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Abstract The aim of this paper is to prove the existence of renormalized solutions for the
Neumann boundary value problem associated to a class of anisotropic elliptic equation with
some lower order term and degenerate coercivity.

1 Introduction

Recently, an increasing interest has turned towards the case of anisotropic elliptic problems in
the study of nonlinear elliptic equations with lower order terms. A special interest in the study of
such equations is motivated by their applications to the mathematical modeling of physical and
mechanical processes in anisotropic continuous medium. It is well known that the lower order
terms may affect the existence, uniqueness, regularity and asymptotic behavior of solutions of
partial differential equations (see, for instance [11, 13]).

In this paper, we are going to prove the existence of renormalized solutions for a class of
degenerate elliptic problem with Neumann boundary conditions and with two lower order terms,
whose prototype is

N
— Z Dia;i(x,u, Vu) + olu|*>u = f(z,u) — div (z,u) in Q,

N (1.1)
Zai(x,u, Vu) - n; = g(x) on 0Q,

i=1

ou

0z, the
datums f(z,s) and ®(z,s) are two Carathéodory functions satisfying some growth conditions
and i = (ny,...,ny) is the unit outward normal on 9. The technical difficulty of the problem
is the combination of the anisotropic non-coercivity and the presence of the lower order terms.
Let us begin with the paper of Boccardo et al. [12] in which they have proved existence and
uniqueness results for nonlinear elliptic equation of the type

where Q is a bounded open subset of RN (N > 2) with smooth boundary 0, Diu =

. -2, _ /
{_dlv(a(x,u,Vu))JrAIup u=f in Q (1.2)

ue W, (Q),

where f € Wofl’p (Q), X\ = 0. Moreover, the uniqueness result holds true under some ad-
ditional conditions on p and \, and fails for other conditions. Concerning the existence of
renormalized solutions for elliptic equations with L' —data, we refer the reader to [26], and for
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Radon measure-data to the paper [16].
In [1), the authors prove the existence of entropy solutions for the non-coercive elliptic problem

—div (b([u])|[VulP~2Vu) + d(|u))|Vul? = f(z,u) in Q
u=20 on 0Q.

We point out that the main difficulty in studying this kind of problems is due to fact that the
differential operator is non-coercive. We refer also to the degenerated elliptic equation : Guibé
et al. have considerate in [7] the following growth condition |¢(z,u)| < b(z)(1 + |u[P~!). Also,
Di-Nardo et al. have assumed in [18] that |(z,u)| < c(z)|u]” fory <p—1.

We recall that the study of problems (1.2) has been the object of several papers, we refer for
example to [3, 15, 19].

For the anisotropic case, Benboubker et al. in [5] considered the Neumann elliptic problem:

N
- ZDiai(m, u, Vu) + |[ulP"2u = f(z,u, Vu) in Q,
Nl 1
Z z,u, Vu) -n; = g(x) on 0Q,

where the Carathéodory function f(x,u,Vu) verifies only some growth conditions and they
proved the existence of weak solution for the data f € L*°(Q) and g € L>°(0Q), then they have
proved the existence of renormalized solutions for f € L'(Q) and g € L'(0Q).

Furthermore, Al-Hamwi et al. in [2] have treated the existence of entropy solutions for an
anisotropic quasilinear elliptic unilateral problem by using a penalization method in the approx-
imate problems, we refer the reader also to [20], [21] and [23].

Concerning the existence of solutions for the linear Neumann problem, various existence
results have been proved when the datum f belongs to L'(Q), see [3], in the same paper the
authors investigate the solvability of the Neumann problem for semilinear equations. Later, the
nonlinear case was treated in several papers and in different contests, for example in [10] the
authors proved existence results of weak solutions by using a fixed point arguments for nonlinear
elliptic Neumann problems with lower order term where the datum f belongs to L'(Q) and
satisfies the compatibility condition fQ f = 0. Furthermore, they gave various definitions of
solutions to the nonlinear elliptic problem and proved also the existence of renormalized solution
which satisfies med(u) = 0.

As far as the existence and regularity results for (1.1) are concerned, there are two difficulties
associated with this kind of problems. Firstly, from hypothesis (3.2), the operator

Z&v i(z,u, D'u),

is well defined between W'7(Q) and its dual. However, by the assumption (3.3) this operator
in general is not coercive. This lack of coerciveness does not allow one to use classical results
to prove existence of solutions. The second difficulty appears due to the presence of the lower
order term in the right-hand side, which have regularizing effects on solutions. To overcome
these difficulties, we shall first introduce a term of penalization in the approximate problems and
then establish some estimates for solutions by taking suitable test functions, and finally prove
some convergence results to get the existence results.

This article is presented as follows. In Section 2, we recall some definitions and properties
about anisotropic Sobolev spaces. In Section 3, we give our basic assumptions and some fun-
damental lemmas. Finally, in Section 4, we presente the definition of a renormalized solutions
for problem (1.1) and we prove the Theorem 4.2, this result ensure the existence of at least one
weak solution u,, € W'P(Q) for the strongly nonlinear elliptic Neumann problem.

2 Preliminaries

In this section, we recall some definitions and basic properties of anisotropic Sobolev spaces.
Let Q be an open bounded domain in IR™ (N > 2), with smooth boundary 0Q, and let py, . .., pn
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be N real constants, such that 1 < p; < oo fori=1,..., N. We denote

, 3}
7= ,p1,...,on), Du=u and Dlu:au for 1=1,...,N.

T

We set

B:min{pl7p2a"'7p]\/} and B+:max{p]ap27"'7pN}~

We define the anisotropic Sobolev space W'"7(Q) as follows :
WhP(Q) = {ue W"(Q) suchthat D'ue LP (Q) for i=12,....N},
endowed with the norm

N
L= lullia + Y 1D o o 2.1)
=1

The space (W'P(Q), || - ||1,5) is a separable and reflexive Banach space (cf. [25]).
Let us recall the Poincaré and Sobolev type inequalities in the anisotropic Sobolev space.

Proposition 2.1. (¢f. [24])
Let u € WHP(Q), we have
(i) Poincaré Wirtinger inequality: there exists a constant Cp, > 0, such that

N
|[u —med(u)| Ly (@) < Cp Z HDiuHLm(Q) for i=1,...,N,
i=1
with
med(u / |u| de.
T al

(ii) Sobolev inequality : there exists an other constant Cgs > 0, such that

Ju— med(uw)], < Z |

pi

where
Np :
1 =p" = D<N,
- NZ and 1=r N-Dp iop
p € [1,+o0] if  Pp>N.

