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Abstract. In this paper, we introduce ordering in a commutative weak idempotent ring R with
unity. We obtain certain properties on the poset (R, <). We establish that every nonzero finite
commutative weak idempotent ring with unity admits an atomic basis. Further, we prove that
every nonzero nilpotent element is an atom whenever Ann(N) is a prime ideal of a commutative
weak idempotent ring with unity. Also, we prove N7 is an R submodule of R and every nonzero
element of Ny is an atom. We obtain a relation between a submodule N; of R and atoms of V.
Finally, we establish certain results concerning nilpotent atoms.

1 Introduction

Foster [2], gave the definition of Boolean-like ring (BLR, for short) as a commutative ring with
unity R in which ab(1 — a)(1 —b) = O forall a,b € Rand a + a = 0 for all a € R. A ring
(R, +, ) is weak idempotent if it is of characteristic 2 and a* = a? for each a € R. Itis clear that
every Boolean-like ring is weak idempotent but not conversely. In [6],[7] Venkateswarlu et al
have studied the structure and submaximal ideals of a weak idempotent ring (WI-ring, for short).
For an element a in a Wl-ring R: a™ = a, a? or a? for any positive integer n, a = a + (a® + a)
and if O # «a is a nilpotent element, then a? =0, see [6, 4, 3]. Also, every completely prime ideal
of a Wl-ring with unity is maximal. Further, an ideal I of a WI-ring with unity is left completely
primary if and only if for any idempotent element b € R, either b € I or 1 + b € I (See [[6],
Theorem 2.5]). Observe that every prime ideal is a completely prime ideal.

This paper is a continuation of the work on commutative Wl-rings (cWI-ring, for short). In
section 2, we introduce the ordering on a cWI-ring with unity and obtain the natural properties
of the ordering. We also prove that any cyclic module over the set of Boolean elements of a
cWI-ring with unity is a Boolean lattice. In the last section, we obtain that Ann(N) is a prime
ideal of a cWI-ring R with unity if and only if every nonzero nilpotent element of R is an atom.
Further, we establish that every finite nonzero cWI-ring R with unity admits an atomic basis.

In the entire of this paper R, Rp and N will denote a cWI-ring with unity, the set of all
idempotent and the set of all nilpotent elements of R respectively.

2 Partial ordering
We now begin with the following Lemma.

Lemma 2.1. For z, y € R, define y < x if and only if there exists b € Rp such that bx = y. Then
(R, <) is a poset. If the relation is restricted to the set of all idempotent elements, the partial
ordering ” < ” coincides with the natural partial ordering over the Boolean ring.

Proof. Clearly (R, <) is a poset. Let a,b € Rp. If a < b, then there exists © € Rp such that
br = a. So, ab = b*x = bx = a. If ab = a, then a < b since b € Rp. Therefore, the partial
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ordering ” < ” is restricted to Rp coincides with the natural partial ordering over the Boolean
ring. O

Example 2.2. Let R be a cWI-ring with unity. Then, the direct product R x R is also a cWI-
ring with unity (1, 1). Clearly, (0,0), (1,0), (0, 1) and (1, 1) are idempotent elements of R x R.
Consider (1,0)(a,b) = (a,0) and (0,1)(a,b) = (0,b) for a,b € R. Thus, (a,0) < (a,b) and
(0,0) < (a,b).

Remark 2.3. R can be regarded as Rgmodule with the ordering defined in Lemma 2.1 above.

Definition 2.4. (R, +) is a Boolean group. As a module over {0, 1}, R has a basis. If every
element of a basis of R is an atom, then R is said to have an atomic basis.

Definition 2.5. Let S be an additive subgroup of R. If there exists a € R such that S = Rpa,
then we said that S is a cyclic R submodule of R.

Theorem 2.6. Any cyclic Rg submodule of a cWI-ring with unity is a Boolean lattice under the
ordering defined in Lemma 2.1. Furthermore, the map b — bx of Rgp — Rpx is an isotone
module epimorphism.

