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Abstract This paper introduces (€, € V g)-fuzzy prime and (€, € V ¢)-fuzzy primary sub-
modules, providing characterizations and exploring their behavior under R-module homomor-
phisms. It also investigates quotient fuzzy submodules, the direct product of fuzzy submodules,
and the intersection of fuzzy submodules within this context. Finally, it establishes that radical
of (€, € V g)-residual quotient of (€, € V ¢)-fuzzy primary submodule with respect to charac-
teristic function forms an (€, € V ¢)-fuzzy prime ideal.

1 Introduction

The concept of fuzzy prime and fuzzy primary submodules is explored in several papers (see,
[1, 14, 18, 13]). Different authors (see, [5, 10, 2, 3, 4, 12]) further developed these topics in
detail. In [6], the concept of a fuzzy point and its quasi-coincidence with a fuzzy set is utilized to
define a new type of fuzzy subgroup, called an (€, € V ¢)-fuzzy subgroup. This new subgroup
effectively generalizes the fuzzy subgroup concept introduced by Rosenfeld in [17]. Further
investigation of this type of generalization of different fuzzy subsystems has also been done in
the literature. In this sequence, some important algebraic structures such as subrings, ideals (like
prime, semiprime, primary, semiprimary, and maximal) have been thoroughly examined (see,
[71). Our paper introduces the concepts of (€, € V ¢)-fuzzy prime and (€, € V ¢q)-fuzzy primary
submodules, followed by an in-depth discussion of specific results.

A fundamental question arises: why do we need this generalization when we have already
developed effective fuzzification for both prime and primary submodules? The answer lies in the
historical focus of research in this area, which has predominantly centered on two-valued fuzzy
sets. Therefore, we find it necessary to adjust the definitions of fuzzy prime and fuzzy primary
submodules to accommodate a wider range of fuzzy set characteristics. This is precisely the
reason that motivates us to modify the definitions of fuzzy prime and fuzzy primary submodules
in such a way that their range sets can encompass a greater variety. This modification opens
the door for us to explore the possibility of defining infinite valued fuzzy prime submodules
and fuzzy primary submodules. In this research, we have succeeded in defining infinite-valued
(€, € V ¢)-fuzzy prime submodules and (€, € V g)-fuzzy primary submodules.

A characterization of (€, € V q)-fuzzy prime (primary) submodules has been provided (See
Theorem 3.6 and 4.4). We have demonstrated that for two modules, M; and M>, over commuta-
tive rings R; and R;, respectively, any (€, € V gq)-fuzzy prime submodule p of M = M| x M,
is of the form gy x p, such that either uy is (€,€ V ¢)-fuzzy prime submodule of M; and
(12)0s = My or py is (€, € V ¢)-fuzzy prime submodule of M; and (u1)gs = M; (Theorem
3.12). Furthermore, we have investigated how (€, € V q)-fuzzy prime submodules respond un-
der R-module homomorphisms. The same investigation has been conducted for (€, € V ¢)-fuzzy
primary submodules. Additionally, we have proven that certain alpha-cuts of (€, € V ¢)-fuzzy
prime(primary) submodules are prime(primary) submodules of the given R-module. Finally, we
have established that the radical of (€,€ V ¢)-residual quotient of (€, € V ¢)-fuzzy primary
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submodule and characteristic function of M is (€, € V ¢)-fuzzy prime ideal.

2 Preliminaries

Throughout the paper, R represents a commutative ring having unity, while A/ denotes a unital
R-module.

Definition 2.1. [15] Consider p as a fuzzy subset of an R-module M. We refer to p as a fuzzy
submodule of M if, for all » € R and m, m, my € M, it satisfies the following conditions ;

(i) p(0) =1,

(ii) p(m1 + ma) = min(p(mi), p(ma)),

(iii) p(rm) = p(m).

We denote the collection of all fuzzy submodules of M as F'(M).

Definition 2.2. [9] Consider v as a fuzzy subset of a ring R. We define v as a fuzzy ideal of R if
it satisfies the following conditions;

(i) v(ry +r2) > min(v(ry),v(r,)) forall 7,7, € R.

(ii) v(r1r2) > max(v(ry),v(rp)) forall vy, 7, € R.

We represent the set of all fuzzy ideals of R by FI(R).

Definition 2.3. [16] Assume v € F(M) and consider N as a submodule of M. Define a fuzzy
submodule £ of M /N as follows: £(z+N) = V{v(z)|z € x+ N} Vx € M. The fuzzy module
¢ defined is called the quotient fuzzy submodule of M with respect to v.

