Palestine Journal of Mathematics

Vol 13(3)(2024) , 298-311 © Palestine Polytechnic University-PPU 2024

The Restricted Action on the Higher Dimensional Bell Numbers
and their Centralizer Algebras

P. Jaish and A. Joseph Kennedy

Communicated by Harikrishnan Panackal

MSC 2010 Classifications: 16S20; 16S99.

Keywords and phrases: Centralizer algebra, Direct product group, Partition algebra.

The authors would like to thank the reviewers and editor for their constructive comments and valuable suggestions that
improved the quality of our paper.

Corresponding Author: P. Jaish

Abstract The tensor product partition algebra is the algebra of all transformations commuting
with the action of the direct product of symmetric groups on tensor products of its permutation
representation. In particular, we restrict the action of the direct product of the symmetric groups
to the action of the direct product of the group of even permutations and consider the centralizer
over this restricted action. In this instance, we describe a basis for the centralizer and compute
the dimension formula for the centralizer using the index sets X;" and Y;";. Also, we demonstrate
that the centralizer algebra is indeed the tensor product partition algebra under certain conditions.

1 Introduction

The partition algebras Pj(x) have been defined independently in the work of Martin [8] and
Jones [3]. Jones investigated the algebra Py (x) as a Potts model in statistical mechanics and
Martin as a generalization of the Temperley-Lieb algebras. Jones considered the algebra Py (n) as
a centralizer algebra of the symmetric group S,, acting on V®* where V = C" is the permutation
module of .S,,.

The G-vertex colored partition algebra Py(z,G) and extended G-vertex colored partition
algebra f’k (z, @) have been defined in [6] and [7] respectively, they have been realized as the
centralizer algebras of the subgroups S,, x G and S,, of the group G @ S,, respectively, where
x=n > 2k.

The tensor product partition algebra Py (z1)® Py (12)®- - -® Py () has been recently studied
by Kennedy and Jaish in [4]. The algebra was realized as the centralizer algebra of the direct
product group S,,, X S, X --- X S,,,acting on the tensor space W&k where W = C1m2"m jg
the permutation module for the direct product group.

In [2], Bloss focused on the Jone’s result and restricted the action of the symmetric group on
n letters to the action of the group of even permutations, as acting on the tensor product of the
permutation representation of S,,, for the algebra Py (n). Bloss exhibited that for n > 2k + 2,
EndAn(V@’k’) = Pk(n)

In [5], A J Kennedy et al.(2023) restricted the action of S,, x G to A,, x G for the algebra
Pi(n,G) and described the basis for the centralizer algebra. Also, they computed the dimen-
sion of the centralizer and showed that for n > 2k + 2, Enda, xg(W®*) = Py(n,G), where
W = C™€I. In addition, they did the same for the extended G-vertex colored partition algebra
Pi(n, G).

In this paper, we restrict the action of the direct product of symmetric groups to the action
of the direct product of alternating groups, and we describe the basis for the centralizer alge-
bra. Let W denote the permutation representation of the direct product of symmetric groups.
The direct product group A,, x A,, x --- x A, , acts diagonally on W®* by the restric-
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tion. Clearly Ends, xs, x--xs,, (W®) C Enda, xa, x-xa,, (W®). We compute the

dimensions of the centrahzer Enda, xa, x-xa,, (W®F) using the index sets X;" = {x =

nm

(z1,22, .y Tt) ‘ 21 < 1y < - <azpand 1 < z; < mV1 <i < t} and Y/ = {y =
('r]7$27"'7xt7ylay2a"'7y8) ’ T < Ty < o0 < T, Y1 < Y2 < < Ys and 1 S Ty 7& Yj S m,

Vi<i<t,1<j< s} Also, we demonstrate that for ny, no, ..., n,, > 2k + 2, the centralizer is

isomorphic to the tensor product partition algebra Py (n, ) ® Pr(n2) ® - - ® Py (ny,). Our method
uses an explicit computation of the basis for End Ay X Apy XX A ®k),

nm

2 Preliminaries

In this section, we discuss some results needed for our main results.

2.1 The partition algebra Py (x)

Let k be a positive integer. A set partition of the set {1,2,....,k, k + 1,k + 2,...,2k} of 2k
elements is of the form { By, By, ..., B/}, where By, B,, ..., B, are disjoint subsets with L!_, B; =
{1,2,..,kk+1,k+2,..2k}.

A set partition can be represented as a simple graph of one above the other of two rows of
k-vertices, called a k-partition diagram. Number the vertices 1,2, ..., k in the upper row from left
toright, and K+ 1,k +2, ..., 2k in the lower row from left to right of a k-partition diagram. Draw
an edge between any two vertices i,j € {1,2,...,2k} if and only if 4,j € B;,1 < s <. Two
k-partition diagrams determine the same partitions of 2k vertices, then they are equivalent. The
following is an example for equivalent 5-diagrams.

1 2 3 4 5 1 2 3 4 5

6 7 8 9 10 6 7 8 9 10
When we talk about the diagrams, we are actually speaking about the related equivalence classes
of a k-partition diagram. Let F' always represent a field with an arbitrary characteristic through-

out the paper, and let x represent an element of the field /. The following is known as the
product of two k-diagrams d and d’:

(1) Set d at the top and d’ below it.

(ii) Join the vertex (k+ j) of d to the vertex j of d’. We now have a diagram with an upper line,
middle line, and lower line of vertices. This diagram is named the attachment of d and d’'.
Let A be the number of components in the middle line.

(iii) Construct a diagram d” by deleting the vertices in the middle line but keeping the lower
line and the upper line of vertices, and the connections between them. Every “component”
in the middle line is replaced by the variable x. That is, d'd = z*d".

d_[\/T\./

~_°* -

For example,

d =
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dd=

d'd = z*

T A
<o >
Pt

This product is associative and well defined up to equivalence. The F-span of all k-partition
diagrams is the partition algebra Py(x), which is an associative algebra with identity. The
dimension of Py (z) is the Bell number B(2k), where

=2k

B(2k) =Y S(2k,1) (2.1)
=1

and where the number of equivalence relations with exactly [ parts for a set of 2k elements is a
Stirling number S(2k,1).

The identity element is given by the diagram with each vertex in the upper row connected
only to the vertex below it in the lower row. By convention, Py(z) = F.

