “finitely many intermediate algebras property”) if [R, S] is finite.

Lemma 2.2. Let R C S be a ring extension such that |[R, Slyon—p| =n > 1. Then R C S is an
FIP extension. Moreover, (A, S) is an Artinian pair for any A € [R,S|p. In particular, A C S
is an integral extension.

Proof. Firstly, we demonstrate that R C S is an FIP extension. The case where R C S is
integrally closed was already treated in [1, Lemma 3.1]. Thus, we will assume that R C S is not
integrally closed. Since |[R, S]hon_p| = n > 1, then [33, Proposition 1] ensures that R is not
Artinian. Hence, 1 < |[R, Rs]non—p| < oo. It follows from Lemma 2.1 that [R, Rg] is finite (that
is, R C Rg is an FIP extension) and Rg is not Artinian. Thus, 1 < |[Rg, Slhon—p| < 00. An
application of [1, Lemma 3.1] ensures that Rg C S is an FIP extension. This yields that R C S
is also an FIP extension accordingly to [18, Theorem 3.13]. For the “Moreover” statement, let
A be an Artinian ring in [R, S] and let B € [A, S]. We need to show that B is Artinian. Since
R C S is an FIP extension, then so is A C B. Therefore, there exists a (finite) chain of rings
A=Ay C A C ...C A, = B going from A to B. As A C A, is a minimal extension and A is
Artinian, then so is A; accordingly to [26, Theorem 2]. Again, as A; C A, is minimal and A; is
Artinian, then so is A;. Proceed along the same lines, one can derive easily that B is Artinian.
Hence, (4, S) is an Artinian pair. It follows from [27, Corollary 4.2] that A C S is an integral
extension. O

In order to state our next results, we introduce the following definition.

Definition 2.3. A graph that can be drawn in the shape of

(i) akite, as in Fig. 1, is called a kite-graph (cf. [29, Definition 1]). A kite-graph is said to be
of dimension d if it contains a chain with exactly d edges and the number of edges in any
other chain of this graph is < d.

(ii) arectangle, as in Fig. 2, is called a rectangle-graph.
(iii) a pentagon, as in Fig. 3, is called a pentagon-graph.

(iv) the Greek letter 0, as in Fig. 4, is called a theta-graph.
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R

Fig.1 (Kite-graph of dimension 3) Fig. 2 (Rectangle-graph)

Fig. 3 (pentagon-graph) i

Fig. 4 (theta-graph)

In what follows we assume that R is not integrally closed in S. Then we establish necessary
and sufficient conditions for the ring extension R C S to have exactly three non-Artinian inter-
mediate rings. We recall some background. We call a ring extension R C S Priiferif R C T
is a flat epimorphism for each T' € [R, S] (cf. [38]). Any closed minimal extension is a Priifer
extension and any ring extension R C S has a greatest Priifer subextension R C RS , called the
Priifer hull of Rin S (cf. [38]). If R = RS, then R C S is called Priifer-closed (see also [19]).
For instance, any integral extension is Priifer-closed. For any ring extension R C S, we say
that (R, S) is a normal pair if T C S is an integrally closed extension; that is, T is integrally
closed in S, for each ring T' € [R, S]. The concept of normal pairs (R,.S) was introduced and
investigated, in case S is an (integral) domain, by Davis [17]. The typical example of a normal
pair (R, S) arises when R is a Priifer domain and S is its quotient field (cf. [17, Theorem 1] or
[24, Theorems 23.4(1) and 26.1(1)]). Many interesting characterizations of these pairs have been
established in [4]. Normal pairs of rings with zero divisors have attracted several researchers, so
many results have been generalized from the domain-theoretic case to arbitrary rings (see for in-
stance, [14], [21] and [38]). It was proved in [38, Theorem 5.2] that R C S is a Priifer extension
if and only if (R, S) is a normal pair. We recall from [28] that if R C S is a ring extension, then
an element s of S is said to be primitive over R if s is a root of a polynomial f(X) € R[X] with
unit content. We say that R C S is a P-extension if any element of S is primitive over R. The
relationship between P-extensions and normal pairs was established in [14, Theorem 1]. More
precisely, it was shown that (R, .S) is a normal pair if and only if R C S is an integrally closed
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P-extension.