Definition 2.4. [11] Let v € FI(R) and € F(M). For m € M, define v o p1(m) and vp(m) as
follows;

v o u(m) = sup {inf(v(r), u(x)) | m = ra forsome r € Rand x € M},
P =30, ifm # raforallr € Rand z € M
sup {inf(v(r1), v(r2), ..., v(rm), (1), w(x2), . . ., 1(T1))
vu(m) = | m=3"", rx; forsomer; € Rand x; € M},
0, ifforallr; € Rz, € M, m# Y" riw;.

Definition 2.5. [11] Consider M and N as R-modules, and suppose f : M — N is an R-module
homomorphism. A fuzzy subset i of M is regarded as f-invariant if, for any =,y € M, the

equality f(xz) = f(y) implies u(z) = pu(y).
Definition 2.6. [11] Define m, as a fuzzy subset of M in the following manner;
t, ifx=m,
mi(x) = i
0, ifx#m.
This fuzzy subset is referred to as a fuzzy point with support m and value ¢, denoted by m;.

Proposition 2.7. [11] For anyr, € R, m € M and p € F(M);

sup{inf(¢, u(z)) | m = ra for some x € M},

re o p(m) = rep(m) = {O, if m # rx forall x € M.

Considering the above result, it is easy to verify that r¢yms = TMyninis.sy for any vy € R and
ms € F(M).

Corollary 2.8. For any rs € R, m € M and € F(M);

t, ifm=rxforsomex € M,

¢ o Xar(m) = rexar(m) = {0 olse
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Definition 2.9. [6] A fuzzy point m, is considered to belong to a fuzzy subset u, denoted as
my € p if and only if the value of p at its support, is greater than or equal to ¢, i.e., u(m) > t.
Otherwise we say m, does not belong to ;. and we denote it by m, € p.

Furthermore, it is identified as quasi-coincident with p, denoted by m; ¢ 1, when the sum of
u(m) and t exceeds 1, i.e. u(m) 4+t > 1. Otherwise, we write m; g .

Definition 2.10. [7] Consider a non-constant fuzzy ideal v of R. It is termed a fuzzy prime ideal
of R if, for fuzzy points z;, ys € FI(R), zys € v implies x; € v or ys € v.

v is said to be (€, € V q)-fuzzy prime ideal of R if, for fuzzy points z;, ys € FI(R), T1ys € v
implies z; € Vqrorys € V qu.

Definition 2.11. [7] A non-constant fuzzy ideal v of the commutative ring R is refered to as a
fuzzy primary ideal of R if, for any z;,ys € R, whenever the product z;y, € v, it must be the
case that either x; € v or there exists some positive integer n € N such that y7' € v.

Consider a non-constant fuzzy ideal v in the commutative ring R. It is refered to as an
(€,€ V q)-fuzzy primary ideal of R if, for any z;,ys € R, whenever the product z;y; € v, it
must be the case that either x; € V ¢ v or there exists some positive integer n € N such that
Yy €V aqu.

Definition 2.12. [1] Consider v as a fuzzy submodule of x (i.e., i, v € F(M) such that v C p).
We define v as a fuzzy prime submodule of 1 if, for any r, € FI(R) and m, € F (M), whenever
the product rymg € v then it follows that either mg € v or ry 0 C v.

Additionally, if we consider i = x s, then we refer to v as a fuzzy prime submodule of M.

Definition 2.13. [14] Consider v as a fuzzy submodule of u. We define v as a fuzzy primary
submodule of y if, for any r, € R and ms € M, whenever the product r,m; € v, it must be the
case that either ms € v or ' C v for some n € N.

Definition 2.14. [15] Consider p as a fuzzy subset of the set M, and v as a fuzzy subset of set
N. The direct product of these fuzzy subsets, denoted as i x v, is a fuzzy subset defined on the
direct product of M and IV, denoted as M x NN, with the following membership function;

(1 xv)(m,n) = min{u(m),v(n)},

where for any (m,n) € M x N, the membership value of 11 x v at (m,n) is the minimum of
the membership values of 1 at m and v at n.

3 (&, € V q)-fuzzy prime submodule

Definition 3.1. If v is a fuzzy submodule of , then it is termed as an (€, € V q)-fuzzy prime
submodule of p whenever, for any r; € FI(R) and x5 € F(M), where r € R, x € M, and
t,s € (0,1], we have r;z5 € v, then at least one of the following conditions are satisfied;

() zseVqu,

(ii) For all s € (0,1] and m € M, if mg € rip, then ms € V q v.
If we set ;1 = x s, we then say that v is an (€, € V ¢)-fuzzy prime submodule of M.

Definition 3.2. Suppose p and v are fuzzy subsets of M. v is considered as a quasi-subset of
if, for every m € M, the following condition is satisfied;

v(im) <u(m) or wv(m)+p(m)> 1.
We will denote it by v C; p.

