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Abstract In this paper, we establish various formulas for the sums of powers of bi-periodic
Fibonacci and Lucas numbers, along with their associated generating functions.

1 Introduction

For any integer n ≥ 2, the well-known Fibonacci and Lucas numbers are defined by the following
recurrence relations

Fn = Fn−1 + Fn−2 and Ln = Ln−1 + Ln−2,

with initial conditions F0 = 0, F1 = 1, L0 = 2, and L1 = 1, respectively. Several recent studies
have explored generalizations of Fibonacci and Lucas numbers along with their properties [2,
3, 4, 7, 9, 10, 14, 19]. Specifically, Edson and Yayenie [7] defined the bi-periodic Fibonacci
numbers for any integer n ≥ 2 as

qn =

{
aqn−1 + qn−2, if n is even,
bqn−1 + qn−2, if n is odd,

(1.1)

with initial values q0 = 0 and q1 = 1, where a and b are nonzero reals numbers. Note that if
a = b = 1, then qn is the nth Fibonacci number. Afterward, Bilgici [4] defined the bi-periodic
Lucas numbers for any integer n ≥ 2 as follows

ln =

{
bln−1 + ln−2, if n is even,
aln−1 + ln−2, if n is odd,

(1.2)

with initial values l0 = 2 and l1 = a. When a = b = 1, we obtain the classic Lucas numbers. The
properties of bi-periodic Fibonacci and Lucas numbers have been investigated through diverse
approaches in various studies [1, 11, 16].

Their Binet formulas are expressed as follows

qn =
aξ(n+1)

(ab)⌊n/2⌋

(
αn − βn

α− β

)
and

ln =
aξ(n)

(ab)⌊(n+1)/2⌋ (α
n + βn) ,

where ⌊x⌋ denotes the floor function of x, ξ(n) = n−2⌊n/2⌋ is the parity function (i.e., ξ(n) = 0
when n is even and ξ(n) = 1 when n is odd), and α and β denote the roots of the characteristic
equation x2 − abx− ab = 0, given by

α =
ab+

√
ab(ab+ 4)
2

and β =
ab−

√
ab(ab+ 4)
2

.
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The evaluation of sums involving powers of Fibonacci and Lucas numbers poses a challenging
problem that has interested mathematicians for many years. Wiemann and Cooper [18] reported
certain conjectures proposed by Melham related to the sum

∑n
k=1 F

2m+1
2k as given in [12], where

m is a positive integer. Subsequently, Ozeki [13] provided an explicit expansion for the sum∑n
k=1 F

2m+1
2k as a polynomial in powers of F2n+1. Prodinger [15] independently obtained similar

result and derived general expansion formulas for sums

n∑
k=0

F 2m+ε
2k+δ and

n∑
k=0

L2m+ε
2k+δ , where ε, δ ∈ {0, 1}.

In this paper, we initially derive explicit formulas for the following sums

n∑
k=0

q2m+ε
2k+δ and

n∑
k=0

l2m+ε
2k+δ , where m is a positive integer and ε, δ ∈ {0, 1}.

These formulas extend Melham’s sums to the powers of the bi-periodic Fibonacci and Lucas
numbers while also introducing new expressions for the classical Fibonacci and Lucas numbers.
Subsequently, we establish the generating functions for the powers of the bi-periodic Fibonacci
and Lucas sequences. To prove the main results, we require the following lemmas.

Lemma 1.1. For any real numbers x and y, we have

x2k − y2k = (x− y)
k−1∑
j=0

(
k + j

2j + 1

)
(−xy)

k−j−1
(x+ y)

2j+1
, (1.3)

x2k+1 − y2k+1 = (x− y)
k∑

j=0

(
k + j

2j

)
(−xy)

k−j
(x+ y)

2j
. (1.4)

Proof. For any integer n ≥ 1 and real numbers x and y, we have the following identity (see [5,
page 23]),

xn − yn

x− y
=

⌊(n−1)/2⌋∑
j=0

(−1)j
(
n− j − 1

j

)
(x+ y)n−2j−1(xy)j .

We obtain the results by considering even and odd values of n separately.

Lemma 1.2. For any real numbers x and y, we have

x2k+1 + y2k+1 =
k∑

j=0

2k + 1
2j + 1

(
k + j

2j

)
(−xy)

k−j
(x+ y)

2j+1
. (1.5)

Proof. For any integer n ≥ 1 and real numbers x and y, we have the following identity (see [6,
Section 4.9], [8, 17])

xn + yn =

⌊n/2⌋∑
j=0

(−1)j
n

n− j

(
n− j

j

)
(x+ y)n−2j(xy)j .