Proof. Let Rgx = {bx : b € Rp} be acyclic Rp submodule of a cWI-ring with unity. Let Rgx
be partially ordered as in Lemma 2.1. Let byz, byx € Rpz. Then by(by + by + biby)z = bz
and bz(b] + b, + b]bz)x = byx. Hence, bz < (b] + b, + b]bz)x and byx < (b] + b, + b]bz)x.
Suppose bx € Rpx be an upper bound of bz and bz, that is, bjz < bz and byx < bx. There
exist ¢,d € Rp such that cbx = byz and dbx = byx. Since (¢ + d + cby)bx = (b + by + biby),
(by 4+ by + biby)x < bx. Therefore, (by + by + byby)x is the least upper bound of byz and byz.
Obviously, b1byxz < bjz and bjbyx < byx. Suppose bx € Rpx be a lower bound of bz and bz,
that is, bx < bjx and bx < byz. So, there exist ¢,d € Rp such that bx = cb;z and bx = dbyx.
Thus, cbyx = dbyz and hence cdb b,z = db,x = bx. Thus, bx < b;byz and hence b1brx is
the greatest lower bound of bz and byx. Therefore, (Rpz,<) is a lattice. Define the map
¢ : Rp — Rpz by ¢(b) = bx foreach b € Rp. ¢ is a module epimorphism. Let by, b, € Rp
and by < by. Then b1by = by. Thus, ¢(by) = biz = bibyz = b1$(by). Therefore, ¢(b1) < ¢(by)
and hence ¢ is an isotone. O

Definition 2.7. A nonzero element m € (R, <) is called an atom of R if for every z € R, x < m
implies = m or x = 0. Furthermore, R is called atomic if, for every nonzero element = of R,
there exists an atom m € R such that m < z.

Remark 2.8. For any atom z € R and b € Rp, bx = bz implies bz < z. Hence, bx = 0 or
br = x.

Definition 2.9. An element m € R is called simple if m # 0 and there exists an atom b € Rp
such that b = m. An element m € R is called nil if brn = 0 for all atoms b € Rpg.
Lemma 2.10. Let R has idempotent atoms. Then, the following holds.

i. Every simple element of R is an atom of R.

ii. Every atom of R is either nil or simple.

Proof. i. Letr € R be a simple element of R. Then there exists an atom b € Rp such that
br = r. Suppose x < r, where z € R. We get bjr = x for some b; € Rp and hence
bx = bybr = byr = x. Thus, x = bjbr = br = r or x = rb1b = 0 since b;b = b or O for the
atom b. Therefore, r is an atom of R.

ii. Let r € R be an atom of R. br < r for any b € Rp. Since r is an atom of R, br = r or
br = 0forany b € Rp. If br = 0 for all b € Rp, then r is a nil element of R. Otherwise,
there exists some b € Rp such that br = r. Hence, r is either nil or a simple element of R.

O

Theorem 2.11. The following properties hold in R.
(i) 0 < aforall a € R.
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(ii) b < a implies that bc < ac for any a, b, ¢ € R.
(iii) Foranya € R, a® < aand an(1+ap) < a.
(iv) a, b € R, b < a implies

a. ab=>bp = apbpg.

b. apby = anbp = bpby.

abB = aBb = bbB

& 0

. xa = xb =10 for some x € Rp.

e. bp<apandby < an.
(v) a < lifandonlyifa € Rp.
(vi) a€ R, be Rp, b<aifandonly if ab=b.
(vii) Let a be a unitin R, b € R. Then b < a if and only if ab = bp.
(viii) a € Rg, b € R, b < a implies b € Rp.
(ix) a€ N, be R, b < aimpliesb € N.
(x) Units in R are maximal elements in (R, <).

Proof. (i) Sincea0 =0foralla € R, 0 < aforalla € R.

(i1) Suppose b < a. Then az = b for some x € Rp. Thus, acx = be. That is, bc < ac for any
ce R.

(iii) For any a € R, aa* = a® and a*> € Rp. Hence, a® < a. We have a(1 + a?) = a(l + a?)
and (1 + a®) € Rp that gives a(l + a*) < a. Thus, a + a® + a®> + a®> < a and hence
an(1+ap) < a.

(iv) a, b € R, b < a implies

2

a. axr = b for some z € Rp. This gives us a“z = b? = bg. Thus, ab = by and hence

bp = apbpg.

b. agby = a*(b+ b?) = a?b + a’b? = ab® + a*V* = aybp and aybp = (a + a?)bg =
ab?® + a?b* = b*b + by = b* (b + b*) = bby.

c. abg = ab* = (ab)b = b*b = bbp and agb = a’b = ab?’.

d. za = b implies that 2°a = za = b = b for some = € Rp.

e. b < aimplies ax = b for some = € Rp. Since a’x = ab = b%, bp < ap. The result

axz = b and a’>x = b* implies ax + a’>z = b + b%. Hence, by < ay.

