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Abstract In this paper, we establish various formulas for the sums of powers of bi-periodic
Fibonacci and Lucas numbers, along with their associated generating functions.

1 Introduction

For any integer n > 2, the well-known Fibonacci and Lucas numbers are defined by the following
recurrence relations

F,=F,_1+F,» and Ly=1L,_1+ Ln727

with initial conditions Fy = 0, F; =1, Ly = 2, and L; = 1, respectively. Several recent studies
have explored generalizations of Fibonacci and Lucas numbers along with their properties [2,
3,4,7,9, 10, 14, 19]. Specifically, Edson and Yayenie [7] defined the bi-periodic Fibonacci
numbers for any integer n > 2 as

aQn_1+ Gn_n, if niseven,
qn = { (11)

bgn_1 + qn_», ifnisodd,

with initial values gy = 0 and ¢; = 1, where a and b are nonzero reals numbers. Note that if
a = b = 1, then ¢, is the nth Fibonacci number. Afterward, Bilgici [4] defined the bi-periodic
Lucas numbers for any integer n > 2 as follows

= {blnl +1,_», ifniseven, (1.2)

alp_1 +1,_», ifnisodd,

with initial values [ = 2 and [y = a. When a = b = 1, we obtain the classic Lucas numbers. The
properties of bi-periodic Fibonacci and Lucas numbers have been investigated through diverse
approaches in various studies [1, 11, 16].

Their Binet formulas are expressed as follows

_ ag(n+l) a — "
= (a2l a3

€
(ab)Ln+1)/2] (

and
a?’l + /B'Il)’

In =

where | x| denotes the floor function of z, £(n) = n—2|n/2] is the parity function (i.e., £(n) =0
when n is even and £(n) = 1 when n is odd), and « and 3 denote the roots of the characteristic
equation 2> — abxr — ab = 0, given by

_ab+ \/ab(ab +4) and § = ab — \/ab(ab + 4)
5 =

B 2
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The evaluation of sums involving powers of Fibonacci and Lucas numbers poses a challenging
problem that has interested mathematicians for many years. Wiemann and Cooper [18] reported
certain conjectures proposed by Melham related to the sum Y _, FZZ,;”*‘ as given in [12], where
m is a positive integer. Subsequently, Ozeki [13] provided an explicit expansion for the sum
Yo Fzz,:,”“ as a polynomial in powers of F5,, ;. Prodinger [15] independently obtained similar
result and derived general expansion formulas for sums

S F a3 e <5< (0.1
k=0 =

In this paper, we initially derive explicit formulas for the following sums
n
Z Gy and Z 1374, where m is a positive integer and ¢, 6 € {0, 1}.

These formulas extend Melham’s sums to the powers of the bi-periodic Fibonacci and Lucas
numbers while also introducing new expressions for the classical Fibonacci and Lucas numbers.
Subsequently, we establish the generating functions for the powers of the bi-periodic Fibonacci
and Lucas sequences. To prove the main results, we require the following lemmas.

Lemma 1.1. For any real numbers x and y, we have

k 1
k+j k—j—1 2j+1

2%k _y, J (A 1.3

" 03 (3551) e ek (13)

<.

k

e R R A Z <k2;3> (_xy)k*j (z + y)Zj ) (1.4)

§=0

Proof. For any integer n > 1 and real numbers x and y, we have the following identity (see [5,
page 23]),
n_.n L=D/2] m— i1 , 4
D DIV G [EE L
J

=0

We obtain the results by considering even and odd values of n separately. O

Lemma 1.2. For any real numbers x and y, we have

2k+1(k+j k—j 2j+1
2k+1 2k+1 _ _ J J+ 15
Py Zm]( ) o 15

Proof. For any integer n > 1 and real numbers = and y, we have the following identity (see [6,
Section 4.9], [8, 17])

2 o
=2 (") e

= n—j\ Jj

We achieve the result by specifically considering the odd values of n. O

2 Melham’s sums for bi-periodic Fibonacci numbers

In this section, we will provide the sums of the powers of the bi-periodic Fibonacci numbers.
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Theorem 2.1. For n > 0 and m > 1, we have

knl At = — ;';:1_ = Jmo <2m—|— > (ZnH)(mzZ::f)_; q2m+172j7 @
1:0 quﬁl N (ab+ 4 (ab+4)" Jf: <2m ; )W7 22)
S =g 2 () B i () e
2.3)
= e 5 () e L)y

Proof. Using Binet’s formulas of the bi-periodic Fibonacci and Lucas numbers and since aff =
—ab, we obtain