We achieve the result by specifically considering the odd values of n.

2 Melham’s sums for bi-periodic Fibonacci numbers

In this section, we will provide the sums of the powers of the bi-periodic Fibonacci numbers.
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Theorem 2.1. For n ≥ 0 and m ≥ 1, we have

n∑
k=1

q2m+1
2k =

am+1

bm+1(ab+ 4)m

m∑
j=0

(−1)j
(

2m+ 1
j

)
q(2n+1)(2m+1−2j) − q2m+1−2j

l2m+1−2j
, (2.1)

n∑
k=0

q2m+1
2k+1 =

1
(ab+ 4)m

m∑
j=0

(
2m+ 1

j

)
q2(n+1)(2m+1−2j)

l2m+1−2j
, (2.2)

n∑
k=1

q2m
2k =

am

bm(ab+ 4)m

m−1∑
j=0

(−1)j
(

2m
j

)
q(2n+1)(2m−2j)

q2m−2j
+

(−1)mam

bm(ab+ 4)m

(
2m
m

)
(n+

1
2
),

(2.3)
n∑

k=0

q2m
2k+1 =

1
(ab+ 4)m

m−1∑
j=0

(
2m
j

)
q2(n+1)(2m−2j)

q2m−2j
+

n+ 1
(ab+ 4)m

(
2m
m

)
. (2.4)

Proof. Using Binet’s formulas of the bi-periodic Fibonacci and Lucas numbers and since αβ =
−ab, we obtain

n∑
k=1

q2m+1
2k

=

(
a

α− β

)2m+1 n∑
k=1

(
α2k − β2k

(ab)
k

)2m+1

=
a2m+1

(α− β)2m+1

n∑
k=1

2m+1∑
j=0

(−1)j+1
(

2m+ 1
j

)
α2kjβ2k(2m+1−j)

(ab)k(2m+1)

=
a2m+1

(α− β)2m+1

n∑
k=1

m∑
j=0

(−1)j
(

2m+ 1
j

)
(αβ)2kj

(ab)k(2m+1)

(
α2k(2m+1−2j) − β2k(2m+1−2j)

)

=
a2m+1

(α− β)2m+1

m∑
j=0

(−1)j
(

2m+ 1
j

) n∑
k=1

((
α2

ab

)k(2m+1−2j)

−
(
β2

ab

)k(2m+1−2j))

=
a2m+1

(α− β)2m+1

m∑
j=0

(−1)j
(

2m+ 1
j

)
(

α2

ab

)(n+1)(2m+1−2j)
− 1(

α2

ab

)(2m+1−2j)
− 1

−

(
β2

ab

)(n+1)(2m+1−2j)
− 1(

β2

ab

)(2m+1−2j)
− 1



=
a2m+1

(α− β)2m+1

m∑
j=0

(−1)j
(

2m+ 1
j

) α(2n+1)(2m+1−2j)−β(2n+1)(2m+1−2j)

(ab)n(2m+1−2j) + β2m+1−2j − α2m+1−2j

α2m+1−2j + β2m+1−2j

=
am+1

bm+1(ab+ 4)m

m∑
j=0

(−1)j
(

2m+ 1
j

)
q(2n+1)(2m+1−2j) − q2m+1−2j

l2m+1−2j
.

We perform a similar operation on the odd elements, yielding

n∑
k=0

q2m+1
2k+1 =

1
(ab+ 4)m

m∑
j=0

(
2m+ 1

j

)
q2(n+1)(2m+1−2j)

l2m+1−2j
.

Now, considering even power and using Binet’s formula for the number qn, we obtain
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n∑
k=1

q2m
2k =

n∑
k=1

a2m

(ab)
2km

(
α2k − β2k

α− β

)2m

=

(
a

α− β

)2m n∑
k=1

1

(ab)
2km

2m∑
j=0

(−1)j
(

2m
j

)
α2kjβ2k(2m−j)

=

(
a

α− β

)2m n∑
k=1

m−1∑
j=0

(−1)j
(

2m
j

)
(αβ)

2kj

(ab)
2km

(
α2k(2m−2j) + β2k(2m−2j)

)

+ (−1)mn

(
a

α− β

)2m(2m
m

)

=
am

bm(a2b2 + 4ab)m

m−1∑
j=0

(−1)j
(

2m
j

) n∑
k=1

((
α2

ab

)k(2m−2j)

+

(
β2

ab

)k(2m−2j))

+
(−1)mamn

bm(a+ 4)m

(
2m
m

)

=
(a
b

)m 1
(ab+ 4)m

m−1∑
j=0

(−1)j
(

2m
j

)(
q(2n+1)(2m−2j)

q2m−2j
− 1
)
+

(−1)mamn

bm(a+ 4)m

(
2m
m

)

=
am

bm(ab+ 4)m

m−1∑
j=0

(−1)j
(

2m
j

)
q(2n+1)(2m−2j)

q2m−2j
+ (−1)m

(
2m− 1
m− 1

)
+

(−1)mamn

bm(a+ 4)m

(
2m
m

)

=
am

bm(ab+ 4)m

m−1∑
j=0

(−1)j
(

2m
j

)
q(2n+1)(2m−2j)

q2m−2j
+

(−1)mam

bm(ab+ 4)m

(
2m
m

)
(n+

1
2
).