Proposition 3.3. Given p,v € F(M). v Cy p if and only if for all m € M and s € (0,1],
whenever mg € v, we have mgs € V q [u.

Proof. Assume that for all m € M and s € (0,1], m, € v, implies my € Vgpand v ¢; p. In
this scenario, there will be an element = € M such that v(z) > p(z) and v(z) + p(z) < 1. Let
u(x) = s. Consequently, we find that z; € v, but z5 € V ¢ u, resulting in a contradiction.

The converse of the proposition can be readily demonstrated using similar arguments. O
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In light of the above proposition, for the rest of the paper, we will use r;uu C; v in place of
condition (ii) of Definition 3.1.

Proposition 3.4. If we let M = R, then v € F(M) is defined as an (€,€ V q)-fuzzy prime
submodule of M if and only if v € FI(R) is an (€, € V q)-fuzzy prime ideal of R, and v(0) = 1.

Proof. Assume v to be an (€, € V ¢q)—fuzzy prime submodule of M. Since R is a commutative
ring thus we have v € FI(R). Now if 2,3y, € FI(M) such that z,y; € v then we have either
xs € V qvor we have yxyr € v. If 24 € V g v, then by definition, v is an (€, € V ¢)-fuzzy
prime ideal.

If yixar €1 v then since yx s (y.1) = ¢ therefore y; € yix s this implies y; € V ¢ v making
v again an (€, € V g)-fuzzy prime ideal.

Conversely, consider v as an (€, € V ¢q)-fuzzy prime ideal of R with v(0) = 1. It is clear that v
is a fuzzy submodule of M. Suppose r; € R, x5 € M, rixs € v. If x4 € V q v then v becomes an
(€, € V q)-fuzzy prime submodule of M.

Ifzs €Vgrthenr, € Vgu. Sov(r) >torv(r)+t>1.SinceVm e M, rixp(rm) =t
therefore v(r) > ryxar(rm) or v(r) + ryxam(rm) > 1. Now v(rm) > v(r)(v is fuzzy ideal of
R) so we have v(rm) > ryxar(rm) or v(rm) + rexar(rm) > 1. This is eqgivalent of saying that
rexm 1 v. Hence again we have v as an (€, € V ¢)-fuzzy prime submodule of M. O

Proposition 3.5. Suppose v is an (€,€ V q)-fuzzy prime submodule of u, then vy is a prime
submodule of ps, provided vy # py and 0 < t < 0.5.

Proof. Let vy # puy and 0 < ¢t < 0.5. Suppose rm € v, forsomer € R, m € M. If rm € v,
then v(rm) > t or rym; € v. Since v is (€, € V ¢)-fuzzy prime submodule of ;. therefore either
my € Vquorrygp Cp v,

Case (i): If m; € V q v then either v(m) > ¢ or v(m) + ¢ > 1. Since ¢ < 0.5 therefore in both
situations v(m) > t or m € vy.

Case (ii): Assume r;p C; v. For any w € rus, we can express it as w = rz for some z € y;.
This implies p(z) > ¢ which implies ¢ < r;u(w) (as per the definition of r;11). Consequently, we
have w; € Ty So, we obtain w; € V ¢ v. Thus, either v(w) >t or v(w) +¢ > 1. Since t < 0.5,
this leads us to the conclusion that v(w) > ¢ or w; € v, ultimately leading to ru; C vy. i

The following result paves the path for obtaining an infinite-valued (€, € V g)-fuzzy prime
submodule.

Theorem 3.6. Consider M, as a prime submodule of M. If i is defined on M such that, for
everym € M;

1, ifm=20
p(m) =< p;i (>0.5), ifme M;/M;y fori=1,2,3,...
q (<0.5), otherwise

Where, for i € N, M;1y C M; and p;+1 > p;, then u is indeed an (€,€ V q)-fuzzy prime
submodule of M. Moreover, converse is also true i.e. any (€, € V q)-fuzzy prime submodule of
M can be expressed in the provided manner.

Proof. Let’s begin with the assumption that there exist r, € F(R) and ms € F(M) such that
r¢ms € pand mg € V q p.

So, we find that u(m) < s and u(m) + s < 1. This implies u(m) < 0.5 because if u(m) >
0.5, then adding s to it would result in u(m) + s > 1, which yields a contradiction. Therefore,
we can conclude that m ¢ M. Let us consider these two cases;

Case (i): If u(rm) = 1 or p; then rm € M. Because m ¢ M; and M, being a prime submodule
of M implies M C M,. This futher implies either r,x ps(rm) =t < p(rm) or u(rm) +¢ > 1.
Case (ii): If y(rm) = ¢, then pu(m) = g as well. This leads to the conclusion that s £ ¢q. Given
that ry;ms € pimplies min{t, s} < g < 0.5. Consequently, we arrive at ¢t < ¢ (since s ﬁ q). This
implies that r,x (w) < ¢ < p(w) Y w € M.

