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Abstract In this paper, we study some local spectral properties of 3 x 3-block matrix linear
relations. More precisely, we give a necessary and sufficient conditions for linear relations matrix
to have the single valued property in terms of the surjective spectrum and the analytic residuum
of its diagonal entries. On the following, by means of it, we illustrate a new characterization of
spectra and local spectra of linear relations matrix.

1 Introduction

In 1952, N. Dunford, has introduced the notion of single-valued extension property (SVEP) and
some results of local spectral theory for bounded operators in Banach spaces, [10]. An operator
T is said to have the SVEP at )¢ € C, if the only analytic function which satisfies

(A= T)f(2) =0

is f = 0 (see [11]). In addition, P. Aiena treated with this notion in [1, 2, 3, 4]. More precisely,
he establish several results of Fredholm theory, based on the SVEP. Further, A. Ammar, A.
Bouchekoua and A. Jeribi [7] and M. Mnif and A.-A. Ouled-Hmed [12], extended this concept
to linear relation and studied some properties of the local spectral theory of linear relations.
Further, let T is a bounded linear relation and z be a vector in X. The local resolvent of T" at =
denoted by pr(z) is defined as the set of all A € C for which there exist an open neighborhood
U of X and an analytic function f : U — X such that the equation

(M —T)f(Xo) =z + T(0), holds for all Ay € U,

when T'(0) is the multivalued part of 7. The complement of pr(z) in C is called the local
spectrum of 7" at = and denoted by o ().

In [8], A. Ammar et all investigated certain properties of local spectral theory for upper triangular
2x2 -block matrix of linear relations. Also, in [?] A. Ammar et all checked up on a few properties
of the local spectra of a 2 x 2-block matrix of linear relations.

In our paper, we treat some results about the local spectral theory of 3 x 3-block matrix of linear
relations which is defined by

T T T
To=| Ton T T» |,
T31 T3 Tx3

on X; & X, ® X3 where Tj; € LR(X;), and T;; € LR(X,, X;) forall i € {1,2,3}, j € {2,3}
and X, X,, X3 are complex Banach spaces.
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We organize our paper as the following: In section 2, we study some preliminary and auxiliary
results of the local spectral theory of linear relations that we will be needed to prove our main
results. In section 3, we investigate some results of the local spectral theory of 3 x 3-block matrix
of linear relations involving SVEP. Furthermore, we treat some local spectral properties of T
and 7y through the surjective spectrum and the analytic residuum of its entries. Besides, under
necessary and sufficient conditions, we prove that 7 has the single valued extension property.

2 Preliminaries and auxiliary results

Throughout the paper, X and Y are two Banach spaces over the complex plane C. We are going
to recall some facts about the linear relations needed eventually. A linear relation 7' : X — Y
is a mapping from a subspace D(T') = {z € X : Tz # 0} of X, called the domain of T, into the
collection of nonempty subsets of Y such that

T(ax + By) = oT'(z) + BT (y),
for all nonzero scalars o, € C and z,y € D(T). We denote the class of linear relations
from X into Y by LR(X,Y) and as useful we write LR(X) = LR(X, X). A linear relation
T € LR(X,Y) is uniquely determined by its graph, G(7"), which is defined by
G(T)={(z,y) e X xY :2€D(T)andy € Tx}.
If M and N are subspaces of X, then
M+ = {2’ € X* such that 2'(z) =0 forallz € M}

and
N' = {z € X such that 2’(z) =0 forall 2’ € N},

where X* is the dual of X. The adjoint 7* of T is defined by
G(T*) = G(-T~")* ¢ X* xY*, where

(g, 2), (v, ")) = (2, 2) + (y,9) = 2 (2) + ¥/ (v).

The null, the range spaces and the multivalued part of 7" are defined respectively by:

N(T) = {zeD(T): (z,0) € G(T)},
R(T) = {y:(x,y) € G(T)} and
T0) = {y:(0,y) €G(T)}.

We note that T is single valued (or operator) if, and only if, 7'(0) = {0}. T is said to be injective
if N(T') = {0} and surjective if R(T) = Y. If T is injective and surjective we say that T is
bijective. T is called to be bounded, if D(T') = X and ||T'|| s (x,y) < oo. The set of all bounded
linear relations from X into Y by BR(X,Y). If X =Y, then BR(X, X) = BR(X). T is said to
be closed if its graph is closed. The class of all closed linear relations is denote by CR(X,Y’) and
as useful we write CR(X, X) := CR(X). Also, the set of all bounded and closed linear relations
from X into Y is denoted by BCR(X,Y ). When X =Y, we have BCR(X,Y) = BCR(X).