2m+1
Z B

B (a i B)2m+l z": a2l(c ;fzk>2m“
k=1 ab)

n 2m+l1 ; _
_ q2m+1 + (71)%1 2m + 1 a2k]ﬁ2k¢(2m+l J)
(a _ ﬂ)Zerl (ab)k(2m+l)

a2m+l

n m 2m+1 BZk-j P P
_(alB)ZmHZZ(_I)J( " )(a(gk(%(a%@ +1-25) _ g2k(2m+1 2;))

n o2 k(2m+1-25) 52 k(2m+1-2j)
(G RN N

a2m+1 m (_ <2m_,’_1
0

- (o — B)2m+1 g
(n+1)(2m+1-23) B a2 (n+1)(2m~+1-2j) B
g ( EZ ) (2m+1-25) o o ( le)(2m+12j)
ab ab -
It

7n+l (2m+1-25) _B("n+l)(2m+l 25)

. 4 BEmHI=2) _ 2l =2j
(ab)"Cm=23)

)
~ (o izg;:n-i—l fg(—l)j <2mj+ 1)
)-

B g2+l m (—l)j <2m +1
=0

- (a _ B)Zm-H / j a2m+1-2j + ﬂ2m+172j
=
amt! i 2m + 1\ deninem+1-2) = @mi1-25
 pmt(ab + 4)m (ab + 4)m = lamt1-2;

We perform a similar operation on the odd elements, yielding

Somi_ 1 (2m+1>‘12<n+1><2m+1—2j>

D1 — 7 1 m .
k=0 w (ab+4) §=0 J l2m+172j

Now, considering even power and using Binet’s formula for the number ¢,,, we obtain
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B a2m ok _ g2k 2m
Zq”“ -5 (ab)™™ ( a—p )

k=1

B <a - B)zm z”: (ab)l%m

< ) 2k]62k (2m—j)
k=1

Z
2m n m—1 2kj
_(_“ 1y 2m> (aB)™ o 2k@m=2)) | g2k(2m—27)
< ) . = <J’ b) ( 7 )

_ 2km
a-p =1 j=0 (a

(i)

")
m— n k(2m—2j k(2m—2j5
a™ Z (_l)j m &2 ( 7) N 572 ( )
~pm (a?V? + 4ab)™ — j)4 ab ab

=1

—

_ (g)m 1 Tg:l(—l)J (2m> (Q(ZnJrl)(Qm—Zj) _ 1) n (71)mamn (2m>
b/ (ab+4)™ = J Gm—2j b(a+4)™ \\m

a™ i 2m\ 4@2n+1)2m—2;) 2m -1
__ Ry den+1)@m=2) |« ym (2~
bm(ab + 4)m - ( ) < J ) q2m—2j * ( ) ( m—1 )

m—1
[ 2m)\ d2n+1)(2m—2j) (=1)ma™ (2m> 1
= 0 N1y (7 + + ).
pm (CLb + 4)m = ( ) < j ) Gm—2; pm (Cbb + 4)m m (TL 2)

We perform a similar operation on the odd elements, yielding

m—1
1 2m\ ©(n+1)(2m—25) n+1 (2m
Zq"”““ b+4)’"z;(j) @ ar\m)

Q2m-—2,
j= mee

O

Note that, for a = b = 1, we obtain the sums of the powers of the classical Fibonacci numbers
(see [15]).

The sums of the powers of the bi-periodic Fibonacci numbers can be expressed in terms of
the powers of the numbers themselves.

Theorem 2.2. For n > 0 and m > 1, we have
2m+1 _ 2kt 1 ym= g(ab+4)Fm 2m 4 1\ (m—j+k\2m+1—2j
Zq ( ) Zq%“ Z ; 2k 2k + 1

lamy1-2; J
a\m+l1 1 n (dm + 1) Gt 1-2;
— | = - _1 J ) ]7
(b) (ab +4) sz_;( ) ( J lam+1-25
(2.5
nq2m+17 - 2t mk( ) ab+4) (2m+1>(m—j—l—k>2m+1—2j
£ B = 2Dl g bm+1-2j j 2k %k+1