Recall also that R C S is said to be an FCP extension if each chain in [R, S] is finite. Clearly,
each FIP extension is an FCP extension. In [18], the authors have characterized FCP and FIP
extensions. Remark that if R C S has FCP, then any maximal (necessarily finite) chain C of
R-subalgebras of R, R= Ry C Ry C ...Ry_1 C Ry, = S, with length £(C) := m < oo, results
from juxtaposing m minimal extensions R; C R;11, 0 < i < m — 1. For an FCP extension
R C S, the length ¢[R, S] of [R, S] is the supremum of the lengths of chains of R-subalgebras of
S. Observe that this length is finite and there does exist some maximal chain of R-subalgebras
of S with length ¢[R, S] [20, Theorem 4.11].

Theorem 2.4. Let R C S be a ring extension such that R is not integrally closed in S. Then the
following statements are equivalent:

(l) HR7 S}non—P‘ =3.
(ii) (Exactly) one of the following conditions holds true:

a. (R, S] ordered by the usual set inclusion is a chain of length 2 and S is not Artinian.

b. [R,S] ordered by the usual set inclusion is a chain of length 3 such that S is Artinian
and R is not Artinian.

c. |R,S] ordered by the usual set inclusion is order isomorphic to a kite-graph of di-
mension 3 such that S is Artinian, R is not Artinian and [R, Rg| is a chain of length
2.

d. [R, S] ordered by the usual set inclusion is order isomorphic to a pentagon-graph such
that S is Artinian and R is not Artinian.

e. |R,S] ordered by the usual set inclusion is either order isomorphic to a rectangle-
graph or a theta-graph such that S is Artinian, R is not Artinian, [R, Rg] is a chain of
length 2 and R C S is not a Priifer-closed extension.

Proof. (1)=-(ii) We distinguish the following two cases.

case 1. Rg = S.

It follows, from Lemma 2.1, that [R, S] = [R, S|hon—p. Hence, [R, S| ordered by the usual set
inclusion is a chain of length 2 and S is not Artinian.

case 2. Rg # S.

As R C Rg C S, then two subcases may occur.

subcase 2.1. R C Rg is a minimal extension.

Since R and Rg are not Artinian (Lemma 2.1) and |[R, S]uon—p| = 3, then necessarily there
exists a non-Artinian ring T € [R,S]\ {R,Rs}. If T = S, then [R, Slhon—p = {R, Rs, S}.
Thus, |[Rs, S)aon—p| = 2. But, as R is integrally closed in S, then [1, Lemma 3.2] ensures that
Rs C S is a minimal extension. Now, we claim that [R,S] = {R C Rs C S} is a chain of
length 2. For, let A € [R,S]\ {R, Rs,S}. Then A is Artinian. Hence, S is Artinian by virtue
of Lemma 2.2, which is a contradiction. So in this case [R, S] is a chain of length 2, where S
is not Artinian. Assume now that 7' # S. Then, a fortiori S is Artinian. We claim that 7" and
Rg are comparable under inclusion. Indeed, assume the contrary. Then R C T is a minimal
extension by using [26, Theorem 2] and it is closed since ' ¢ Rg. Since Rg & [T, 5], then
T would be a maximal non-Artinian subring of S. Thus, 7" C S would be a (closed) minimal
extension according to [33, Theorem 1]. It follows that R C S is an integrally closed extension,
which contradicts our assumption. We conclude that T and Rg are comparable under inclusion
as claimed. It follows that R C Rg C T C S. As |[R, S|uon—p| = 3, then |[Rs, Slhon—p| = 2. It
follows from [1, Lemma 3.2] that |[Rs, S]| = 3. In particular, Rg C T and T' C S are (closed)
minimal extensions. Next, we will distinguish the following two subsubcases.

subsubcase 2.1.1. R C S is Priifer-closed.

We claim that [R, S| = {R C Rs C T C S} is a chain of length 3. Indeed, suppose that there
exists aring A € [R,S]\ {R,Rs,T,S}. Then A is Artinian. Note that on one hand, Rs ¢ A
since [Rg, S] = {Rgs,T,S}. On the other hand, ' ¢ A because 7 C S is a minimal extension.
Therefore, R is a maximal non-Artinian subring of A. Hence R C A should be a closed minimal
extension (see [33, Theorem 1]) and so A C RS , the desired contradiction since R C S is
assumed to be Priifer-closed. This proves our claim.
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subsubcase 2.1.2. R C S is not Priifer-closed.