Lemma 2.2. Let Q be a bounded open set in RN (N > 2), we set

s =max(q, p*),
then, we have the following embedding :
« if < N then the embedding W'P(Q) < L"(Q) is compact for any r € [1, 5],
« if p= N then the embedding W'P(Q) < L™(Q) is compact for any r € [1,+00|,
« if p> N then the embedding W'?(Q) —— L>=(Q) N C°(Q) is compact.

The proof of this lemma follows from the Proposition 2.1, and the fact that the embedding
WLP(Q) — W2(Q) is continuous, and in view of the compact embedding theorem for Sobolev
spaces.

Definition 2.3. Let & > 0, we consider the truncation function T(-) : IR — IR, given by

s if |s| <k,

Ti(s) = kﬁ it |s| >k,
S

and we define

TYP(Q) := {u : Q — IR measurable, such that T}, (u) € W?(Q) for any k > 0}.
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Proposition 2.4. Let u € T'P(Q). Foranyi € {1,..., N}, there exists a unique measurable
Sunction v; : Q — IR such that

vk >0 DlTk(u) = Vi-X{|u|<k} 4. in Q,

where x 4 denotes the characteristic function of a measurable set A. The functions v; are called
the weak partial derivatives of u and are still denoted D*u. Moreover, if u belongs to W1(Q),
then v; coincides with the standard distributional derivative of u, that is, v; = D"u.

The proof of the Proposition 2.4 follows the usual techniques developed in [9] for the case of
Sobolev spaces. For more details concerning the anisotropic Sobolev spaces, we refer the reader
to [4, 8, 17, 18]. B

Moreover, we introduce the set T (Q) as a subset of T"P(Q) for which a generalized notion
of trace may be defined (see also [3] in the case of p; = p for i = 1,..., N. More precisely,
TP(Q) is the set of functions v in T'P(Q), such that : there exists a sequence (uy,),, in W' ()

tr
and a measurable function v on 0Q verifying

@) u, — ua.e. inQ,
(b) DTy.(u,) — DTy (u) in L'(Q) for every k > 0.
() up —> va.e ondQ.

The function v is the trace of u in the generalized sense introduced in [3].
Let u € WHP(Q), the trace of u on OQ will be denoted by T(u).

For any u € TP (Q), the trace of u on dQ will be denoted by tr(u), the operator tr(-) satisfied
the following properties

() Ifu e TSP(Q), then 7(Tyy(u)) = Ty (tr(w)) for any k > 0.

(i) If o € WYP(Q), then, for any u € T.P(Q), we have u — ¢ € TP (Q) and tr(u — @) =
i) — ().

In the case where u € W'P(Q), tr(u) coincides with T(u). Obviously, we have

WhP(Q) c TLP(Q) c T'7(Q).

3 Essential assumptions

Let Q be a bounded open subset of RN (N > 2) with smooth boundary 0, and let py, ..., px
be N real constants, with 1 < p; < ocofori=1,...,N.
We consider the quasilinear anisotropic elliptic problem

N N
= D'ai(w,u, Vu) + alulPu= f(z,u) = Y_ D'¢i(x,u) in Q
N =l (3.1)
Z(ai(aj,Tn(u), Vu) — ¢i(x,u)) -n; = g(x) on 0Q,

i=1

with A is a Leray-Lions operator acted from W'7(Q) into its dual (W'7(Q))’, given by

N
Au=— Z D'a;(x,u, Vu),
i=1
where a; : Q x IR x RN —— IR are Carathéodory functions, fori = 1,..., N, (measurable with

respect to x in Q for every (s, &) in IR x RN, and continuous with respect to (s,¢) in IR x RN
for almost every x in Q) which satisfy the following conditions :

lai(2,5,€)| < B (x) + [s|P " + &[T, (3.2)

bo

a5, 6 2 b(sDlel”  with bls]) =

(3.3)
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forae x € Qandall (s,£) € R x RN, where by is a positive constant and 0 < \ < pt—1,
such that b(| - |) : IR* — IR" is a decreasing function that belongs to L' (IR) N L*°(IR).

(ai(z,8,&) —a;(x,5,8))(&— &) >0 for & #E& andforany i=1,...,N, (3.4)

for almost every x € Q and all (s,€) in R x IRY, where the nonnegative functions K;(-) are

assumed to be in LPi(Q), with «, 8 are two strictly positive real constants.

The nonlinear term f(x,s) and ¢(z,s) = (¢1(x, 3), ..., ¢n(x,s)) are some Carathéodory func-

tions these verifying some growth condition.

As a consequence of (3.3) and the continuity of the function a;(z, s, -) with respect to £, we have
ai(z,s,0) =0.

We are going now to recall the following technical Lemma, useful to prove our main results.

Lemma 3.1. (see [6]) Assuming that (3.2) — (3.4) hold true, and let (uy,)nec v be a sequence in
W1P(Q) such that u,, — u weakly in W1P(Q) and

/(\un|3_2un — |u\ﬂ_2u)(un —u) dx
Q
N

+Z / (ai(z, upn, Vun) — ai(z, up, Vu))(D'u, — D'u)dz — 0 as n — oo,
— Jo

(3.5)
then u,, — u strongly in W''P(Q) for a subsequence.
3.1 Ecxistence of weak solutions for L —data
We consider the quasilinear anisotropic elliptic problem
N
ZD ai(z, T, (u), Vu) + alul*2u = F(z,u) — ZDiq)i(iL‘,U) on Q,
N =1 (3.6)
Z a;(z, T (u), Vu) — ®;(z,u)) - n; = G(x) in 0Q,

with

N
G(x) € L®(0Q)  and  |F(z,8)|<Co  and Y |Pi(x,u)| < Cy, (3.7)
i=1

forany x € Q and s € IR, where Cy and C| are two positive constants.

Definition 3.2. A measurable function u is called weak solution for the quasilinear anisotropic
elliptic equation (3.6), if u € WHP(Q), |u|* € L'(Q), and u verifies the following equality

N
Z/ai(x,Tn(u),VU)Div dx+a/ lul*~2uv dz
i=1 7% o

N
= Gv da—l—/F(x,u)v da:—i—Z/CI)i(%u)Diu dx,
Q Q

oQ

(3.8)

for every v € WHP(Q).

