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Abstract Let 0 < w;, w, < 1. We denote by Ri( ) the plane with the hexagonal norm

wi, w2
1 )l ) = max { Iyl wn o] + walyl .

We denote by Ri, (w1 02) the plane with the hexagonal norm

@) ) = mx { [l 2] + w2l }.

In this paper, we classify the extreme bilinear forms of the unit balls of £(>X) and £,(*>X),
where X = R? or R?, :
h(wy,ws) B’ (wy,wy)
From this, we induce that

eXtBﬁs(ZX) = eXtB£<2X) N ﬁs(zX)

We show that every extreme bilinear forms on that spaces is exposed.

1 Introduction

We write Bg for the closed unit ball of a real Banach space E. A point z € B is called an
extreme point of Bg if y,z € By withz = %(y + z) implies © = y = z. We denote by ext By
the set of extreme points of Bg. A point z € Bg is called an exposed point of Bg if there is
f € E*sothat f(z) =1=|f|| and f(y) < 1 forevery y € Bg \ {z}. We denote by exp By the
set of exposed points of Bg. It is easy to see that exp Bg C ext Bg.

A mapping P : E — R is a continuous 2-homogeneous polynomial if there exists a con-
tinuous bilinear form L on the product E x E such that P(x) = L(z,z) for every x € E. We
denote by £(>E) the Banach space of all continuous bilinear forms on E endowed with the norm
IL]| = sup|zj=jy=1 |L(z,y)]- L,(*E) denotes the closed subspace of £(?E) consisting of all

continuous symmetric bilinear forms on E. P(>E) denotes the Banach space of all continuous
2-homogeneous polynomials from E into R endowed with the norm ||P|| = sup,_; [P(z)].
For more details about the theory of multilinear mappings and polynomials on a Banach space,
we refer to [6].

Choi et al. [2, 3] characterized the extreme points of the unit ball of P(*¢2) and P(*(3).
Kim [11] classified the exposed 2-homogeneous polynomials on P(zﬂf,) (1 <p < o0), where
612, = RR? with the ¢,-norm. Kim [12, 14] classify the extreme, exposed points of the unit ball of

P(%d,(1,w)?), where d. (1, w)? = R? with the octagonal norm ||(z, y)||4, = max{|z|, |y|, %}
Kim [11] classified the extreme, exposed, smooth points of the unit ball of £,(2¢2.).

We refer to [1-5, 7-18] and references therein) for some recent work about extremal proper-
ties of multilinear mappings and homogeneous polynomials on some classical Banach spaces.

Let 0 < wy,wy < 1. We denote by Ri ( the plane with the hexagonal norm

wi,wy)

1 9) Iy = max { [yl wrfo] + waly }.
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We denote by Ri/ the plane with the hexagonal norm

(w1, w2)
1)l ) = max { ol ] + sy |
In this paper, we classify the extreme bilinear forms of the unit balls of £(>X) and £,(*X),
where X = R? or R?, :
h(w,w,) R (w1, w2)
From this, we induce that
eXtBﬁs(ZX) = eXtB£<2X) N ﬁs(zX)

We show that every extreme bilinear forms on that spaces is exposed.

2

2 Extreme bilinear forms on R; (w1 w2)

1—w,

Throughout the paper, we let 0 < wy,wy < 1,k = ;‘ﬁ and k, = o
Notethat 1 < k; + kp. Let T € E(ZR,%(M w2)). Then there are a, b, ¢, d € R such that
T((w1,91), (22, 92)) = azi22 + by1y + cx1y2 + dzayr.
For simplicity, we write T by (a, b, ¢, d).

Theorem 2.1. Let 0 < wy,wy < 1 and T = (a,b,c,d) € L*R] ). Then

(wl,wZ)

T = max {(’ﬁ + k2)?[al, (Jalka + [e]) (k1 + k2), (Jalka + |d]) (k1 + k2),
lak2 + b + |e + dlka, |ak? — b| + |c — d|k2}.