Let us recall some properties of linear relations which shown in [9].

Proposition 2.1. Ler T' € LR(X,Y). Then,
(i) For x € D(T), we have y € Tx if, and only if, Tx = y + T(0).
(#4) In particular, 0 € Tz if, and only if, Tx = T(0).

Definition 2.2. Let T € LR(X,Y). A linear operator E is called a selection of T if

T=E+T-T and D(T) = D(E).
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If E is a selection of T', then we have, for all z € D(T')
Tz = Ex+T(0).

Now, we recollect some definitions, notations and properties of spectral and Fredholm theory of
a linear relation.
Let T € LR(X). The resolvent set of T is defined as:

p(T) = {X € C: X\ — T is injective, open and has dense range}.

Hence, the spectrum of 7' is defined by o (7") = C\p(T)).
A scalar A such that V(A — T') # {0} is called an eigenvalue of T'. So, the point spectrum of T
is the set 0,,(T") consisting of the eigenvalues of 7.

Proposition 2.3. [9, 11, Proposition VI.1.11] Let X be a normed space and let T € BR(X).
Then, o(T) = o(T*).

The sets of upper semi-Fredholm, lower semi-Fredholm, semi-Fredholm and Fredholm linear
relations which are, respectively, defined as

P (X,)Y) = {TeBR(X,Y):dimN(T)) <occ and R(T) is closed }
P_(X,Y) = {TeBR(X,Y):codim(T) < co and R(T) is closed }
P, (X)Y) = (X, Y)UP_(X,Y)

P(X,)Y) = O (X,)YV)NDP_(X,Y).

When, X = Y, we denote by @, (X, X) = @, (X), P_(X,X) = &_(X) and P(X,X) =
P(X).
The essential spectra of a linear relation 7" are defined as follows:

N

Q

(T) = AcC:iA-T¢, (X))
o(T) = {AeC:A-T¢d_(X)}
W) = AeCia-T¢u(X))
(T) = {\eC:A-T¢d(X)}.

€1

Qa 9

N

Q

€4

We point out that,
0e(T) = 04 (T) N0y (T) € 0, (T) € (D).

Theorem 2.4. [5] Let S, T € LR(X). Then, we have

(i) IfS, T € ®.(X), then ST € P, (X) and TS € P, (X).

(i) If S, T € ®_(X), with TS (resp. ST) is closed, then TS € ®_(X) (resp. ST € ®_(X)).
(143) If S, T are everywhere defined and TS € @, (X) then S € P, (X).

(iv) If S, T are everywhere defined such that TS € ®(X) and ST € ®(X), then S € ®(X) and
T € ®(X).

In this case, we can define the upper triangular 3 x 3-block matrix of linear relations

T T T3
T — 0 T22 T23
0 0 Tx

on X| ® X, ® X5 where T;; € ,CR(Xl), and Tij € ,CR(XJ, Xz) forall i € {1,2, 3},] € {2, 3}
and X, X,, X3 are complex Banach spaces.

Let us recall a fundamental result of the adjoint of 7, which we will need to prove our main
result.
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Theorem 2.5. [5, Theorem 2.1] Let T;; € BR(X;), fori € {1,2,3}. Then, the adjoint of T is:

77 0 0
T=|T5 T, 0 ,
T, Ty Ty
where T;;, for all i # j € {1,2,3} are bounded linear relations from X; to X;.

In the rest of this section, to orient the reader, we summarize some of the definitions and the
fundamental concepts and facts of the local spectral theory.

Proposition 2.6. [7] Let X be a Banach space, x,y € X and let T € BR(X). Hence, pr(z) is
open, whereas the spectrum o () is closed.

Definition 2.7. Let T € BR(X), T is said to have the single valued extension property at A € C,
abbreviated SVEP at ), if for every neighborhood U of A the only analytic operator function
f : U — X which satisfies the equation

(T = p) f () =T(0)
is the constant function f = 0.

Definition 2.8. Let 7' ¢ BR(X). The analytic residuum St is the set of A\ € C for which there
exist a neighborhood V), and f : V), — D(T’), a nonzero analytic function such that

(T —XN)f(A) =T(0), forall X € Vy,.
Remark 2.9. Let T' € BR(X). T has the SVEP if, and only if, ST = & (the empty set).