(2.6)
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m—1 m—k—1 .
a e (2m\ (m—j+k _
Z‘bk :(’) bt D i D ()" ]<j>( 2k +1 )(abH)k :
k=0 3=0 2.7

n (=1)™a™ (2m n—i—l
b (ab + 4)™ \ m 2)

m—1 m—k—1 .
(ab+4 2m\ (m—j+k
o i, S (£) A ()
k=0

q2m—2j J

7=0 (2.8)
ay™tl  n+1 2m
+ (5) (ab+4)m ( )
Proof. Taking x = ﬁ andy = — % in (1.5), we derive the following formula
m—j . .
m—ik2m+1-=25/m—-j5+k
d2n+1)(2m—2j+1) = Z(—l) ! k2k+l( 2k ) (ab+4)kq§§ﬂ (2.9)
k=0
Substituting (2.9) into (2.1), we get
szﬂi a™ ! Z 2m+ mJ mek_ 2m+1-25 (m—j+k
e b (ab + 4)m k:O 2k + Dlame1—2; \ 2k
= i (2m 4 1\ @ama1-2;
X ab—i—4kq2§H —IJ( . >7
( ) it JX%( ) J lam+1-2;
:(g>m+1 m’" ’“ - L (ab+4)F~ (2m+1)<m—j+k)2m+l—2j
b prt Dt FO bm+1-2; j 2k 2k +1
B (g)m“ zm: (Zm + 1> Pm+1-2;
b (ab + 4 (ab+4)™ = j bmi1-25
Taking © = % and y = —&11 n (1.5), we obtain
(ab) (ab)
m—j . . k
2m+1-25/m—j3+k\ (b k oktl
D(n+1)2m+1-2j) = % 2k+1< 2k ) (a) (ab+4)"q (n++1) (2.10)
Substituting (2.10) into (2.2), we get
Z Imtl _ Zm: 2m+ Tnz_:jzm+1—2j m—j+k\ (b " (ab+4)" 2Ue+1
Bkt = b+4 (ab+4)™ 2%+ 1 2k a) 1oy Rt
=0 k=0
i - ’”Z’“( ) (ab+4)"*~ (2m+1><m—j—|—k)2m+1—2j
—~ 2(n+1) = l2m+1_2j J 2k 2k +1 '
Taking © = % and y = —% in (1.3), we obtain
m—j—1 .
ikl (M —7+k
d2n+1)2m—25) = l2n+l Z (*1) ik 1( 2%k 4+ 1 >( b+4)k %Zi} (2.11)

k=0



420 N. Belaggoun and H. Belbachir

Substituting (2.11) into (2.3), we get

m—j—1
am™ 2m\ b e _k_l(m—j+k) kil
= -1 b+ 4 -
Zq ab_|_4 m Z ( ] >q2m 2 g ( ) 2k+1 (a’ ) q2n+l

+W(2$)<n+i>

m—k—1 .
_ (@ 2k+1 m—k—1(2m\ (m—j+k k-
- (*) Bns Z Gt D (1) < j >( w1 )@t

7=0
+ (_l)mam 2m +l
r(ab+Hm\m J\" " 2)"
_(n+l) _ B 2(n+1)
Taking = = (ap)™ and y = (@b in (1.3), we obtain
m—j—1 k .
b m—7 +I<i k 2kl
G n+1)2m—25) = b(n+1) Z (a) ( ok 41 )( b+4)"¢q <;+1) (2.12)

k=0
Substituting (2.12) into (2.4), we get

1 2m ! Jtk
o . — 4YF 2+
ZquH b+4m (k)qu 2k zz:o ( ) ( 2k +1 >(b+ ) (n+l)
1 2
+L "
(ab+4)m m
m—k—1 k k—m j
b\" (ab+4) 2m\ (m—j+k
2k+1 R I i L A—
= bn+1) Zq271+1 jZO (a) ©m—2; (J)( 2k +1 )

O e ()

The sums of the powers of bi-periodic Fibonacci numbers can be expressed in terms of the
powers of bi-periodic Lucas numbers.

Theorem 2.3. For n > 0 and m > 1, we have

2m+1 _ Q1 m+l-k Mm + 1 m—j+k
D ab+4 Zl2n+1 ]Z l2m+l »y ( ) j )

O

n

k=1

(2.13)
a\ m+1 1 Ui (2m + 1) Pm+1-2;
— | = T m _1 I . 7]7
5) @9 jz:%( ) ( i) bmeiea;
n m m— k 'm k ]
2m+1 __ —_ q2n+2 - <2m " 1> (m o ’ k) (2 14)
k=0 2 (ab+4)m™ kz " g l2m+1 2j J 2k , |
m— —k—1 ; j
_ Qa1 2k (=1 mh (2m) (m T k)
Z G b + 4 kZ 2ot g q2m—2j ( ) J 2k+1 (2.15)
2m |
e (R —|—4ab < (n >
= 2m QZn-‘rZ — k+1 < _l)m e 2m e ] ok
Dr+1 = Z n+2 Z .
k=0 (ab + 4)™ v k= B2m=2; J 2kl (2.16)

n—+1
ab+4
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2n+1 ﬂZnH uz(n+1) 2(n+1)