Proof. Note that extBRi (

(wy,wy)

= {(£(k1 + k2),0), (k2, £1), (—k2, £1)}. By the Krein-Milman
theorem, B ) is the closed convex hull of the set emtBR%( -
wy,wy (wy,wy

Let X1, X5 € BR?< ; By the Krein-Milman Theorem, there exist A;, B; € extBR%( :
v (wy,wy v(wy,wy
and 1Y) ¢ € R for j = 1,2 such that
1+ 169 < 1and X; = 694, +49'B; (j =1,2).
By the bilinearity of 7', it follows that

IT(X1,X2)| = ‘T(tE])Al + tg])Bl, t§2)f42 + téz)Bzﬂ

IN

ST WD ] max{ |T(Ar, A2)l, IT(A1, Bo)l, IT(Bi, A)l, [T(By, By)| }

1<)k <2,1<k<2

max{ |T(A17A2)|7 |T(A1,Bz)‘7 |T(BlvA2)|7 ‘T(BhBZ)‘}

IN

IN

max{|T((:v1,y1), (2, 92))] 2 (z5,y;) € extRi(whwz) for j = 1,2}
= max{|T((£(k1 + k2),0), (£(k1 + k2),0))[, [T ((£(k1 + k2),0), (k2, £1))],
T ((k2, £1), (£ (k1 + k2),0)), |T((k2, £1), (b2, £1)) [}
= max{|T'((k1 + k2,0), (k1 + k2,0))[,IT((k1 + k2,0), (k2,1))],
1T ((k2, 1), (k1 + k2,0))[, [T ((k1 + k2,0), (k2, —1))],
T (k2, —1), (k1 + k2,0))|, [T((k2, 1), (K2, 1))],
IT((k2, —1), (k2, =1))[, [T'((k2, 1), (k2, =1))[, [T ((k2, —1), (k2, 1)) [}
= max { (k1 + k2)lal, (lalks + e]) (k1 + k), (lalkz + [d]) (k1 + k),

(
[ak3 + Bl + e+ dlkz, Jak} — b] + | — dlks }

IN

1T
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This completes the proof. O

Note that if ||| = 1, then |a| < w?, |b] < 1, |¢| < w; and |d| < w;.

Let Ti((zi,m), (22,12)) = T((22,92), (x1,01)) = (a,b,d,0),
Do((x1,31), (22,92)) T((z1, —y), (22,42)) = (a,=b, ¢, —d)
Ts((z1,1), (22,2)) T((z1,1), (22,—12)) = (a, —b, —c,d)
Ty((z1, 1), (22,52)) = T((z1,1), (—22,—12)) = (—a,=b,—c, —d)
T5((z1, 1), (w2,82)) = T((@1, =), (22, =12)) = (@, b, —¢, =d).
Then ||T;|| = ||T|| (i = 1,...,5). Hence, without loss of generality, we may assume that a > 0
andc >d > 0.

Theorem 2.2. Let 0 < wy,wy < 1 and T((z1,y1), (72,92)) = az1z2 + byryz + cxr1yz + dzxoy; €
[,(ZR%L with a > 0 and ¢ > d > 0. Then the followings are equivalent:

(1) T is extreme;

(w1 7w2))

(2) Ty = (a,b,d, c) is extreme;

(3) T» = (a, —b, ¢, —d) is extreme;
(4) T5 = (a,—b, —c, d) is extreme;
(5) Ty = (—a,—b, —c, —d) is extreme;
(6) Ts = (a,b, —c, —d) is extreme.

Proof. Tt follows from Theorem 2.1 and the above remark. O

Theorem 2.3. Let 0 < wy,wy < 1L and T ((z1,y1), (22,y2)) = axi22 +by1ys + cx1y2 + dzoy; €
L(*R? with |T|| = 1,a > 0and c > d > 0.

h(’LU] ,’w2>)

(a) Let 0 < wy < %. Then, T € ext Bﬁ(zRi( ) if and only if
’UJI.LUZ

T e {(O, +1, 0, 0), (0, +w,, wy, 0), (w%, w%, wiwy, Wiwy),
(w}, —wa (2 — wa), wiwa, w1w2)}-

(b) Let § < wy < 1. Then, T € ext Bﬁ(zRi( ) if and only if
wi s

T e {(Oa :tlv Oa 0)7 (07 ina wi, 0)7 (w%7 ’U}%, wrw2, wlw2)7

(0, £(2wp — 1), wy, wy), (w%7 —(w%—wz—l- 1), wiwy, wi(1 —wy)),
(w}, —wa(2 —wa), wi(1 —wy), wi(l —ws)),
(wi, —(3w; — 4w, +2), wywy, wlwz)}-

Proof. Let k| = %,kz = 1;}% and T'((z1,11), (z2,42)) = az1z2 + by1ya + cx1y2 + dxayr €
ext B, g B Note that T' € ext B ope ) if and only if ||T =+ (¢, §, v, p)|| < 1 for some

h(wy,wy) h(wy,wy

€>0,9,7,p € R implies that e = 6 = v = p = 0. Notice that

1),(0,1)) =0,
ki 4+ ko, ), (k?l + k‘z,())) = (kl + kz)za,
ki1 + ko, ),(kz,l)) = (ak2+c)(k1 —|—k2),

7((0,
((
((
((k2, 1), (k1 + k2,0)) = (aka + d) (k1 + ka),
((
((
((

T

e B

k2, 1), (k2, 1)) = ak3 + b+ (c + d)ka,
ky,—1), (k2,1)) = ak? — b+ (¢ — d)ka,
k27 )

T

T ,(ky,—1)) = aks +b— (c+ d)ks.
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Case 1. Let b| = 1
Since ||T|| = 1, by Theorem 2.1, T = (0, =1, 0, 0).