Theorem 3.3. Assuming that (3.2) — (3.4) and (3.7) hold true. Then, there exists at least one
weak solution for the quasilinear elliptic problem (3.6), such that u € L*(Q).
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Proof of Theorem 3.3
Step 1: Approximate problem

We consider the approximate problem

N
. _ 1 _
- Z Dzai ('1:5 Tn(um)a vum) + a‘Tm(um)P 2Tm(um) + E|um|£ zum
=1

(T, Um) E D'® (T, Um) in Q,

N
Z a;(x, T (um), V) — ©i(x, un)) - n; = G(x) on 0Q,

3.9)
We consider the two operators A, and H acted from W'P(Q) into its dual (W'P(Q))’, defined
by the formula

N

) 1
(Apu,v) :Z/ai(x,Tn(u),Vu)Dzvdx—l—a/ | Ty (w)|* 72T () v d:z:—l——/ |u[?~2uw de,
i—1 JQ Q mJjo

(3.10)

and
N
(Hu,v) :—/ F(z,u)v dm—Z/q)i(a:,u)Div dx — G(z)v do, (3.11)
Q = Ja o0

for any u,v € WHP(Q).

Lemma 3.4. The operator B,, = A, + H acted from W'P(Q) into its dual (W'P(Q))’, is
bounded and pseudo-monotone. Moreover, By, is coercive in the following sense

ey 4
Tt oo as felhg—oe for v W(@)
vlhp

Using the Holder’s inequality and the growth condition (3.2), we can show that the operator
A, is bounded, and since

N
| < Hu,v > | :‘—/F(m,u)vdm—Z/@i(x,u)Divdx— G(x)vda‘
Q — Jo

oQ
N .
< [l e+ [ @l 1Dl e+ [ (6@ el do
Q — Jo o0
N .
<Co [fold+C Y [ Dol de+ 16O amom [ ol do
Q — Ja 0Q

N
< Collvllziay + Cr Y IID [l ) + IGC) (o) lv]lL1 (00
i=1
<G|z for any u,v € W'P(Q).
3.12)
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We conclude that the operator B, is bounded. For the coercivity we have
N ‘ 1
(B, ) :Z/ai(a:,Tn(u),Vu)Dludx—i—a/ | T () [* " | da:—l——/ |ul|2 dz
—1JQ Q mJjo
N .
—/ F(ac,u)udx—Z/ D, (z,u)D"udx — G(z)udo
Q /o oQ
al 1
> b(|T, (w Diup'ida:—i——/ u|2 dz — Col|u
Z/Q (Tu(DID up do+ - [ Ju s
N .
—C Z D ull @) — |G ()l L a0 llull 1 (o0)
i=1

N
bo i |ps Gy, p
> = DiulPi do + = ull>, . — C .
> T D e Sl = ol
> Cyllullf 5 = Callulh 5,

we conclude that

p
(Buu,u) Callull7 5 — Callull 5

> — 400 as |lul;p— oo
lulli 5 [l 5 '

It remains to show that B,, is pseudo-monotone. Let (uy)rew be a sequence in W'P(Q) such
that
Up — U in WHP(Q),

Bpug = xm in (WHP(Q)), (3.13)
lim sup (B, vk, uk) < (Xm, ).

k—o0

We will show that
Xm = Bnu and (Bpug,ur) — (Xm,u) as k — +oo.

In view of the compact embedding WP (Q) —s— L2(Q) and WP (Q) — L' (0Q), there exists
a subsequence still denoted (uy) e+ such that vy, — u strongly in L2(Q) and vy, — u weakly
in L'(0Q).

As (up) ke is a bounded sequence in W''P(Q), using the growth condition (3.2), it’s clear that
the sequence (a;(x, Ty (uy), Vur))kew- is bounded in LPi(Q), and there exists a measurable
function @; € LPi(Q) such that

ai(x, Tp(ug), Vug) — @i weaklyin  LP(Q) as k — oo. (3.14)

We have (F(x,ur))ren~ is uniformly bounded in L2 (Q), and F(x,uz) — F(x,u) almost
everywhere in Q, in view of Lebesgue dominated convergence theorem we conclude that

F(z,ug) = F(z,u) strongly in LY (Q). (3.15)

Similarly, since (®;(x, up,) ) we v+ is uniformly bounded in LP: (Q) fori = 1,..., N, and ®;(x, uy) —
D;(x, u) almost everywhere in Q, it follows that

D;(x,up) = iz, u) strongly in  LPi(Q) for i=1,..., N. (3.16)

Moreover, since u, — u a.e. in Q, and in view of Lebesgue dominated convergence theorem we
conclude that

Ty (g ) |52 T (ur,) — | T ()| 2T (1) strongly in LY (Q). 3.17)

Also, we have uy, — u in LE(Q), it follows that

1 1 /
—|ug|P?uy — —|ulP 2w stronglyin  LE(Q). (3.18)
m m
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Thus, for any v € W1P(Q) we have

{Xn,v) = lim (Bpug,v)

k—o0 N |
= lim (Z/ai(aj,Tn(uk),Vuk)Dzv da:+a/ | Ty (ur) [P0~ T ()0 d
k— o0 — Ja Q
| N
+—/ k2w vdx—/Fx,u vdr — /dJi z,up) Do dx — Gudo
m o el A (@, ur) ; , (, ur) - )
al 1
:Z @i D'v dx—i—oz/ Ty () |* 2T, (u)v dx—i——/ |u[P~2uw da
o179 Q mJjo
N .
—/F(a:,u)v dx—Z/dDi(x,u)D’v dx — Gv do.
Q ‘= Ja o0
(3.19)

In view of (3.13) and (3.19), we conclude that

lim sup(B,, (ux),ur) = limsup (/ a;(x, Tp(ug), Vuk)Diuk dz + a/ |Tm(uk)|s’1|uk| dx
Q Q

k—o0 k—o0

1 N ,
+—/u3dx—/Fx,u uy, dx — /Cbix,u D'uy, dx — G uy do
mg\k| Q( ) Uk ;Q( k) D"y, ” k)

al 1
< goiDiudx—i—a/ T (u Siludx—i——/ ul|? dx

>, [Tl do - [

N .

—/F(J;,u)uda:—Z/(Di(x,u)Dludx— G u do.

o) /e oQ

(3.20)

Thanks to (3.15) — (3.18) we have

, 1 1
a |Tm(uk)|ﬁ_1|uk|dac+f/ |uk|3dx—>oz/ |Tm(u)\s_l|u|d:1c+—/ |udz as k — oo,
Q mJja Q mJjo
(3.21)
d

an

N N
/F(m,uk)ukdaﬁ—FZ/ &, (x, up,) D'updr — / F(x,u)udx+2/ @, (x,u)D'udx as k — oo,
Q i=1 78 e i=1 78