Proof. Substituting x = m, Y= Vavtan) and x = Gy ¥ = 51 R into equations
(1.4) and (1.3) leads to the following respective formulas:

O\ -tk
q2n+1)(2m+1-25) — @2n+1 Z E 2 l2n+1’ .17
k=0
m—j .
m j— m—j+ k
Q2 (n+1)(2m~+1-25) 2(n+1) Z I k( 2% >l2n+27 (2.18)
k=0
mt m—j+k
- 2k+1
d2nt1)2m—2j) = @n+1 ;) ( ) ( 2t 1 >12n11, (2.19)
" —jtk
7 k+1 2k+1
D (n+1)(2m—25) = Q2(n+1) g gkt ( 2%+ 1 >l2nj:2' (2.20)

Substituting (2.17), (2.18), (2.19), and (2.20) into (2.1), (2.2), (2.3), and (2.4), respectively,
yields the results. O

Note that if we substitute « = b = 1 into equations (2.7), (2.13), (2.14), and (2.16), we obtain
the following results.

Corollary 2.4. For n > 0 and m > 1, we have

m—1 m—k—1 m m— ]+k
Zsz —L2n+IZF227]z€-_‘:11 Z - mkl( )( 2%k + 1 >5k "

= J

s () ()

n m—k .
m 2m+1 m—j+k Foniq
A szLmz )

L Y
1 =0 2m+1-2j

(Zm >F2m+1 2j
Lymi1-25

m k .
Fz ) )me ik m+1\ [m— j+k
E F2m+l — "+ E L2n 5 . ,
5=0 2 s " pard L2m+1 2 J 2k

m—k— 1 .
anz YymImREL 2 mo— G+ k n+1/2m

T F2m 27 J m

_|_

Remark 2.5. Note that if we take a = b = 1 in (2.5), (2.6), (2.8), and (2.15), we obtain closed
formulas for the sums of the powers of the classical Fibonacci numbers (see [15]).

3 Melham’s sums for bi-periodic Lucas numbers

In the following theorem, we provide closed formulas for the sums of the powers of bi-periodic
Lucas numbers.
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Theorem 3.1. For n > 0 and m > 1, we have

S :Z< m + ><21+1><2+{2J>+4m, (3.1)
prd g J 2m—+1-2j5
n m+1 (2m A+ 1\ binryemyi—2j) — 2
l2m+l — a (_])J( ] ) J ; (3.2)
g 2k+1 (b) ; J lamt1-2;
m—1
2 n m—2j — 2 1
lezc _Z<m)(m+22m l+<m>(n+2)’ G
P =0 J Q2m—2j m
m—1
_ (" Bt )@m=2) | (pym (3™ (20
2%1M+y_( ) E: ( > PR (1) (b) <nl>01+1) (3.4)
= Jj=

Proof. From Binet’s formula for the bi-periodic Lucas numbers, we write

. n Oé2k+62k 2m—+1
le 1= ()

k=0

2m + (ap)** U (2m+1-25 2k(2m+1-25)
ZZ( ))’“‘27"*“(@( )

k=0 j=0

2m 4+ 1 n 042 k(2m+1-2j) 52 k(2m+1-2j5)

S P (CR /R

2m + 1 a(2n+l)(2m+l—2j) +B(2n+l)(2m+l—2j) m 2m +1
j (ab)n(2m+]—2j) (a2m+1—2j + 52m+1—2j> + jz_; j

<2m + 1) lentnemr1-2j) +4m,
J l2m+1*2j

1 1 |

.

<
Il
(=)

We perform a similar operation on the odd elements, resulting in

Zlﬁk”ﬁ‘ = ( )MH i(_l)j (Zmﬂ- 1) bnt1)em+1-2j) — 2'

J lam+1-2;

Similarly, using Binet’s formulas for numbers ¢,, and [,,, we obtain the following equations for
the even power

2m\ 4(2n+1)(2m—24) 2m—1 2m 1
Zle_Z<‘) : +2 + m (n+2)

j=0 J q2m—2j

and
m— 1
D (n+1)(2m—2j) m (a\™ [2m
lekﬂ (5" () ey (297 (3 1),
O

Note that when @ = b = 1, we obtain the sums of the powers of the classical Lucas numbers
(see [15]).