We perform a similar operation on the odd elements, yielding

n∑
k=0

q2m
2k+1 =

1
(ab+ 4)m

m−1∑
j=0

(
2m
j

)
q2(n+1)(2m−2j)

q2m−2j
+

n+ 1
(ab+ 4)m

(
2m
m

)
.

Note that, for a = b = 1, we obtain the sums of the powers of the classical Fibonacci numbers
(see [15]).

The sums of the powers of the bi-periodic Fibonacci numbers can be expressed in terms of
the powers of the numbers themselves.

Theorem 2.2. For n ≥ 0 and m ≥ 1, we have

n∑
k=1

q2m+1
2k =

(a
b

)m+1 m∑
k=0

q2k+1
2n+1

m−k∑
j=0

(−1)m−k (ab+ 4)k−m

l2m+1−2j

(
2m+ 1

j

)(
m− j + k

2k

)
2m+ 1 − 2j

2k + 1

−
(a
b

)m+1 1
(ab+ 4)m

m∑
j=0

(−1)j
(

2m+ 1
j

)
q2m+1−2j

l2m+1−2j
,

(2.5)

n∑
k=0

q2m+1
2k+1 =

m∑
k=0

q2k+1
2(n+1)

m−k∑
j=0

(
b

a

)k
(ab+ 4)k−m

l2m+1−2j

(
2m+ 1

j

)(
m− j + k

2k

)
2m+ 1 − 2j

2k + 1
,

(2.6)
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n∑
k=1

q2m
2k =

(a
b

)m
l2n+1

m−1∑
k=0

q2k+1
2n+1

m−k−1∑
j=0

(−1)m−k−1
(

2m
j

)(
m− j + k

2k + 1

)
(ab+ 4)k−m

+
(−1)mam

bm(ab+ 4)m

(
2m
m

)(
n+

1
2

)
,

(2.7)

n∑
k=0

q2m
2k+1 = l2(n+1)

m−1∑
k=0

q2k+1
2(n+1)

m−k−1∑
j=0

(
b

a

)k
(ab+ 4)k−m

q2m−2j

(
2m
j

)(
m− j + k

2k + 1

)

+
(a
b

)m+1 n+ 1
(ab+ 4)m

(
2m
m

)
.

(2.8)

Proof. Taking x = α2n+1
√
ab(ab)n

and y = − β2n+1
√
ab(ab)n

in (1.5), we derive the following formula

q(2n+1)(2m−2j+1) =
m−j∑
k=0

(−1)m−j−k 2m+ 1 − 2j
2k + 1

(
m− j + k

2k

)
(ab+ 4)k q2k+1

2n+1. (2.9)

Substituting (2.9) into (2.1), we get

n∑
k=1

q2m+1
2k =

am+1

bm+1(ab+ 4)m

m∑
j=0

(
2m+ 1

j

)m−j∑
k=0

(−1)m−k 2m+ 1 − 2j
(2k + 1)l2m+1−2j

(
m− j + k

2k

)

× (ab+ 4)k q2k+1
2n+1 −

m∑
j=0

(−1)j
(

2m+ 1
j

)
q2m+1−2j

l2m+1−2j

=
(a
b

)m+1 m∑
k=0

q2k+1
2n+1

m−k∑
j=0

(−1)m−k (ab+ 4)k−m

l2m+1−2j

(
2m+ 1

j

)(
m− j + k

2k

)
2m+ 1 − 2j

2k + 1

−
(a
b

)m+1 1
(ab+ 4)m

m∑
j=0

(−1)j
(

2m+ 1
j

)
q2m+1−2j

l2m+1−2j
.