In both of these cases, we have rxp C p.
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Conversely, if 4 is an (€, € V g)-fuzzy prime submodule of M, then it follows, according to
proposition 3.5, that pg s is a prime submodule of M. Therefore, g5 # M, so m € M exists
such that m ¢ p0.s. Now, we claim that u(y) = p(m) for all y € M such that y ¢ pg s.

Because m ¢ pos s0 mos & pr. NOW my ) = 1,0m)mos € p. By (e,€ V q)-fuzzy
primeness of 1, we now obtain 1,,(,,,)xas €1 p. This implies that p(m) = 1, xa (w) < p(w)
or 1,,(myxam (w) + p(w) > 1 for all w € M. The latter condition is only possible if u(w) > 0.5,
therefore, p(m) = 1,(myxm(w) < p(w) for all w € M. because m is arbitrary, we obtain
pu(m) = p(y) for all m,y ¢ uos. This concludes the argument. ]

To support the preceding result, we provide an example.

Example 3.7. Consider Z-module Z and define a fuzzy submodule p on it as follows;

1, ifz=0
w(z) =< (m+1)/m if z € mZ/2mZ, m=2,43,...
0, otherwise

forall z € Z.

It is a straightforward to confirm that p meets the conditions to be considered as a fuzzy
submodule of Z. Furthermore, p s = 2Z, which is a prime submodule of Z-module Z. Hence,
according to the previous theorem, u becomes an (€,€ V ¢)-fuzzy prime submodule of Z-
module Z.

In the upcoming result, we establish a connection between (€, € V ¢)-fuzzy prime submod-
ule v in the context of a module M and its quotient fuzzy module ¢ of M/N. The theorem
demonstrates that when NNV is contained within 14 s, then the quotient fuzzy module ¢ inherits the
crucial characteristics of an (€, € V ¢)-fuzzy prime submodule.

Proposition 3.8. Consider v as an (€, € V q)-fuzzy prime submodule of M, and & as a quotient
Sfuzzy module of M /N with respect to v, where N is a submodule of M such that N C vy s. Then,
& becomes an (€, € V q)-fuzzy prime submodule of M/N.

Proof. Suppose ri(x + N), € Eforr € R, x + N € M/N and t,s € (0,1]. Assume (z +
N)s €V q & We claim that "Xy S1 & Since (x + N)s € V q £ therefore we have;

E(r+ N)<sandé(z+ N)+s<1
= sup{v(z)|z€x+ N} <sand sup{v(z) | z€x+N}+s<1
= v(z)<s and v(z)+s<l1
— x5 € VqU.
Case I: If r,z:, € v. Since v is (€, € V ¢)-fuzzy prime submodule of M and z; € V ¢ v thus
we get,

T Xm S1V

= v(rm) >t or v(rm)+t>1
= sup{v(z)|z€rm+ N} >t or sup{v(z)|z€erm+N}+t>1
= f(rm+N)>t or &(rm+N)+t>1 VYmeM
= rixm/N C1 &
CaseIl: If r,z, ¢ v
This implies min{t, s} > v(rz). Since {(ra + N) > min{t, s}

so we get, {(rz + N) > min{t, s} > v(rx).
Subcase I: If rz € 195 then since vy 5 is prime submodule of M therefore either = € 1y 5 or
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rM Cuys. If z € 15 then 0.5 < v(z) < v(rx) < min{t,s} which gives {(x + N)+s > la
contradiction. Therefore x ¢ 1, 5. Thus we get rM C 1js.

= v(rm)>05 VmeM

= &{(rm+ N) > v(rm) > 0.5

= &(rm+N) >t or &rm+N)+t>1
= 7exXm/N C1 &

Subcase II: If rz ¢ vy s then v(rz) < 0.5. Thus v(rz) = ¢ (say)(where ¢ is some fixed
number). Now since we have N C vy 5 therefore;

E(re+ N)=sup{v(z) | z€rz+ N} =¢q
= q=&(raz+ N) > min{t, s} > v(rz) =q
= {(rz+ N) =min{t, s} = ¢ =v(rz)
Now, we will claim that ¢ # s. Suppose ¢ = s then,

E(re+ N)=s=¢&x+ N)
= (z+ N)s €&

which is a contradiction. Thus we get ¢ = ¢ or {(rx + N) = ¢ which implies 7, x p;/n €1 §. This
concludes the proof. O

Next, we investigate the concept of (€, € V ¢)-fuzzy primeness within the intersection of two
fuzzy submodules of a module.