(v) If a < 1, then 1z = a for some x € Rg. Hence, a € Rp. If a € Rp, then 1.a = a which
implies a < 1.

(vi) Leta € Rand b € Rp. If b < a, then ax = b for some z € Rp. Thus, a’x = b and hence
ab="b.If ab=">b,thenb < aasb € Rp.

(vii) Leta be aunitin R, b € R. If b < a, then ab = bp by 4(a). If ab = b, then b = abp and
hence b < a.

(viii) Leta € Rp, b € R.If b < a, then az = b and b*> = (ax)?> = ax = b which implies b € Rp.
(ix) Leta € N, b€ R. If b < a, then ax = b and b* = (az)? = a*z* = 0 which implies b € N.

(x) Let a € R be a unit and suppose a < b. Then, bx = a for some z € Rp and it gives us
b*z = 1. Thus, z is a unit. So, = 1 since it is both unit and idempotent. Hence, a = b.
That is, a is a maximal element in (R, <).

Note that from (8) and (9) above, we observe that any nonzero idempotent and nonzero
nilpotent elements are incomparable. O

Remark 2.12. The unit element in R is maximal in the poset (R, <). However, the converse
fails. Consider the following example.
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+ 0 1 p 14+p 0 1 p | 14+p
0 0 1 p I+p 0 0| 0 |0] O
1 1 0 I+4p | p 1 0 1 p| 14p
p p I+p | O 1 p O p |0] p
I+p | 1+p | p 1 0 I+p | O | 1+p | p 1

Example 2.13. Let Hy = {0, 1,p, 1 + p} where + and - are defined by the following tables and
B ={0,a,b,a + b} be a Boolean group of 4 elements. Define a unitary Hs-module structure on
B by the multiplication generated from the following: pa = a and pb = 0. Consider the ring
R = (Hy4 % B, +,.) where the operations are defined as: (a1, b1)+ (a2, b2) = (a1 +az, by +b2) and
(a1,b1)(az,b2) = (araz, azby + a1bs). Then, R is a cWI-ring with unity. The element (p, a + b)
is a maximal element with the above order relation but it is not a unit element.

Theorem 2.14. For a,b,x € R, b < a and b+ x < a + x implies ax = bax.

Proof. Suppose b < a and b+ = < a + . By Theorem 2.11(4a), ab = bp and (a + z)(b+z) =
(b+ x)p = bp + xp. Simplifying the second equation gives us ab + x> + ax + br = bg + 2
which implies ax = bx. O

But b < a, axr = br may not imply b + = < a + x in general.
In Example 2.13, (0,0) < (p,0) and (0,0)(p,0) = (p,0)(p, 0) but (p,0) % (0,0).

3 Atoms and Atomic basis

Definition 3.1. An atom is a nonzero element m € R such that if for every x € R, x < m implies
xr=morzx =0.

Theorem 3.2. Let N be the nil-radical of R. Ann(N) is a prime ideal of R if and only if every
nonzero nilpotent element is an atom of R.

Proof. Suppose Ann(N) is a prime ideal of R. Then, forany b € Rp, b € Ann(N)or1 +b €
Ann(N). Thatis, bn = O or (1 4+ b)n = 0 for any n € N. Thus, bn = n or O for any n € N.
Hence, every nonzero nilpotent element is an atom of R. Conversely, suppose every nonzero
nilpotent element is an atom of R. Assume Ann(N) is not prime. Then, there exists b € Rp
such that b ¢ Ann(N) and 1+ b ¢ Ann(N). That is, there exists nonzero nilpotent elements
ni, ny suchthatbny # 0and (14b)ny # 0. Since ny, ny are atoms, bny = ny and (14-b)ny = ny.
Obviously b(nj + ny) = ny. Thus, n; 4 n, is not an atom which is a contradiction. Therefore,
Ann(N) is a prime ideal of R. i

Theorem 3.3. Every finite nonzero cWl-ring with unity has an atomic basis.