(3.22)
and since G € L>(0Q) then
/ G up do — Gu do as k — oo. (3.23)
o0 a0
It follows that
limsupZ/ ai(x, Ty (ug), Vug) Diuy, do < Z/ @i Diu dz. (3.24)
k—oo Ty JQ i—1 7/Q
On the other hand, in view of (3.4) we have
N . .
3 / (a5 T (up ), Vug) — as (2, To (), Va))(Dinig — D) dae > 0, (3.25)
i=1 7

then

N N
Z/ ai(z,Tn(uk),Vuk)Diuk dr > Z/ ai(x,Tn(uk),Vuk)Diu dx
i=1 7% =178

N
+ Z ai(x, T (u), Vu)(D'uy, — D'u) dx.
i=1 7
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In view of Lebesgue’s dominated convergence theorem we have T, (uy) — T, (u) strongly in
LP(Q), thus a;(x, T, (ug), Vi) — ai(x, T, (u), Vu) strongly in LPi(Q), and using (3.14) we
get

N N
hkrggf; /Q ai(x, Ty (ur), Vug, ) Duy, do > ; /Q @; D'u dx. (3.26)
Having in mind (3.24), we conclude that
N . N .
kli_}n;o; /Q ai(z, T (ur,), Vug) Diuy da = ; o Diu dz. (3.27)
Therefore, having in mind (3.21), (3.22) and (3.23) we obtain
(Bmug,ug) — {(Xm,u) as k— oo. (3.28)

On the other hand, thanks to (3.27) we can show that

lim ; /Q (a5, T (w), Viw) — as (2, Ty (g ), Vo)) (D¥ug — D) dax = 0,

k—o00 £

We have uy, — u strongly in L2(Q), it follows that

/(\un\ﬂ_zun — |ul? ) (ug — u) dz

¢ | | (3.29)

+ Z/ a;(z, Ty (ug), Vug) — ai(z, Tn(ug), Vu)(D'up, — D'u) dz — 0,

i=1 78
in view of Lemma 3.1, we conclude that
up —u in WH(Q) and D'up — D'u  a.e. in Q,
then
ai(x, T (ug), Vug) = a;(z, Ty (u), Vu) weaklyin LP(Q) for i=1,...,N.

Having in mind (3.15) — (3.18) we obtain x,,, = Bpu. Thus, the proof of the Lemma 3.4 is
concluded.

In view of Lemma 3.4, there exists at least one weak solution u,, € WP (Q) of the problem
(3.9), i.e.

N

) 1
5" [ i@ Tl Vum) Do e+ a [ [Zin) Lm0 do [ a2 20 de
i1 JQ Q mJjo

N
:/F(:z:,um)vdx—l—Z/q)i(x,um)Divdx—i— G v do,
Q = Jo

o0
(3.30)

for any v € WVP(Q). For more detail, we refer the reader to (cf. [24], Theorem 8.2).
Step 2: Weak convergence of the sequence (., )m
By using u,, € W'P(Q) as a test function for the approximate problem (3.9), we have

al 1

Z/ a; (2, Ty (U ), Vg, ) Dy, de + a/ | T () |77 |t | dz + —/ [t |2 d

i=1 7 o e (3.31)

N
= / F(z, um )t dr + Z/ D, (0, U ) Dy, da + G u,y, do.
Q = Jo a0
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In view of (3.3) and (3.7), we obtain
N 4 |
Ol R Oy A O e U P
i—1 JQ Q mJjo

N
< / F(z, um)um dx + Z/ ®; (2, Uy, ) D'y, d —l—/ |G(x)] |um| do
Q = Ja o0

N
| (3.32)
gco/ |um|dx+012/ |Dzum|dx+||G(~)||Loo(9>/ iy | do
Q — Jo 00

< Collumlli
N
:Cz(/ U | dx + / Diu,, da:),
(| > [, 1Dl
with C, is a constant that doesn’t depend on m. In view of Young’s inequality it follows that

b N

0 i s s—1
—_— | D"y, |P? dx+a/ |t |® dz +m / [t | d
(1+mn)* E/Q {um|<m} {Jtim|>m}

N
« bo ‘ )
<ci+s [ -+ € [ i+ 5 S [ D
2 J{uml<m) {fttm|>m} Z(H”)A; o

(3.33)

s—1

By taking m > 1 large enough (for example mn

N
bo / ; v a/
75 D*u,, [P da + = m| d
2(1—|—n)>‘ P Ql U | €T ) Q|u | X

b N

0 i
< 5% [ |Diuy,
T 2(1+ )t /9‘ !

< Cs.

> C’2> , we conclude that

s—1

pi d:c—i—g/ |um|sdx+am
{lun|<m}

3 / |t | dx + C3
{\u"\>m}

(3.34)

It follows that
N

sl = llwmllig+ D 11D | oo o)

i=1

N
< ftmllz@ +Cs S /Q Dy,
i=1

< 1.

(3.35)

Pidx + Cg

with C7 is a constant that doesn’t depend on m. Thus, the sequence (uy, ), is uniformly bounded
in WHP(Q), and there exists a subsequence still denoted (1, )., such that

U — U weakly in WP (Q),
Q) and ae in Q

Uy, — U strongly in  L2( , (3.36)
U, — U stronglyin  L'(0Q) and a.e. in 0Q.
It follows that
1 /
E|um\ﬂ_2um —0 strongly in L2 (Q). (3.37)

Moreover, in view of (3.34) we conclude that (Ty, (tm))m is bounded uniformly in L*(Q), and
since Ty, (um) — w almost everywhere in Q, we get

Tr(tm) — u  weaklyin L*(Q). (3.38)

Having in mind (3.7) and the fact that u,, — u a.e. in Q, thanks to Lebesgue dominated
convergence theorem we conclude that

F(2,um) — F(z,u) stronglyin L¥ (Q). (3.39)
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and

D, (x, Um) — Pi(z,u) stronglyin LPi(Q)  for i=1,... N. (3.40)

Step 3 : The convergence almost everywhere of the gradient

By taking w,, — u as a test function for the approximated problem (3.9) we obtain

Z/ ai(x, Ty (), Vi) (DUy, — Diu )d;v—l—a/ | T ()| 2 T () (g, — ) dz

—/|u P20, (U — ) da

= /QF(x,um)(um —u)dx + Z/Qd)z—(x, T () (D't — D) daz + G(z) (um — u) do,

oQ
(3.41)
it follows that

N

Z/ (ai(2, Ty (tm), V) — ai(x, Tn(um), Vi) (D'uy, — D'u) da
=179
b [ ()T ) = o (T () (= ) di
N
Z/ la;(x, Ty (wm), Vu)| | D* um—Du\dx—i—a/ T (w) 571 |t — | daz (3.42)
—/ |t 271 |ty — | dz —|—/ |F (2, um)| |um — u| dx
”}v Q Q
+Z/ |®; (2, T ()| | Dty — Dl d +/ |G(2)] |t — u| do.
i=1 78

oQ

For the first term on the right-hand side of (3.42), we have T, (u,) — Ty (u) strongly in LPi(Q)
then
|lai(z, Ty (um), V)| — |a;(z, T (u), V)| strongly in LV (Q),

and since D'u,, — D'u weakly in LPi(Q), it follows that
/ lai(x, Ty, (um), Vu)| | D"y, — D'u| de — 0 forany i=1,...,N. (3.43)
Q