Proposition 3.9. Suppose p is a fuzzy submodule of M and v is an (€,€ V q)-fuzzy prime
submodule of M. Then, the intersection of u and v, denoted as N v, forms an (€,€ V q)-fuzzy
prime submodule of 1 s.

Proof. Supposer € R, x € pgs, and ryxzs € N then it follows that .2 s belongs to both 1 and
v. Since p(x) > 0.5, we can conclude that z; € \V ¢ 1. Moreover, as v is (€, € V g)-fuzzy prime
submodule of M, we have x; € V ¢ v or ryx;,; C; v. Thus, we can either have z, € Vg pnNv
Or 1t X 5 S1 NV O

Since homomorphism is the fundamental topic in algebra, it becomes essential to study the
characteristics of (€, € V ¢)-fuzzy prime submodules under homomorphisms. The forthcoming
results illuminate this aspect.

Proposition 3.10. Let M and N be R-modules. Assume p is f-invariant (€, € V q)-fuzzy prime
submodule of M having supremum property. Then f(u) becomes an (€,€ V q)-fuzzy prime
submodule of N.

Proof. Given the supremum property of i, we can assert that f(uo.s) = (f(1))o.s-

First, we claim that f(ugs) is prime submodule of N. Let r € R and y € N such that

ry € f(pos). Then 3z € M such that f(x) = y, and consequently, 7 f(x) € f(uos). By the
f-invariance property of 1, we conclude that rz € pgs. Now g 5 is prime submodule of M, so
either x € pgs or rN C f(uos). Hence, f(10.5) becomes a prime submodule of N.
Next, we claim, for any n ¢ f(uy5), f(1)(n) = ¢, where 0 < ¢ < 0.5 is some fixed number.
Since n ¢ f(y, ), there doesn’t exist m in g, s for which f(m) = n. However, f is an epi-
morphism, so there does exist an element « € M for which f(z) = n. By the (€, € V ¢)-fuzzy
prime submodule property of p, we get p(z) = ¢ where 0 < ¢ < 0.5.Which implies;

f(p)(n) =V {u@)|f(z) =n} =q
Hence the result. |

Proposition 3.11. Consider an R-module homomorphism f from M to N. If v is an (€,€ V q)-
fuzzy prime submodule of N then f~'(v) also becomes an (€, € V q)-fuzzy prime submodule of
M.
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Proof. We claim, f~!(1y5) is a prime submodule of M. Suppose 0 # rx € f~!(145). Then, it
follows that f(rz) € vys or rf(z) € vys. Since vy 5 is prime submodule of N, we have either
f(x) € vys or N C 1j5. This implies either z € f~!(v95) orrM C f~'(1p5).

Furthermore, it is straightforward to demonstrate that for every ¢ f~'(1p5), f~'(v)(2) =
v(f(x)) = q, where 0 < g < 0.5. ]

Next, we investigate (€, € V ¢)-fuzzy primeness in the context of direct product of modules.

Proposition 3.12. Let M, and M, be R, and R, modules respectively. Let R = R; X Rj,
M = My x M and pn € F(M). Then u becomes an (€,€ V q)-fuzzy prime module of M iff
W= p1 X pp where either uy is (€, € V q)-fuzzy prime submodule of M and (u2)os = M, or
(111)0.5s = My and py is (€, € V q)-fuzzy prime submodule of M.

Proof. First consider the sufficient part. Assume p = uy X pp such that, u; is (€, € V q)-fuzzy
prime submodule of M; and ()5 = M.
Claim I: (11 X p2)o.5 is a prime submodule of M. Since,

(11 X p2)o.s ={(m1,ma) € My x My [ min{yu (m1), po(ma)} > 0.5}
:{(ml,mz) S M1 X Mz | ,u1<m1) > 05, uz(mz) > 05}

=(m1)o.s x (12)0.5
=(w1)os x M,

Because i is (€,€ V ¢)-fuzzy prime submodule of M| so (u1)o.s x M, will become prime
submodule of M; x M.
Claim II: If a pair (mq, m2) € My x M, such that (mq,m2) ¢ (u1 X p2)os, then there exists a
fixed ¢ € [0,0.5) such that (p; x pz)(my, m;) = q.
Given that (my,ma) € (1 X p2)o.s, it follows (pg X p2)(my, my) < 0.5, which can be expressed
as min{p (m1), pa(ma)} < 0.5. Since (u2)o.5 = Ma, this implies p;(m) < 0.5, and therefore,
we conclude that m; ¢ (p1)o.5. We also have 1 as a (€, € V g)-fuzzy prime submodule of M;
therefore for all such elements not in (i) 5, we have p (m) = q.