Claim. (0, 1, 0, 0) € extBﬁ(sz ) for 0 < wy <wpy <1

(wy,wp)

Let || T + (€,6,7, p)|| < 1 for some € > 0,4,~, p € R. We will show thate =§ =~ = p = 0.
It follows that

1 > [T+ (6,7, p)((0,1),(0, 1)) = 1+ [(e,6,7,p)((0, 1), (0, 1)) = 1 + |¢],
1 > [T+(e0,7,p )((kz, ), (b2, =1))| = 14 |(€, 0,7, p) (K2, 1), (k2, —1))|
= 1+|eki =0+ (—v+ p)ka| = 1 + |k + (= + p)kal,
1 > [T+ (€4, )((kz,—l) (2, =) = 1+ [(e, 6,7, p)((k2, = 1), (k2, = 1))]
= 14|k +0— (v+p)ka| = 1 + |ek3 — (v + p)kal,
1 > T £(e,6,7,p)((k2, 1), (k2, 1)) = 1+ |(€, 0,7, p)((k2, 1), (K2, 1))
= 1+ |ekd +6+ (v + p)ka| = 1 + |ek3 + vka|.

Thus, € = § = v = p = 0. Therefore, T is extreme.
By Theorem 2.2, (0, —1, 0, 0) € ext B g

h(wy,wy)

)
Case 2. Let |b| < 1
Subcase 1. Let0 <b < 1
Leta =0.
Since T is extreme,
(aky + c) (k1 + k2) = (aky + d) (k1 + k2) = |ak3 + b| + (c + d)ky = 1.
By calculation, T' = (o +k2 (0, ki —kp, 1, 1) = (0, 2wy — 1, wy, wy) for% <wy < 1.

Claim. T = (0, 2wy, — 1, wy, wl) € extBL(sz

) for <w; <1
h(wy,wy)

Let ||T £ (€, 0,7, p)|| < 1 for some € > 0,4, v, p € R. We will show thate =5 =~ = p = 0.
It follows that

L > T+ (e,6,7,p)((k1 + k2,0), (k2, 1)) = 1+ [(€, 6,7, p) (k1 + k2,0), (2, 1))]

1+ |eka (k1 + k2) + (k1 + k2)7],

T+ (€, 6,7, p)((k2, 1), (k1 + k2, 0))| = 1 4 [(€, 0,7, p)((k2, 1), (k1 + k2,0))]

1+ |eka (k1 + k2) + (k1 + k2)pl,

> T £(.0,7,p)((k2, = 1), (k1 + k2,0))| = 1+ [(e, 6,7, p) (K2, —1), (k1 + k2,0))|
L+ |eka (k1 + k2) — (k1 + F2)pl,

T % (€, 6,7, p)((k2, 1), (k2, 1))| = 1+ |(€, 6,7, p) (K2, 1), (k2, 1))

1+ |ek3 + 6+ (v + p)kal,

vl

V

,_
v

which shows that e = § = v = p = 0 and T is extreme.
Let 0 < a.

Claim. |ak3 + b + (¢ + d)ka > |ak3 — b + (c — d) k2

It suffices to show thatif b = 0, thend > 0. Let b = 0 = d.

Assume that [ak3 + b + (¢ + d)kr < 1.

Since ||T|| = 1, by Theorem 2.1, (ki + k2)%a = 1 or (aky + ¢) (k1 + k) = 1
Let (k1 + k2)%a = 1.

By calculation, 7' = (W 0, ¢ 0) for0 < ¢ < 35

(kﬁkzand0<wz< — or

0 <c¢<w and # < w, < 1. Since T is extreme, T' = (w?, 0, 0, 0) or (w?, 0, wy, 0). Note

that (w?, 0, 0, 0) is not extreme and H(wi 0, w, O)H > 1. This is a contradiction.
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Let (akz + C)(k] + kz) =1.
By calculation, T' = (a 0
T =

, k|+k — aky, 0) for 0 < a <

1, 0, k1, 0). This is not extreme because

1 . .
(CESEE Since T is extreme,

oy (I
H(wf, 0, wiws, j:%) H < 1 for a sufficiently large n € N.