2.2 Schur - Weyl Duality of Py (x)

Let V = C", where V is the permutation module for S,, with standard basis vy, vs, ..., v,. Then
7(vs) = Un(s), for m € Sy, and 1 < i < n. For every positive integer k, the tensor product space

V®* is a module for S,, with a standard basis given by v;, ® v;, ® - - - ® v;,, where 1 < i; < n.
The action of m € S,, on a basis vector is given by

(v, ® Vi ® -+ - @ Viy,) = Ur(sy) @ V(i) @+ * @ Vr(iy)- (2.2)

For every diagram d and every integer sequence i, 43, ..., ip With 1 < i, < n, define

gb(d)z‘”fk _ 1 ifi,. = .is whenever vertices s and r are connected in d, 2.3)
felseeatak 0 otherwise.
Define the action of a diagram d € Py(n) on V®* by stating it on the standard basis as
dvi, ®vy, ® - @vi) = Y AR v, B, ® Q. (24)

1<ipt1,- 02 <0

Theorem 2.1. [3] C[S,,] and Py(n) generate full centralizers of each other in End(V®*).
In particular, for n > 2k,

(a) Py (n) = Endsn (V®k),

(b) S,, generates Endp, (,,)(V®F).

Theorem 2.2. [2] C[A,,] and Py (n) generate full centralizers of each other in End(V ®¥).
In particular, forn > 2k + 2,

(a) Py (n) = EndA" (V®k),

(b) Ay, generates Endp, (,,)(V®F).

2.3 The tensor product partition algebra

The tensor product partition algebra Py (x1) ® Py(22) ® - - - @ Py (24,) is the tensor product of m
partition algebras Py (z1), Py(z2), ..., Px (%, ). The standard basis for this algebra is

Ay ={(di ®dr ® --- ®@dy,) | di,d, ..., dy, are k-partition diagrams}
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with dimension [B(2k)]™.
The multiplication of two tensor product partition diagrams as follows:

Let(df @ dy ®---@d,,),(d] @ dj ®@---®@dl),) € A, then (df ® dj @---® d!}))(d] @ d5 @
@ dy) =aM ey (d @dy @ - -®d,y,), where dd) = ' d) in Py (1), dYdy = x3%d, in
Py(x3),...,d!d., = xpmdy, in Py(z,,). Thus, the product of any two elements in Ay, is a scalar
product of some element in .Aj;. Hence, the F'-span of all tensor product partition diagrams is
defined to be the tensor product partition algebra with identity.

Let Sy, X Sp, X --- xSy, be the direct product group of order nj!n,! - - - n,,! with elements
of the form (7, m2, ..., Ty )-

Let W:Spanc{w )| 1<i<n,1<j5<ny,..,1 Ssgnm}. 2.5)

% RN
The action of S,,; x Sy, X --- x Sy, on W is as follows
(1, 725 w0 T ) (Vs . 5)) = Oy ()2 ()i () (2.6)

Let S := [n] x [nz] X - - - x [n,,] be an index set for the basis of W, where [n;] = {1,2,...,n;} and
let] = ((i]ajh"'v 51)7 (7:23.].2’ ey 52)7 cey (Zkv.]kv ey Sk))7 J = ((ik+l7"'7 Sk+l)a (ik+27 ey Sk+2)7 ceey
(i2k, Jaks -, S2)) in S*. Extend the action of the group S, X Sp, X --- x S, on the set S
by (71, T2 ooy T ) (35 G, oy 8) = (m1(3), m2(5), ..., Tm(5)) to a component wise action on S?* by
(m1, 72y ooy ) (L, ) = (71, 72, ooy ) (L) (701, 24 ooy T ) ().

Diagonally extend the action of S, XSy, X+ - -x S, . on W to an action of S,,, X Sy, X+ - - xS,
on W®* as follows.

1 5eees 51) ®.'.®v(ik,jk,...,5k))

= V(i) (51)) @ V(i (i) et (52) © 77 & V(i (i) ooy mom (1)) -

We will write the above as (71, 72, ..., T ) (V1) = V(r; ma,...o 700 ) (1)
Let A € End(W®F). Define A(vy) = Y., A7 (v;), where A € C is the (I, .J)!" entry of
A (I,J € S*) and vy is a basis element of W®*,

Lemma 2.3. [4] A € Ends, xs,,x-x5,,, (W) & A = AT 7m0l (s, )
€ Sp, X Spy X oo x Sy

Lemma 2.4. [4] (a) dim Ends, xs, xxs., (W) = Y ] S(2k,1;).
Li=1, j=1
i€[m]

(b) When ny,na, ... iy > 2k, dim Ends, xs, x-.xs,, (W) = [B(2k)]™

Theorem 2.5. [4] C[S,,, X Sy, X -+ x Sy, | and Py(n1) @ Px(n2) @ - - - @ Py (ny,) generate full
centralizers of each other in End(W®¥). In particular, for ny,na, ..., n, > 2k,

(@) Py(n1) ® Py(n2) @ -+ @ Pi(nm) = Ends, x5, xxS,,, (W),

(b) S, X Sp, X -+ x Sy, generates Endp, ()@ Py (ny) @@ Py (nm) (WEF).

3 The Algebra Enda,, x A, x-xAn,, (W)

Let A,, X A, X --- X A, denote the direct product group, where A,,, is the group of even
permutations on n; symbols. Let W denote the permutation module for the direct product of
symmetric groups Sp, X Sp, x --- x Sy, . The group S,,, x Sy, x --- x S, . acts diagonally
on Wk and this action may be restricted to the direct product of alternating groups A, x
Ay, % - x Ap,, . Now, we describe a basis of the centralizer Enda,, x4, x-xA,,, (W®*) and
compute the dimensions of the centralizer algebra in the case of m = 2 and m = 3. Clearly
EndSnIXSHZX---XS (W®k) - EndAnlenzx---xA (W®k).

nm nm

(WoF) & Af = AT T () ) €

Lemma 3.1. A ¢ E”dAnl X Ay X X A (71,72 ) (1) ?

Ap, X Ap, X - X Ay

nm
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Proof. We have A € Enda, xa, x-xA,, (W)

S (T, T2y ey T )A = A(T1, T2y ooy T )y V(71 T2y oy T ) € Ay X Apy X oo X Ay

S (T, T2y ooy T )A(vy) = ATy, T2y oy T ) (V) V0

<:>(7T],7T2, sy 7Tm) Z A{(UI) = A(v(ﬂl,ﬂz,...,ﬂnl)(J))
I
@ZA‘I](m,ﬂ'z, ey T ) (v1) = ZA(IM’M""’W”)(J)(UI)
I

I

J _ (1,72, ) ()

<:>ZAI (U(Wl,ﬂz,m,ﬂ'm)(f)) - ZA(Wl,Trz,m,ﬂm)(I) (v(‘fT]77T27~'~:7Tvn)(1))
I I

since the action of A,,, x A,, x---x A, is by the permutation representation. The result follows
from linearly independence and equating the scalars. O

Therefore, we can describe a basis of Enda,, x4, x.-xA (W®*) by describing A,,, x A,,, x