Concerning the second and third terms on the right-hand side of (3.42), in view of (3.36) and
(3.37) we conclude that

/ | Ty (u)]* ™1 |ty — u| dz — O as m — 0o, (3.44)
Q

and .
—/ [t P71 |ty — u| dzz — 0 as m — oo. (3.45)
mJjo

Moreover, we have |F(z,u, )| — |F(z,u)| strongly in LY (Q), then
/ |F (2, um)| |tm — u| de — 0 as m — oo. (3.46)
Q

and since |®;(x, up )| = |®;(x, u)| strongly in LPi(Q) fori = 1,..., N, it follows that

N
Z/ |D; (2, )| | D"ty — D'u| dz — 0 as m — oo. (3.47)
—' Ja
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For the last term on the right-hand side of (3.42), we have G(z) € L*(0Q) and u,, — u weakly
in L'(0Q), then

/ |G| |t —uldo — 0 as m — oo. (3.48)
oQ

By combining (3.42) and (3.43) — (3.48) we conclude that

3 /Q (as(, T (), Vi) — a5(x, T (), Vi) (Dt — Dit) dr

—i—a/ (1T (i) |* 2T () — | T (W) " 2T (w)) (trm — u) dz — 0 as  m — oo.

Q
(3.49)
and since ., — u strongly in L2(Q). Thus, in view of Lemma 3.1, we conclude that
Um stron.gly in Wl’ﬁ('Q), (3.50)
D'y — D'u aecin Q for i=1,... N.

Step 4 : Passage to the limit

In view of (3.50) we have a;(x, T, (um), Vi) — a;i(z, T, (u), Vu) almost everywhere in .,
then

a;(x, Tn(Um), Vi) = a;(x, Ty (u), Vu) weakly in LY (Q) for i=1,...,N. (3.51)

Thus, by taking v € W'P(Q) as a test function for the approximate problem (3.9), we obtain
al 1
Z/ a;(x, Ty (um), Vum)Div dx + a/ |Tm(um)|572Tm(um)v dx + —/ \um|3*2umv dx
i—1 JQ Q mJjo

N
:/F(ac,um)vda:JrZ/CIDi(ac,um)Divdach G v do,
Q — Ja Yo

(3.52)
In view of (3.37), (3.38), (3.39), (3.40) and (3.51), by letting m tends to infinity we conclude
that

N
Z/ a’i(xaTn(u),vu)Di’U dl‘+a/ |u|s_2’U/U dx
i=1 78 o

N (3.53)
= / F(z,u)v dac—i—Z/ ®;(z,u)D'v dx + G v do.
Q — Ja 2Q

Thus, the proof of Theorem 3.3 is concluded.
4 Existence of renormalized solutions
We consider the quasilinear anisotropic elliptic problem

= D'ai(w,u, Vu) + alul**u= f(x,u) = Y_D'¢i(x,u) on L,

V! i=1 4.1

Z(ai(:ﬂ,Tn(u), Vu) — ¢i(z,u)) - n, = g(x) in 0Q,

i=1

where the nonlinear term f(x,s) is a Carathéodory function that verifies the growth condition

[f(z,8)| < fola) + c(2)ls]", (4.2)
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where fo(-) € L'(Q), and 1 < r < s — 1 such that c(z) € Lo (Q)..
The Carathéodory function ¢(-,-) : Q x IR +— RN satisfies

d(z,8) = (P1(x, 8),...,on(z, 5)) such that |di(z,8)| < ci(z)(1 4 [s])7",  (4.3)

5— A .. . . : .
— — — and c;(x) are some positive functions in L"i (Q) with
i Di

where 0 < 0; <

pi(s —1)
s—1=poi+7:)

Yi >
Definition 4.1. A measurable function w is called a renormalized solution of the quasilinear
elliptic problem (4.1) if u € 7,;.7(Q), with |u|*~' € L1(Q), ans f(z,s) € L'(Q). such that

N

1 )
lim — / a;(x,u, Vu)D'u dx = 0,
Z {lul<h}

where u verifies the following equality
Z/al z,u, Vu)(D'uS (u)p + S(u) dm—l—a/ lul*~2uS (u)p da

= /Qf(x,u)S(u)cp dx—kizl/gqﬁi(as,u)(DluS(u)ga—i—S(u)D’cp) da:—l—/OQgS(u)goda,

“4.4)
for every ¢ € WHP(Q) N L>(Q) and any smooth function S(-) € W°°(Q) with a compact
support.

The existence result is the following theorem.

Theorem 4.2. Let g € L'(0Q). Assuming that (3.2) — (3.4) and (4.2) — (4.3) hold true, then
there exists at least one renormalized solution of the problem (4.1).

Proof of Theorem 4.2
Step 1: Approximate problems
Let n € IN*, we set fn(z,s) = T,(f(z,s)) and g, = T,,(g(-)), then the sequence (gn(-))n is
bounded in L>=(0Q) N L' (0Q) such that
gn — ¢ strongly in  L'(0Q).

We consider the approximate problem :

N
—ZDiai(x,Tn(un),Vun) + alun|* 2wy = folz, Ty (un)) ZD’qbz (T, un) inQ,
NZ 1
Z a;(x, Tp(un), Vun) — ¢in(x,un))ni = gn(x) on 0Q,
- 4.5)

where dnn(z,5) = Ty (63(w, Tu(s))) fori = 1,..., N
In view of the theorem 3.3, there exists at least one weak solution w,, € W'P(Q) for the
anisotropic quasilinear elliptic Neumann problem (4.5), such that |u,,|* € L'(Q).

Step 2: A priori Estimate
By taking v = p(uy,,) as a test function in the approximate problem (4.5), with

o(up) = 7 1 I (1 0T |;n|)9_1 )sign(un) where 1 <6 <p small enough,
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we have

a;(z, T (un), V) D Up, /
dx + 5= )| d
Z/ 1+ [un])? a [ |uyl o(un)| dx

i ))Duy,
/|fnxun I un|dx+z/¢ +|u| ot [ fgn(a)le()| do

Inview of (3.3), (4.2) and (4.3), using Young'’s inequality, we obtain

bOZ/ |f|Zn|| 0N d:zc—l—a/ K7 1|<P(Un)| dx
+ ‘T (un)l) i
< [ (1@1+ el ot |dx+2/ D da
/ lgn (@) |0 (t)] do
aQ
< / @) o) do + / [ l9.(@)] () d + / () |l ()| e
LS R g

b D* npl
<01+Cz/|c slrda:+ /|Un\s 1|%0Un\dx+ OZ/ |+|Z |0+/\dw

pl(s—1)

S 1—p (ot 2 )10 «
+C / ci(x SRl / un|* 7 da.