This is a contradiction.
Assume that [ak3 + b| + (¢ + d)k, = 1. It follows that

1 = |ak3 4+ b + (¢ + d)ky = ak3 + cky < (aky + ¢) (k1 + ky) < 1,

which is impossible. Thus, d > 0 and the claim holds.
Since T is extreme, we have

1 = (ky+k)?a = (aky+c)(ky + ko) = ak3 + b+ (¢ + d)k,.

By calculation,

1 kl(k’l =+ k‘z) k1
T = , —dky, — g
((k’l + k) (k1 + k2)2 2 (k1 + ko)? )
for0 <d< W Since T is extreme, T’ = W(l ki(ki+k2), k1, 0) or W(l k2, ki, k) =
(w3, w3, wiwa, wiw,). Note that W(l, ki(ki + k), ki, 0) = (w?, wa, wiw,, 0) is not ex-
treme because

1 1
H(w%, wy £ - wiwy, $5)H < 1 for a sufficiently large n € N.

Claim. (w?, w3, wiwy, wiw;) € ext Brege ) for 0 < wy,wy < 1

(wy,wy)

Let || T + (€,6,7, p)|| < 1 for some € > 0,d,~, p € R. We will show thate =§ =~ = p = 0.
It follows that
1 > |T+(6,7 p) (ki + k2,0), (k1 + k2,0))]

1+ ((e,6,7, p) (k1 + k2,0), (k1 + k2,0))| = 1+ (k1 + k2)°le],

T+ (e, 6,7, p) (k1 + k2,0), (k2,1))[ = 1+ [(€, 6,7, p) (k1 + k2,0), (k2, 1))

1+ |e(ki + k)b + (k1 + B2)| = 1+ 7] (k1 + k2),
p)
)

Y

—_
Y

IT %+ (€,0,7, p)((k2, 1), (k1 + £2,0))| = 1+ [(€, 6,7, p) (K2, 1), (k1 + k2,0))]
1+ |e(ky + ka)ka + p(k1 + k2)| = 1+ |p|(k1 + k2),

IT £ (6, 0,7, p)((k2, 1), (K2, 1))| = 1+ |(€, 0,7, p) (K2, 1), (K2, 1))

= 1+]ek)* + 6+ (v +p)ka| = 1+4).

._
Y

Thus, e = § = v = p = 0. Therefore, T is extreme.
Subcase 2. Let -1 <b <0

Suppose that [ak3 + b| + (¢ + d)ky > |ak3 — b| + (¢ — d)k,.
Leta =0.
Thend > 0,c = T +k

Since T is extreme, d =

By calculation, T' = (O, m +k2 +dk;, kl+k , d) for0 < d < 3 +k2

k+k2 and T' = k+k (0, —ki + k2, 1, 1) = (0, —(2wp — 1), wi, wy)
for% <wp < 1.

Claim. 7' = (0, —(2w, — 1), wy, wy) € ext B gz ) for I <w, < 1

h(w) wy)

Let ||T + (€, 6,7, p)|| < 1 for some € > 0,4,, p € R. We will show thate =5 =~ = p = 0.
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It follows that

L > |T=£(e,6,7p)((ki + k2,0), (k2,1))| = 1 +[(€, 6,7, p) (k1 + k2,0), (k2, 1))
1+ |eka(ky + k) + (ki + k2)7l,

T £ (€, 0,7, p)((k2, 1), (k1 + k2,0))[ = 1+ [(e, 0,7, p) ((k2, 1), (k1 + k2,0))]
1+ |eka(k1 + ko) + (k1 + k2)pl,

T £ (€,6,7, p)((k2, =1), (k1 + k2,0))| = 1 + [(€, 0,7, p)((k2, = 1), (k1 + k2, 0))|
1+ |eka(ky + ko) — (k1 + k2)p),

T £ (€,6,7, p)((k2, = 1), (k2, —1))| = 1+ [(e, 6,7, p) (K2, —1), (k2, —1))]|

= 1+[ek3 +38— (v +pkal.