- X A, -orbits on

nm

Q 2:{[711] X [nz] X e+ X [nm]}XZk

{ |:(i17j1a-~~751)7(i27j2»---732)7~~-»(ik7jk7---751‘:)

1<y, i, 002K <y
11 G2 seeesion < }

(et oot erSh1)s (T2, b2, 80042) oo (ki oos2n) S | g o0 0 0 <
—_ b AR —="'m

The direct product group Sy, x Sy, X --- X Sy, acts on Q by

(415715-381)5(42,525+++,82) w5 (Tk 2Tk 5o+, 8k )
(771771-2’ "'77TTIL) : |: . ) ) . o :|
(Ut 15T h 1538 k415 Tk 42,0k 4250+ 1 8k42) -+ (82K 1 T2k -+ +» 52k )

|:(7f1(il)ﬂrz(jl)7~--,Trm(31))7(771(iz)ﬂfz(jz)7~-,7rm(82))7~~-7(7r1(’ik)ﬂfz(jk),mﬂfm(sk))
(71 (k1) sm2 (Tre1)se s (8k41))5 (71 (Gk42) 72 (Gr42) s ooy Tom (8k42) )55 (71 G2k ) s 2 (G21 ) ooy Tom (S21:))

The number of S, x S, x --- x S, -orbits on Q gives the dimension of the centralizer
Endsn1 X Sy XX S (W®k) (see, [4]). Each orbit corresponds to a basis element 7" of the alge-
bra Ends, xs,,x-xSn,, (W®F). The S,,, X Sy, X - -+ x S, -orbits are in one-to-one correspon-
dence with the set partitions of [2k]. But as we will see , the A,,, X A,, x --- x A,, -orbits are
not necessarily in 1—1 correspondence with the equivalence relation on the set [2k].

Let ~;,~,,...,~, denote the equivalence relations with [y,[,...,1,, classes on the set
[2K] respectively. There are S(2k,l;),S(2k,l2), ..., S(2k,l,,) such equivalence relations cor-

m

responding to Iy, 1y, ..., L, classes respectively. Hence, there are [] S(2k,[;) basis elements T’
j=1

of Ends, xs, x--xs,, (W) corresponding to (~i,, ~1,; ..., ~1,, ). Let T~y o1y, ) denote

) m

one such basis element in Ends, xs, x-S, (Wek),
m

wex S, (W®F) be a basis element of type [] S(2k,1;),
j=1

) have indices partitioned according to (~y,, ~1,, ..., ~1,, )-

Let T(Nll R € Endsnl NS

l7n) ny

so that the entries of T(NlI by
Define

(i1,915++81)5(12,925+582) 5w s (it sk oo r Sk )
Q(T(Nlls’“lzwug“/lm)) = { |:

l

1<iy,ig,.00000 Sy
1<g1,J250 0026 ST2
| )
(Bt 1Tt 1o 38 11)5 (12,0 k42598 k42) ye w05 (12k 2J2k 5552k )

1<s1,82,..,826 <N,

where i1, 02, ..., 405 are partitioned according to ~;,, j1, j2, ..., joi, are partitioned according to ~,,
.oy 81, 82, ..., Sai, are partitioned according to ~;, .
Then Q(T; )) describes the position of nonzero entries in T(., ~, ..~, ). For
m ) 1ty m

a € Q(T(NLI,~127~~;~1 ), let O, denote the A, x A,, x --- x A, -orbit of a. Observe

m

that |Q(T(~zl,~zz7---,~zm))| = (TL]!RQ! cee nm‘)/(m - l])!(nz — lz)! cee (Tlm — lm)! and that

NNy s ™
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|04 = (nl'nz )/2 [(Ap, X Ap, X -+ X Ap, )al, Where (A, X Ay, X+ X Ay, )a C
Ap X Ay, X e e X Anm is the stabilizer of a. If Q(T{, ~,, ) is the disjoint union of two
Ap, X Apy X - - X Ay, -orbits, then we say that T, ~, .. ~, )€ Ends, xs,,x.-xS,, (W)
splits when lifted to Enda, xa,, x--xa,, (W®).

,,,,,

It is difficult to compute and understand the dimension formula of the centralizer algebra
End Apy X Apy XX Apy, (W®k) Therefore, we first compute the dimensions of the centralizer for

m =2 and m = 3, and then we give the dimension formula for Enda, xa, x..xa,, (W®F).
Now, we compute the dimensions of End.a, xa, (W®*)and Enda, xa, xa,, (W®k).

Proposition 3.2. i) If2 < nj,ny; < 2k then
dimEnda, xa,, (W®k) = Z H S(2k,1;)+2 > S(2k,ng —1) > T1 S(2k7lj)>

L=, j= vex? L=, =,

26[2] i €[2] j#x
2
12 Y S(2k,ny,) z I S(2k.1; )) + 22 H S@2k,nj—1) + 22 Y S(2k,ng,) 11
wEXlz li=1, j=1, Jj=1 :vEX2 Jj=1
1#%6[ ]J?’éfl Jj#T)

2
S(Zkﬂlj—l) +22 H S(Zk‘,nj)
j=1
ii) If ny,np =2k + 1, then
2%k—1 2 2k—1
dimEnda,, xa,, (WoF) = 5~ T1 S(2k,1;) +2S(2k,2k) > ST S(2k, 1) | + 22

li=1, j=1 zex? \ la =1
ie[z]

S(2k,2k)S(2k,2k).
iti) If ny,npy > 2k + 2, then
dimEndAnlenz(W@’k) Z H S(2k,l;) = [B (2]9)]2.

I;=1, j=1
i€[2]

N4 2
Proof. i) We know that, dimEnds, xs, (W®*) = 3 [] S(2k,1;). Observe that
1i=1, =1

i€[2]
2
dimEnda, xa,, (W) = Z o HS (2k,1;)
216[2]1

where ¢, y, is the number of disjoint Ay, x Ay, -orbits that Q(T{, ~, )) comprises when T, ., )

2
is of type [] S(2k,1;) (cy, 1, is only depends on lj,1). We will see that ¢;, 5, € {1,2,2%}. In
j=1

2
other words, T, ~, ) € Ends, xs,, (W®F) of type [T S(2k,1;) either splits as T, =
2 i

~1y)
- +

(NZ] 7~l2) (Nll ;sz)

2
Enda, xa, (W), or remains a basis element of type [] S(2k,1;) in Enda, xa,, (W®F).
=1

into a sum of two basis element of Enda, xa,, (W®*) when lifted to

Leta € Q(T. )) where T\, . ) € Ends, xs,, (W®F) is of type H S(2k,n;). Then
the only element of A4,,, x A,,, that fixes all of the n; different entries in A4,,,, n; different entries in
A,,, of ais the identity. Therefore |O,| = (n1!ny!)/2%. Since 1T~ )| = n1IN2), €y iy =
22, Similarly, co,n,—1 = Cpy—1,0, = Cnj—1m—1 = 2% Leta € QT ~,)) Where T(, -, ) €
Ends, xs,, (W®F)is of type S(2k,11)S(2k, n2), 1 <11 < nj—2. Observe that (A, x Ap,)a =

Anl—ll X {62}. Therefore |Oa‘ = (n]!nz!/zz)/((n1—ll)!/2) = (nl!ngl)/Z(nl—h)!. Since

npy™~ngy ny
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|Q( (Nll’ nz )| = (TL] 'nz')/(n] — l])!, SO Clyn, = 2, (1 S ll S ny — 2) Slmllarly, Clyn,—1 =
2(1<h <mi—2), ¢ =Cn—1, =21 <lh <np —2).