Let R =277 — 1, we have lo(un)| > 20-1)

P a2

(4.6)

on the set {|u,| > R}, then

«

@ s—1 _ / s—1 @ / s—1
_— Up, dr = —— Up, de + ———— Up, dzx
8(0—1) /Q| | 8(0 = 1) Jijiun <ry e 8(0 = 1) Jyjiun|>R} )

a|R|*"'meas(Q) =«

S P R S —
8(6—1) 4 J{jun|>R)
«
< Cy+ Z/ |un|571|g0(un)\ dx.
o

[un*~ o (un)| dz

Thanks to (4.6), we conclude that

N
bo | Diu,, |Pi a/ a1

§ —_ < ) 4
. > / dx—f—z Q|un| lo(uy)| dz < Cs 4.7)

1+ |Un| 0+>\

It follows that

1 al .
(14 k)7 ; /{un<k}

dx < 06.

i Di
Pq d <
) Z/un|<k} 1+ |uy])f+2

then

N
Z/ | DTy (un)|P? dz < Cs(1+ k)™ forany k> 0. (4.8)
; Q
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where Cg is a constant that doesn’t depend on n and k. It follows that

1T ()|

N
15 =3 IDTh(un) Lo o) + 1Tk (un) llwra o

z;l |
<> [T
=1

N
< 22/ |D"Ty (un) [P dz + N(1 + meas(Q)) + k - meas(Q)
i=1 7€

N
v N3 [ DT det [ (T de
=172 @

< Cg.ikeJ”\ or an l<fd<p—A
y p

Thus, the sequence (Ty,(uy,)), is uniformly bounded in W'?(Q), and there exists a measurable
function vy, € WHP(Q), such that :

{ Ty (un) — v, weakly in WP (Q), 49)

Ti(un) = vi  strongly in L2(Q).

Moreover, thanks to (4.7) we have

/ lu, [P~ da < / |57 da 4+ 2(0 — 1)/ [ |57 (uy)| doe < Cq,  (4.10)
Q {lun|<R} {lun|>R}
thus, we obtain

E*'meas{|un| > k} = / [ |*~ da < / lu, |5~ da < C,
{lun|>k} Q
it follows that

meas{|uy| >k}§%—>0 as k— oo. 4.11)

On the other hand, we have for every 6 > 0,

meas{|uy, — wn| > 6} < meas{|u,| > k} + meas{|un| > k} + meas{|Ty(u,) — Ti(um)| > 6}

(4.12)
Let e > 0, thanks to (4.11) we can choose k = k(e) large enough such that
meas{|u,| >k} < % and meas{|u,| >k} < % (4.13)

Moreover, in view of (4.9), we have Ty(u,) — vi strongly in L2(Q) and a.e in Q. Thus
(T (un))nen is a Cauchy sequence in measure, and for any k > 0 and 6, > 0, there exists
no = no(k, 8, €) such that

meas{|Ty(un) — Tk (um)| > 6} < % forall m,n >ny(k,d,e). (4.14)

By combining (4.13) and (4.14), we conclude that, for all §,¢ > 0, there exists ng = ny(0,¢)
such that
meas{|u, — um| >} <e forany m,n > ngy(d,e).

It follows that (u,, )y, is a Cauchy sequence in measure, then converges almost everywhere, for a
subsequence, to some measurable function u. Consequently, we have

T (up) — Ti(u)  weaklyin WP(Q),
Ty (up) — Ti(u)  stronglyin L'(Q) and a.ein Q, 4.15)
T (un) — Ti(u) weaklyin L'(0Q).

In view of Lebesgue’s dominated convergence theorem, we obtain

Ti(un) — Tk (u) strongly in  LP(Q) and ae in Q for i=1,...,N. (4.16)
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Moreover, thanks to (4.10) the sequence (|u,|* =y, )y is uniformly bounded in L'(Q), we con-
clude that

[ |52y, —— [ul*"?u  weaklyin L'(Q). (4.17)
T
Furthermore, thanks to (4.11) we have HM ‘ . — 0 as k tends to infinity, it follows
L
necessary @
im |2l i o D)
k—><>o L1(09Q) k—o0 k whi(Q)
. Tk(un) D Tk ’U,n
<
<0 fim |25, +C£LH;OZH o
< , — xR
Cklggo ‘ k ’L‘(Q) + Cklggo ; I (@) H k LPi (Q)
— 0 as k — oo.
We conclude that T
"’5{“") —0 weak — in L®(0Q). (4.18)
Step 3: The equi-integrability of the sequence (f(z, T, (un)))n
Now, we shall show that
fo(2, To(un)) — f(z,u)  stronglyin  L'(Q). (4.19)

Let h > 1, by taking as a test function in the approximate problem (4.5), we have

T (un)
h

N
1 .
P> / ;2 T (1), Vi) DiT () e + & / " T ()| d

Th(un
/fn z, T (h ") 4o +h2/¢1 , T, (un))DTh(un)der/mgn(x) h(: ) do.
(4.20)
In view of (3.3), (4.2) and (4.3), and thanks to Young’s inequality we obtain
|Dlun|pl
(2 T ), Vu) DT ) do 2 S d
2h2/a 2, T (1), V) D' Ty (1) d Z o T e
. / n [T () d
n 1
/Ifn r ) P o2 [ g @)1 (1) do
0Q
¢i(z, T, (un))HDlun|da€
hz/un<h}
N Th (un T (un
< / (o)1 el fan ) PN 4 [ (g, 0 b2 g @21)
+ |un )7 | Dy | do
Z /uﬂ<h}
/|f |T}L un)| dx +/ | ( )|‘Th(U/n)| do +C /| (hun)| dx

( 1)
51pa+— dx)

371|Th n>|
+§/Q\un| - d+— +Z/Icz

N
bo / | Diu, P
+— ——— dx.
4h Z (uni<n} (1 [un])?
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We deduce that

hZ/az 2, Ty (), Vir ) DVT, (un, da:-l—Z/{

o / ()] .