Hence, for all (m,mz) ¢ (1 x p2), we have (u; X pa)(my,mp) = ¢. This implies that
w1 X o is (€, € V ¢)-fuzzy prime submodule of M.
Conversely, let’s define p; and p; as fuzzy submodules of M; and M,, respectively, such that;

p1(mu) = sup{p(mi, ma)|ma € M, p(mi,ma) > 0}

and
p2(ma2) = sup{p(my, ma)|my € My, p(mi,my) > 0}

Now, it’s easy to verify that ;. = p; X pp. Now pis a (€, € V g)-fuzzy prime submodule of M,
SO (,u)()_s = (,ul X ,ug)()j = (/Al)oj X (/.Lz)()j, is prime submodule of M = M1 X Mz.

This property implies that either (u1)o.s = M or (u2)o.s = M. Suppose (2)o.5 = Mo, then
(141)0.5 X M3 is a prime submodule of M7 x M, or equivalently, (y)o.5 is a prime submodule
of M].

Furthermore, if m; ¢ (/1,1)(),5, then (ml, mz) ¢ (,ul)()j x M, which 1mphes (,U,l X/Jz)(ml R mz) =
q(< 0.5). Since pj(my) = sup{p(mi,ma)|ma € M}, we conclude that y; (m;) = q. i

4 (€, € V q)-fuzzy primary submodule

Definition 4.1. A fuzzy submodule v of p is termed as (€, € V g)-fuzzy primary submodule of
wif, forany r, € FI(R) and 253 € F(M) (r € R,z € M, and t, s € (0, 1]), whenever r;z € v,
we have either z; € V gv or ri’u C; v for some n € N.

If we set = x s, we then say that v is (€, € V ¢)-fuzzy primary submodule of M.

Theorem 4.2. In the case of M = R, v € F(M) becomes (€, € V q)-fuzzy primary submodule
of M if and only if v is (€, € V q)-fuzzy primary ideal of R and v(0) = 1.
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Proof. Consider v as an (€, € V ¢)-fuzzy submodule of M. Then it is easy to check, v € FI(R).
Let z,y, € v. If ys € V g v then nothing to show. Assume y, € V ¢ v then x7xar C; v, for some
n € N. Since we have,

t, if m=2a"c for somece M

zy X (m) = {

0, otherwise
and ™ = 2.1 so by z7'xam C1 v we get,
t=)zxm(@™)+v(E@™)>1 or v(z™) >t

This implies =} € V q v.

In converse, let v be an (€, € V ¢)-fuzzy primary ideal of R with the condition v(0) = 1.
Then it is easy to check that v € F(M). Now consider z,y, € v. If y, € V g v then nothing to
prove. Assume y, € V g v then, 2} € V q v, forsomen € N (v is (€, € V q)-fuzzy primary ideal
of R). Now;

n _ t, if m=zx"c for somec € R
zixp(m) =
0, else
and z}' € V g v soeither t < v(z™) < wv(z"c) ort + v(a"c) > 1. Hence x'x p C; v. i

Theorem 4.3. If v is an (€, € V q)-fuzzy submodule of p, then v, becomes a primary submodule
of s under the condition that vy # iy and t € (0,0.5].

Proof. Assume rx € v forr € R, x € M, and t € (0,0.5]. We want to show that either = € v,
or r"uy C vy, for some n € N.
Because rz € vy, so v(rxz) > t, which means (rz); € v. This implies that either z, € V q v
or i’y Cy v for some n € N.
If x; € V q v, then, since t < 0.5, we get v(x) > t, which means z € v, and we are done.
Otherwise, if 771 C; v. For any w € r™us, we can express w as w = r"z for some z € pi.
This gives p(z) > t. Now we have two possibilities;

(1) rPu(w) < v(w). Which implies ¢ < v(w) or w € v,.
(i) v(w) +rPu(w) > Lorv(w)+t > 1. Since t < 0.5 therefore we get v(w) >t or w € v,.

Hence, r"u, C v,. O

Theorem 4.4. Consider v as a fuzzy submodule of M defined such that, for every m € M;

1, ifm=0,
I/(m): tz(z 05)7 meEMl/MlJrl,Z: 172,3
q(< 0.5), otherwise

where M is a primary submodule of M and t; < t;.1 Vi € N, thenv is (€, € V q)-fuzzy primary
submodule of M. Moreover, converse is also true i.e. any (€,€ V q)-fuzzy primary submodule
of M can be expressed in the given form.

Proof. Assuming r, € R and x, € M such that .z, € vbutzs € V g v, we claim that ' xas C
v, for some n € N.

Since z, € V¢ v, we have v(z) < s, and v(z) + s < 1. This implies that v(z) < 0.5,
otherwise, we cannot satisfy both of these inequalities simultaneously. Thus, we conclude that
x ¢ M.