In this case RS # R. Observe that Rg, T &R, RS] since R C RS is a Priifer extension. It
follows that each ring in |R, RS | is Artinian. Therefore, [33, Theorem 1] ensures that R C RS
is a (closed) minimal extension. Since RS is Artinian, then Lemma 2.2 guarantees that RScS
is an integral extension. We claim that RS C S is a minimal extension. Indeed, let B € [RS, S].
Then either BN Rs = Rs or BN Rs = R because R C Rg is a minimal extension. If
BNRs = R, then R C B is a Priifer extension. Hence, B C RS, which implies that B = RS. If
BN Rs = Rg,then B D Rg. So B C S is integrally closed. But B C S is an integral extension,
which yields that B = S. Thus, RS C S is a minimal extension, as claimed. Therefore, we get
the following two maximal chains of rings: R € Rg C T C S, and R C RS C S. We claim that
[R,S] = {R, RS Rg, T, S} is a pentagon-graph as drawn below.

To this end, let A € [R,S]\ {R, RS, Rs,T,S}. Then A is Artinian. Moreover, Rg €|R, A]
since A & [Rg,S]. On the other hand, T' ¢]R, A] since Rg ¢]R, A]. Thus, each ring in | R, A] is
Artinian. Hence, R C A is a (closed) minimal extension by virtue of [33, Theorem 1]. It follows
that A C RS , which is impossible since R C RS is a minimal extension.

subcase 2.2. R C Rg is not a minimal extension.

In this case [R, Rg] = {R C H C Rg} is a chain of length 2. Lemma 2.1 shows that each ring
in [R, Rg] is not Artinian. Thus, each ring in |Rg, S] is Artinian. Therefore, Rg C S is a closed
minimal extension (cf. [33, Theorem 1]). Moreover, we have |[H, S|pon—»| = 2. As H is not
integrally closed in S, then [H, S] is either a chain H C Rg C S of length 2; or consists of two
chains of length 2, namely, H ¢ Hs = Rg C S and H C HS C S (for more details, see the
proof of [33, Theorem 2]).

subsubcase 2.2.1. R C S is Priifer-closed.

If [H,S] = {H C Rs C S}, then we show that [R,S] = {R C H C Rs C S} is a chain of
length 3. Indeed, let A € [R,S]\ {R, H,Rs, S}, then obviously Rg ¢ A since Rg C Sis a
minimal extension. Moreover, H ¢ A since A ¢ [H, S]. Hence, each ring in | R, A] is Artinian.
Thus, R C A is a closed minimal extension. Therefore, A C RS , wWhich is impossible since
RS = R. Thus, [R,S] = {R C Rs C H C S} is a chain of length 3 as desired. Now, if
[H, S] consists of the two chains H € Hg = Rg C Sand H C HS C S, we demonstrate that
[R,S] ={R,H,Rg, HS S} is a kite-graph of dimension 3 as drawn below.
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Rs HS

Indeed, let A € [R,S]\ {R,H,Rs, HS,S}. Then A 2 Rg since otherwise, A € [Rs,S] =
{Rs, S}, which is a contradiction. If moreover, H gZ A, then each ring in |R, A] would be
Artinian. Thus, R C A would be a closed minimal extension. Hence, A C RS , which is
impossible since RS = R. We conclude that H C A. Hence A € {Rg, H", S}, which is a
contradiction.

subsubcase 2.2.2. R C S is not Priifer-closed. B

Firstly, note that as R C Rs and R C H are integral extensions, then Rg, H ¢|R, R®]. Thus,
each ring in | R, RS ] is Artinian and so R C RS is a closed minimal extension. Moreover, since
RS is Artinian, then RS C S is an integral extension accordingly to Lemma 2.2.

Suppose that [H,S] = {H C Rg C S}, then we claim that [R,S] = {R, H,Rg, RS, S} is a
pentagon-graph as drawn below.

=

RS

To this end, notice that RS C S is a minimal extension. For, let B € [RS,S]. Then BN Rs €
{R,H,Rs}. If BN Rs = R, then R C B is a Priifer extension. So B C RS, which yields that
B=RS. If BNRs = Rg, then B € [Rs,S] = {Rs, S}, which implies B = S. Finally, if
BN Rg = H, then B € [H,S]. Hence, B = S. It follows that RS C S is a minimal integral
extension, as desired.