Proposition 2.10. [7] Let T € CR(X). T have SVEP at X if, and only if, A — T have SVEP at 0,
for every A € C.

Theorem 2.11. [7] Let X be a Banach space and let T € CR(X) with closed range. If T is not
one-one, then T does not have the SVEP at (.

Let T € LR(X). The surjective spectrum of T is defined by
osu(T) :={X € C: T — X is not surjective }.
We can find the following result in [12].

Proposition 2.12. Let X be a Banach space and let T € BR(X). Then,
osu(T) = U or(z).
reX

Theorem 2.13. [8, Theorem 2.1] Let an analytic function of the linear relation T : U —
LR(X,Y) on an open set U C C for which the mapping T(\) : X — Y is surjective for all
A € U. If T has a selection E satisfying T(0) C R(E), then for every analytic function of the
linear relation K : U — Y, there exists an analytic function f : U — X such that

TN f(X) =K(N), forall e U.

For a survey findings related to local spectral theory of linear relations, the reader is referred to
[5, 8, 12].

In the following result, we characterize the ponctuel spectrum of linear relation matrix 7.

Proposition 2.14. Let T;; € BR(X;), and T;; are bouneded operators from X, to X; for all
i€ {l,2,3} and j € {2,3}. Then,

O'p(Tn) C O'p(T) C O';,,(T]]) U O'p(Tzz) U UP(T33).
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Proof. To prove that 0,(7T) C 0,(T11) U 0,(T22) U 0,(T33), we assume that A\ ¢ o,(711) U
0p(Tha)Uop(Ts3). Then, (A—T11), (A—T»2) and (A—T33) are injective. Let (z,y,2) € N(A=T).
Hence,

0 T
0 |leA-T)| v
0 z

Also, since (A — T53) is injective, then z = 0. Further, based on the hypotheses (A — T»;) is
injective and T3 is an operator, we conclude that y = 0. Again, using the fact that (A — T7;) is
injective, Ty, and T3 are operators, we infer that z = 0. Thus, N'(A — 7)) = {(0,0,0)}, which
leads to conclude that A — 7 is injective.

Conversely, let A ¢ 0,(7), hence A\ — T is injective. Therefore, 0 € (A — T';)x and so

0e ()\ — Tll)l’ — le(O) — T13(0)
0e (/\ — Tzz)o — T23(0)
0€ (A—13)(0).

As aresult, (z,0,0) € N(A—T), which implies that z = 0. As a consequence, A ¢ 0,(T71). O

3 Some local spectral results of linear relations matrices

In the beginning of this section, we discuss some properties of the local spectral theory of T
involving the surjective spectrum and the analytic residuum of its diagonal entries.

3.1 Some local spectral properties of linear relation matrix through surjective
spectrum and analytic residuum

In the further Proposition, we illustrate a new result of the local spectrum of 7 in terms of the
surjective spectrum.

Proposition 3.1. Let T;; € BR(X;), and T;; € BR(X;, X;) forall i € {1,2,3} and j € {2,3}
such that T;;(0) C T;;(0) for j # i € {1,2}. If Thi(resp. Th) has a selection E,(resp. E,)

which satisfies T11(0) C R(E1)(resp. Tr2(0) C R(E»)), then

Y
o7 (x) Cosu(Ti1) Uosu(T) Uor, (w), forall z=1| =z | € X1 x Xp x Xj.
w

Proof. Let Ay & 0, (T11) U 05u(T22) U ory, (w). Then, there exist three open neighborhoods V7,
V5 and Vi of Ao € C and an analytic operator function f3 : V3 — X3 such that

(T33 - )\)f3()\) =w +T33(0), forall A e V5, V) ﬂasu(Tzz) =@ and V; ﬁUSU(TH) = .

Now, suppose that V' = ﬂ V;. Hence, we get
i€{1,2,3}
(T33 — /\)f';(/\) =w + T33(O), forall A e V.