+C’o/g|c(m) (n)‘d —I—Cl 1+Z/|cl

s—1=pf(oj+ 2> s—l—pl (o4 2) dl‘)
For the first term on the right-hand side of (4.22), we have meas{|u,| > h} — 0 as h tends to

T
infinity, it follows that % — 0 weak—x in L>=(Q), and since |fo(z)| € L'(Q) then

dx
lun|<h} ( —HunD

/fo(x)|de—>o as h— . (4.23)
Q

Moreover, since |c(x) = belongs to L' (Q), then

s— T
/ le(z)| 7T L:")' dv —0 as h— . (4.24)
Q
T
For the second term on the right-hand side of (4.22), thanks to (4.18) we have % -0
weak—x in L>(0Q), and since g € L' (0Q) it follows that
/ |gn(:f)|%“")| do—0 as h— oo (4.25)
o0 h

pli(s—1)

Furthermore, we have |c;(x) et 5 belongs to LY (Q), thus, in view of (4.22) and (4.23) —

(4.25), we deduce that

N
1 ,
lim limsup — / ai(z, Ty (un), Vg ) D uy, dz = 0. (4.26)
h=o0 oo N 2 {lunl<h}
Moreover, we have
N .
.. 1 | D", | P
lim limsup — / ————dx =0, “4.27)
h—=0 poco B ; (uni<hy (1 [ua])?
and
lim limsup |u, |5~ dx = 0. (4.28)

h=00 n—oo J{jun|>h}

In view of Young’s inequality we deduce that
[ ipeTald <[ )+ @l ds
{lun|>h} h}

[Un |>
< / | fol dx—i—/ \co(x)\si;lfl dx (4.29)
{lun|>h} {lun|>h}

+ lu, |V dz — 0 as h— oo.
{lun|>h}

It follows that : for all n > 0, there exists h(n) > 0 such that

(4.30)

NI

/ o, T ()| de <
{lun|>h(n)}
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On the other hand, let E be a measurable subset of Q, we have

[ 1e Tl do < [ 1l Tyl do+ [ ol T . (431)
E E {lun[>h(n)}
For any n > 0, there exists a positive constant 3(n) > 0 such that
/ | (@, Ty ()] da < g forall EC Q  suchthat meas(E) < B(n). (4.32)
E

By combining (4.30), (4.31) and (4.32), we conclude that
/ [fr(z, Ty (un))| dz < n forall E C Q such that meas(E) < 5(n). (4.33)
E
It follows that the sequence (fr,(x, Ty, (un)))n is uniformly equi-integrable, and since fr,(z, Tp,(un)) —

f(z,u) a.e. in Q, and in view of Vitali’s theorem, we conclude that

folz, Ty (un)) — f(z,u)  stronglyin L'(Q). (4.34)
Step 4: Strong convergence of truncations.

In this step, we will show the convergence of the sequence (D'u,,), to D'u almost everywhere
inQ, foranyi=1,... N.
We set

o |Th(un) _Th(un)‘
‘P(un) =1- 2 n )

By taking (Ty(uy) — Ty (uw))e(uy) as a test function for the approximate problem (4.5), we have

/{I |<2h} @i (2, T (tn), Vin ) (D' T (n) = D' T (w))p(un) dz

=1

1
W J {h<unl<2n}

b [ ol 2 un (Tii) = Ti(w)) da

= [ T ) (Til) = Tel)) o) da+ | g ()(Tilr) = Telw)) ) do

o0Q

a;i (2, T (), Vit ) Dty .sign(un ) (T () — Ti(u)) da

+ Z /Q ¢i,n(xa Un)(DlTk (un) - DlTk(u))@(un) dz
1 N

- / G5 (2 11n) Dt 5190 (1) (To (1) — T () d
= Jh<tunl<any

(4.35)
According to (4.3) we obtain

)3 /Q as(@, T (), VT (1)) (D' Ty () — DTy () dar

- ai(xaTvz(un)avun)DiTk(u)(p(un) dx

{k<|un|<2h}
< [ 1u(e Tl Tiln) = Tl do -+ a [ ol [Ti(un) = Ti(u)| de
Q Q
N
[ 1an@) [Zen) = e do+ 3 [ el (14 ual) (DT ()~ DTi(w)] do
20 =7 Jlunl<2h}
1< ,
+E Z/ ai(x, TZh(un), VTZh(un))D’Tzh(un) dx
i=1 {hg\un\SZh}

D'y || Ty (un) — Th(u)| da.

e () (1 +Jual)”

=7 J{h<|un|<2n}

(4.36)
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For the first and second terms on the right-hand side of (4.36), We have Ty (u,) — Ty(u)
weak—x in L= (Q), and thanks to (4.34) we have f,(z, T, (u,)) — f(x,u) strongly in L' (Q),
we conclude that

e1(n) = / e, To(un)| 1Tk (un) = To(w)| dz — 0 as n—oe.  (4.37)
Q
Moreover, in view of (4.17) we have |u,|*~" — |u|*~! strongly in L' (Q), it follows that
ea(n) = / |t |57 | T () — T ()| dz — O as n — 00. (4.38)
Q

Concerning the third term on the right-hand side of (4.36). We have |g,(x)| — |g(z)| strongly
in L'(0Q) and since Ty (u,) — Tk (u) — 0 weak—x in L°°(0Q), then

e3(n) = / lgn (2)] | Tk (upn) — T (u)| do — 0 as n — oo. (4.39)
oQ

For the fourth term on the right-hand side of (4.36), we have c;(x)(1 + |Top(uy,)|)? —
ci(z)(1 4 |Tan (u)])7 strongly in LPi(Q), and since DTy (u,) — DTy (u) weakly in LP*(Q)
foranyi=1,... N, it follows that

DTy (up) — DTy (u)| dz — 0 as mn — 0o.

(n —Z / ex(@)] (1 + )

(4.40)
Moreover, in view of (4.26) we have

Z/ (z, Tap,(un ), Von (un)) D Top (uy,) dz — 0 as h — oo.
" h h<|un|<2h}

(4.41)
Concerning the last term on the right-hand side of (4.36), using Young’s inequality we have

D'u, || Ty (un) — Ty (u)| d

es(h) = h Z/h<|un|<2h} z) (1 + |un )™

< - ci(T
h Z/h<|un|<2h} (@)
Z/|un|<2h} \U \)

We have |c;(a)[7: (14 Top (un) )77 — |ei(x)
and since Ty (un,) — Ty (u) weak-x in L>(Q), thus

ei(
hz/h<|un|<2h} (@)

In view of (4.27) we obtain

P [T ()75

Ty (un) — Tr(u)| dz

Pi(14 |T2;L(u)|)p;(ai+%) strongly in L'(Q),

PL(1+ | Ton () )P 20 T () — Tho(w) | dz — 0 as n — oo

D' uy || Ty (un) — Ty (u)|dx — 0 as n,h — oo.