Next, we prove the above claim. Let A € [R,S]\ {R,H,Rs,R5,S}. If H C A, then
A €]H,S] = {Rs, S}, which is impossible. If Rg C A, then A €]|Rg, S] = {S}, which is
impossible. Thus each ring in | R, A] is Artinian and so R C A would be a closed minimal exten-
sion. This implies that A C RS and so A €]R, RS |= {ES }, which is a contradiction completing
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the proof of our claim. o B
Assume now that [H, S] consists of two chains of length 2, namely, H C Hs = Rg C S and

HC ﬁ S C 5. Note that as R C H is an integral extension and R C RS is a Priifer extension,
then RS # HS. Now, we claim that [R, S] = {R, H, Rs, R®, H®, S} is either a rectangle-graph
as drawn below:

or a theta-graph as follows:

R

Indeed, assume that RS and H?S are comparable under inclusion, then a fortiori we have RS ¢
HS.Let A€ [R,S]\{R,H,Rg, RS, HS,S}.If H €]R, A, then A € [H,S] = {H,Rs, H5, 5},
which is impossible. If Rs €]R, A], then A € [Rg,S] = {Rs, S}, which is impossible. Thus,
each ring in | R, A] is Artinian and hence R C A is a closed minimal extension. It follows that
A €]R, RS], which implies that A = RS, which is another contradiction. Therefore, [R, S] =
{R,H,Rg, RS, TS, S} is a rectangle-graph as claimed.

Assume now that RS and HS are incomparable under inclusion. Then R C RS C S is a chain
of length 2. Thus, [R, S] ordered by the usual set inclusion is a theta-graph.

(i))=(i) Assume condition (a) satisfied. If Rg = S, then by assumption [R,S] = {R C T C
Rgs = S} is a chain of length 2 such that S is not Artinian. An application of Lemma 2.1 shows
that [R, Slpon—» = [R,S]. If Rs # S, then by assumption [R,S] = {R C Rs C S}isa
chain of length 2 and S is not Artinian. It follows from [26, Theorem 2] that Rg is not Artinian.
Another appeal to [26, Theorem 2] shows that R is not Artinian. Hence, |[R, Slhon—p| = 3.
Assume now that condition (b) is satisfied. Then either [R,S] = {R C Rg C T C S} or
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[R,S] = {R C T C Rs C S}. In both cases, one can easily check that Rg C S is a Priifer
extension because Ry is integrally closed in S and Rg C S is a P-extension since it satisfies FIP.
Thus, in the former case, it follows that 7" C S is a closed minimal extension. As S is Artinian,
then T cannot be Artinian. Thus, [26, Theorem 2] ensures that Rg and R are not Artinian. In
the later case, Rg C S is a closed minimal extension. Thus, Rg cannot be Artinian since S is
Artinian. Now, Lemma 2.1 infers that R and T' are non-Artinian too. Hence, |[R, S]non—P| = 3.
Assume condition (c) satisfied, then [R, S] is as follows:

R, Rs

As R is not Artinian, it follows from Lemma 2.1 that R; and Rg are also non-Artinian. We need
to show that R, is Artinian. Assume the contrary. Then R, C S would be a closed minimal
extension. Thus R; C R, would be integral. Hence R, C Rg, which is a contradiction. It
follows that [R, S|hon—p = {R, R, Rs}, as desired. Assume now condition (d) satisfied. Then
[R, S] looks like a pentagon-graph as follows:

R3 Rl

Ry

It follows from Lemma 2.1 that Rg cannot be Artinian. Thus Rg # S. Next, we claim that
R; # Rs. Indeed, assume the contrary. As R3 and Rg are incomparable under inclusion, then
RiNRg = R. Thus R C Rj is an integrally closed extension. Hence, R3 C RS. But S # RS,
thus Rz = RS. In this case, R3 C S is an integral extension. Hence, Rj3 is an Artinian ring. As
R, C R? is a closed minimal extension and RY is Artinian, then R, is not Artinian. It follows
that R, is a maximal non-Artinian subring of S. Thus R, C S should be a closed minimal
extension according to [33, Theorem 1], which is a contradiction completing the proof of our
claim. Next, we handle the following two cases.
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case I. R» = Rg.
In this case, R, C S is a Priifer extension. So R3; C S is a closed minimal extension. It follows
that R3 is not Artinian, since otherwise R3 C S would be integral. Now, as R ;{ Rg, then
R C R is a closed minimal extension. It follows that R; C S should be integral. Hence, R is
Artinian. We get [R, S]uon—p = {R, Rs, R3}, as desired.
case 2. B3 = Rg.
As Ry Q Rs, then R C Ry is a closed minimal extension. Thus, R; C S should be integral,
which yields that R, is Artinian. Hence, [R, S]yon_p = {R, R2, Rs}, as desired.

