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Abstract In this paper, we introduce a new type of two-parameter power-calculus. The differ-
entiation and inverse of differentiation in this calculus are investigated and various properties of
these concepts are given. The fundamental theorem and formulas of integration by part regarding
this calculus are also presented.

1 Introduction

Classically, the derivative of a function f(z) of a variable z is denoted as

f/(x) = lim f(y) — f(x)

y—=r Y —x

(1.1)

In 2002, Kac et al. published a work that reviewed two types of quantum calculus, the ¢-
calculus and h-calculus. The definitions of ¢-derivative and h-derivative of f(x) come with, if
we do not take the limit in the derivative of a function f, and taking y = gx and y = x + h,
respectively. In [18], one can see more details about these two types of quantum calculus. Also
for further information about the history of g-calculus, we refer to readers to [8].

In recent years, researchers have shown an increasing interest in g-calculus. A considerable
amount of literature has been published on this subject. These studies have examined interesting
applications in various mathematical areas such as fractional calculus, discrete function theory,
umbral calculus, difference equations, summability etc. See [1, 2, 3, 4, 9, 10, 11, 19, 22, 24].
Also, as a special form of g-calculus, (p, ¢)-calculus and its applications have been very attrac-
tive, see [5, 6, 7, 12, 13, 15, 16, 17, 23].

In a similar manner, assuming not taking limit and also setting y = 2, where p is not equal
to 1, that is, by dealing with

f(=") = f(x)

P —x

, (1.2)

we come across a new type of quantum calculus, power calculus denoted by p-calculus, and also
(1.2), as the definition of the p-derivative, is given. The formula (1.2) and some properties of
it are defined and investigated in [20]. In [21, 25], authors bring forward some new properties
of functions in p-calculus. In [14], a necessary optimality condition and a sufficient optimality
condition for a p-variational problem were given with the concept of p-calculus.

Accordingly, the objective of the present work paper is to develop notation and terminology
for two-parameter power calculus, namely the P?-calculus. By with appropriate choices, all
results in this paper can be reduced in [20].

The main findings of this paper can be summarized as follows. In Section 2, P?-derivative is
described and given its attributes. In Section 3, we present the P9- antiderivative, P¢-integral and
investigated their convergence. In the following section, we express definite the P4-integral and
improper P4-integral. In the last section, the fundamental theorem of P¢-calculus is proved and
formulas of P4-integration by parts is obtained.
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2 P9.derivative

In this section, we give the concepts P-¢-differential, P-9-derivative and investigate some of their
properties. Throughout this paper, it has been assumed that p and ¢ are a fixed number not equal
to 1 and function f(z) is defined on [0, c0).

Definition 2.1. The P-¢-differential of the function f is denoted by
dva f () = f(aP) = f(z9). 2.1
In particular, dr.cx = 2P — z9. By using (2.1), it can be given P*9-derivative of a function.

Definition 2.2. The P-?-derivative of the function f is denoted by

fz?) — f(=)

Do f(2) = === 2 #0,1, 2.2)
and
Dy f(o) = lif%’)h D».q f(ﬂf), Dy f(l) = hrr% Do f(:E) (2.3)

Definition 2.3. The nth order P-9-derivative of function f(z) can be denoted by for n € N

(Dra ) (@) = £(@), (Doa” £) (£) = Dra (Doa""" f) (). 2.4)

Example 2.4. Set f(z) = ¢ (ca constant), g(z) = 2", n € N and h(z) = In(z). Then, it can be
obtained as

° Dp,q f(x) = 09
_g(aP) —g(z9)  aPm—gam  gle=Un_gla=bn
. Dp‘q 9(33) - P — x4d o xP — 4 - xp71 — 1"1*1 X s
D h(x) _ h(l‘p) - h(l‘q) _ (p - q) ln(:c) . (p — q) 1n($) 1
P.q - xP — x4 - P — x4 - l'p_l—xq_l [E.

Also, we note that Dy.q has the linearity property, that is for arbitrary two constants «, 8 and
any two functions f(z) and g(x), we get

Dra(af(z) + Bg(x)) = aDra f(x) + 8 Dra g(z). (2.5)

Proposition 2.5. P:9-derivative has the following product rules
D (f(x)g(x)) = g(a*) Dra f(z) + f(2) Doa g (), (2.6)
Dra (f(2)g(x)) = g(¢?) Doa f(z) + f(2¥) Dra g(). @2.7)

Proof. On account of P9-derivative (2.2), it can be seen that

f(aP)g(a?) — f(x7)g(x?)