—_
Y

v

\%

Thus, e = § = v = p =0and T is extreme.
Let 0 < a.
Since T is extreme, we have

1 = (ki + k2)%a = (aky + ¢)(ky + ko) = |ak3 + b + (c + d)ka.
Claim. ak3 + b < 0
Suppose not. ak3 + b =0 or ak +b > 0.
Letak +b=0.
By calculation, wjw; > d = %ﬁzm
Let ak3 +b > 0.
By calculatlon T = (w3, wy — dka, wlwz, d) for 0 < d < wywy.

Since —1 < b=wy —dky < 0, wqu, < 32 <d < le , which is a contradiction because
wiwy < d < wyw;. Therefore, the claim holds

By calculation, T = (w}, ~2+ 3w, — 2u3 + (1522)d, wyw, d) for 0 < d < wyw,. Since

> wjwy , which is impossible.

T is extreme, T = (w?, — (3w} — 4wy + 2), wiws, wiw) for 4 5 <wy < 1.

Claim. (w}, —(3w3 — 4wy + 2), wiwy, wiwy) € extBL(sz for § <w, <1

Y

Let ||T + (€, 6,7, p)|| < 1 for some € > 0,4,, p € R. We will show thate =5 =~ = p = 0.
It follows that

1 > |T+x(d,7,p)((ki + k2,0), (k1 + k2,0))]
= 1+(6,6,7,p)((k1 + k2,0), (k1 + k2,0))] = 1+ (k1 + k2)?[e],
T £ (€,0,7, p)((k1 + k2,0), (k2, 1)) = L+ |(€, 6,7, p) (k1 + k2,0), (k2, 1))
L+ e(ky + E2)ky + (ki + k2)| = 1+ |[y| (k1 + k),
T £ (€,6,7,p)((k2, 1), (k1 + k2,0))[ = L+ |(€, 6,7, p) (2, 1), (k1 + k2,0))]
)
)

._
v

Y

1+ | (kl + k) ko —|—p(k1 + k2)| =1+ |p|(/€1 + kz),
|T + (6,(5,")/,p ((kz, 71)’ (kZ’ 71))' =1+ |(6757 s p)((kg, 71)5 (k:z, *1>)‘
= 1+ |ek3+30— (v +p)ko| = 1+]d].

—_
Y

Thus, € = § = v = p = 0. Therefore, T is extreme.
Suppose that [ak3 + b| + (¢ + d)ky < |ak3 — b| + (¢ — d)k».
Note that a > 0. Since T is extreme, we have
1 = (k1 + k‘z)za = (ak‘z + C)(kj1 + k’z) = ak;% —b+ (C — d)k‘z.
By calculation, T = (w?, —wy — dky, wiwa, d) for 0 < d < wjws. Since T is extreme,
T = (w}, —wy, wiwy, 0) or T = (w?, —wy(2 — w), wiws, wiw,) for 0 < w, < % Note that
T = (w?, —wy, wiws, 0) is not extreme because

1 1
H (w%, —wy + —, wiws, :F—) H < 1 for a sufficiently large n € N.
n nk,
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Claim. (w%, —wp(2 — wy), wiwy, wiwy) € eXtBL(Z]Rf( ) for 0 < wy < %
() 1w

Let | T + (€,6,7, p)|| < 1 for some e > 0,48,7,p € R.
We will show that e = § = v = p = 0. It follows that

L > [T+ (6,7,p)((ki + k2,0), (k1 + k2,0))|
= 1+(6,6,7 p)((k1 + k2,0), (k1 + k2,0))[ = 1 + (k1 + k2)?|e],

1 > [T %(e,6,7,p)((k1 + k2,0), (k2, 1)) = 1 +[(e, 6,7, p) (k1 + k2, 0), (K2, 1))
= 1+ |e(ki +k)kr + (ki + k)| = 1+ |y|(k1 + k2),

1 > [T=£(e0,7p)((k2, 1), (k1 + k2,0))[ = 1+ [(e, 6,7, p)((k2, 1), (k1 + k2,0))]
= 1+ |e(ki 4 ka)ka + p(k1 4+ k)| = 1+ |p|(k1 + k2),

L > [T+ (e,6,7,p)((k2, —1), (k2,1))| = 1 +[(€, 6,7, p)((k2, 1), (k2, 1))
= 1+|ek3 -5+ (y—p)ka| =1 +10].

Thus, e = § = v = p = 0. Therefore, T is extreme.
Suppose that |ak3 + b| + (¢ + d)ky = |ak3 — b + (¢ — d)k».