In addition, by referring to Theorem 2.13, we infer that there exist two analytic functions f5 :
V — X and f; : V — X such that

(T — N) fa(N) = 2 — T3 f1(N) + T22(0),
(T11 — )\)f3()\) =y — lefg()\) — T13f1(/\) + TII(O), forall A e V.

f3
Furthermore, the nonzero analytic function | f, 1V — X3 x X, x X defined by:
fi
f (N
L) = LW
fi fi(N)
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(N y+Tn
(T-M[ ™ = z+1Tn
i) w+ T3

z+ T(0), forall \ € V.
Therefore, Ay ¢ o7 (). ]

such that

As a direct consequence of Proposition 3.1, we get the following result:

Corollary 3.2. Let T;; € BR(X;) and T;; € BR(X;,X;) forall i € {1,2,3} and j € {2,3}
such that T;;(0) C T;;(0) for j # i € {1,2}. If Thi(resp. Th) has a selection E,(resp. E,)

which satisfies T11(0) C R(E})(resp. Tr2(0) C R(E»)). Then,
oM S U osulTi).
i€{1,2,3}

Proposition 3.3. Let T;; € BR(X;) and T;; € BR(X,, X;), forall i € {1,2,3}, j = 2,3 and
i # j € {1,2} such that D(T33) C N (T»3) and Th3(0) C T»2(0). Then,

Yy
0Ty, (w) U oD, (Z) Cor z s for ally c D(T]]), z € D(Tzz), w e D(T33). 3.1)
w

Y
Proof. Let \g ¢ o1 ( z ) . Hence, there exist an open neighborhood V), and a nonzero ana-
w

lytic function f : V), — D(T'11) X D(Th) x D(Ts3) such that
Y
z
w

(T-=Nf\) = ( ) +7(0), forall A € Vy,.

f
So, for f = ( f ) with fi : V), — D(T]]), iV, — D(Tzz) and f3 : V, — D(T33)
f3
which are analytic functions, we have
(T1 — N fi(A) + Tiafo(N) + Tis f3(A) = y + 111 (0)
(T2 — A) f2(A) + T3 f3(N) = z + T (0), (3.2)
(T33 — /\)f';(/\) =w+ Ts3 (0), forall \ € VAU.

Y
Hence, A\ ¢ or,(w). This allows us to deduce that o7, (w) C o1 ( z ) . Moreover, by using
w
the fact that f3(\) € D(T33) C N (123), we get
D3 f3(A) = Tr3(0). (3.3)
By combining (3.2) and (3.3) we obtain
2+ Tn(0) = (T —A)f(N)+Ts(0)

A)
= (T = N)(f2(A) +0) + T23(0)
= (Toa = A) f2(A) + (Tr2 — N)(0) + (T3 — X)(0), forall A € Vy,.
Since, T53(0) C T»2(0), then we have
(Tor — \) fo(\) = 2 + T (0), forall A € V.

w

Y
As a consequence, o, (2) C 0'7‘( z ) . i
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Remark 3.4. It is clear that Sp,, € S C U St,,. Hence, by using of Corollary 3.2, we
i€{1,2,3}
obtain that o(7) C U o(Ty).
i€{1,2,3}
Proposition 3.5. Let T;; € BR(X;) and T;; € BR(X;,X,), forall i € {1,2,3} and j € {2,3}
such that T;;(0) C T;;(0) for j # i € {1,2}. Then, for all x € V),

X
ST22 U ST33 U O'T”(w) = ST22 U ST33 U 0'7’( 0 ) .

0
x
Proof. Let \o ¢ St,,Uor| 0 |, foralli € {2,3}. Then, there exist an open neighborhood V),
0
of )\g in C and a nonzero analytic function f; : V), — X x X, x X3 such that
x
(T=XNfi(A) =1 0 | +7(0), forallA € Vy,.
0

Let fi : Vi, — X1, 2 : V), — Xz and f3 : V), — X3 be analytic functions such that

fi
fi=1| f. |. Thus,
f3

(T — N iA) + T fo(N) + Tz f3(A) = « + T11(0)
(T2 — ) f2(A) + Taz f3(X) = T (0), 3.4
(T33 — /\)f3()\) = T33(0), forall A € V/\o'

Since Ao ¢ St,. it follows from (3.4) that f3 = 0 on V). In addition, using both of hypothesis
Ao ¢ S, and T5,(0) C T»3(0) allows us to conclude that f, = 0 on V). Again, by referring to
(3.4), we infer that

(T]] — )\)f] ()\) =z + T]](O) forall \ € V)\O.