Proof. Let R be a finite nonzero cWI-ring with unity. Consider the partial ordering given by
Lemma 2.1 over R. Let 0 # r € R and consider the Boolean lattice (Rpr, <). Assume br is an
atom of Rgr. Let x € R and x < br. Then, bjbr = x for some b € Rp and hence x € Rpr.
Since br is an atom of Rgr, x = br or x = 0. Thus, br is an atom of R. Since Rpr is a finite
Boolean lattice it is atomic. Hence, r is the join of all atoms of Rpr. Let b;r and byr be two
distinct atoms of Rgr. We know that b1b,r < byr and b;byr < bor and hence b b,r = 0 because
bir # byr. Thus, byr V bor = (by V by)r = (b1 + ba)r. Let byr, bor, bar, ..., bir be distinct atoms

of Rpr. Then, byr V byr V bsr V ... V bgr = (by + by + b3 + ... + bg)r. Therefore, r = >_ b;r,
i=1
where {b;r}1<i<, are all atoms of Rpr. That is, r is the sum of atoms of R. Let A be the set of

all atoms of R. A is non-empty since R is finite. As we proved above, every nonzero element of
R is the sum of elements of A. Thus, A generates R as a vector space over {0, 1}. That is, R has
a basis contained in A. Hence, R has an atomic basis. O

Theorem 3.4. Let n be a nonzero nilpotent element of R. n is an atom of R if and only if Ann(n)N
Rp is a prime ideal of Rp, where Ann(n) = {z € R: zn = 0}.
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Proof. Let n be a nonzero nilpotent element of R. Suppose n is an atom of R. For every
b€ Rp, bn =0orbn = n. Thatis, b € Ann(n) or 1 +b € Ann(n). Thus, b € Ann(n) N Rp
orl +be Ann(n) N Rp. Leta, b € Rp and ab € Ann(n) N Rp. Assume a ¢ Ann(n) N Rp.
Then, 1 + a € Ann(n) N Rp. We have that Ann(n) N Rp is an ideal of Rp and b € Rp which
implies b(1 4+ a) € Ann(n) N Rp and hence b + ab € Ann(n) N Rp. Thus, b € Ann(n) N Rp.
Hence Ann(n) N Rp is a prime ideal of Rp. Conversely, suppose Ann(n) N Rp is a prime ideal
of Rp. Let 2 < n. Then, bn = z for some b € Rp. If bn = = # 0, then b ¢ Ann(n) N Rp. It
implies that 1 +b € Ann(n)N Rp and Ann(n) N Rp is a prime ideal of Rp. Thus, (1+b)n =0
which implies bn = n. Hence, n is an atom of R. O

Theorem 3.5. Let n be a nonzero nilpotent element of R. n is an atom of R if and only if Ann(n)
is a prime ideal of R.

Proof. Suppose n is an atom of R. Forevery b € Rp, bn = 0 or bn = n. Thatis, b € Ann(n) or
1+ b € Ann(n). Thus, Ann(n) is a prime ideal of R. Conversely, suppose Ann(n) is a prime
ideal of R. Let z < n. Then, bn = z for some b € Rp. If bn = x # 0, then b ¢ Ann(n) which
implies 1 +b € Ann(n). Thus, (1 + b)n = 0 and it implies bn = n. Hence, n is an atom of
R. ]

Theorem 3.6. For every nilpotent atom n of R, if n < x for some x € R, then xn = 0.

Proof. Let n be a nilpotent atom of R and n < x for x € R. By Theorem 2.11 4(a), zn = np =
0. O

Theorem 3.7. Let I be a prime ideal of Rp. Define Ny = {n € N : bn =0 forall b € I}. Then:
i. Njisan Rp submodule of R.
ii. Every nonzero element of Ny is an atom.
iii. Forevery0#n € Ny, Ann(n) N Rp = L.
Proof. 1. Obvious.

ii. Forevery b € Rg, b € Tor 1+ b € I since [ is a prime ideal of Rg. Thus, bn = 0 or
bn = n for every 0 # n € Ny and every b € Rp. Hence, every nonzero element of Ny is
an atom.

iii. For every 0 # n € Ny, « € I implies that zn = 0. Thus, z € Ann(n) and hence
z € Ann(n) N Rp. Thus, I C Ann(n) N Rg. We know that every prime ideal is a
maximal ideal in a Boolean ring and I and Ann(n) N Rp are prime ideals of Rp. Hence,
Ann(n) N Rp = I forevery 0 # n € Nj.

o

Theorem 3.8. Let I be a prime ideal of Rp. There is no nilpotent atom if and only if Ny = {0}
for every prime ideal I of Rp.

Proof. Suppose Ny # {0} for some prime ideal I of Rp. By Theorem 3.7(ii), N has a nonzero
atom. Hence, N has no atom if N; = {0} for every prime ideal I of Rp. Conversely, suppose
N; = {0} for every prime ideal I of R. Assume that 0 # n € N is an atom. Then, Ann(n)NRp
is a prime ideal of Rp by Theorem 3.4. Let I = Ann(n) N Rp. Then, 0 # n € N; which is a
contradiction. Hence, N has no atom. O

Corollary 3.9. Let I be a prime ideal of Rg and ny,ny € Ny, where ny # ny. Thenny,ny, ni+ny
are all atoms of R and Ann(n) N Rp=Ann(n;) N Rp=Ann(n; + np) N R = I.