Claim. |ak? + b| + (c + d)ka = |ak3 — b| + (c — d)ka = 1
Suppose not. Without loss of generality we may assume that

1= (kl + kz)za = (akz + C)(kl + kz) = (akg + d)(k1 + kz)

because T is extreme. Notice that
2 1
H(wl b+ - wi (1 —wy), wi(1 —wz))H <1

for a sufficiently large n € N. Thus, 7" is not extreme, This is a contradiction.
Claim. ak% +b<0

Suppose not. Since
1 =ak3+b+ (c+d)ky = ak? — b+ (c— d)ks,

1 = ak3 + cky < (akay + ¢)(k1 + k2) < 1.

This is a contradiction. Therefore, the claim holds.
Thus,

= —(ak3 +b) + (c+ d)ky = |ak3 — b| + (c — d)k».

By calculation,
T = (a,ckz — Lc,akz) for0<a< w%

Let a = 0. Then,
= (O,ckz - 1,c,o) for 0 < ¢ < w.
Since T is extreme, T' = (0, —ws, wy, 0) for 0 < wy,w;, < 1.

Claim. (0, —wy, Wi, O) € ext BL(ZRZ

h(wy,wy)

)for()<w1,w2 <1

Let ||T % (€,6,7, p)|| < 1 for some € > 0,4,7,p € R. We will show thate =5 =~ =p=0.
It follows that

I > ‘Ti (6,5,’}/,[))((]411 + k‘z,O), (kZ’ 1))| =1+ |(6a57’77p)((k1 + k270)v (ka 1))|
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L+ |eka (ki + k) + (ki + k2)v,
1T + (e,8,, p) (k1 + k2,0), (ka, —1))| = 1+ | (e, 8,7, p) (k1 + k2,0), (kz, —1))]|
1+ |eko (k1 + ko) — (k1 + k)7,

v

L > [T+ (e,6,7, p)((k2, —1), (k2, = 1))| = 1 + |(€, 6,7, p)((k2, — 1), (k2, —1))|
1—|—‘6k2+(5 (v + p)kal,
L > |T+(ed,7p )((k27 1), (k2, 1)) = 1+ (e, 6,7, p)((k2, 1), (k2, 1))
= 1+|ekd =5+ (v —pkal.

Thus, e = § = v = p = 0and T is extreme.
By Theorem 2.2, (0, wa, w1, 0) € ext B.ope )-

h(wy,wy)
Leta > 0.
Since T is extreme and 0 < a < w},

T = (w%, cky — 1, ¢, wi(l — wz)) for wi (1 —wy) < ¢ <wjuy
because (ak, + ¢)(ki + k2) < 1. Since T is extreme,

1
T = (w%, —w2(2 — wy), wi(1 —wy), wi(l —wsy)) for 3 <w, <1

or
1
(w%, —(w% —wy + 1), wywa, wi(1 —w,)) for 3 <wp; < 1.

Claim. 7 = (w?}, —w2(2—w»), wi (1 —w), wi(1—wy)) € extBqu%(/ :

Let ||T £ (€, 0,7, p)|| < 1 for some € > 0,4, v, p € R. We will show thate =5 =~ = p = 0.
It follows that

)for%§w2<1

1L > [T +(e,0,7,7)((k1 + k2,0), (k1 + k2, 0))]
= 141(&6,%7)((k1 + k2,0), (k1 + k2,0))| = 1 4 (k1 + k2)°le],

I > ITi(€5% V) ((k2, —1), (k2, 1))| = 1 +[(€, 6, 7,7)((k2, = 1), (2, 1))
= 1+ [ek3 =6+ (v — p)kal,

1 > [T£ (e 4,7, 7)((kz, 1), (kz, D) =1+1(e, 8,7, 7)((ka, 1), (k2, = 1))
= 1+4ek3 —6— (v —p)ka

L > [T+ (e 0,7, 7)((/62, 1), (kz, D)l =1+1(e,6,7,7)((k2, = 1), (k2, = 1))|
= 1+ekd +0— (v +pkal.

Thus, e = § = v = p = 0. Therefore, T is extreme.
Claim. (w%, (w2 wy + 1), wywy, wi(l —wy)) € eXtBL(zRv( ) for% <wp <1
w)

Let ||T + (€, 6,7, p)|| < 1 for some € > 0,4,, p € R. We will show thate =5 =~ = p = 0.
It follows that

1 > [T+ (e4,7,

p)((k1 + ko, ki + k2,0))|
1+ |(€,0,7,p)

0), (
((k1 + £2,0), (k1 + k2,0))[ = 1 + (k1 + k2)°|e],
T £ (€,6,7, p)((k1 + k2,0), (k2, 1)) = L+ |(€, 6,7, p) (k1 + k2,0), (k2, 1))
1+ |e(kr + k2o + (k1 + k2)| = 1+ [y|(k1 + k2),
T+ (€,6,7,p)((k2, = 1), (k2, 1))| = 1 + [(€, 0,7, p)((k2, —1), (k2, 1))
= 14 leky =5+ (v = p)ka| = 1+16],
T £ (€,0,7, p)((k2, = 1), (k2, =1))| = 1 +[(€, 6,7, p) (K2, = 1), (k2, = 1))
= L+lek3 +6— (v +phka|=1+0].