Do (f(2)g() = L
_ 9@ [f@a?) — f(z9)] + f(@)[g(a?) — g(a?)]
TP — x4
= 9(«?) Do f() + f(29) Dra g().
This proves (2.6). Similarly, by symmetry, (2.7) can be deduced. O
Proposition 2.6. P-¢-derivative has the following quotient rules
T 29) Doa f(2) — f(2?) D g(x
.
T 2P)Droa f(z) — f(2P) Dra g(z
o () SA
Proof. The correctness of these rules can be obtained by considering (2.6) and (2.7) with func-
tions @) and g(x). i

g(z)
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3 P4.integral

In this section, we formalize the notion of P*¢-integral. From now on, it can be assumed that
O<g<p<l.
Definition 3.1. An P--antiderivative of a function f(z) is a function whose P--derivative is equal

to f(x). Thatis, if Dy« F'(z) = f(z), then the function F(z) is a ”?-antiderivative of f(x). It is
denoted as

/f(!l?)dpyqx. (31)

The following procedure is the key to constructing ?-?-integral for an arbitrary function f(z).
For this, we need two operators which are M,,, M, defined by M, f(x) := f(zP), M,f(z) :=
f(x7). From the definition of P-7-derivative, by using operators M,, and M, we have

Dy F(z) = (A, — M,) F(x) = f(2), (3.2)

then by using geometric series expansion, we have

xrP — x4

F(z) = M((fﬂp —a?)f(z))

I:J@)((xp —a?)f(z))

(
ST

M, Mg) (& — 29) ()

_ i (a7 =Y () (3.3)

Definition 3.2. The P?-integral of f(z) is denoted by with serial expansion

/ f(@)dpaz =" (mqu’”' - xqj“f””'") f (xqu”'") . (3.4)
§=0
From this definition, it can be obtained a more general formula:

o0

01Dt 55 o a8 1 (50 g ()

J=0

o0

S3 () )
o((@ ) )=o)

(2977 — g P

Y o) o[ )

.

o

<
I
o

or otherwise stated

/ f(@)dnag(z) = fj P ) (g (27 ) =g (a) (3.5)
j=0

It is noted that (3.4) is formal because the series does not always converge. The following
theorem gives a sufficient condition for converge to a P*?-antiderivative.
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Theorem 3.3. Assuming that |f(z)x®| is bounded on the interval (0, A] for some 0 < a <
1. In this case, the P9-integral (3.4) converges to a function H(x) on (0, A], which is a P-1-
antiderivative of f(z). In addition, H (x) is continuous at the point z = 1 with H(1) = 0.

Proof. For the correctness of the theorem, we deal with the following two cases.
Case 1. Let z € (1, A] be. By assuming that | f(z)z*| < M on (1, A], it can be obtain for 0 < j,

‘f (:cqj”fjfl)‘ <M (:cqj”fjfl)ia < M.
Thus forany 1 < x < A, we have

Jp—3 J+lp,—i—1 Jp—3—1 Jp—3 J+l,—i—1
‘(.’L’qp —x? P )f(xqp )‘S(qu — 7 P )M

Sincel —a>0and0<g<p<l,

Z (J;qufj - a:qj+1p7j71) M = M(z—1),

J=0

it can be seen that the series, by a comparison test, ”?-integral converges to a function F'(x). By
(3.3), we can obtain that F'(1) = 0.
Forl <z <A,

|F(z)| = i (:cqu_j — zqﬁ]p_j_l) f (xqu_j_]) < M(z—1),
=0

which tends to 0 when zz — 17. Because of (1) = 0, thereby F' is right continuous at the points
z=1.

Verifying that F'(z) is a P»Y-antiderivative of f(x), we P-4-differentiate it:

F(aP) — F(x1)

Do F(:L‘) =
xrP — x4
X < ¢p'I prqu)f(qup J)
_ i
- xrP — x4
ioj( @ pi pf_]flqj+2>f< q]+1p7‘]7])
3=0
xrP — x4
i ( p'™ jqj“) f( qu”)
_j=0
- xrP — x4
io: ( g’p~ I pﬂq"“) f (xqu_j)
j=1
P — x4
= f().