Case I: Assume v(rz) > 0.5, then rz € Mj, and since x ¢ M,, we have r"M C M,, for
some n € N. Therefore, 1"z € M, V z € M. Consequently, for any w € M, we either have
rixm (w) < v(w) or rixar(w) + v(w) > 1. Thus, we conclude that 7' xar Cp v.

Case II: Assume v(rz) = g where ¢ < 0.5. Since r,z:, € v therefore v(rz) > min{t,s} or
q > t (since v(rz) = v(z) = q). Thus we have,

rixy(w) <t<g<vw) VYweM
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or
rixy C1 v v neN.

Conversely, suppose v is any (€, € V ¢)-fuzzy primary submodule of M. Since vy 5 is primary
submodule of M therefore 1y 5 # M. This means 3 z € M such that z ¢ vy 5. Now, we claim
that V y € M such that y ¢ 15, we have v(2) = v(y). Since z ¢ 15 we have zy5 ¢ v. Again
Zy(z) = ly(z)205 € v so by (€, € V g)-fuzzy primaryness of v we get 1,,.)xm = 1 oxm S
This implies that v/(z) = 1,y xam(w) < v(w) or 1,,)xa(w) + v(w) > 1. The latter condition
is only possible when v(w) > 0.5. Therefore, we ultimately obtain;

Leyxm(w) <v(w) or v(z) <viw)VweM
Since z is arbitrary therefore we get v(z) = v(y) V y, 2 ¢ 5. This completes the proof. i

Example 4.5. Consider Z-module Z and define a fuzzy subset v on it as follows;

1, if2=0
v(z)=q(n+1)/n ifze<p®>/<p'l> n=23,..
0, otherwise

forall z € Z.
It is straightforward to verify that v qualifies as a fuzzy submodule of Z. Furthermore,
vps =< p> >, which is nothing but the primary submodule of Z-module Z. Hence, accord-

ing to the previous theorem, v becomes an (€, € V ¢)-fuzzy primary submodule of Z-module
Z.

Next, we will only state the upcoming two results, which can be easily proven with minor
modifications to the proofs of Propositions 3.10 and 3.11.

Proposition 4.6. Consider an R-module homomorphism f from M to N and suppose y is an
f-invariant (€, € V q)-fuzzy primary submodule of M with the supremum property. Then f (1)
becomes an (€, € V q)-fuzzy primary submodule of N.

Proposition 4.7. Consider an R-module homomorphism f from M to N. If v is an (€,€ V q)-
fuzzy primary submodule of N, then the preimage f~'(v) forms an (€,€ V q)-fuzzy primary
submodule of M.

If K and L are two submodules of the R-module M then, (K : L) := {r € R|rL C K} is
called residual quotient of N by L. Next, we give definition of (€, € V g)-residual quotient of v

by p.

Definition 4.8. Given x and v in F(M), we define the (€, € V g)-residual quotient of v with
respect to p as (v : p)i(r), where, Vr € Rand ¢ € [0, 1], it is given by,

(v:p)i(r) := sup{min{t,0.5}| rip C v}.
Theorem 4.9. If i, v € F(M) then (v : u); € FI(R).

Proof. First we claim, (v : )i (r+ s) > min((v : p)1)(r), (v : u)i(s)) Vr,s € R.
Let p,q € [0, 1] be such that 7, C v and s, C v. We show that in this case we also have;

('f‘ + S)min{p,q,O.S}ﬂf Cu.

For m € M if (7" + S)min{p,q,O.S}ﬂ(m) = 0 then (7‘ + S)min{p,q,O.S}M(m) < V(m) SO nOthing to
prove. Otherwise,

(7 + $)min{p,g.0510(m) = sup {min(min(p, ¢,0.5), u(x))|m = (r + s)x for some x € M}

Also,
rpu(re) = sup{min(p, u(w))|re = rw, for somew € M} < v(rz)

sqi(sz) = sup {min(q, p(z))|sz = sz, for some z € M} <v(sx)
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Now,

min(min(p, q,0.5), u(x)) =min(min(p, u(x)), min(q, p(x)), min(0.5, u(z)))
< min(rpp(rze), squ(sx), min(0.5, u(z)))
< min(v(rz),v(sz), min(0.5, u(x)))
< min(v(rz),v(sz))
<v(rz+ sz) (since, v € F(M))
=v(m)Vm=(r+s)z.