Thus, Ao ¢ o7, (x). It is easy to see the converse inclusion. O

Corollary 3.6. Let T;; € BR(X;) and T;; € BR(X,,X;), forall i € {1,2,3} and j € {2,3}
such that T;;(0) C T;;(0) for j # i € {1,2}. If T»» and Ts3 have the SVEP. Then, for all x € V),

O‘T”(ZC):O‘T( 0 )
0

3.2 Some spectral properties of linear relation matrix through The SVEP

We begin this subsection by giving a new characterization of the surjective spectrum of 7 by
means of SVEP. We first need the following result on the surjective spectrum of 7.

Lemma 3.7. Let T;; € BR(X;) and T;; € BR(X,, X;), foralli € {1,2,3} and j € {2,3} such
that T;;(0) C T;;(0) for j # i € {1,2} and D(T33) C N (Ta3). If Tii(resp. T»y) has a selection
Eq(resp. E) which satisfies T11(0) C R(E))(resp. T (0) C R(F,)) and Ts3 has the SVEP,

then
Osu (T) = U Osu (Tu)
ie{1,2,3}
Proof. Applying Corollary 3.6, we can deduce that

T
or,(z) =07 0 |. (3.5)
0



SOME LOCAL SPECTRAL PROPERTIES 51

Since 05, (T) = U or(z), then we have
reX

Jsu(Tll) = U UTII(y)

y€D(T11)
Yy
= |J or| 0|, (fom35)
y€D(T11) 0
C ow(T).

In addition, by referring to Proposition 3.3, we infer that

0
Osuy (T33) c U 0Ty 0
w€D(Ts3) w
0
- U or| O
weD(T33) w
C os(T).

Again, by using of Proposition 3.3, we obtain
Usu(T22) g Osuy (T) .

So, we get

U owl(Ti) Cow(T).

1€{1,2,3}
Conversely, by applying Corollary 3.2, we can deduce that
Osu (T) C Usu(TII) Uosy (TZZ) Uosy (T33)~
This end the proof. O

One of our main results is to find an equality between the spectrum of 7 and the spectrum of its
diagonal entries invelvig SVEP which is the follwing.

Theorem 3.8. Let T;; € BR(X;) and T;; € BR(X;,X;), forall i € {1,2,3} and j € {2,3}
such that T;;(0) C T;;(0) for j # i € {1,2} and D(T33) C N (T»3). If Thi(resp. Tx) has a
selection E\(resp. E,) which satisfies T11(0) C R(E))(resp. T»2(0) C R(E»)) and Ts3 has the

SVEP, then

ie{1,2,3}
Proof. In view of Lemma 3.7, we obtain

osu(T) = U osu(Tii)-

1€{1,2,3}

Using the fact that 733 has the SVEP, we infer that
U Usu(Tii) U U(T‘33) g U(T)
i€{1,2}

Accordingly,
U ST” U Crsu(T’u UG T33 U ST” UU

i€{1,2} i€{1,2} ze{l 2}
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Also, applying Corollary 3.6, we have
U Sn U oau@i)uo(ms) = | o)
ie{1,2} ie{1,2} i€{1,2,3}

U St,, U J(T)

ie{1,2}

N

Furthermore, since Sz, U St,, € ST, then

U o) c o).

1€{1,2,3}

Conversely, it follows from Remark 3.4, we get o, (7T) C U osu(Tii). O
i€{1,2,3}

In what follows, under some new conditions, we prove that the upper triangular matrix of linear
relations also has the SVEP.

Proposition 3.9. Let T;; € BR(X;) and T;; € BR(X;, X;), forall i € {1,2,3} and j = 2,3
such that T;;(0) C T;;(0) for j # i € {1,2}. If T}; have the SVEP, for all i € {1,2,3}, then T
also has the SVEP.

Proof. Let f : V), — X; x X, x X3 be an analytic function on an open neighborhood V), of
Ao in C satisfying
(T =X f(A\)=T(0), forall AeV.

fi
Let f = ( 2 ) with f; : Vi, — X, fo : Vi, — Xy and f3 : V), — X3 be an analytic
f
functions. Hence, we get
(T — A) fi(A) + Tha fo(N) + Tz f3(X) = T11(0)
(T — A) fa(N) + T3 f3(A) = T22(0),
(T33 — /\)fg,()\) = T33(0), for all \ € VAO.