The sums of the powers of bi-periodic Lucas numbers can be expressed in terms of the powers
of the numbers themselves.

Theorem 3.2. For n > 0 and m > 1, we have

m—k . .
2m+1-2 2m+ 1\ /m—j+k 1
2m+1 __ 2k+1 m
Zl ZZMZ( ) 2k+1( - )( oh )*4  3:3)
7=0

J lamy1-2;
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= o 2m + 1 —jH+E\2m+1-24
];:l%’ffll:() Zlgmz 21<;+1 (m )(m 22 ) 7 :

J lam+1-2;
3.6)
a\m+l (—l)j <2m—|—1>
_2(Z T . 7
(b) ZO lZer] —2j ]
j=
i eSS () () s (s o
- 2k = 2n+1 pori 0 j 2%+ 1 Gom2; m 7
Sy (@) Sy O (2m>(m—j+k)
2k+1 = 7 ) Qn+2 42 | .
k=0 b 0 =0 Pm—2j ] 2k +1 3.8)
m (A\™ (2m
+(=1) (g) <m>(n+1).
o?ntl 62n+1 aZ(n+l) 52(n+1

Proof. Taking z = \/E( o Y = Vs and x = (aby> Y = (e in (1.5), respectively,
we obtain the following formulas

m—j k .
b\ " 2m+1—-2j —J+k
lons)@mi1-2j) = Z <a> 2k—|—1< o )l%flﬂ, 3.9
k=0
m—j .
m—i_p2m+1—=25/m—j+k
bns)@mi1-2j) = Z(—l) j k2k—|—1( o >Z§Zi§ (3.10)
k=0

Substituting equations (3.9), (3.10), (2.19), and (2.20) into (3.1), (3.2), (3.3), and (3.4), respec-
tively, yields the desired results. O

The sums of the powers of bi-periodic Lucas numbers can be expressed in terms of the powers
of the bi-periodic Fibonacci numbers.

Theorem 3.3. For n > 0 and m > 1, we have

n

m m—k .
m m—jk (2m 1\ (m—j+k\ (ab+4)~
STEM =l > gk Y (-1 ’“< , )< 2‘; >()+4 . 3.11)

k=0 =0 e J lam+1-25
" m m=k mHl—k 2m+ 1\ [m — i k
m ; j4+k\ (ab+4)
Zlgk:]l = lnt2 Z%mz Z ( ) ( . > < ok )l
k=0 j= J 2m+1-2j
4 (3.12)
_2(E)m“i (-1) (2m+ 1)
b — lamy1-25 J 7
=
m—k—1 . .
w1 (2m\ (m =+ K\ (ab+4)*
Zl%—lhﬂzqgﬁi >, =y l(j)( 2%+ 1 )1122
-0 m—2j
i (3.13)
2 1
+22ml g ( ;:L) (n+3),
pmo f Zkﬂmk ! 2m\ (m —j +k\ (ab+ 4)k
Z 2k+1 = L2n+2 Z Dn+2 Z ( ) j 2%+1 ) mn;
k=0 i= (3.14)
() (e
. 2" 2n+1 2+ 2(n+1)
Proof. Taking z = \/(T;(;:)”, Yy = _\/%(:b)"’ and z = (:b)i;‘“ Yy = (Bab);l in (1.4), respec-

tively, we get
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lont1y@emy1—2j) = lnt1 g(l)mjk <m 72‘;;_ k) (ab+4) g5k, (3.15)
= m— k) (b))
bnsn@mr1-2j) = ba(nt1) ;} ( o > <a> (ab+4) g . (3.16)
By replacing (3.15), (3.16), (2.11), and (2.12) in (3.1), (3.2), (3.3), and (3.4), respectively, we
obtain results. O

When substituting a = b = 1 in (3.8), (3.11), (3.12), and (3.13), we get the following results.
Corollary 3.4. Forn > 0 and m > 1, we have

m—k— l .
S Fruio (2m m*]—i‘k m 2m
}:%Hr_gjgg; (et e (B (S e (Y e,

=0 F2m72j J
n m—Fk .
2m+ 1\ fm—j+k SkL2+]
L2m+1 21'7, 1 )m Ik < : ) ( ) . + 4ma

kz(:) Z + ]Z_; j 2k Lomy1-25

n m— k: . m ;

2 1 — k\ 5%L,, 2(=1)7 (2 1

St =y s S co (M (M) e AR (),
prd P J 2k Lomi1-2; 4= Loms1-25 \ 7

m—1 m—k—1 .
e (2m\ (m—j+Ek SkLz 1 2m 1
2k+1 m k—1 n-+
S =y m s oo () () R () ey

=0 J F2m72j
4-2%m-1,
Remark 3.5. Note that if we take a = b = 1 in (3.5), (3.6), (3.7), and (3.14), we obtain closed
formulas for the sums of the powers of the classical Lucas numbers (see [15]).
4 Generating Function

In this section, we establish the generating functions corresponding to the sequences (¢;*) and

().