Assume now condition (e) satisfied. We start with the case where [R, S] is as follows:

Ry Ry

Ry R

As [R, Rs] is a chain of length 2, then either Rg = R, or Rg = R4. We claim that Rg = Rj.
Indeed, assume that R¢ = R,. Then R € R; and R C R; would be integral extensions and
this contradicts the fact that R # RS. 1t follows that Rg = R4. Thus, Lemma 2.1 ensures
that R, R3 and~ﬁg are not Artinian. On the other hand, as R # R®, then either R® = R, or
R® = R,. If R® = Ry, then R; C S would be an integral extension, and a fortiori R; and R,
would be Artinian. Hence, [R, Sloon—» = {R, R3, Rs}. If RS = R, then R, C S is integral,
so R, is Artinian. It follows that R; is also Artinian, since otherwise R; would be a maximal
non-Artinian subring of S. So R; C S would be a closed minimal extension by [33, Theorem
1], which is a contradiction. It follows that [R, S]yon—p = {R, R3, Rs}, as desired.
Now, assume that [R, S] looks like the following graph:

R

As R C S is not Priifer-closed, then a fortiori Rg # S. Now, since [R, Rs] is a chain of length
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2, then either Rg = R, or Rg = R3. Without loss of generality, we can assume that Rg = R,.
As R # RS and R C R, is integral, then a fortiori R4 = RS. Hence, R4 C S is integral. So Ry
is Artinian. We need to show that R; is also Artinian. The ring extension R; C Rj is not integral
since otherwise R C R3 would be integral and so R3 C Rg, which is absurd. Thus, R; C R3
is a closed minimal extension. Thus, R3 C S is integral. Hence, R3 is Artinian. It follows that
[R, Slhon—P = {R, R1, Rs}, as desired. The proof of this theorem is complete. O

We close the paper with the following result.

Corollary 2.5. Let R C S be an extension of integral domains such that R is not integrally closed
in S. Then the following statements are equivalent:

(l) HR7 S}nonfp‘ =3.
(ii) (Exactly) one of the following conditions holds true:

a. [R,S] ordered by the usual set inclusion is a chain of length 2 and S is not a field.

b. S = qf(R) and either R’ is a rank 2 valuation domain and R C R’ is a minimal
extension; or R is a rank I valuation domain and [R, R'] is a chain of length 2.

Proof. (1)=-(ii) If S is not a field, it follows from Theorem 2.4 that [R, S] ordered by the usual
set inclusion is a chain of length 2. Assume now that S is a field. Then conditions (c), (d) and
(e) in Theorem 2.4 cannot hold since an integral domain is Artinian if and only if it is a field. It
remains only to discuss condition (b) of this theorem. According to Theorem 2.4, [R, S| ordered
by the usual set inclusion is a chain of length 3 such that S is a field and R is not a field. We
have either [R,S] ={RC R' cT Cc S}or[R,S]={RCT C R C S}. In the former case R’
is a rank 2 valuation domain with quotient field S and in the latter case R’ is a rank 1 valuation
domain with quotient field S.

(i)=@1) If [R,S] = {R C T C S} is achain of length 2 and S is not a field, then 7" cannot be
a field by the Ferrand-Olivier classification of minimal extensions of a field (see [22, Théoreme
2.2]). Again, R cannot be a field for the same reasons. Hence, |[R, S|pon—p| = 3. If R’ is a
rank two valuation domain with quotient field S, then [R’, S] = {R’, V, S}, where V is the rank
1 valuation overring of R’. As R C R’ is a minimal extension, then [25, Theorem 2.4] ensures
that [R, S] = {R, R',V,S}. Thus, |[R, Slhon—p| = 3. Assume now that R’ is a rank 1 valuation
domain and [R, R'] is a chain of length 2. As R C S satisfies FCP and each ring in [R, R’] is local
since R’ is local, then [16, Proposition 2.2] guarantees that [R, S] = [R, R'] U [R’, S]. Hence,
I[R, S]hon—»| = 3. The proof is complete. O
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