Case 2. Letz € (0, 1) be. By assuming | f(z)z*| < M on (0, 1), it can be obtained for 0 < j,
‘f (xqu_j_lﬂ <M (wqu_j_l>_a < Mz—°.

Hence for any 0 < x < 1, we have

Jp=3 J+l,—i—1 Jp—3—1 J+l,—i—1 Jp=3 —
’(qu —x? P )f(l}qp )‘S(-Tq p — 7P )MZL' @
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Sincel —a>0and0<qg<p<l,

i (:qu“”fjf] — xqufj) Mz =Mz (1 — z),
=0

hence, by comparison test ”?-integral converges to a function G(z) and by (3.3) it shows directly
that G(1) = 0.

Similar to Case 1, it can be seen that G is left continuous at x = 1 and as well as is P»9-
antiderivative of f(x).

Bringing together the above two cases, it is now possible to define a new function H (z) by

H(z) = G(z)x0,1)(x) + F(2)x(1,4 (%),

where y is characteristic function on 1.

As can be easily seen that, P-%-integral converges to H(x) on (0, A] and it is also worth noting
that H (z) is P-2-antiderivative of f(x) on (0, 1) U (1, A] and is continuous at the point x = 1 with
H(1) = 0.

Assuming that f(x) continuous at the point x = 1, we have Dy.a H(1) = lim H(z) = f(1)

z—1
and we conclude that H (z) is P¢-antiderivative of f(x) on (0, A], is the desired result. i

Remark 3.4. It has been demonstrated that if it satisfies the assumptions of Theorem 3.3, then
the P--integral has the unique P-?-antiderivative which is continuous at the point x = 1, up to a
constant. In contrast, assuming that F'(x) is a P»?-antiderivative of f(z) and F'(z) is continuous
at the points x = 1, F'(x) can be given, up to a constant, by the aid of (3.4), since

Z (Iqu—J _ l_qﬁlp—J—l) f (qup—J—l)

j=0

|t:xqu*j*'

(:qup_] — xq”]p—]_]) Dr.a F(t)

io—i PR
Jp—i jH i1 F<xqp )—F(mq ? )
(zq p~? )

(acqu_j _ pitip=i] )

Il
M= M= 1=

<
I
(=}

(7 (o) (o)

F(z)-F (quHp_N_]) ,

which approaches to F/(z) — F'(1) as N tends to oo, by the property of continuity of F'(x) at the
point z = 1.

1

In this theorem, the boundedness of the function can not be removed. In fact, let f(z) = P
rr —x

be. By using definition of P-?-integral (3.4), one can get

o0
Jpi G+ =1 dp—i1
/f(ac)dp,qx = E (xq P g )f (a:q P )
J=0
o)
Z dp =it 1
- v o e A -
=0

Hence, we note that the theorem does not work because of the unboundedness of f(z)z® for
any0 <a < lon(0,1)U(1,A]
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4 The definite P*9-integral

In this section, we are defining the definite P-?-integral, by using formula (3.4). As in proving
Theorem 3.3, we need to consider the following three cases, to gain our aim:
Case 1. Suppose that 1 < a < b. Let function f exist on (1,].

Definition 4.1. The definite ?-%-integral of f(z) on (1, ] is denoted by
b N
a’p~? _ pa? eI ap!
f(@)draz = Tim >~ (b b )£ @.1)

1 J=0

and

/bf(x)dp,q:r::/bf(x)dp,qx—/af(a:)dp,qx. 4.2)
a 1 1

Example 4.2. Set b = 4 and assume that f(z) = ¢ (c a constant), then we have

4
/cdp,q;z: = Nli_{noojio (4qu’j _ 4q”‘p*j*1) f (4qu—j71)
| —
e (14 (-8 ()

= ¢ lim [4 - 4qN“P’”"] =c(d—1) =3,

N—o0

and if a = 3,

4 4 3
/cdp,qx:/cdp‘qx—/cdmm:3C—ZC:c.
3 1 1

In(z)

P —

Example 4.3. Set b = 3 and assume that f(z) =

7 then we have

3 B )
= Jo—d Gl —j—1 ln(3q]p7]) < pln3
dp.ax = 3¢p ° 37 P - - = Ipn~IIn3 = .
/f(x) * ; ( ) 30p T _ 3gtp ] ;q Ly
1 = —

Case 2. Suppose that 0 < a < b < 1. Let function f exist on [b, 1).