Theorem 4.1. For a fixed m > 1, we have for m odd

Z z %: <m> (*l)kamq(h(m—zk)z + (ab)(mfl)/ZQm—zk(l - 2%)
qn' 2" = —

= (a2b? + 4ab)(m—1/2 — \k 1 = bym—op)2? + 2*

and for m even

Z gt = v ?z_:l (m) (~1)Fa™(2 - l2(m72k)z2) + (ab)™ %oz (1 — 27)

a2b2 + 4ab)m/2 =0 1 — lZ(m,—Zk)Z2 + Z4

n>0

m\ (=1)"/2a™ + (ab)™/?z
" (m/Z) (202 — dab)/2(1 — 22)

Proof. From Binet’s formula for the bi-periodic Fibonacci sequence, we obtain

Zq qu 2n + Zq%+122n+1

n>0 n>0 n>0

m 1 mn m
i gla) e
n>
+ (a —lﬁ)m Z (alb>mn (a2 — gty 2t
n>0
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According to the binomial theorem, it follows that

a™ 1\ & m
m,on _ - —1 m—k 2nk Q2n(m—k) ,2n
e P 1 ) I Wi (O B
n>0 n>0

k=0
1 1\™ & m
+ o 1 mk( )ak(2n+1) (m—=k)@2n+1) 2n+1
(a—mmg () 2D ’

i ( ) 3 (<l)ma2kﬁ2(mk)22>n
) k=0 n>0 ab
m i < )akﬁm—k‘ Z ((;b)m a2k52(m—k)22> "
k=0 n>0

_ S a™ + otk
- Oé— mz 1—
k=0

()™ a2k g2im—k) ;2

Consider the case when m is odd
(m—1)/2

s <;_1;';m<’;z><l S )
k=0 -

= ﬁ)m a2(m=k)B2%k;2 ] (ﬁ)m a2k B2(m—Fk) ;2
(m—1)/2

Z oy <m> ( am (( (a2(m—2k) _ ﬁZ(m—Zk)) 22
AR
k=0 ab

B8)™

( (m—2k) + ﬂm72k) 2244

| 2am ) (o) + S z))

1_ (ﬁ)m—yf (aﬂm*zk + 5m—2k) + 24

m—1

. ~ (m (‘Ukﬂm_lfh(m—zk)z + (ab)™m=V2q,, (1 — 22)
o k 1 — lz(m_zk)zz + 24 )
Consider the case when m is even

m_]

2

_1)\k m m—k gk m kgm—k
Zqzlzn:Z((i_lg)er<m>< @ ta ﬁZ a +Ck5 z >

™ + 7
n>0 k=0 k 1-— (ﬁ) Oz2<m_k)52kzz 1— (ﬁ) aZkﬁZ(m—k)zZ

(
! 1 <m> (am(_l)k (2 _ (ab)wln,—zk (aZ(m72k) + BZ(m72k)) z2>
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(ab)kz (O[m72k + 6m72k) (1 _ 22) m (_l)m/Zam + (ab)mnz
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i <m/2) (a-Byn(l-22)

Theorem 4.2. For a fixed m > 1, we have for m odd

m—1

Z [mn = 22: (m) 2 — a2 + (= 1)F(a/b) =02, (1 + 22)

n>0 k=0 k - lZ(mf%)Z2 + 24
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and for m even

Somen <m> 2 = bma?? + (=1)"(a/0)"™ 2n-a2(1 — %)
n? =
0

n>0 k= 1= bym—2r)2® + 2*

m 1+ (_1)7n/2(a/b)m/zz
1-— 22 '

Proof. Consider

m 1+ (]/b)'maanL—kz
m.n __ m 2n m 2n+1 __
D= Y a2 =) 1= 1/(ab)ma?kg2m—F)"

n>0 n>0 n>0 k=0
By considering even and odd values of m separately, we obtain results. O
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