Y

Y

—_
v
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Thus, e = § = v = p = 0. So, T is extreme.
This completes the proof. O

We are in a position to classify the extreme points of the unit balls of £(2]Ri< and

ES(ZR%L )) fOl‘O<’LU],1U2< 1.

wl,wz))

(wi,w2

Theorem 2.4. Let 0 < wy, ws < 1.
(a) Let wy < 1. Then,

extBrop: = {(0, +1, 0, 0), £(0, +ws, wy, 0), £(0, £ws, 0, wy),

i(w%7 w%a wiwy, ’U}lU}z),i(’U}%, _'LU%, —wiwy, w1w2)a

i(wfv _w%a wiwy, _wlw2)7i(w%7 U}%, —wiwy, _’LUl'lUQ),

+(wi, —wa(2 —wa), wiwa, wiws), £(wi, wa(2 —wa), —wiwa, wiws),
:i:(w%, w2 (2 — wy), wiwy, 7w1w2),:|:(w%, —wp(2 — wy), —wiwy, fwlwz)}.

Then,

extBrop, )= {(o, +1, 0, 0), £(0, £ws, wy, 0),£(0, £ws, 0, wy),

+(wi, w3, wiwy, wiwy), £(wi, —wi, —wiws, wiwy),

+(w?, —w3, wiwy, —wiwy), £(wi, wi, —wiwy, —wiwy),

+(0, 2wy — 1, wy, wy), (0, —(Rwy — 1), —wy, wy),£(0, 2w, — 1, wy, —wy),

+(0, 2wy — 1, —wy, —wy), £(w}, — (w3 —wy + 1), wiwy, wi(1 — wy)),

+(w?, w3 —wy + 1, —wywy, wi (1 —wy)), £(w?, w3 —wy + 1, wyws, —w; (1 —wy)),

+(wi, —(w3 —wy + 1), —wiwy, —wi(1 —wy)),

(wi, —(ws —wy+ 1), wi(l —wy), wiwy, ),

+(w, w3 —wy + 1, wi (1 —wy), —wiws),

+(wi, wy —wy + 1, —wi(1 = wy), wiwy),

t(wi, —(ws —wy + 1), —wi(1 —wy), —wiwy),

:I:(wlz, —w2(2 — wy), wi(l —wy), wi (1 —wy)),

+(w?, wy(2 — wy), —wi(1 —wy), wi(l —wy)),

+(w?, wa (2 —wy), wi(l—wy), —wi(1—wy)),

E(wi, —w2(2 — w2), —wi (1 —wy), —wi(l —wy)),

+(w?, —(Bw3 — 4wy +2), wywa, wiwy), £(w?, 3ws — dwy + 2, —wiwy, wyws),

+(w?, 3ws — 4wy + 2, wywa, —wywy), £(w}, —(Bws — 4wy +2), —wjwy, —wlwz)}.
Proof. 1t follows from Theorems 2.2 and 2.3. O

Note that {122, y12, Z1%2 + 22y1} is a basis for Cs(zRi(u}l w7)). Thus, if T = (a,b, ¢, c) €
ES(ZR%L(UJI wz)), we will write T = (a, b, c).

Theorem 2.5. Let 0 < wy,wy < 1.
(a) Let wy < % Then,

ext B
LsCRY (1) 1))

= {(0, +1, 0),:|:(w12, w%, :|:w1w2),:|:(w%, —wp(2 — wy), :I:wlwz)}.
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(b) Let wy = %
Then,

extBy o )= {(0, +1, 0), £(w?, 1/4, £w,/2), £(w?, —3/4, iwl/Z)}.

h(w),wy)

(c) Let & < wy.
Then,

eXtBﬁs(z]Rz )) - {(07 +1, 0),:‘:(71)%7 w%7 iw1w2)7i(07 i(2w2 - 1)7 iwl)a

h(w) wy

:I:(w%7 —wp(2 —wy), twi (1 —wy)), j:(w%, —(3w% — 4wy +2), :I:wlw2)}.