N
1+ u, )%
g /{h<|un|<2h} ei(z) (1+ [t])
(4.42)
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By combining (4.36) and (4.37) — (4.42), we conclude that
Z/Q (ai(x, T (un), VTi(un)) — ai(z, Te(un), VI (1)) (DT (u,) — D'Ty(u)) dz
+Z / as(@, T (), VT () (DT () — DiTi () da

_Z/k‘<un<2h} z, Ton(un), Vg (un)) D' Ty () o(uy,) dx

< &g (n, h)
(4.43)
For the second term on the right-hand side of (4.43), we have Ty (u,) — Ti(u) strongly in
LP(Q), then a;(z, Ty (un), VTk(uw)) — ai(z, Tr(u), VTk(u)) strongly in LPi(Q), and since
DTy, (un,) tends to DTy (u) weakly in LPi(Q), we conclude that

g7(n) = Z/ lai(z, T (un ), VTe(u)| | DTy (un) — DTy (u)| de — 0 as n — oo.

(4.44)

Concerning the third term on the left-hand side of (4.43), we have (a;(x, Tap(un ), VIop (un)))n

is bounded in LPi(Q), then there exists v; € LPi(Q) such that |a;(x, Top (), VIok (tn))| — vs
weakly in L¥(Q), and since | DTy (u)| € LP(Q) for any i = 1,..., N, it follows that

N

67(71) = Z

z 1

< Z/ lai(z, Ton (un), VTan (un))| | D Ti(u)| de — 0 as n — oo,
{k<|un|<2h}

/ ai(x, Ton (un), VIon (un)) DTy () 0 (uy,) d
{k<|un|<2h}

(4.45)
By combining (4.43) and (4.44) — (4.45), we conclude that

Z /Q (ai(:z:, T (un), DTy (1)) — ai(z, Ti(un), DiTk(u))> (D' Ty (un) — DTy () da — 0,

(4.46)
as n,h — oo. Moreover, since Ty (uy,) — Ty (u) strongly in L2(Q), it follows that

Z/Q (ai(x,Tk(un), VTi(un)) — ai(z, T (uy), VTk(u))) (D"Ty(up) — DTy (u)) da

+ /Q(|Tk(un)|ﬂ_2Tk(un) — | T3 (W) |22 T (u)) (T () — T (u)) dz — 0 as n — oo.

(4.47)
In view of Lemma 3.1, we conclude that
T (un) — Ti(u)  stronglyin = WHP(Q), 4.48)
Diu, — Diu aein Q for i=1,... N. '

Moreover, since a;(x, Ty, (uy,), Vuy, ) D, tends to a;(z,u, Vu) D'u almost everywhere in Q, and
in view of Fatou’s lemma and (4.26), we conclude that

I ,

hl;rgloﬁ E /{|u<h a;(x,u, Vu)D'u dx

< lim liminf — / (2, T (un), Vuy,)D'u,, dz (4.49)
h—o00 n—0o0 Z |un|<h} ( ) )

< 1 . 1 i -0,
< hhm lim sup o Z/ a;(x, Ty (uy), Vun)D'uy, dz =0
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Step 5 : Passage to the limit

Let p € WHP(Q)NL>(Q), and let S(-) be a smooth function in W (IR) such that supp (S(-)) C
[—M, M] for some M > 0.

By choosing S(u, )¢ € WHP(Q) N L>®(Q) as a test function in the approximate problem (4.5),
we obtain

12:;Aai(x,Tn(urL);Vun)(DZUnS/(un)(P+S(Un)Dz<p) dx+a/g|un|s— UnS(Un)(p dx
= [ 5 TSt e+ [ gu@)(un)odo
Q Q

2 /sz 01(, T (1)) (D'un S (t ) + S () D'p) .

(4.50)
We begin by the first term on the left-hand side of (4.50), we have

/Q a3, T (), V) (S (un )9 Dt + S(un) Do) da

_ /Q i (2, Tar (), Va1 (1)) (S () D' T (1) + S(Tar (un)) Dip) diz.

In view of (3.2) and (4.48), we have (a;(z,Tr(un), VT (un)))n is uniformly bounded in
LPi(Q), and since a;(x, Tar(un), VT (un)) tends to a;(x, Tar (u), VT (u)) almost everywhere
in Q, it follows that

a; (@, T (up), VI (un)) = ai(x, Tar(u), VT (u)) weakly in LV (Q),
and since S'(uy) DTy (uyn) + S(Tar(un))Dip tends to S'(u)pD"Tas(u) + S(Tas(u))Dip
strongly in LPi(Q), we deduce that
N
lim Z/ ai(x, Tn(un), V) (S (un)pD'uy, + S(un) D) d
n—oo i Q

=1

n— oo -

/Qaz'(%TM(u)vVTM(U)) (8"(w) D' Tar (u) + S(Tas (u)) D'p) da

M=I[]=

/Qai(x,u, V) (S'(u)eD'u + S(u)D'p) da.

i=1

4.51)
Concerning the second term on the right-hand side of (4.50), we have S(Tas(un))e — S(Tpr(u))e
weak—x in L°°(Q), and thanks to (4.17) we deduce that

lim /|un|572unS(TM(un))<pd:c:/ [ul*~2uS (u)p da. (4.52)
Q Q

n—r+oo

Moreover thanks to (4.34), we have

Jim [ e T ) STt do = [T ()T () do = | flsoeie
Similarly, we have S(Tps(un))e — S(Tar(u))p weak—x in L (0Q) then .

9(2)S(Tas (u) ) do = / o(0)S()pdo.  (458)

lim gn(2)S(Tas (un))p do = / a0

n—=0 Joq f5Je)
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For the last term on the right-hand side of (4.50), we have
N . .
3 [ 6100 ) (D' )i+ SCan) D) i
— Ja
171 N . .
-y / 1 (2, Tog (1)) (D' Tar ()" (tn )+ S(Tar (wn)) Do) d,
— Ja

since ¢i(x, Tag (un)) — &(x, Tar(w) strongly in LPi(Q), and similarly to (4.51), we show that

n—oo .

= Z/Q(m,n(aﬁ,TM(u)) (S'(u)ngiTM(u) + S(TM(u))Di4p) do 4.55)
= Z /Q ¢i(z,u)(D'uS’ (u)p + S(u)Dip) dx

Hence, putting all the terms (4.50), and (4.51)-(4.55) together, we obtain

Z/al z,u, Vu)(D'uS' (u)p + S(u) D" dm—l—a/ ul*~2uS (u)p dx

/f T, u) Lpdac+/ g(x )S(u)gpda+Z/Q(bi(x,u)(DiuS’(u)4p+S(u)Digo) dz,
i=1

(4.56)
which conclude the proof of Theorem 4.2.
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