2
Now, let & € Q(T(~, ~,,)) Where Ti, ., ) € Ends, xs,, (W) is of type [] S(2k,1;),
=1

ny

=
1 <1l <nj—2,Vj € [2]. Observe that (A,, X Ap,)a = A, —1, X An,—,. Therefore
0al = (n1!n2!/2%)/((n1 = 1) (n2 = 12)1/2%) = (na'na!) /(1 = 1) (n2 = o) = [Q(T(, ~y )]s
socy, 1, =1 (1 <lj <nj—2,Vj € [2]), hence the result follows.

2% 2
ii) Recall that in this case, dimEnds,, xsnz(W®k) = > I S(2k,l;). We assume that

Li=1, j=1
i€[2]
2k 2
dimEnda, xa, (W) = 3 ¢,1, [T S(2k,1;) and as by (i), the only element Ty ) €
Li=1, j=1
1€[2)

Ends, xs,, (W®k) that can split into one the types of

2 2 2 2
[T S(2k,n), 82k, n0,) TT S@k,n;=1)(w € X3), [T 52k, n;-1),8(2k,nz,) 1T S(2k,1y)
=1 =1, =1 i=1,
! JJ#ml ’ 75?"
2

(x e Xf),S(Zk;,nm,—l) I S(2k,lj)(x € X%), where 1 < I; < n;—2 = 2k—1,Yj € [2].

=t

JJ#SCI
Since n; = ny = 2k + 1. Therefore, ¢u, n,, Cnyma—1s Cni—1.mys Cnyids Clymy (1 < liyla <
2k —1) do not appear in the sum above, only T(,, ., ) € Ends, xs,, (W®k) of type S(2k,n; —
1)5(2]6,712 — 1), S(2k,n1 — 1)5(2]€, lz), S(Zk‘, l1)5(2k,n2 — 1) SplitS. Thus Ok 2k = 22, k1, =
Cl 2k = 2, and Cll, = 1, where 1 < ll,lz < 2k — 1.

2k 2
iii) In this case, dimEnds, xs, (W®*) = Y T S(2k,l;) = [B(2k)]*. Since ni,ny >
Li=1, j=1
i€[2]
Zk + 27 SO CTL1,"L27 CTL],TLQ—I i Cnl—l,nzv Cnl—l,nz—] bl Cnl,lga Cll,nza C’rll—],lz7 Cl],nz—l (1 S ll b l2 S 2k) dO

2%k 2
not appear in the sum dimEnda, xa, (W) = 3 ¢, 1, [T S(2k,1;), and therefore ¢;, 1, =

i— 4

i€[2)]
1 (1 <ly,l, < 2k). Hence, the result follows. O

Proposition 3.3. i) If2 < ny,np,n3 < 2k then

n;—2 3
dimEndAnle XA”}(W®k) Z H S(Zk l; )—|—2 > S(2k,ng, —1) Z 11 S(Zk,lj))
li=1, j=1 rex? Li=1, j=l,
16[3] ’ eXi z#me[S] Jj'#xl

i ’I'Li—2

+2 > S(2k,ng,) Z H S(2k,1;) +22 3 S(2k,ng,—1)S(2k, 0y —1) >

mGX? Li=1, j=1, :L’EX; li=1,
Z7'530’1 6[3] iy i#x),x2€(3]

131 5(2k,lj)>+22 2 Sk, na,)S(2kny, =) 2 ﬁ S(Zk,lj)> +22 3

3 = = 3
YEYY, li=1, J=1 zeX;

J
Jj#x i#xl,yle[:"] J#xi,m

Sk Sk f[ S(zk,zj)> 423 1‘[ S2k,ny—1) + 22 S S(2k,ny,)
R NPT = vex
f[ S(2k,n;—1)+23 > S(2k,ny,)S(2k, ny,) f[ S(2k,n;—1) +23 f[ S(2k,n;).
e X s !
ii)Ifny,np,n3 =2k + 1, then

2k—1 2k—1
dimEnda, xa,, x4, (W) = 3 HS(2k 1) +25(2k,2k) 3O ( ST Sk, zm)
le

li=1, j= zeX; =1 g=1
i€p3] jep)
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+225(2k, 2K)S(2k,2k) 3 (2%_31 S(Zk,lml)> + 235(2k, 2k)S(2k, 2k)S (2K, 2k).

zeX} \lay =1
iii) If ny, np,n3 > 2k + 2, then

dimEndAnle XA"z (W®k) Z H S(2k l; ) [ (2k)]3

li=1, j=
i€(3]

Proof. i) In this case dimEnds, xs, xs,, (W®) = Z H S(2k,1;). Observe that,
li=1, j=
16[3]

dimEnda, xa, xa,, (W) = 3 a0 [1 52k 1),
j=1

li=1,
1€[3]

where ¢, 1,1,

is the number of disjoint 4,,, x A,, x A,,-orbits that Q(T<~Ll ,~127~z3)) comprises
3
when T(~z17~z2,~1,3) is of type [] S(2k,l;) (¢i,,1,,1, is only depends on [;,15,13). We will see
j=1

that cy,1,1, € {1,2,2%,2°}. In other words, T(~, ~, ~,) € Ends, xs,,xs.,,(W") of type

n3

3
[1 S(2k,1;) either splits as T, | =T +T7" into a sum of two basis
=1

~1p™ig) (~1y iy y) (~1y ™1y ~3)

element of Enda, xa,, xa,, (W) when lifted to Enda, xa,, xa,, (W®"), or remains a basis

ny ny

3
element of type [ S(2k,1;) in Enda, xa,, xa, (W)
=1

Suppose that a € Q(T

n3

)) where T}, € Ends, xs, xs,, (W) is of

NMnps™NnyYng n17"’n27"’n3)

3
type [] S(2k,n;). Then the only element of A, x A,, x A,, that fixes all of the n; dif-

=1
ferent entries in A,,, n, different entries in A,,, n3 different entries in A,, of « is identity.

