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Abstract In this manuscript, we prove the existence and uniqueness of solutions for impulsive
nonlinear hybrid fractional differential equations. This encompasses scenarios involving both
linear and nonlinear perturbations. Our methodology is rooted in the nonlinear alternative of
Leray-Schauder type, coupled with the application of Banach’s fixed-point theorem. Moreover,
we offer an illustrative example to demonstrate the practical applicability of our findings.

1 Introduction

Fractional calculus explores the theory and applications of integrals and derivatives of non-
integer orders. This field of mathematical analysis, extensively investigated in recent years,
has proven to be a potent tool for mathematically modeling various engineering and scientific
phenomena. The widespread appeal of this subject can be attributed to the nonlocal nature of
fractional-order operators.

The use of fractional-order operators is particularly valuable in describing the hereditary
properties of numerous materials and processes, as evidenced by a shift in focus from clas-
sical integer-order models to fractional-order models in the relevant literature. Notably, this
characteristic has found applications in applied and biomedical sciences and engineering, as
highlighted in books such as [4, 12].

Recent contributions to the field can be explored in works like [19, 17, 32, 33] and their asso-
ciated references. The examination of coupled systems of fractional-order differential equations
holds significance, especially in biosciences, and interested readers can delve into papers like
[18, 25] and their referenced works for detailed insights and examples.

Researchers have also delved into the study of hybrid fractional differential equations, a
class involving the fractional derivative of an unknown function hybridized with a dependent
nonlinearity. Noteworthy results on hybrid differential equations can be found in a series of
papers, including [16, 13]. For more details about hybrid differential equations, we refer to
[6, 8, 20, 21, 5].

The authors of [25], S. Melliani, A. El Allaoui, and L. S. Chadli, examined a boundary value
problem involving nonlinear hybrid differential equations with both linear and nonlinear pertur-
bations.

#(90n(2,9(2)) = x(2,9(2))) = €(0.9(5)), 2 € I = [0,],a > 0,
(1.1)
9(0)1(0,9(0)) + 29(a)n(a,9(a)) = HO)x(0, 9(0)) + Dx(a, 9(a)) + 5,
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wheren € C(I x R,R\{0}) and x,¢ € C(I xR, R) are given functions and ¥, § € R such that
D #—1.

Motivated by the good effect of model (1.1), we consider the following problem of impulsive
hybrid fractional differential equation:

915 = 0G) + LG 5
ot X(0.0) = 6(0)

where D? denote the Caputo fractional derivative of order 0. The functions @ € C(j xR, R\{0})
and &, x belong to C(J x R,R), while ¢ : C(J,R) — R is continuous, defined as () =
St X (&). Here, & € (0,1) fori = 1,2,...,n, and I; : R — R. The notation ¥(3¢") and
9(3c;) represents the right and left limits of 9(3¢) at 3 = 3z, where 9(3¢1) = li>r(r)1+ 9(%; + €)

and (3] ) = lil‘(I)l 0(34; + €). The function ¢ is continuous, defined over the space C(J,R).
e—0—
By a solution of the peoblem (1.2) we mean a function 9 € C(J,R) such that
0

(i) the function > — is increasing in R, and

w (%, 9)
(ii) ¥ satisfies the equations in (1.2).

The paper is organized as follows. Section 2 provides a concise overview of fundamental
concepts, fractional calculation laws, and introduces preliminary results. In Section 3, we ex-
amine the existence and uniqueness of solutions to the initial value problem (1.2), employing
both the Banach contraction mapping principle (BCMP) and Leray-Schauder fixed point theo-
rem. In Section 4, we present an example that serves to illustrate the findings of our study. Lastly,
Section 5 contains concluding remarks and proposes potential avenues for future research.

2 Preliminaries

In this section, we offer a brief overview of the essential concepts and properties of fractional
calculus theory. Furthermore, we present several preliminary findings that will be employed
in our subsequent analysis. Throughout this paper denotes Jo = [0, 311], J1 = (31, %), ...,
371—1 = (J,\{n—lv J,\{n]: 3n - (J,\{na l]an S an > 1.

For 3z; € (0,1) such that 34 < 35 < ... < 3,, we define the following spaces:

3/ - 3 \ {%17%27 sy %n}7

¥={9eC@,R):9ecCF)andleft 9(3) and right limit 9(32)) exist and 9(32) = 9(34),1 < i < n}.

Then, clearly (%, ||.|)) is a Banach space under the norm 9| = mf(l)x] [9(%%)].
2€[0,1

Definition 2.1. [3] The fractional integral of the function ¢ € L'([a, b], RT) of order 7 € R™ is
defined by

. R P2 (% o 8)1571
e = | S —
fe) = [ EE— s,
where I is the gamma function.