Taking x = α2(n+1)

(ab)n+1 and y = − β2(n+1)

(ab)n+1 in (1.5), we obtain

q2(n+1)(2m+1−2j) =
m−j∑
k=0

2m+ 1 − 2j
2k + 1

(
m− j + k

2k

)(
b

a

)k

(ab+ 4)k q2k+1
2(n+1). (2.10)

Substituting (2.10) into (2.2), we get

n∑
k=0

q2m+1
2k+1 =

1
(ab+ 4)m

m∑
j=0

(
2m+ 1

j

)m−j∑
k=0

2m+ 1 − 2j
2k + 1

(
m− j + k

2k

)(
b

a

)k
(ab+ 4)k

l2m+1−2j
q2k+1

2(n+1)

=
m∑
k=0

q2k+1
2(n+1)

m−k∑
j=0

(
b

a

)k
(ab+ 4)k−m

l2m+1−2j

(
2m+ 1

j

)(
m− j + k

2k

)
2m+ 1 − 2j

2k + 1
.

Taking x = α2n+1
√
ab(ab)n

and y = − β2n+1
√
ab(ab)n

in (1.3), we obtain

q(2n+1)(2m−2j) = l2n+1

m−j−1∑
k=0

(−1)m−j−k−1
(
m− j + k

2k + 1

)
(ab+ 4)kq2k+1

2n+1. (2.11)
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Substituting (2.11) into (2.3), we get

n∑
k=1

q2m
2k =

am

bm(ab+ 4)m

m−1∑
j=0

(
2m
j

)
l2n+1

q2m−2j

m−j−1∑
k=0

(−1)m−k−1
(
m− j + k

2k + 1

)
(ab+ 4)kq2k+1

2n+1

+
(−1)mam

bm(ab+ 4)m

(
2m
m

)
(n+

1
2
)

=
(a
b

)m
l2n+1

m−1∑
k=0

q2k+1
2n+1

m−k−1∑
j=0

(−1)m−k−1
(

2m
j

)(
m− j + k

2k + 1

)
(ab+ 4)k−m

+
(−1)mam

bm(ab+ 4)m

(
2m
m

)(
n+

1
2

)
.

Taking x = α2(n+1)

(ab)n+1 and y = − β2(n+1)

(ab)n+1 in (1.3), we obtain

q2(n+1)(2m−2j) = l2(n+1)

m−j−1∑
k=0

(
b

a

)k (
m− j + k

2k + 1

)
(ab+ 4)k q2k+1

2(n+1). (2.12)

Substituting (2.12) into (2.4), we get

n∑
j=0

q2m
2j+1 =

1
(ab+ 4)m

m−1∑
k=0

(
2m
k

)
l2(n+1)

q2m−2k

m−j−1∑
k=0

(
b

a

)k (
m− j + k

2k + 1

)
(ab+ 4)k q2k+1

2(n+1)

+
n+ 1

(ab+ 4)m

(
2m
m

)

= l2(n+1)

m−1∑
k=0

q2k+1
2(n+1)

m−k−1∑
j=0

(
b

a

)k
(ab+ 4)k−m

q2m−2j

(
2m
j

)(
m− j + k

2k + 1

)

+
(a
b

)m+1 n+ 1
(ab+ 4)m

(
2m
m

)
.

The sums of the powers of bi-periodic Fibonacci numbers can be expressed in terms of the
powers of bi-periodic Lucas numbers.

Theorem 2.3. For n ≥ 0 and m ≥ 1, we have
n∑

k=1

q2m+1
2k =

q2n+1

(ab+ 4)m

m∑
k=0

l2k2n+1

m−k∑
j=0

(−1)j

l2m+1−2j

(a
b

)m+1−k
(

2m+ 1
j

)(
m− j + k

2k

)

−
(a
b

)m+1 1
(ab+ 4)m

m∑
j=0

(−1)j
(

2m+ 1
j

)
q2m+1−2j

l2m+1−2j
,

(2.13)

n∑
k=0

q2m+1
2k+1 =

q2n+2

(ab+ 4)m

m∑
k=0

l2k2n+2

m−k∑
j=0

(−1)m−j−k

l2m+1−2j

(
2m+ 1

j

)(
m− j + k

2k

)
, (2.14)

n∑
k=1

q2m
2k =

q2n+1

(ab+ 4)m
m−1∑
k=0

l2k+1
2n+1

m−k−1∑
j=0

(−1)j

q2m−2j

(a
b

)m−k
(

2m
j

)(
m− j + k

2k + 1

)

+
a2m(−1)m

(a2b2 + 4ab)m

(
2m
m

)(
n+

1
2

)
,

(2.15)

n∑
k=0

q2m
2k+1 =

q2n+2

(ab+ 4)m

m−1∑
k=0

l2k+1
2n+2

m−k−1∑
k=0

(−1)m−j−k+1

q2m−2j

(
2m
j

)(
m− j + k

2k + 1

)

+
n+ 1

(ab+ 4)m

(
2m
m

)
.