_ 3 : _ _ "3 :
Hence |Oa| = (nilna!na!)/2°. Since [Q(T(,, ~, ~n))l = niln2lnzl, enymym, = 2°. Like
WISE, Cny,nynz—1 = Cnyna—1ling = Cny—1nans = Cnyna—lina—1 = Cnj—1nynz—1 = Cny—1na—ling =
Cni—1,ny—1,n3— l—2 .
Rk ;
Leta € Q( (~ty s~y s~ )) where T(Nl g~y S Endsnl X Sy X Sy (W )IS oftype S(Zlﬁh)

H S(2k,nj), 1 < I < ny —2. Observe that (A,, X A,, X Ap)a = Ay, X {e2} X
j=2

{es}. Therefore |0, = (n1!nalnz!/2%)/((n1 — 11)!/2) = (n1!nalna!)/2%(ny — 1;)!. Since
|'Q‘(T(~zl,~n2,~n3))| = (nl!nzlng!)/(nl — ll)!, SO Cly nyyny = 22, (1 <l <n - 2). Similarly,

Clina—1,n3 = Clynyns—1 = Clyny—lnz—1 = 22; (1 S ll S ny — 2)3 Cni,lans = Cnylynz—1 =

Cri—1layn; = Cnl—l,lz,ng—] =22, (1 <bh <m—2), Chymbs = Crimliads = Cnyma—lly =

Cytmyt11s = 2%, (1 <13 <n3 —2).
Leta € Q(T, )) where (.., | € Ends, xs,.xs,. (W®F)isof type S(2k, n3)

iy ng Ny n) ny ny n3

H S(2k,15),1 <1lj <n;—2,1 <l <ny —2. Observe that (A,,, X Ay, X Ap,)a = Ap—yy X
)
Ap,—1, x {es}. Hence |Oy| = (n1!ma!n3!/23)/((n1 — 1)1 (n2 — 12)!/2%) = (n1!na!nz!)/2(ng —
ll) (nz — lz)' Since ‘Q( ~117Nl27"‘n3))| = (m!ng!m!)/(nl — ll) (NQ — lz)' SO we get Clylns =
2, (1 S l] S ny — 2,1 S lz S ny — 2) Slmllarly, Clylyns—1 = 2, (1 S l] S ny — 2,1 S lz <S
n2 = 2), Clyngly = Clim—10y = 2, (1 <U <mp—2,1 <3 <ng —2), Cuyyly = Coy—t0; =
2, (1 <lh<n,—2,1 §l3§n3—2).

Now, let a € Q(T(lewzv”l;)) where T(, ~, ~,) € Ends, xs,,xs, (W®k) is of type

‘Ilz
3
[T 52k, 1;),1 <l; <n;—2,Vj € [3]. Note that (A, X Ay, X Any)a = Apy—1, X Ayt X Apy—i-
j=1
Hence ‘O | = (nl'n2'n3!/23)/((n1—ll) (n2 lz)'(n3—l3)!/23) = (nl!N2!7’L3!)/(n1 - ll) (7’L2 -
L) (s — 3)! = [QT(~y, ~y )]s SO Clty = 1, (1 <1 < ny—2,Vj € [3]), and the result
follows. ‘
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ii) Recall that in this case dimEnds,, xs,, x5, (W) = Z H S(2k,1;). We assume that

li=1,j=
26[3]
2k 3
dimEndAn] X Any X An, (W®k) = Z Clylb 1 H S(Zk‘,l ) and as by ( ) the only T(Nl i) €
: Li=1, j=1 :

1€[3]

3
Ends,, «8,,x5., (W®k) that can split into one the types of [] S(2k,n;), S(2k,n.,)S(2k, ny,)

=1
3 3 ! 3
1T S(2k7nj—1)(m € X23) S(2k,na,) 11 (Zk,nj—l)(x € Xf), [T S(2k,n;—1),
=1, j=1, =1
jéﬂ’wz #ZE !
3 3
S(2k,n2, ) Sk, ne) T SR (2 € X3),S(2k,n,)S(2k,my, 1) Il Sk 1;)(y €
1 L
j?jﬁﬂﬂhmz 7j£z 1LY
3 3
YM) Sk, ng,—1)S(2k,nay—1) 1 S(Zk,lj)(x € Xg) S(2k,ng,) 1‘[ (Zk,lj)<m
Jj=1j#z1,22 =
]751’1
3
Xf), S(2k,nz 1) ] S(zk,zj)(m c Xf), where 1 < I; < n;—2 = 2k—1,Vj € [3]. Since
Jj=l,
J#T

nl - n2 - n3 - Zk + 1' Hence’ C’I’Ll,’ﬂz,n37 C’nl,nzfl,’n3717 c’nl*l,nz,n3717Cﬂ]*l,nzfl,’n37 C’I’Ll,’nz,’ﬂ3717

Cnl ,nz—l,n37 CTL] —1,’!L2,n3a CTL[ ,nz,l3 I Cm ,lz,n37 Ch,ng,ny Cnl ,nz—] ,lg b Cn] —1,n2,l37 Cnl ,lz,n3—] bl C’nl —1 ,lz,’rb37
Clynyma—1s Cly ma—1.m3s Cny il s s Clyma ds s iy daons (1 < 11, 12, 13 < 2k—1) do not appear in the sum

— 93 — _ —n2 — — —
above. ThUS, C2k,2k 2k — 2 y C2k2k,l3 — C2k,15,2k — Cl; 2k 2k — 2 y C2k,lo,ls = Cl2k,13 = Cly b2k —
2, and Cly b0y = 1, where 1 < l], lz, l3 § 2k — 1.

% 3
iii) In this case dimEnds,, s, xs,, (W)= > [I S(2k,1;) = [B(2k)]. Since n1,nz, n3

Li=1, j=1
1€[3]
>2k+2,50 ¢, 1,1, = 1, (1 <ly,lp,13 < 2Fk), and all other coefficients do not appear in the sum
2k 3
dimEnda, xa, xa,, (W)= 3 e, 1,1, [1 S(2k,1;). The result follows. O
i=1, j=1

1€[3]

4 The Dimension Formula of End 4, x ., x..-x A, (W®¥)

In this section, we give the dimension formula for the centralizer Enda,, xA,,x-xA,,, (W®F)
by using the index sets X;" and Y;";. Also, we demonstrate that for ny, na, ..., ny, > 2k + 2, the
centralizer is isomorphic to the tensor product partition algebra Py, (n;) ® Py(n2) @+« - Q Pr(nm ).