Based on the hypotheses T5; has the SVEP, we can conclude that f3(A\) = 0, for all A € V.
Therefore, we have
(T22 — )\)fZ()\) = Tzz(O), for all ne V.

The fact that T»; has the SVEP and T5,(0) C T53(0), allows us to deduce that f,(A) =0on V.
So, we obtain

(T — N) f1i(\) = T11(0).

Again, since T}, has the SVEP, T1;(0) C T12(0) and T3,(0) C Tj3(0), then f1(A) = Oon V.
Consequently, 7 has the SVEP. O

An immediate consequence of the Proposition 3.9 is the following:
Corollary 3.10. Let T;; € BR(X;) and T;; € BR(X;, X;), foralli € {1,2,3} and j = 2,3 such
that T;;(0) C T;;(0) for j # i € {1,2}. If T}; have the SVEP, for all i € {1,2,3}, then
oT)= | o). (3.6)
ie{1,2,3}

Proof. By referring to Theorem 3.7, we infer that

oM = |J oeulTi) (3.7)

ie{1,2,3}
Also, since T;; have the SVEP, for all i € {1,2,3}, we can obtain that

Sty, = 81y, = S1yy = 9.
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This is equivalent to
osu(T1) = 0(T11), osu(Tr) =c(Tr) and o, (T33) = o(T33). 3.8)
In view of Proposition 3.9, we deduce that 7 also has the SVEP. This leads to
osu(T) =0o(T). (3.9)
As a consequence, by combining (3.7), (3.8) and (3.9), we conclude that (3.6) holds. O

Proposition 3.11. Let T}, € BR(X;) and T;; € BR(X;, X;) foralli € {1,2,3} and j € {2,3}
such that T;;(0) C T;;(0) for j # i € {1,2}. If Thi(resp. Th) has a selection E,(resp. E,)
which satisfies T11(0) C R(Ey)(resp. Tr2(0) C R(E»)). Then,

ST22 U ST33 U Usu(T) = Usu(Tll) U U(ng) U O'(T33).

Proof. By using of Corollary 3.2, we obtain
Usu(T> g U Osu (T’u>
€{1,2,3}

Hence,
Sy, U ST33 U USU(T) C S, U ST33 U U O'SU(TM)
€{1,2,3}

Consequently,
ST22 U ST33 U Usu(T) - Usu(Tll) U U O‘(Tii).
€{2,3}

Conversely, by referring to Proposition 3.5, we infer that

T
ST22 U ST33 U O'T“(I) = STzz U ST33 U UT( 0 ) .
0

Therefore,
ST22 U ST33 U Usu(Tll) - ST22 U ST33 U oy (T)

Using the fact that o5, (T) C 05, (T) and 0, (T33) C 05, (T ), we can deduce that
Osu(T) Uosu(T33) U ST, UST, Uosw(Th1) = 0su(Th1)Uo(Ty)Uo(Ts)
ST22 U ST33 U Oy (T)

N

This complete the proof. O

In the following theorem, we will study a new characterization of ¢(7") by means of its adjoint
T*.

Theorem 3.12. Let T;; € BR(X;) and T;; € BR(X;,X;) for all i € {1,2,3} and j € {2,3}
such that T;(0) C T;;(0) for j # i € {1,2}. If T\ (resp. Ta2) has a selection E,(resp. E,)
which satisfies T11(0) C R(E\)(resp. T (0) C R(E»)). Then,

(S U Sy, U Sty) UU(T) = U o (Ty).
ie{1,2,3}

Proof. In the one hand, we show that

(S, U Sy) U o(T) = U o(Ti).

i€{1,2,3}

Then, by referring to Remark 3.4 and Proposition 3.11, we infer that

[ST“ U O’su(Tu)} U O’(T”> - ST22 U ST33 U O’su(T> U Sr.
1€{2,3}
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It follows that,
U U(TH) - STzz U ST33 U U(T)
1€{1,2,3}

In the other hand, in view of Theorem 2.5, we get that the adjoint of T is:
77 0 0
T=\|T5 T, 0
T, T Ty
Using the same reasoning as before, we have
SrUa(T) = ] o(T}).
i€{1,2,3}
In view of Proposition 2.3, we obtain
ST]*l U O'(T) = U U(Tn)
1€{1,2,3}
which proves the statement. O

Corollary 3.13. Let T;; € BR(X;) and T;; € BR(X,,X;) forall i € {1,2,3} and j € {2,3}
such that T;;(0) C T;;(0) for j # i € {1,2}. If Thi(resp. Th) has a selection E,(resp. E,)
which satisfies Ty1(0) € R(Ey)(resp. T (0) € R(Ez)) and (S U S, U Sty,) = 0. Then,

i€{1,2,3}

Moving forward, we show an equivalence between the SVEP of 7 and the SVEP of its
diagonal entries.