Definition 2.2. [3]  For a function ¢ defined on the interval [a, b], the Riemann-Liouville fractional-
order derivative of &, is defined by

(0560 = i () [ e

where n = [7] + 1 and [?] denotes the integer part of 0.
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Definition 2.3. [3] For a function £ given on the interval [a,b], the Caputo fractional-order
derivative of &, is defined by

(D) = iy | o).

where n = [7] + 1 and [?] denotes the integer part of 0.

In this section, we introduce the notation, definitions, and lemmas that will be utilized in our
proofs later.

Lemma 2.4. []] Letn € Nandn — 1 < ¥ < n. Ifn is a continuous function, then we have

I” ¢Dn(3) = (%) + ag + a15+ a3 + ... + ap_1 5"

Lemma 2.5. ( Leray-Schauder alternative see [2]). Let §:6 — & bea completely continuous
operator (i.e., a map that is restricted to any bounded set in & is compact) Let ‘}3( ) =19 €
B9 =\§9 for some 0 < X\ < 1}. Then either the set B(§) is unbounded or § has at
least one fxed point.

3 Main results

In this section, we will prove the existence of a mild solution for problem (1.2) .
To obtain the existence of a mild solution, we will need the following assumptions:

(H,) i) The functions n and x are continuous and bounded, that is, there exist positive numbers
Ve > 0and i > 0, such that
| (%2,9)| < v and |x(32,9)| < py forall (32,9) € [0,1] x R.
ii) There exist positive numbers M, > 0 and M, > 0, such that

and _ .
Ix(%,9) = x(5,9)] < Mylu — 9.
forall 9,9 € Rand 3 € [0,1].
(H,) There exist positive number M > 0, such that
forall 9,9 € R and 3 € [0, 1].

(H3) There exists constant A > 0, such that for all

L) — L) < AW—-9], i=12 ..n,7ecR.

(Hy4) There exist constant K, such that
‘¢(19)| < Kd?Hﬂ”» f0r all v € C([Ov 1]7R)a

(Hs) There exist constant My, Ny > 0, such that
o) < My|[9|l,  forall ¥ € C([0,1],R),
|1;(9)] < Nyl|9|, i=1,2,..,n, forallYeR,

(Heg) There exists constant p > 0, such that
()| < p, W9 €C(0,1],R).

(H7) There exist constants py, py > 0, such that
1€(3,9)| < po+ p1||9]|, forallY € Xand 3 € [0,1].
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For brevity, let us set

d= Z ‘X(’A{ivﬁ(%)) * wj—(lgffl;(z%)l))) ’

Lemma 3.1. : Let 0 € (0,1) and ¢ : [0,a] — R be continuous. A function ¥ € C([0,a],R) is a
solution to the fractional integral equation

a (5 _ g1 % (5 g)i-l
o) =t~ [ LI+ [TELT o)

if and only if ¥ is a solution to the following fractional Cauchy problem:

{DW}(%) = (%), % € 0,d] (3.2)

ﬁ(a) = 190, a>0,

Lemma 3.2. Let’s assume that hypotheses (H,) and (H3) hold. Let D € (0,1) and ¢ : 5 — R
be continuous. A function 9 is a solution to the fractional integral equation

00 Y SR (()C9)
9(3) = (35, 0(2)) ( 69) + x(39(2) +60) 3 (xCa 96) + Z 5555

o %))
+ /2 Mw(s)ds),% € [, %i41], (3-3)
0 F(V)
where
Ay 0’ e [%07%1]5
(%) = {17 5 ¢ [0, 3a],

if and only if ¥ is a solution of the following impulsive problem:

DV(W(Z’(T;()Q)) — X(%,ﬁ(ﬁf))) =p(5), eI =[0,1], 50 # Si=1,2,....0,0< D < 1,
9(5H) = 0(357) + L9(G5T)), 2 €(0,1),i=1,2,....n
YO (0,0(0)) = 6(9)
w(0,0(0) XTI T A
(3.4)
Proof. Assume that ¢ satisfies (3.4). If 3¢ € [5x4, 5[, then
D7 (=15 (3,0(20)) = 6(2), 2 € [0, 5], (3.5)
w(%,9(%))
O 1(0.9(0)) = 6(0) (.6)
=(0,0(0)) U T A '
Applying I” on both sides of (3.5), we obtain
J(%) o oalan ¥(0) ¥ (5= 5)"!
o ) = s = x(0.00) + [ E (s
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Then we get

If 7 € [ﬁ] , ﬂz[, then

o V(%) N S U SUA
D (W - X(%vﬁ(%))) ={(%), €[5, (3.7)
0() =903 ) + L(0(3)), (3.8)
According to Lemma 3.1 and the continuity of 5z — (Z(g()%)) we have