(2.16)



BI-PERIODIC FIBONACCI AND LUCAS NUMBERS’ SUMS 421

Proof. Substituting x = α2n+1
√
ab(ab)n

, y = β2n+1
√
ab(ab)n

, and x = α2(n+1)

(ab)n+1 , y = β2(n+1)

(ab)n+1 into equations
(1.4) and (1.3) leads to the following respective formulas:

q(2n+1)(2m+1−2j) = q2n+1

m−j∑
k=0

(
b

a

)k (
m− j + k

2k

)
l2k2n+1, (2.17)

q2(n+1)(2m+1−2j) = q2(n+1)

m−j∑
k=0

(−1)m−j−k

(
m− j + k

2k

)
l2k2n+2, (2.18)

q(2n+1)(2m−2j) = q2n+1

m−j−1∑
k=0

(
b

a

)k (
m− j + k

2k + 1

)
l2k+1
2n+1, (2.19)

q2(n+1)(2m−2j) = q2(n+1)

m−j−1∑
k=0

(−1)m−j−k+1
(
m− j + k

2k + 1

)
l2k+1
2n+2. (2.20)

Substituting (2.17), (2.18), (2.19), and (2.20) into (2.1), (2.2), (2.3), and (2.4), respectively,
yields the results.

Note that if we substitute a = b = 1 into equations (2.7), (2.13), (2.14), and (2.16), we obtain
the following results.

Corollary 2.4. For n ≥ 0 and m ≥ 1, we have

n∑
k=1

F 2m
2k = L2n+1

m−1∑
k=0

F 2k+1
2n+1

m−k−1∑
j=0

(−1)m−k−1
(

2m
j

)(
m− j + k

2k + 1

)
5k−m

+
(−1)m

5m

(
2m
m

)(
n+

1
2

)
,

n∑
k=1

F 2m+1
2k =

1
5m

m∑
k=0

L2k
2n+1

m−k∑
j=0

(−1)j
(

2m+ 1
j

)(
m− j + k

2k

)
F2n+1

L2m+1−2j

− 1
5m

m∑
j=0

(−1)j
(

2m+ 1
j

)
F2m+1−2j

L2m+1−2j
,

n∑
k=0

F 2m+1
2k+1 =

F2n+2

5m

m∑
k=0

L2k
2n+2

m−k∑
j=0

(−1)m−j−k

L2m+1−2j

(
2m+ 1

j

)(
m− j + k

2k

)
,

n∑
k=0

F 2m
2k+1 =

F2n+2

5m

m−1∑
k=0

L2k+1
2n+2

m−k−1∑
k=0

(−1)m−j−k+1

F2m−2j

(
2m
j

)(
m− j + k

2k + 1

)
+

n+ 1
5m

(
2m
m

)
.

Remark 2.5. Note that if we take a = b = 1 in (2.5), (2.6), (2.8), and (2.15), we obtain closed
formulas for the sums of the powers of the classical Fibonacci numbers (see [15]).

3 Melham’s sums for bi-periodic Lucas numbers

In the following theorem, we provide closed formulas for the sums of the powers of bi-periodic
Lucas numbers.
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Theorem 3.1. For n ≥ 0 and m ≥ 1, we have
n∑

k=0

l2m+1
2k =

m∑
j=0

(
2m+ 1

j

)
l(2n+1)(2m+1−2j)

l2m+1−2j
+ 4m, (3.1)

n∑
k=0

l2m+1
2k+1 =

(a
b

)m+1 m∑
j=0

(−1)j
(

2m+ 1
j

)
l2(n+1)(2m+1−2j) − 2

l2m+1−2j
, (3.2)

n∑
k=0

l2m2k =
m−1∑
j=0

(
2m
j

)
q(2n+1)(2m−2j)

q2m−2j
+ 22m−1 +

(
2m
m

)
(n+

1
2
), (3.3)

n∑
k=0

l2m2k+1 =
(a
b

)m m−1∑
j=0

(−1)j
(

2m
j

)
q2(n+1)(2m−2j)

q2m−2j
+ (−1)m

(a
b

)m(2m
m

)
(n+ 1). (3.4)

Proof. From Binet’s formula for the bi-periodic Lucas numbers, we write

n∑
k=0

l2m+1
2k =

n∑
k=0

(
α2k + β2k

(ab)k

)2m+1

=
n∑

k=0

m∑
j=0

(
2m+ 1

j

)
(αβ)2kj

(ab)k(2m+1)

(
α2k(2m+1−2j) + β2k(2m+1−2j)

)

=
m∑
j=0

(
2m+ 1

j

) n∑
k=0

((
α2

ab

)k(2m+1−2j)

+

(
β2

ab

)k(2m+1−2j))

=
m∑
j=0

(
2m+ 1

j

)(
α(2n+1)(2m+1−2j) + β(2n+1)(2m+1−2j)

(ab)n(2m+1−2j) (α2m+1−2j + β2m+1−2j)

)
+

m∑
j=0

(
2m+ 1

j

)

=
m∑
j=0

(
2m+ 1

j

)
l(2n+1)(2m+1−2j)

l2m+1−2j
+ 4m.