Let [m] = {1,2,...,m} and let ¢, s are positive integers. Now, define the index sets X;™ with
t < mandYt’g with 2 <t + s < m — 1 as follows:

X?:{x:(xl,xb...,xt)‘xl<x2<---<xtandlgxigm,bﬂgigt}and

T < Tp < e < Xy, y1<y2<---<ysand}

Yym = Y= \T1,T2, -, Tt,Y1,Y2, -, Y
t,s { ( ¢ S) I<zi#y; <mVI<i<t1<j<s

Proposition 4.1. i) If 2 < ny,ny, ..., nym < 2k, then

n;—2
dimEndAnlenzxmxAn Z(W®k) Z H S(Zk l; )+2 Z S(Zk Ny — 1)< Z H

l;=1, j=1 zeX " =1, j=1,
i€ [m] itz € [m] J#w
n;—2 m
S(zk,zj)> 2% 5(21@,%)( ST S(Zk,lj)>+22 S S(2k, g, —1)S(2k, gy —1)
zeX " =1, j=I, zeX"
i#x €[m] j#T1
n;—2 m n; —2 m
( > H S(2k,lj)>+22 > S(Zk,nzl)S(Zk,ny,—1)< > IT S(2k,zj)>+
1;=1, =1 yeY ™ li=1, Jj=1,

J
i) ,x€[m] j7T1, © i#xy,y1 €[m] j#T1,Y1
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n;—2 m
22 S(Zk,nxl)S(Zk,nx2)< > 1 S(Zk,lj))+23 > S(2k, ne,—1)S(2k, 4y —1)
zeXy Li=1, j=1, z€X"
1#x),L2€[m] jFT1,T2

n;—2 m
S(2k:,nx3—1)< > 11 S(Zk,lj)>—|—23 > S(2k,ng,)S(2k,ny,, —1)S(2k, n,,—1)

L=, j=1, yeYy

i#T),x,x3E[M] JFT1,%2,T2

< DR S(Zk,lj)>+23 > S<2k,nxl>s<2kanwz>5<2’“"w‘”< =
j=1

Li=1, : yey,m Li=1,
i#@1,Y1,92€[m] JFTLYLY: ' i) ,x,y1 €[m]
m n;—2 m
I S(Zk,lj)>—|—23 > S(Zk,nxl)S@k,nxz)S@k,nx3)( > 11 S(Zk,lj))
=1, zEX li=1, =1,
j#glvfbyl ‘ i#x1,T2,43€[m] j#azl,fﬂz,rz
+ + 2™ H S(Zk,nj—l) +2m Z S(Zhnw]) H S(2k‘,nj—1) + 2™ Z S(Z/{:,nm)
=1 zEX" =1, 2EXp
J#T
S(Zlﬁnwz) H S(2k7nj—1)—|— ------ +2m H S(Qk,nj).
Jj=1, Jj=1
J#T1,T2

ii)If ny,ny, ...,ny =2k + 1, then
2k—1 m—1
dimEndAnl><An,2><w><Anm( k) = Z H S(2k,1;) +2S5(2k,2k) 3 < > 11
l

l,=1, j= zeXT_, 2w =1, j=1
i€[m] jefm—1]
2k—1 m-—2
S(Zk:,lmj)>+22S(2k,2k)S(2k,2k) ) < ST S(2k, z%)> ~~~~~~ +2m-1
zeX)_, ley=1, j=1
jdmfﬂ
2k—1
S(2k,2k) -+ S(2k,2k) 3 ( D S(Zk,lml)) +2m §(2k, 2k) - - S(2k, 2k) .
zeX[™ \ly =1
m—1-times m-times

i) If ny,na,y ooy, > 2k + 2, then

dimBnda, xa,,xxa,, (WEF) = > HS(2I<:Z) [B(2k)]™
li=1, j=
16[ ]

Proof. i) Consider dimEnds, xs, x--xs,, (W)= Z H S(2k,1;). Note that,

li=1, j=
i€{m]
dimEnda, xa,, x.-xA,, (W) = Z Cly byt | [ S(2.15),
j=1
ze[m]

where ¢, 1, .. 1, is the number of disjoint 4,,, x A, x ---x A, -orbits that Q(T (ot oty oo ~zm))

comprises when T, ., . ~, )isof type J] S(2k,1;). We will see that c;, 4,,....1,, € {1,2, 22
, B

;2™ }. In other words, T{

Uy ™) n

€ Endg X Sy XX S (W®k) of type H S(2k,lj)
j=1

either splits as T(Nl“ ) + Tr into a sum of two basis

(N1 ™l 5™ )
element of Enda, xa, x..xA,, (W) whenlifted to End.a, xa

n] 712

Ny ™in) T T (g e,

A, (W®F) or remains

a basis element of type [] S(2k,1;) in Enda, x4, x--xa,, (W)
j=1

Let a € .Q.( (~ € Ends «s

np g~ ) ) XSy X

)) where T}, xS, (WEF) is of

nps™Nngsee s Nng

type H S(2k,n;). Then the only element of A,, x A, x --- x A, that fixes all of the n
j_

different entries in A, , ny different entries in A,,,, ..., n,, different entries in A,,  of « is iden-

tity. Therefore |Oa| = (nilna!---ny!)/2™. Since AT, ~,. .~ )l = malnalnpl,

Crymromn = 2™. Similarly, ¢u, n,,.. 0, = 2™, when any one of the n;,Vi € [m] is re-
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placed by n;—1, ¢n, ns,....n,, = 2™, When any two of the n;,Vi € [m] are replaced by n;—1, ...,
Cnymg....mm, = 2™, when all of the n;, Vi € [m] are replaced by n;—1.
Let a € Q(T( )) where T( € Endg X Sy XX Sy (W®k) is of

NN ng N nm Nll,""nz,“w"’n,ﬂ) ny

m
type S(2k,11) I S(2k,n;),1 <1; < n;—2. Observe that (A,, X A, XX Ay, )a = Ay, ¥
j=2
{es} x -+ x {em}. Hence |0y | = (n1!na! -+ 1,1 /2™) /(1 —11)!/2) = (nq!na! - npp!) /2m !
(TL] *ZI)L Since |Q(T(~l]7,\,"27“_,,\,nm)| = (774 Ing!--- nm!)/(nlfll)' SO Cly sy, — =2m-1 (1 <
Iy < ny —2). Similarly, ¢, n,,...n,, = 2™ (1 <1} < n;—2), when any one of the n;, Vi #
1 € [m] is replaced by n;—1, ¢i m,...m,, = 2™ (1 < I} < n;—2), when any two of the
n;,Vi # 1 € [m] are replaced by n;—1, ..., ¢y ny....m,, = 2™ 1(1 <1} < ny—2), when all of the
n;, Vi # 1 € [m] are replaced by n;—1.
In this similar way, we can find other ¢;, 1,1, = 2’”_1(1 <; < n; —2) by fixing exactly
one /;,Vi # 1 € [m] one by one.
Leta € Q(T(NL“NZZ ~