Corollary 3.10. If I and J are two distinct prime ideals of Rg, then Ny N N; = {0}.

Proof. Suppose I and J are two distinct prime ideals of Rg. Let 0 # n € Ny N N;. Then
I = Ann(n) N Rp = J which is a contradiction. Therefore, N; N N; = {0}. o

Lemma 3.11. If b is an idempotent atom of R and n € N where bn # 0, then bn is a nilpotent
atom.
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Proof. Assume that b is an idempotent atom of R and n € N where bn # 0. bn is a nilpotent
element. Let x < bn. Then, cbn = «x for some ¢ € Rg. We know that ¢b = 0 or ¢b = b since b is
an atom. If = # 0, then « = cbn = bn. Hence, bn is a nilpotent atom. O

Lemma 3.12. If b; and b, are two distinct idempotent atoms of R, then byb, = 0.

Proof. Assume that bjb, % 0. Then, b;b, = by as b; is an atom and b;b, = b, as b, is an atom.
Thus, b; = by which is a contradiction. Therefore, b;b, = 0. m|

Theorem 3.13. Let N; have only one nonzero element for each prime ideal I of Rg. Then,
Ann(N)NRp = {0}. Additionally, N is finite if and only if Rp is so.

Proof. Let b € Ann(N) N Rp. Then, bn = 0 for every n € N. Thus, b € Ann(n) N Rp for
every n € N. Let n; be the only nonzero element of N;. Then, b € Ann(n;) N Rg = I for
each prime ideal of Rp. Therefore, b = 0 since the intersection of all prime ideals of a Boolean
ring is {0}. Hence, Ann(N) N Rp = {0}. Suppose R is infinite. Then, the number of distinct
prime ideals of R is infinite. Define a map ¢ : Spec(Rp) — Na by ¢(I) = ny, where ny is
the nonzero element in Ny, Ny4 is the set of all atoms of N and Spec(Rp) is the set of all prime
ideals of Rp. ¢ is a one-to-one mapping by Corollary 3.10. Thus, N4 is infinite and hence N
is so. Conversely, suppose that Rp is finite and n;, n, are two distinct nilpotent atoms. Then,
Ann(n;) N Rp = I and Ann(ny) N Rp = J are prime ideals of Rp. Since N; has only one
nonzero element, I # J. Define a map 6 : Ny — Spec(Rp) by 6(n;) = Ann(n;) N Rp for
every n; € N4. We obtain that 6 is a one-to-one mapping. Thus, N4 is finite as Spec(Rp) is so.

k
Since Rp is finite, there exists distinct atoms by, by, ..., by in Rp such that ‘\/lbi = 1. Consider
i

the set {b;n}nen b;nz0,1<i<k. It is a collection of distinct atoms and hence it is finite. For any
ne N,n=(by +by+ ...+ bg)n. Hence, {bin},cn pn0,1<i<i generates N as a vector space
over {0, 1}. That means N has a finite atomic base. Therefore, N is finite. O

Theorem 3.14. For any two distinct nonzero elements ny and ny of N, np < ny implies nj+ny <
ny but ny and ny + ny are incomparable.

Proof. Suppose n; < ny. Then, bn; = n, for some b € Rp which gives (b + 1)n; = n; + ny.
Hence, n; + no < mj. Assume that ny, n; + n, are comparable. If n, < n; + ny, then
b(n1 + na) = ny for some b € Rp. It gives us (b+ 1)(ny + na) = n; and hence ny < ny + ny.
Thus, n; + no = ny which is a contradiction. If n; + n, < n», then bn, = ny + ny for some
b € Rp. It gives us (b + 1)ny = n; and hence n; < n,. Thus, n; = n, which is a contradiction.
Therefore, n, and n; + n, are incomparable. m|

Theorem 3.15. Let ny, ny be two distinct atoms of N. ny + ny is an atom if and only if bn) =
0< bny=0forallb € Rp.