We perform a similar operation on the odd elements, resulting in
n∑

k=0

l2m+1
2k+1 =

(a
b

)m+1 m∑
j=0

(−1)j
(

2m+ 1
j

)
l2(n+1)(2m+1−2j) − 2

l2m+1−2j
.

Similarly, using Binet’s formulas for numbers qn and ln, we obtain the following equations for
the even power

n∑
k=0

l2m2k =
m−1∑
j=0

(
2m
j

)
q(2n+1)(2m−2j)

q2m−2j
+ 22m−1 +

(
2m
m

)
(n+

1
2
)

and
n∑

k=0

l2m2k+1 =
(a
b

)m m−1∑
j=0

(−1)j
(

2m
j

)
q2(n+1)(2m−2j)

q2m−2j
+ (−1)m

(a
b

)m(2m
m

)
(n+ 1).

Note that when a = b = 1, we obtain the sums of the powers of the classical Lucas numbers
(see [15]).

The sums of the powers of bi-periodic Lucas numbers can be expressed in terms of the powers
of the numbers themselves.

Theorem 3.2. For n ≥ 0 and m ≥ 1, we have

n∑
k=0

l2m+1
2k =

m∑
k=0

l2k+1
2n+1

m−k∑
j=0

(
b

a

)k 2m+ 1 − 2j
2k + 1

(
2m+ 1

j

)(
m− j + k

2k

)
1

l2m+1−2j
+4m, (3.5)
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n∑
k=0

l2m+1
2k+1 =

(a
b

)m+1 m∑
k=0

l2k+1
2n+2

m−k∑
j=0

(−1)m−k

2k + 1

(
2m+ 1

j

)(
m− j + k

2k

)
2m+ 1 − 2j
l2m+1−2j

− 2
(a
b

)m+1 m∑
j=0

(−1)j

l2m+1−2j

(
2m+ 1

j

)
,

(3.6)

n∑
k=0

l2m2k =
m−1∑
k=0

l2k+1
2n+1

m−k−1∑
j=0

(
b

a

)k (2m
j

)(
m− j + k

2k + 1

)
q2n+1

q2m−2j
+22m−1+

(
2m
m

)
(n+

1
2
), (3.7)

n∑
k=0

l2m2k+1 =
(a
b

)m
q2n+2

m−1∑
k=0

l2k+1
2n+2

m−k−1∑
j=0

(−1)m−k−1

q2m−2j

(
2m
j

)(
m− j + k

2k + 1

)

+ (−1)m
(a
b

)m(2m
m

)
(n+ 1).

(3.8)

Proof. Taking x = α2n+1
√
ab(ab)n

, y = β2n+1
√
ab(ab)n

, and x = α2(n+1)

(ab)n+1 , y = β2(n+1)

(ab)n+1 in (1.5), respectively,
we obtain the following formulas

l(2n+1)(2m+1−2j) =
m−j∑
k=0

(
b

a

)k 2m+ 1 − 2j
2k + 1

(
m− j + k

2k

)
l2k+1
2n+1, (3.9)

l2(n+1)(2m+1−2j) =
m−j∑
k=0

(−1)m−j−k 2m+ 1 − 2j
2k + 1

(
m− j + k

2k

)
l2k+1
2n+2. (3.10)

Substituting equations (3.9), (3.10), (2.19), and (2.20) into (3.1), (3.2), (3.3), and (3.4), respec-
tively, yields the desired results.

The sums of the powers of bi-periodic Lucas numbers can be expressed in terms of the powers
of the bi-periodic Fibonacci numbers.