Definition 4.4. The definite ?-integral of f(x) on [b, 1) is given by

b
= i (bqjﬂp’j’l B bqu—j) f (bqu—jfn) . “43)
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1
Example 4.5. Set b = 3 and assume that f(z) = ¢ (c a constant), then we have

j—1 J

1 . N 1 qj+lp7 1 qpij

/cdp,qxzz\}gnooz (3> —(3) c

1 J=0

3

_ 1 ap! 1 | a*p~? 1 ap™!
=em (3) —3) " (3) ‘(3) o
+ 1 qN‘F]p*N*l 1 qufN
o 3 3

_c;@w[_(;p(;)q ’ ']_c(_;H))_Z;.

Remark 4.6. The definite P-%-integrals (4.1) and (4.3) are also given as

f(x)dvaz = T4 £(b), (4.4)

- T —

/f(x)dp,q:z =Toq f(D). 4.5)
b

Case 3. Suppose that 0 < a < b < 1. Let function f exist on (0, b].
Definition 4.7. The definite ?-integral of f(x) on (0, b] is given by

= Jm > () g ()

and

]f@mmx:jf@mmx_/f@mmm @.7)
0

0

1
,b = = and assume that f(z) = ¢ (c a constant), then we have

B

Example 4.8. Set o =

1
—j it —G g+l

[ore= () () )
[ ()) (00 )
(-0 )
e [(3)+() 7 ]
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In a similar way,

1
1
C
/cdp,q;v =1
0
1 1
2 1
(&
Cdp,ql' = & dp»ql? — C dp,qx = Z
0 0

1

thus we have

3

Definition 4.9. Assuming that 0 < a < 1 < b, the definite ?-integral of f(z) is given by

b 1 b
f(@)dvax = | f(z)dpax + | f(zx)dp.az. (4.8)
R

Corollary 4.10. Definitions of P--integrals and (3.5) imply a more general formula:
i.) If b > 1, then we note that

b o0
/f Ydp.ag(z) = Zof (bqu_j“> (g (bqu—j) _yg (bq_7'+lp—j—l)> .
1 =

ii.) If0 < b < 1, then we note that

[t 555 ) o) 0 o)

Definition 4.11. The nth order ?-¢-integral of a function f can be denoted by

(Lo f) (@) = f(z), (Baf)(x) =La (B f)(x), neN

5 Improper P9-integral

In this section, we need to take a look at the improper P-?-integral of the function f(z) and give
a sufficient condition for its convergence.

Let0 < ¢ < p < 1, thus (q
p

1 —1
) > 1 and set b = (q) . Forany j € 0,£1,4+2,..., we
p

at g/t al. . .
have b»” > 1, b»"" < b»7. Thus and so, on account of Equation (4.2), we first examine the
integral

paip I paip i patip=i!

f(@)dpaz = f(z)dp.az — / f(z)draz

1

pad+lp—i—l

k+1

<(bq P -7') (bq:z‘p—j>q p’“) p <<bqu_j)qk:pk]>
> @ l e IHp=I- qkﬂp_k_]) ( G4l —j—1 qkp"““)
; ( (bq ) f (bq P )
= i (bqﬂkp*j—k _ bqj+k+1p—j—k7|> 7 (bqj*’“pﬂ’*kfl)
- i (bqﬂk”pijikil - bqj}k}zpfjfk’z) f (bqﬂkwp—j—kfz) ’
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and as follows, implies that
bqu’j

= (7 17" (),
bq]“#lp—j,l
—1
Definition 5.1. Suppose that 0 < ¢ < p < 1 and set b = <q> . The improper P9-integral of
p
f(z) on [1,00) is given by

J

7f dp e = 3 b/ f((E)dp,qiL’
1 bq7+1p Jj—1
B > i G, —j—1 —j—1
—J%(w ) g ()
_ > G —J g+l —j—1 i—1
o) )
s —ipi —i =1+l —i i+l
) ) e