Proof. Letn; and n, be two distinct atoms of N. Suppose n; + n; is an atom. Assume bn; = 0.
Then, b(ny + nz) = bny + bny = bny. We have that bny = 0 or bny = ny and b(n; +ny) =0
or b(ny + np) = my + ny since ny and ny + n, are atoms. If bn, # 0, then ny + ny = ny
which is a contradiction. Hence, bn, = 0. Similarly, we can show bn, = 0 = bn; = 0 for all
b € Rp. Conversely, suppose that bn; = 0 < bnp, = O forall b € Rp. Let b € Rp. Then,
b(ni + ny) = bny + bny = ny + ny or 0 since bn; = 0 < bny = 0 and n,, n, are atoms. Hence,
ny + ny is an atom. O

Corollary 3.16. Let ny, n, be two distinct atoms of N. ny+n; is an atom if and only if Ann(ni)N
Rp = Ann(ny) N Rp = Ann(ny +ny) N Rp.

Theorem 3.17. Any two distinct atoms ny, ny of N have an upper bound in R if and only if the
sum of the two distinct atoms ny, ny of N is not an atom.

Proof. Let n; and n, be two distinct atoms of N and have an upper bound in R. Assume that
ny + ny is an atom of N. Let € R be the upper bound of n; and n,. By Theorem 2.11(9),
z € N. So, n; < x and ny < «x implies bjxz = n; and bpx = n, for some by, by € Rp.
Thus, bjz = bin; = n; and bz = byny, = ny. By theorem 3.15, byn, = ny # 0 implies
that bon; = ny 75 0. Now, we get bobjx = bhn; = n; and bobjx = byn, = ny and hence
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n; = ny which is a contradiction. Therefore, n; + n, is not an atom. Conversely, suppose
that n; + ny is not an atom of N. By Theorem 3.15, bn; = 0 but bn, # 0 for some b € Rp.
Then, b(n; + nz) = np which implies n, < ny + ny and (1 4 b)(ny + n2) = ny which implies
ny < ny + ny. Therefore, n; and n, have an upper bound. m|

Theorem 3.18. For any two distinct atoms ny, ny of N, if n| + ny is not an atom, then it is the
least upper bound of ny and n.

Proof. Let ny, np of N be any two distinct atoms. Suppose that n; + n, is not an atom. Then,
ny + ny is an upper bound of n; and n; by theorem 3.17. Letn; < x <nj+npandny < z <
ny + np. If n; = x, then ny < n; which is a contradiction. Thus, n; # x and similarly n, # x.
We have n; = bz and ny = byx for some by, b, € Rp. Then, bz + byx = n;j + n, which implies
(b1 + b2)x = ny + ny and hence ny + ny < x. Thus, © = ny + ny. Therefore, ny + n; is the least
upper bound of n; and n;. O

Theorem 3.19. Let ny, ny, n3,...,n; be a finite number of distinct atoms of N. If any two
elements of {ni, ny, ns,...,ng} have an upper bound, then ny + ny + n3 + ... + ny, is the least
upper bound of {n, na, ns,...,ng}.

Proof. Suppose any two elements of {n;, ny, ns, ..., ng } have an upper bound. Then, Ann(n;)N
Rp # Ann(n;) N Rp for each i # j and i,j € {1,2,...,k}. Thus, there exists b; € Rp such
that b; € Ann(n;) but b; ¢ Ann(n;) for i # j and i,j € {1,2,...,k}. Consider, bybs...b, €
Ann(n;) N Rp forall j € {2,...,k}. bybs...bi, ¢ Ann(ni) N Rp since Ann(n;) N Rp is a prime
ideal of Rp. Hence, bybs...byny = n; as m; is an atom. We obtain that bybs...bx(n; + ny +
n3 + ... + ng) = ny and hence n; < ny + ny + n3 + ... + ng. Similarly, we can show that
ny + ny + n3 + ... + ng is an upper bound of n; for all i € {2, ..., k}. Let n, be an upper bound
of {ny1,n2,n3,...,n;}. Then, for each i = 1,2, 3, ..., k, there exists ¢; € Rp such that ¢;n, = n;.
k

Thus, (> ¢;)n, = > n; and hence ny +ny+n3+...4+ny < n,. Therefore, ny+ny+nz+...4+ny
i=1 i=1
is the least upper bound of {n, ny, ns,...,ng}- O

4 Conclusion.

This paper intends to obtain ordering in a commutative weak idempotent ring R with unity.
Also, certain properties on the poset (R, <) have been discussed. Further, we establish that
every nonzero finite commutative weak idempotent ring with unity admits an atomic basis. Con-
sequently, the outcomes of this work are noteworthy and stimulating to advance its further study
in the future.
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