Theorem 3.3. For n ≥ 0 and m ≥ 1, we have

n∑
k=0

l2m+1
2k = l2n+1

m∑
k=0

q2k
2n+1

m−k∑
j=0

(−1)m−j−k

(
2m+ 1

j

)(
m− j + k

2k

)
(ab+ 4)k

l2m+1−2j
+ 4m, (3.11)

n∑
k=0

l2m+1
2k+1 = l2n+2

m∑
k=0

q2k
2n+2

m−k∑
j=0

(−1)j
(a
b

)m+1−k
(

2m+ 1
j

)(
m− j + k

2k

)
(ab+ 4)k

l2m+1−2j

− 2
(a
b

)m+1 m∑
j=0

(−1)j

l2m+1−2j

(
2m+ 1

j

)
,

(3.12)

n∑
k=0

l2m2k = l2n+1

m−1∑
k=0

q2k+1
2n+1

m−k−1∑
j=0

(−1)m−j−k−1
(

2m
j

)(
m− j + k

2k + 1

)
(ab+ 4)k

q2m−2j

+ 22m−1 +

(
2m
m

)
(n+

1
2
),

(3.13)

n∑
k=0

l2m2k+1 = l2n+2

m−1∑
k=0

q2k+1
2n+2

m−k−1∑
j=0

(−1)j
(a
b

)m−k
(

2m
j

)(
m− j + k

2k + 1

)
(ab+ 4)k

q2m−2j

+ (−1)m
(a
b

)m(2m
m

)
(n+ 1).

(3.14)

Proof. Taking x = α2n+1
√
ab(ab)n

, y = − β2n+1
√
ab(ab)n

, and x = α2(n+1)

(ab)n+1 , y = − β2(n+1)

(ab)n+1 in (1.4), respec-
tively, we get
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l(2n+1)(2m+1−2j) = l2n+1

m−j∑
k=0

(−1)m−j−k

(
m− j + k

2k

)
(ab+ 4)kq2k

2n+1, (3.15)

l2(n+1)(2m+1−2j) = l2(n+1)

m−j∑
k=0

(
m− j + k

2k

)(
b

a

)k

(ab+ 4)kq2k
2n+2. (3.16)

By replacing (3.15), (3.16), (2.11), and (2.12) in (3.1), (3.2), (3.3), and (3.4), respectively, we
obtain results.

When substituting a = b = 1 in (3.8), (3.11), (3.12), and (3.13), we get the following results.

Corollary 3.4. For n ≥ 0 and m ≥ 1, we have
n∑

k=0

L2m
2k+1 =

m−1∑
k=0

L2k+1
2n+2

m−k−1∑
j=0

(−1)m−k−1 F2n+2

F2m−2j

(
2m
j

)(
m− j + k

2k + 1

)
+ (−1)m

(
2m
m

)
(n+ 1),

n∑
k=0

L2m+1
2k =

m∑
k=0

F 2k
2n+1

m−k∑
j=0

(−1)m−j−k

(
2m+ 1

j

)(
m− j + k

2k

)
5kL2n+1

L2m+1−2j
+ 4m,

n∑
k=0

L2m+1
2k+1 =

m∑
k=0

F 2k
2n+2

m−k∑
j=0

(−1)j
(

2m+ 1
j

)(
m− j + k

2k

)
5kL2n+2

L2m+1−2j
−

m∑
j=0

2(−1)j

L2m+1−2j

(
2m+ 1

j

)
,

n∑
k=0

L2m
2k =

m−1∑
k=0

F 2k+1
2n+1

m−k−1∑
j=0

(−1)m−j−k−1
(

2m
j

)(
m− j + k

2k + 1

)
5kL2n+1

F2m−2j
+

(
2m
m

)
(n+

1
2
)

+ 22m−1.

Remark 3.5. Note that if we take a = b = 1 in (3.5), (3.6), (3.7), and (3.14), we obtain closed
formulas for the sums of the powers of the classical Lucas numbers (see [15]).

4 Generating Function

In this section, we establish the generating functions corresponding to the sequences (qmn ) and
(lmn ).

Theorem 4.1. For a fixed m ≥ 1, we have for m odd

∑
n≥0

qmn zn =
z

(a2b2 + 4ab)(m−1)/2

m−1
2∑

k=0

(
m

k

)
(−1)kam−1q2(m−2k)z + (ab)(m−1)/2qm−2k(1 − z2)

1 − l2(m−2k)z2 + z4

and for m even

∑
n≥0

qmn zn =
1

(a2b2 + 4ab)m/2

m
2 −1∑
k=0

(
m

k

)
(−1)kam(2 − l2(m−2k)z

2) + (ab)m/2lm−2kz(1 − z2)

1 − l2(m−2k)z2 + z4

+

(
m

m/2

)
(−1)m/2am + (ab)m/2z

(a2b2 − 4ab)m/2(1 − z2)
.