Definition 5.2. Assuming that 0 < ¢ < p < 1, forany j € 0,4+1,£2,..., we observe that
=1

p?? € (0,1), prP <p'P7 and

/f Ydp.ax = (qu“p—j—‘ B qup—j) f (pq—jpjﬂ) '

j=—00
Considering (4.7), we have
gitlp—i—1 gitlp—i—1 gIp—d
p p p
/ f(l‘)dp,q.]f = / f(.r)dp,ql' — / f(.'l?)dp,qx
paip=i 0 0

_ (qu+1p—j—1 _qup—j> f (pq—jpj+1) '

It follows that,

| N qu+lp—_7—l
/f(x)dp aX = Z / f( )dp al
0 Jj=—o00 paip=i
— i (qu“p*j*‘ _qup’j) f (pq”'p"“> _

Definition 5.3. Suppose that 0 < ¢ < p < 1. In this case, the improper P-?-integral of f(z) on
[0, 00) can be denoted by

0o 1 00
/f dpqSC:/f dpq(E—i‘/f dpqu
0 0 1

Definition 5.4. Suppose that 0 < ¢ < p < 1. In this case, the improper ?-?-integral of f(z) on
[a, o) can be denoted by
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i.) Assuming that 0 < a < 1, we have

ii.) Assuming that a > 1, we have

oo N al
/f(l’)dp,qiﬂ = 1\/121’1002 / f(l’)dp,qz.
a J=1 q—dtpd =1

Now, we wish to investigate about the convergence of the improper ?»¢-integral.

Proposition 5.5. The improper P9-integral of f(x) defined above converges on [1,00) if f satis-
fies that for 0 < r < oo

|f(x)] < min {msa, |a:’fl — 2t |71(lnx)20‘} )

in neighborhood of the point x = 1 with some 0 < « < 1 and for sufficiently large x with some
—e < a < 0 where ¢ is a small positive number.

-1
Proof. Consider b = (i) . On account of Definition 5.1, the proof falls naturally into two
parts:

T = Jp—3J g+l —i—1 Jp—i—1 = —J —J—1,3+1 —Jitl
/f dpqx— (bqp _pep )f(b‘”’ )+Z(bq »_ pe P )f(bq p )
1 7=0 j=1

Under the conditions stated above and also by Theorem 3.3, the first sum converges. For

the second sum, assume that for large z, we have |f(z)| < [#? — 29 '|~'(In x)2*, where
—e < a < 0. Then, for all sufficiently large j, we get

‘f (bq & M)‘ < (b‘f”’j - bq*j’lp"“)fl (1n bq’jp“‘)za
As follows,

‘(bq—jp.i . bq—j—lij) f (bq—jp.j+l)‘ § (bq—jpj . bq_j_]pjﬂ) (bq—jpj B bq—j—lij) (11’1 bq—J 7“)2&
= (o) = G ) (g

Therefore, the second sum is also majorized by a convergent geometric series, and thus it
converges. O

6 Fundamental Theorem of P°2-Calculus

In this section, we give the fundamental theorem of P-¢-calculus which explains the relation
between P9-derivative and P-9-integral. This relation will be proved once we prove some lemmas
below.

Lemma 6.1. Assume that x > 1. Then Dvs Iy f(2) = f(x) and also Iy, Do f(z) = f(z)— f(1)
holds if function f is continuous at x = 1.

Proof. Since by concept of P-9-integral (3.4), one can get

= ]f(s)dp,qs = i (xqu*j B xqj+lp—j71) ; (qupfj—l) |
1
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Hence, by concept of P>¢-derivative (2.2), we have

_ I:’:‘l f(xp) - qu (xq)

Do I f(z) p——
ji (Iqu—jﬂ B xq.mp—j) f (xqj”_j> B Ji (xqj+]p—.7 B xqj+2p—.7—1) f (zqmp—j—l)
- P — x4
(@ —at) (@) + (@0 277 ) fla ) + (@ =2 4
- xrP — x4
[(xq — 2T ) f(a ) 4 (27— TP ) 4 }
B xrP — x4
(2 — 29) f(x)
= W
Also, we obtain
N
I;:q Dp‘q f(l‘) = hm J?quij — :L‘qj+1p7j71 Dp,q f :I,‘quijil
N =3 g+, —i—1
= Jim 32 (o - ) B e L
N P Gl i1
= Jim 3 [ ) = g )
=
= Jim [f(2) = F@) + f@) = f@) o @) = )]
- i[5 - )
= f(z) = f(1).