Thus, (7 + 8)min(p,q,0.54 S vV p,q € [0,1] such that rpu C v and squ C v.
Now,

min((v : p)i1(r), (v: p)i(s)) = min(sup{min(p,0.5)|r,u C v}), sup{min(g,0.5)|sqp C v}
= sup(min(p, ¢,0.5)|rpu C v, squ Cv)
< sup {min(h,0.5)|(r + s)pu C v}
= ph(r+s).
Next we claim that, (v : u)(rs) > (v : p)1(r).
Let p € [0,0.5] be such that r,u C v. we claim that (rs),up C v. Now if for m € M,

(rs)pp(m) = 0 < v(m) so nothing to prove. Otherwise, (rs),u(m) = sup {min(p, p(x))|m = rsz, for some
Therefore;

(rs)pia(m) < sup{min(p, u(s2))m = r(s2)}
< sup{min(p, p(sy))Im = ry}
= rpp(m) < v(m)
Thus, we get (rs),u(m) < v(m) V m € M and hence (rs),u C v whenever r,u C v. Therfore,

sup{min{p,0.5}|r,pn C v} < sup{min{h,0.5}|(rs),p C v} which implies (v : p);(r) < (v :
i(rs). O

Definition 4.10. Let p, v € F(M). We define;
R, (v) := Rad(v : p);.

Theorem 4.11. If v is an (€, € V q)-fuzzy primary submodule of R-module M then R, (v)
Sorms an (€, € V q)-fuzzy prime ideal of R.

Proof. Given that v is (€, € V q)-fuzzy primary submodule of M, it follows, v can be expressed
in the following form;

1 if m=0;
l/(m) =t (Z 05) Z'meMi/Mi+1,i: 1,2,...
q(<0.5) otherwise

where M; = vy 5 is primary submodule of M. Consider Ry (vo5) = Rad(vys : M). Evidently,
R (vo5) is a prime ideal of R. Now define £ € FI(R) as follows;

1 if r=0,
&(r)=<0.5 if r € Rad(M, : M)/{0},
q(<0.5) otherwise

We claim that R, ,, (v) = &.

First we show that (v : xa)1 € & If r € Rpy(vp5) then £(r) > 0.5 and we know that (v :
xam)1(r) < 0.5 this gives (v @ xar)1 C & Assume r ¢ Ry (vo5). Since Ry (vos) = {r € R :
r"M C vys, for somen € N} therefore r™ M ;Q 1.5 for all n € N. Hence there does exist an
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element z € M such that 7z ¢ 15 and so, v(rz) = q.
Suppose p € [0, 0.5] be such that r,xar C v. Since

if w=rz for somex € M

rpxr(w) = {p

0 otherwise

So we have p = rpxam(rz) < v(rz) = q. Hence p < ¢ V p € [0,0.5] such that r,x s C v. Since
(v xm)i(r) = sup{p: rpxm C v, p €[0,0.5]} Thus, we get

(vixmh(r) <q=E&(r) Vr & Ry(rvos).

Now we will claim that ¢ becomes the smallest (€, € V g)-fuzzy prime ideal containing (v :

XM)1-
Let f’ D (v:xwm)i bean (€, €V q)-fuzzy prime ideal. It is evident that r,x s C v. Therefore;

g€ {pe€l0,0.5)|rp,xm CvVreR}

Since (€, € V q)-fuzzy prime ideal of R is of the form;

1 if x=0
€(x)={t(>05) ifreR/Rin, i=12,..
¢ (<0.5) otherwise

where Ry = &, 5. Suppose r ¢ £, 5. Then, we get ¢ = & (r) > (v : xar)1(r) > g this implies
¢ > q. Now for s € (vo5 : M), sM C vy 5 and therefore v(sz) > 0.5V x € M. This implies
sosxm(m) <wv(m)V m e M. Hence sosxn C vandso 0.5 € {p € [0,0.5]|s,xn C v}

Now & D (v : xar)1 so we have £ (s) > (v : xar)1(s) = 0.5.

Therefore ¢ (s) > 0.5 or 5 € & 5. Thus & s D (g5 : M) implies &, 5 2 Rad(vys : M). Thus
wegeté DED (v:xum)i

Ultimately we get R, (v) = Rad(v : xar)1 = £ Which forms an (€, € V ¢)-fuzzy prime ideal
of R. O

5 Conclusion

In this research, we have broadened the scope of fuzzy prime and primary submodule theory
through the introduction of the concepts of (€, € V ¢)-fuzzy prime and (€, € V ¢)-fuzzy primary
submodules. Our research has redefined traditional definitions of fuzzy prime and fuzzy primary
submodules, opening up new possibilities and enriching the theory. Characterization theorems
have provided deeper insights into the fundamental nature of these submodules, while our ex-
ploration of module homomorphisms and their alpha-cuts has unveiled dynamic aspects of their
behavior. We have also bridged (€, € V g)-fuzzy primary submodules with (€, € V g)-fuzzy
prime ideals, offering a novel theoretical perspective. In essence, our work not only expands the
scope of fuzzy prime(primary) submodule theory but also invites further exploration into these
evolving concepts.
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