) 'n,3""1 ~nm,

)) where T(~z,,~z N

20 ngs N nm,

) = Endsnl X Sy XX Sy (W®k)

is of type S(2k,11)S(2k,15) H S(2k,nj), 1 <l <ny —2,1 <1l <ny—2. Observe that
=3

5=
(A, x An2 X Ap Yo =2 Ap iy X Apyog, X {63} X -+« X {em}. Therefore |O,| =
(nl'ng Mym '/2"‘)/((n1—l1) (77,2 lz)'/Z) (TL]'TLQ' )/2m z(nl—h) (nz—lz)' Since
IQ(TNLI,~12,~n3,...,~nm )= (nilmal---npl)/(n —0)! (nrlz)' SO Cly s msy g = 272 (1 <

L < 711—2, 1<h< ’I’L2—2). Slmllarly’ Clylyns,ee i — 2m= 2 (1 <l < n1_271 <h< n2_2)7
when any one of the n;,Vi # 1,2 € [m] is replaced by n;—1, ¢, 1,.ns...m,, = 2772 (1 < 1; <
n1—2,1 < I < np—2), when any two of the n;,Vi # 1,2 € [m] are replaced by n;—1, ...,
Clidymgmn =2M72 (1 <l <ny=2,1 <l < nyp—2), when all of the n;,Vi # 1,2 € [m] are
replaced by n;—1.

In this similar way, we can find other ¢;,
two ;, Vi € [m] one by one.

Likewise, ¢, 1,1, = 2™ 73(1 < I; < n; — 2), when exactly three [;,Vi € [m] are fixed
one by one, ¢;, 1,1, = 2™ *(1 < I; < n; — 2), when exactly four [;,Vi € [m] are fixed one
by one, ..... Cll,lz,...,lm 2(1 <l; < n;—2), when exactly m—11;, Vi € [m] are fixed one by one.

1, =2m72 (1 <1; < n; —2) by fixing exactly

Moy,

Finally, let o € Q(T(, ~y v, ) Where Tiw, oy oy ) € Eds, xS, %% Sn,, (W®k) s

geaay

of type [] S(2k,1;), 1 <l; <n;—2,Vi € [m]. Note that (A, X Ap, X -+ X Ay o = Ap—y,
j=1

><An2,l2 X oo X Anmfl Hence ‘O | = (nl'ng N '/27")/((711—11)'(nm—lm)'/2m)
(n1 Ing!-- "flm!)/(nl_ll) (n2 l2) (nm m) = |'Q( NLI,A..7~lm))‘7 SO Clyly,l = 1,1
l; <mn; —2,Yi € [m], and the result follows.

IA

2k m
ii) We know that in this case dimEnds, xs, x--xs,, (W®) = > T S(2k,l;). Assume
Li=1, j=1
i€[m)|

m
that dimEnda,, xa, x.-xa.,, (W) = Z Clytordrn L1 S(2K,1;), and by what we saw in (i),
: j=1
zé[ ]

theonly T(, ~p . ~i,) € ENds, x50, %% S0, (W®k) that can split into one the types of
HS(Zk n;j), S(2k,ng,) - S(2k,ng,, ) I1 SQ2k,nj—1)(z € Xm_,),S(2k,ng,)- -

J=1 Jj=1
JAT15e e Tm—1
S(2k,ng,, ,) 11 SQ2k,nj—1)(x € X7_,), e S(2k,ng,) TI S(2k,n;—1)(z € XJ™)
=1, =1
j#xl{---vxm72 JJ7£JC

1 S(2k,n;—1), 512k, ng,) --- Sk, ng,, ) H S(Zk,lj)(x S Xﬂ_l),S(Zk,nrl)~~
H =i
’ ‘77&11 ’znz 1

S(2k,ng,, ,)S(2k,ny, —1) 11 S(2k,1)(y € Ygiz)l),S(Zk,nI])~-~S(2k7nwm73)

) Jj=1,
JAT1 ey T —2,Y1
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m

S(2k,ny,—1)S(2k,ny,—1) I1 SQ2k,1;)(y € Y 35)s ey S(2k, 0wy —1)S (2K, gy —1)
=
j;‘éwlxw-{wm—fﬁ;yhlﬁ
- S(2k,n, _,—1) 11 S(Zk,lj)(x exm. 1) ...... ,S(2k,ng,) 11 S(Zk,lj)(x € X{”),
Jj=l, Jj=L,
JAT ey T 1 JjFw
m
S(2k,nz 1) ] S(zk,zj)(x e X;n), where 1 < 1; < nj — 2 = 2k—1,¥j € [m]. Since n; =
Jj=1,
J7#® .
nyg = --- = ny, = 2k + 1. Therefore, ¢;, 1,,... ;,, do not appear in the sum above if at least one of
the ; = n;, Vi € [m]. Thus, cak 2k, 2k = 2™, Cly 2k, 2k = Cokily 2k, 2k = ** = Cok 2k, 2Dl =
2 e by 2k 2k = L2kl 2k = = ke Dl e = 2 ey Cly 12k = =

Czk7l27---7l7‘n, = 2, and 6117127_”717” = 1, where 1 < l],lz, l < 2k — 1.

iii) In this case dimEnds, xs, x-xs,, (W) = Z H S(2k,1;) = [B(2k)]™. Since n;,
71 ]
i€[m]
N2y ey, > 2k +2,80 ¢y 1,0, = 1, 1 < 1; < 2k(n; — 2), Vi E [ | and all other coefficients

(W®k) Z Clyly,.. 0l H S(Zk l; ) The

j=1

do not appear in the sum dimEndAn1 X Ay XX A

nm

26[ ]
result follows. |

Ilustration of Proposition 4.1:
1. Let m = 2 then X? = {x: (1) ‘ 1<a < 2} - {x: 1,2}.

n172,n272
1) If2 < ny,ny <2k, then dimE’l’LdAn] X An, (W®k) = E S(2k,11)S(2k, 1) +25(2k, n1)
L=1l=1

ny,—2 ny—2 ny—2 np—2

S8k, L) + 252k, m2) X Sk, L) + 252k, ni—1) 3 S(2k,b) + 252k, na—1) 3 S(2k, 1)) +
=1 =1 =1 L=1

22582k, n1—1)S(2k, na—1) + 2252k, n1)S(2k, na—1) + 2252k, n1—1)S(2k, n2) +22S(2k, n1)S(2k, n2).