9(5) i i sy
S oG~ X)) = s~ X(3n.0(5)) / RO

I(?)
Since
W) =@ (3, 900) (x(21,900)) + 0(9) + f; B —u(s)ds,
then we get
I(5) o w3 00)) [x(a, 9(3a)) + 6(9) + s %ﬂ)(s)ds] + L(0(%))

w(3,9(%)) x(%, (%)) = w(faﬁ(%))

1 (%1 _ S)u—l P4 (%_ S)u—l

/0 ) w(s)ds—i—/o ) P(s)ds
=¢(9) + wl(lﬁ(i(g(];f)]))) + x(%a,9(%0)) + /o% (e 1:<;))V_ p(s)ds

So, one has

If 3¢ € [%n, 53], we have

B (5 0(3) = ) ) - [ BT s
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and

L(9(3))
@ (3,9(39))

(%) =W(ff,19(%)>(¢(19)+x(%z,19( %)) + +x(a,9(0)) + Jo B ¢(s)ds),

Therefore, we obtain
9(3

w(3a,9(0)) — x(3,9(5)) =

Consequently, we get

9(5) = w5, 0(5)) (x5, 0 (¢ Z (i, 0(32)) + w?gf;gi)}))) + /0 g F(“‘;))Vl b(s)ds)
If 3 € [54, 5;1[(i = 3,4, ...,n), using the same method, one has
9050 = 0 9069) (329130 + 000 + 32 (o060 + S S5) + [ =)
Conversely, assume that 9 satisfies (3.3). If %_ € [5%, 54 [, we have

() = @(2,0(2) (x5 9(5)) + 6(0) + o Eph—u(s)ds). (3.9)

Then, we divide by w(3,9(3)) and applying D” on both sides of (3.9), we get equation (3.5) .

Again, substituting % = 0 in (3.9), we obtain w(:ig(o)) — x(0,9(0)) = ¢(¥9). by (Hyp), for
% € %, %[, the map 5 — AL is injective in R. Then we get (3.6).
w(%,9)

Similarly, for 3¢ € [3¢, 3], we get

(5 g)7!
+/ P (s)ds). (3.10)
LT o)
Then, we divide by @ (3, 9(%)) an pplying D? on both sides of (3.10), we get equation (3.11)

. Again by (Hy), substituting r = 3 in (3.9) and taking the limit of (3.10), then (3.10) minus
(3.9) gives (3.12).
If 3¢ € [%4, 361[(0 = 2,3, ...,n), similarly we get

o V(%) o aa o
D ity ~ X 0(3)) = vl 5 € P s Gl

0(3") =003 ) + h(9(%)), (3.12)
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This completes the proof.

Lemma 3.3. Let & be continuous, then ¥ € X is a solution of (1.2) if and only if ¥ is the solution
of the integral equations

. o N (ol 5 (5 AN (v (5 005 )
9(3) = (52, 0(2)) (x5, 9(2)) + 000) + 02) 3 (x(35,9(30)) + ST )

> (ﬁf _ 8)1/—1
+/0 ) w(s)ds),%e (%, 22i41]
where
) = 0, %€ [%,%],
o) {1, 5 ¢ 50, %4,
We define an operator ® : X — X by
O(1)(3) = (302 (x(= 962 + 60) + 0039 3 () + oz L)
" /O - (’%;g;_g(s,ﬁ(s))ds). (3.13)

First result

At this point, we are prepared to present our initial finding, focusing on the existence and unique-
ness of solutions for the problem defined in (1.2). This result is established through the applica-
tion of Banach’s contraction mapping principle.

Theorem 3.4. Assume that conditions (Hy) — (H7) holds . Then problem (1.2) has an unique
solution provided that T < 1,  is the constant given in equation (3.1).

Proof. Let us set sup £(32,0) = k < oo, and defne a closed ball B as follows
sed

B={9eXx: |9 <r}

where
r> X | ‘ r(]\zl) . (3.14)
ve — (My + 7517)
We show that ® B ¢ B. For ¢ € B, we obtain
. R PR AN (s of s L;(9(%))
< . ) NN )
W) ()] < [(3 9] [x(39(2)) + 6(0) +0(2) 3 (x(Ga 9054)) + 555 )

i=1

(3 — )P~
. /0 Wg(s,ﬁ)(s))ds‘
< Vg (Nx + My |[9]] + |d] + /0% (f{r(z))yl
W)
[a+1)
W)
L(o+1) /)

(5. 9())) = &(5,0)| + [ (5. 0) s
< v (jux - Moll9] + ld] +

< uw(ux + Myr + |d| +
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Hence, we get

M0l + )

<
0)] < ver (o + Mor + 1d] + “F5 5

(3.15)

From (3.15), it follows that [|®(J)|| < 7.
Next, for (9,7) € B%and for any 5 € [0, 1], we have

0(9)(3) — ©(0)(3)] = |=(32,0(3)) ((32.9(3)) +60) + 003 Y (x(Ger 0(32)) + e/ ELY

<.
Il

< oo (M9 = ] + Kgl9 — 9]+ (M9 = ]+ A9~ )

M,

EYOESY

|19 - 50;
which implies that

1900) = (D) < v (M + K+ (M + 4)+ s ) (10 = 1)

= n|]d — . (3.16)
From (3.16), we deduce that
18() — @MW) < =¥ —J||.
m

Because of the condition m < 1, we can assert that ® acts as a contraction operator. Conse-
quently, Banach’s fixed-point theorem is applicable, guaranteeing that the operator © possesses
a single fixed point. This unique fixed point serves as the sole solution to the Cauchy problem
(1.2). This concludes the proof.