Theorem 3.14. Let T;; € BR(X;) and T;; € BR(X;,X;) forall i € {1,2,3} and j € {2,3}
such that T;;(0) C T;;(0) for j # i € {1,2}. If Thi(resp. Th) has a selection E,(resp. E,)
which satisfies T11(0) C R(E})(resp. Tr2(0) C R(E»)). Then,

St =10 if, and only if, Sr,, = S, = Sr, = 0.
In particular, T has the SVEP if, and only if, T;; for all i € {1,2,3} have the SVEP.

Proof. Suppose that S7 = (), then 7 has the SVEP. Hence, o(7") = 04, (7). Based on the fact
that
Usu(TZZ) - Usu(T) and STzz - STv

we can conclude that S7,, = ). The same reasoning, we can deduce that
STII = ST33 = 0.

Conversely, if T;; for all ¢ € {1,2,3} have the SVEP. Then, using Proposition 3.9, we obtain T
which has the SVEP. O

The next theorem shows that an inclusion between the essential spectrum of 7 and the essential
spectrum of its entries by using the analytic residuum.

Theorem 3.15. Let T;; € BR(X;) and T;; € BR(X;,X,), forall i € {1,2,3} and j € {2,3}
such that T;;(0) C T;;(0) for j # i € {1,2} and D(T33) C N (T»3). If Tii(resp. T»y) has a
selection Ei(resp. E,) which satisfies T11(0) C R(E))(resp. Tr2(0) C R(E,)), then

U Oey (Tu> C O, (T) U (STI*I USp, U ST33) .
ief1,2,3)
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Proof. Let A € C, then we have

I 0 0 I 0 T I 0 0
T—-)\ = 0 I 0 0 I T 0 Tn—X O
0 0 T335—X 0 0 I 0 0 I
I T, O Thy—X 0 O
0 I 0 o 1 0 |. (3.10)
0 0 I 0 0 I

Now, let us suppose that A ¢ o, (7) U (S U Sy, U S, ). Hence, T — X is a Fredholm. Our

I 0 0
purpose is to prove that \ ¢ U Ge,(Tii). By (3.10), we have | 0 I 0 is lower
1€{1,2,3} 0 0 T33— A

semi Fredholm, then 733 — A is so. Now, to prove that 733 — A is a Fredholm, it remains to show
that dim(N (733 — \)) is finite. Since A ¢ Sr,,, then by using of Proposition 2.10 and Theorem
2.11, we obtain that dim(N (733 — \)) = 0. Thus, X ¢ o, (733). The same reasoning as before,
we show that A ¢ o, (Th). Let us prove that Tj; — \ is Fredholm linear relation. Using the

Th—X 0 0
fact that 7 — A is a Fredholm and by (3.10), we infer that 0 I 0 | is upper semi
0 0 I

Fredholm. Therefore, 711 — A is upper semi Fredholm. It follows from the fact A ¢ St~ and again
by using of Proposition 2.10 and Theorem 2.11 that N (T}, — X\) = {0}. Since 7}, 1s bounded
linear relation, then

{0y = N(TTi =)

N((Ti = A)7)
= R(T; — N+t
This implies that codim(7") < co. Accordingly, 77; — X is a Fredholm linear relation. O

As a direct consequence of Theorem 3.15, we get:

Corollary 3.16. Let T;; € BR(X;) and T;; € BR(X;, X;), forall i € {1,2,3} and j € {2,3}
such that T;;(0) C T;;(0) for j # i € {1,2} and D(T33) C N (T»3). If Tii(resp. T») has a
selection E)(resp. E,) which satisfies T11(0) C R(E))(resp. T5(0) C R(E,)), and T}, T»
and T3 have a SVEP, then

Oey (T) = U Oey (T“)

i€{1,2,3}

We finish this section by giving a new characterization of the local spectrum of 3 x 3-block
matrix of linear relations.