We noted that the last equality holds because of the continuity of f at x = 1.

By a similar argument, the following lemmas can be easily obtained.

Lemma 6.2. Assume that x € (0, 1). In this case, Dva Iyq f(z) = — f(z), and also T4 Dea f(z) =
F(1) — f(z) holds if function f is continuous at v = 1.

Lemma 6.3. Assume that = € (0, 1). In this case, 1,4 is defined by
Imfm%:/fwmm&
0

then Doa L f(z) = f(x). Also 1, Dva f(x) = f(z) — f(0) holds if function f is continuous at
x=0.

The following theorem is a reformulation of the fundamental theorem of ordinary calculus,
for P9-calculus.

Theorem 6.4. Assume that function F(x) is an antiderivative of f(x). If F(x) is continuous at
points x = 0 and x = 1, then one can obtain for 0 < a < b < 00

b

/ﬂ@%w:F@—F@. ©.1)

a
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Proof. The proof falls naturally into three cases:
Case 1. Assume that a,b are finite and 1 < a < b. By assumptions, we have Dyq F'(z) =
f(z). On account of Lemma 6.1, we obtain

x

F(o) = F(1) =1 7(0) = [ F()dnas,

1
which yields

a

b
/ﬂg@w:meJWUmd/ﬂ@@w:F@_Fuy

1

By (4.2), thus we deduce that

/ﬂmmw:F@—F@.

Case 2. Assume that 0 < a < b < 1. On account of assumptions and Lemma 6.3, we have
Flz) — F(0) = L, f(z /f Yoo,

which yields

a

/ﬂgmwzF@y4mm /ﬂQ@w:F@way
0

0

By (4.7), thus we deduce that

/ﬂ@@m:F@—F@.

Case 3. Assume that b is finite and 0 < a < 1 < b. On account of Definition 4.9 and also by
Lemma 6.2, it can be deduced that

|

/f@mmxzmjmpﬂthF@y:ﬂan@)

a

Similarly,
b
/f dpqxfl (b):quDp,qF(b):F(b)—F(l).
1

Thus, we conclude finally that

b

/ﬂ@@m:F@—F@.

a
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Remark 6.5. Assuming that ¢ > 1 and setting b = +o0, by the Definition 5.4, we have

—ipi
a? P

o0 N
/f(l‘)dp,qm—jvlgnooz / f(l‘)dp,qﬂ?
T g Ipiy q73+ pI=
i, 35 () )
j=
— 1 a VpNy _
- i, (P - ).

and if lim F(z) exists, then for b = 400 (6.1) holds, too.

r—00
Corollary 6.6. Assume that f(x) is continuous at points v = 0 and x = 1, then we obtain

b

/Dp,q F@)dnaz = £(B) — f(a).

a

Corollary 6.7. If f(x) and g(z) are continuous at x = 0 and x = 1, then we deduce the following
formulas, which are the formulas of P1-integration by parts.

/ﬂﬂwmﬂw=f@mw—ﬂ@m@—/awmmﬂm, 62)
b

b
[ 1a)dragla) = £8)90) - £@9(@) - [ g(a)dnas (@), 63
Proof. By using the product rule (2.6), we see that
b b
/DP,Q(fg)(IE>dP,qSC = / (g(Ip) Do f(SC) + f(SCq) Dr.q g(x)) dp.ax.
By the previous corollary, it yields
b

b
ﬂ@ﬂw—fmmmw:/fuwnwguwmx+/ﬁmemfummw

a

Since Dra g(x)dp.ax = dp.ag(x), it gives (6.2). Similarly, by using the product rule (2.7), one
can get (6.3).
|

Conclusion remarks

In this study, we presented a novel form of two-parameter power calculus. Within this calculus
framework, we examined both differentiation and its inverse, offering insights into various as-
pects of these concepts. Additionally, we gave the fundamental theorem and integration by parts
formulas that apply to this calculus. The results of this research have the potential to expand
upon and enrich the existing literature.
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