Second result

Our second result focuses on establishing the existence of solutions for the problem (1.2) using
the Leray-Schauder alternative. For brevity, let us set
Ve

A = my (3.17)

Ao=1—Aipr. (3.18)

Theorem 3.5. Assume that conditions (Hy) — (H,) and (Hg) — (H7) hold. Furthermore, it is
assumed that Apy < 1, where Ay isgiven by (3.17). Then the boundary value problem (1.2) has
at least one solution.

Proof. We will show that the operator I : X — X satisfes all the assumptions of Lemma 2.5.
Step 1: We will prove that the operator I1 is completely continuous.

Clearly, it follows by the continuity of functions w, ¥, £ that the operator I1 is continuous.

Let G C X be bounded. Then we can find positive constant Q such that:
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€ 9) <Q, W e,
Thus, for any 9 € &, we can get

M@ <va (ot i+ [~ EI )

?)
Q
< ).
which yields
I < v+ o+ ] + ) (3.19)
> Ve MUy TP F(ﬁ+1) : .

From the inequalities (3.19), we deduce that the operator IT is uniformly bounded.
Setep 2: Now we show that the operator IT is equicontinuous.
We take 71, € J with 7 < 7 we obtain:

(9(72)) = (I (71))]

< |2, 9(72)) (90) + (. 9(72) + 617 S (x(Gs9)) + ol
i=1

2 (T _S)f/—l
+Q/0 72”&) ds)
— (1, 9(n) (¢<z9> X(r9()) +0(n) Y (s, 9(30) +

i

- (s Li(0(%

vl [ O [ Oma—al)

i=1

ol [ e [

Which tend to O independently of ¥J. This implies that the operator I1(¢J) is equicontinuous.
Thus, by the above fndings, the operator I1(9) is completely continuous.

In the next step, it will be established that the set P = {¢ € X/ = MI(¢),0 < X\ < 1} is
bounded.

Let ¥ € P. We have o = AII(4). Thus, for any % € [0, 1], we can write

Hence, we get

1
< -
1911 v (1 + 0+ 1l + g5 (0 + 191D

< ve(py +p+1dl) + Ailpo + pr[19]),
which, in view of (3.18), can be expressed as

Voo (b + p+1nC) + Arpo

<
ol < X
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This demonstrates that the set P is bounded. As a result, all the conditions of Lemma 2.5 are
satisfied. Therefore, the operator IT has at least one fixed point, which corresponds to a solution
of problem (1.2). This completes the proof. O

4 Example

Consider the following impulsive hybrid fractional differential equation::

1 9(%) U VR A
D (W - X(%ﬂ?(%))) = {(3,9(%)), 2 € [0,1]\ {34},
V() =903 ) + (“2u(3)), 30 #0,1, .1
(o

gty X070 = i (),
Here, we have

_ arctan %

3

)]+ 1,

1

| =

Note that

. . 1
‘X(%vlﬁl) - X(%7192)| < § | 192 _791 |?
5 € [0.1], 91,9 € R.

and

R R 1 R
1€ (%2,91) — &(32,92)] < 1 |92 =01 |, % € [0.1],91,9, € R.

= ve (Mt Ky + My +nd+ =0.12345678 < 1,

%)

As all of the assumptions in Theorem 3.4 are satisfied, our results can be directly applied to the
problem (4.1).

5 Conclusion

The main focus of this paper is to explore the existence of solutions for impulsive nonlinear
hybrid fractional differential equations involving both linear and nonlinear perturbations. Our
results not only improve upon existing findings in this research area but also provide a more
generalized perspective. Furthermore, we anticipate that the theory we have developed can
be extended to address broader problems related to impulsive fractional differential equations
featuring both linear and nonlinear perturbations. The fixed-point theorems employed in our
analysis can also be applied to investigate the existence of solutions for other types of impul-
sive fractional differential equations, including those involving alternative forms of fractional
derivatives such as Hilfer’s and Hadamard’s derivatives. By contributing to the advancement
of more comprehensive and efficient tools for studying these problems, we aim to enhance our
understanding of the dynamics of complex systems and their behavior in impulsive conditions.
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