Proof. From Binet’s formula for the bi-periodic Fibonacci sequence, we obtain∑
n≥0

qmn zn =
∑
n≥0

qm2nz
2n +

∑
n≥0

qm2n+1z
2n+1

=
am

(α− β)m

∑
n≥0

(
1
ab

)mn (
α2n − β2n)m z2n

+
1

(α− β)m

∑
n≥0

(
1
ab

)mn (
α2n+1 − β2n+1)m z2n+1.
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According to the binomial theorem, it follows that∑
n≥0

qmn zn =
am

(α− β)m

∑
n≥0

(
1
ab

)mn m∑
k=0

(−1)m−k

(
m

k

)
α2nkβ2n(m−k)z2n

+
1

(α− β)m

∑
n≥0

(
1
ab

)mn m∑
k=0

(−1)m−k

(
m

k

)
αk(2n+1)β(m−k)(2n+1)z2n+1

=
am

(α− β)m

m∑
k=0

(−1)m−k

(
m

k

)∑
n≥0

((
1
ab

)m

α2kβ2(m−k)z2
)n

+
z

(α− β)m

m∑
k=0

(−1)m−k

(
m

k

)
αkβm−k

∑
n≥0

((
1
ab

)m

α2kβ2(m−k)z2
)n

=
1

(α− β)m

m∑
k=0

(−1)m−k

(
m

k

)
am + αkβm−kz

1 −
( 1
ab

)m
α2kβ2(m−k)z2

.

Consider the case when m is odd∑
n≥0

qmn zn =

(m−1)/2∑
k=0

(−1)k

(α− β)m

(
m

k

)(
am + αm−kβkz

1 −
( 1
ab

)m
α2(m−k)β2kz2

− am + αkβm−kz

1 −
( 1
ab

)m
α2kβ2(m−k)z2

)

=
1

(α− β)m

(m−1)/2∑
k=0

(−1)k
(
m

k

) am (αβ)2k

(ab)m

(
α2(m−2k) − β2(m−2k)

)
z2

1 −
( 1
ab

)m−2k (
α2(m−2k) + βm−2k

)
z2 + z4

+
z
(
αm−2k − βm−2k

) (
(αβ)k + (αβ)m+k

(ab)m z2
)

1 −
( 1
ab

)m−2k (
α2(m−2k) + βm−2k

)
z2 + z4


=

z

(α− β)m−1

m−1
2∑

k=0

(
m

k

)
(−1)kam−1q2(m−2k)z + (ab)(m−1)/2qm−2k(1 − z2)

1 − l2(m−2k)z2 + z4 .

Consider the case when m is even∑
n≥0

qmn zn =

m
2 −1∑
k=0

(−1)k

(α− β)m

(
m

k

)(
am + αm−kβkz

1 −
( 1
ab

)m
α2(m−k)β2kz2

+
am + αkβm−kz

1 −
( 1
ab

)m
α2kβ2(m−k)z2

)

+ (−1)m/2
(

m

m/2

)
am + (αβ)m/2z

(α− β)m(1 − (αβ)mz2)

=
1

(α− β)m

m
2 −1∑
k=0

(
m

k

)am(−1)k
(

2 − 1
(ab)m−2k

(
α2(m−2k) + β2(m−2k)

)
z2
)

1 −
( 1
ab

)m−2k (
α2(m−2k) + βm−2k

)
z2 + z4

+
(ab)kz

(
αm−2k + βm−2k

)
(1 − z2)

1 −
( 1
ab

)m−2k (
α2(m−2k) + βm−2k

)
z2 + z4

)
+

(
m

m/2

)
(−1)m/2am + (ab)m/2z

(α− β)m(1 − z2)

=
1

(α− β)m

m
2 −1∑
k=0

(
m

k

)
(−1)kam(2 − l2(m−2k)z

2) + (ab)m/2lm−2kz(1 − z2)

1 − l2(m−2k)z2 + z4

+

(
m

m/2

)
(−1)m/2am + (ab)m/2z

(α− β)m(1 − z2)
.

Theorem 4.2. For a fixed m ≥ 1, we have for m odd

∑
n≥0

lmn zn =

m−1
2∑

k=0

(
m

k

)
2 − l2(m−2k)z

2 + (−1)k(a/b)(m−1)/2lm−2kz(1 + z2)

1 − l2(m−2k)z2 + z4
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and for m even

∑
n≥0

lmn zn =

m
2 −1∑
k=0

(
m

k

)
2 − l2(m−2k)z

2 + (−1)k(a/b)m/2lm−2kz(1 − z2)

1 − l2(m−2k)z2 + z4

+

(
m

m/2

)
1 + (−1)m/2(a/b)m/2z

1 − z2 .

Proof. Consider

∑
n≥0

lmn zn =
∑
n≥0

lm2nz
2n +

∑
n≥0

lm2n+1z
2n+1 =

m∑
k=0

1 + (1/b)mαkβm−kz

1 − 1/(ab)mα2kβ2(m−k)
.

By considering even and odd values of m separately, we obtain results.
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