Theorem 3.17. Let T;; € BR(X;) and T;; € BR(X;,X;), foralli € {1,2,3} and j € {2,3}
such that T]z(O) N T13(0) C T]](O), TZI(O) N T23(0) C TZZ(O) and T31(0) N T32(O) - T33(0).
IfD(TH) C N(T23) N N(T31), D(Tzz) C N(Tn) N ./\/'(Tzz), and D(Tz3) C N(T13) N /\/(T23).
Then,

x
or|l v =07y, (m) U 0T22<y) Uory, (Z), for all Y € X1 x Xp x Xj.
z z

Proof. First, it should be noted that the result is equivalent to show that

xr
pr| vy | =pn(2) N pr,(y) Npry(2), forall |y | € Xix Xy x X
z z
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Let X € ppy, (z) N p, (y) N pry; (2), then there exist there exist three open neighborhoods Vi, V,
and V3 of A € C and three analytic functions f; : V| — X1, fo: Vo — Xs and f3: V3 — X3
such that for all A\g € V] NV, N V3, we have

(Th1 — o) f1(Ao) = = + T11(0),
(T2 — o) f2(Ao) = = + T(0), (3.1D)
(T33 — )\o)f3 ()\0) =z +T5 (O)

fi fi
Now, let | f» VinWV,NVz — X7 x X3 x X3. Then, ( f ) is an analytic function and
I3 f3
for all \y € V1 NV, N V3, we obtain
fi(Xo) T — Ao T, Tis fi(Xo)
(To — o) ( f2(No) ) = T T — o Th3 ( f2(Xo) )
f3(Xo) T3 T3 T33 — Ao f3(Xo)

(T11 — Xo) f1(Xo) + Tiaf2(Mo) + Tiz f3( o)
= o1 f1(Xo) + (T2 — Xo) f2(Ao) + T2z f3( o)
T31f1(No) + T32.f2(Ao) + (T33 — o) f3(Ao)

x4+ T11(0) + Ti2f2(Xo) + Ti3f3( o)
= To1 f1(No) + v + T22(0) + Th3 f3(No) (from (3.11)).
131 f1(Xo) + T32f2(Xo) + y + T33(0)

Based on the hypotheses D(T11) C N (Th3) NN (T31), D(Th) C N(T12) NN (Ts2), and D(T53) C
N (Ty3) N N (T»3) and by referring to Proposition 2.1, we infer that

£i(0) z + T11(0) + T12(0) + T13(0)
(To=2Xo) | f2(N) = T51(0) +y + T2 (0) + T»3(0)
f3(Xo) T31(0) + T32(0 +y+T15 (O
T11(0) + T12(0) + T13(0)
= 5 (0) + Tzz(O) + T»3 0)
T31(0) 4+ T32(0) + T33(0)
0
= To|l O |+]| v
0 z
Hence,
X
PTy, (I> N pry, (y) N pT33(Z) Cpr Yy
z

For the reverse inclusion, let us suppose that A € pr | y |, then there exist an open neighbor-

z
fi

hoods V' of A € C and an analytic function | f, : V. — X1 x X5 x X3 such that for all
f

Ao € V, we have

J1(Mo) T 0
(To—=2)| L) | =1y |+To| 0 ].
F3(Mo) z 0
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This is equivalent to

(T11 — Xo) f1(Xo) + Tiafo(Xo) + Tis f3(Xo) = = + T11(0) + T12(0) + T33(0),
a1 f1(Mo) + (T2 — o) f2(Ao) + T3 f3(Ao) = T21(0) + y + T22(0) + T23(0),
131 f1(Mo) + T32.f2(Ao) + (T33 — o) f3(Ao) = T31(0) + T32(0) + v + T33(0).

Since, T]z(O) n T13(0) cTh (0), then
(T11 — Xo) f1(Xo) + Tiaf2(Xo) + Tiz f3(Xo) = = + T11(0).

Also, it follows from f2(\o) € D(T52) C N(T12) and f3(\o) € D(T33) C N (T13) that

x+ T11(0) (T11 — X0) f1(Ao) + T2 f2(Xo) + T13f3(No)
= (T11 — Xo) f1(Xo) + T12(0) + T15(0)
= (T = 20)f1(X0) + (T11 = 2)(0) + (T2 — X0)(0) + (713 — X0)(0)
= (T — Xo) f1(Xo).

Thus, A € pr,, (z). The same reasoning allows us to conclude that A € pr,(y) and X € pry, (2).
O
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