2k—1,2k—1 2k—1
ii) If ny,ny = 2k+1, then dimEnda,, xa,, (W)= > S(2k,1)S(2k, 1) +25(2k,2k) Y
l=1,0,=1 =1
2k—1
S(2k, 1) + 2S5(2k,2k) " S(2k, 1) + 2°S(2k, 2k) S (2k, 2k).
lr=1

2k
iii) If ny, my > 2k + 2, then dimBEnda, xa, (WE) = > S(2k,1)S(2k, 1) = [B(2k)]>.
1.la=1

2.Letm:3thenX3:{x:(x1)j1gx1§3}:{x:1,2,3},
X3 = { xl,xz‘ 1<z2and1<x1§3V1<z<2} {x:(l,Z),(1,3),(2,3)}and

= {y= () |1 <o 20 <3} = {y=(1,2),0,3),2,1),(2,3),3,1),3,2)}.
n1—2,n2—2,n3—2
1) If2 < ny,ny,n3 < Zk, then dim EndAn] X Apy X Ay (W®k) = Z S(Zk, ll)S(Zk, lz)
3 L=11=1,ls=1
ny—2,n3—2 ny—2,n3—2

S(2k,13) + 2S(2k,n1) S S(2k,1)S(2k,13) + 2S(2k,m2) S S(2k,11)S(2k,13) +
l=1,3=1 li=1,l3=1
ni—2,mny—2 ny,—2,n3—2
25(2k,n3) > S(2k,11)S(2k, 1) +2S(2k,n1—1) > S(2k,1)S(2k,13) +2S(2k, na—1)
l1=1,l,=1 l=1,l3=1
n1—2,n3—2 ni—2,ny—2
ST Sk, 1h)S(2k,13)4+28(2k,n3—1)  >°  S(2k,11)S(2k, 1) +22S(2k, n1—1)S(2k, na—1)
Li=1,l3=1 li=1,L=1
n3—2 n,—2 n;—2
32 S(2k,13) +22S(2k,n1—1)S(2k,n3—1) Y. S(2k, 1) +22S(2k,n2—1)S(2k, n5—1) > S(2k, 1)
=1 =1 =1
n3—2 ny—2
1225(2k, n1)S(2k ma—1) S S(2k, 13) +225(2k, 1) Sk, na—1) 5" S(2k, 1) +225(2k, n2)
I3=1 =1
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n3—2 n;—2
SQk,m—1) S S(2k,13) + 2252k, 12)S(2k, n3—1) S S(2k, 1;) + 225(2k, 13)S 2k, ny —1)
=1 L=1
ny—2 n;—2 n3—2
S 52k, 1) +225(2k,13)S 2k, na—1) 3 S(2k, 1y) + 2252k, 11)S(2k,n2) S S(2k, 13) +
=1 =1 =1

’I’L272 n|72
228(2k,n1)S(2k,n3) S S(2k,1p)+22S(2k,n2)S(2k,n3) 3. S(2k,1;)+23S(2k, n1—1)S(2k,
=1 =1
na—1)S(2k, n3—1) + 2252k, n1)S(2k, na—1)S(2k, n3—1)+2°S(2k, 12) S (2k, n1 —1)S (2k, ns—1)
+238(2k,n3)S(2k, n1—1)S(2k, ny—1)+2°S(2k, n1)S (2k, n2) S (2k, ns—1)+23S(2k, n1) S (2k, n3)
S(2k,ny—1) + 23S(2k,n2)S(2k,n3)S(2k,n1—1) + 23S (2k, n1)S(2k, n2) S (2k, n3).

2k—1
i) If ny, no, n3 = 2k+1, then dimEndA,leAnzxAn3 (W®k) = Z S(Zk,ll)5(2k‘712)5(2k7
l1,l,l3=1
2k—1 2k—1
1) +25(2k,28) S S(2k,1)S(2k, 1) +25(2k,2k) S S(2k, 1)S(2k, 13) + 25(2k, 2k)
Il 1=l
2k—1 2k—1 2k—1
S S(2k, 1)S(2k, 13) + 225(2k, 2k)S(2k, 2K) S S(2k, 1) + 225(2k, 2k)S(2k, 2k) 3
el L= =1

2k—1
S(2k, 1) + 22S(2k, 2k)S(2k,2k) S S(2k,13) + 23S (2k, 2k)S(2k, 2k) S (2k, 2k).

lz=1
iii) If ny, np, n3 > 2k + 2, then

2
dimEnda, xa, xa,, (W)= 3 S(2k,1)S(2k,12)S(2k,15) = [B(2k)]*.
" l1,lp,l3=1

Theorem 4.2. C[A,,, x A, X -+ X Ay, | and Py(n;) ® Pg(n2) @ - - - @ P(n,,) generate full
centralizers of each other in End(W®F). In particular, for ny,na, ..., ny, > 2k + 2,

(@) Pp(n1) ® Pp(n2) ® -« - @ Py(nm) = Enda, xa, x-x4,, (W),
(b) Ap, X Ap, X -+ X Ay, generates Endp, ()& py(n2)o--@ Py (nm) (W)

Proof. (a)Forni,na, ...,y > 2k, Py(n1)@Pk(n2)®- - -@Py (0 )= Ends, xs, x--xs,, (W).

Then Ends, XSnzx...xsnm(W@”“) is a subalgebra of Enda, xa, x.xA,,
proposition 4.1 dim Ends, xs, x--xs,, (W)= dim Enda, xa, x-xa WeR)(WEF) | for
N1, N2y ooy Ny > 2k + 2. Thus E’I’Ldsnl X Sy XX S (W®k) = EndAnl X Ay XX Apn, (VVQM)7 for
N1, ey N > 2k +2. In particular, Py(n1) @ Pi(n2) @ - @ Pe(nm)= Ends, x5, x-x5,,, (W)=
Enda, x A, x-xAn,, (W®k) for ny,ng, ...,y > 2k + 2.

nm

(W®*) by (iii) of

o

(b) follows from (a) and the Double Centralizer Theorem (See, [1]). i

5 Conclusion

In this paper, we described a basis for the centralizer algebra and computed the dimension for-
mula for the centralizer over the restricted action on tensor products of its permutation represen-
tation. Computing the dimension formula of the centralizer algebra is very difficult here, so we
have defined the index sets X" with ¢ < m and Yt’z with 2 <t + s <m — 1. The dimension of
the centralizer algebra has been computed for the basic cases, and then extended for the general
case using the index sets. Also, we showed that the centralizer algebra is isomorphic to the tensor
product partition algebra for ny, ny, ..., n, > 2k + 2.
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