Proof. Tt follows from Theorem 2.2 and slight modifications in the proof of Theorem 2.3. O

We may ask the following questions: Is it true that

ext Bﬁs(zRi ) = ext Bﬁ(sz ) NL (2Ri(

h(wy,wy w11w2))

(wy,wy)
for 0 < wy, wy < 1?
In general, it is true that

eXtB’Cs(zE‘) D eXtBL'(ZE) N £S(2E)

for a Banach space.
Theorems 2.4 and 2.5 show the following:

Remark 2.6. It is true that ext B £.(R2 = extB g

(w) ,w2>)

N ES(ZRfL(Ume)) for 0 <

(wy ,wz)>
wi, Wy < 1.

2

3 Exposed bilinear formson R} ., .

Theorem 3.1. ([13]) Let E be a real Banach space such that extBg is finite. Suppose that
x € ext B satisfies that there exists an f € E* with f(z) =1 = ||f|| and | f(y)| < 1 for every
y € ext Bg\{xx}. Then x € exp Bg.

Note that {122, y1y2, T1¥2, T2y1} is a basis for ﬁ(z]R,zl(

wly“’Z)).

Theorem 3.2. Let 0 < wy,wy < land f € £(2Ri(whwz))*. Let o = f(z122), B = f(y190),u =
f@1y2),v = fzay1).

(a) Let 0 < wy < 1. Then,
il = max{|ﬂ|, lwia 4+ wiB| + wiwy|u £ v|, Wi T wy(2 — wa)B| + wiws|u £ v,
w2B] + wilul, w8 + wilol }.
(b) Let% < wy < 1. Then,

11l = max {15], lwla & w3Bl +wiwalut vl, walB]+wilul, walB] +wi o],

(2w, — 1)|B] +wi (Ju] + [v]), [wie F (w) —ws + 1)B] 4 wiwou + (1 — wy)w],
lwia T (w% —wy + 1B+ wi|(1 — wa)u £+ wyvl,
lwia F wa(2 — w)) B + wi (1 — wy)|u+ v,

lwia F (3wl — 4w, + 2)B| + wiws|u + v|}
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Proof. If follows from Theorem 2.4 and the fact that

IfIl = sup IF(T)]-
TGextBquz

h(wl,wz))

By Theorem 2.1, if f € LR}, ,,,))* With || f|| = 1, then

1

27
wi

1 1
1B < 1 ul < —. Jo] < —.
w1 wq

laf <

If f € LORE,,, )" We will write f = (f(l’lxz),f(ylyzlf(fﬂlyz)’f(wzyl))-

Theorem 3.3. Let 0 < wy,wy < L and T((z1,y1), (72,%2)) = ax1z2 + by1yz + cx1yz + dzoy; €
E(ZRi(wl wy))- Then the followings are equivalent:

)
) T1 = (a,b,d, c) is exposed;

)Th = (a, —b, ¢, —d) is exposed;

) T5 = (a, —b, —c,d) is exposed;

) Ty = (—a, —b, —c, —d) is exposed;
) T5 = (a, b, —c, —d) is exposed.

Proof. We only show that (1)<(3) since the proofs of the other cases are similar. (1)=(3):
Let f = (a,8,u,v) € LCR],, )" be such that f(T') = ||f]| = 1 and f(S) < 1 for all
S € Brere )T} Let g = (a,—B,u, —v) € LR}, ))*. Then g(T3) = f(T) = 1. By

v(wy,wy)

Theorem 3.2, ||g|| = 1.

(wr, w2

Claim. g exposes T5.

Let S = (a’)b” C/7d/) € Bl)(zRi ’ ))\{TQ} Then

(wy
(@b, d)|<1,g(S)=da—bB+cu—dv=fla,~b,c,—d)<1
because (a', —b', ¢, —d ) # T. Thus, the claim holds.
The proof of (3)=-(1) is similar. O

Note that {z122, y1¥2, T1y2+72y; } is a basis for L, (QR%L(
we will write f = (f(xll‘z), f(ylyz), f(xlyz + x2y1)>.

_Thus, if f € £,(*R?

wl,wz)) h(w],wz))*’

Theorem 3.4. Let O < wy,wy, < l and f € Es(zRi(wl’wz))*. Let a = f(z122), 8 = f(y12),0 =
flziya + zam).

(a) Let wy < . Then,
171 = max (|81, fwfa + wdB] + wiwal6). fula —ws(2 — w)d] + wiunle]).
(b) Let % < ws. Then,
171 = max {I8], [w} +wlB| +wiwal6], 2wz — 1)|B] + w6,
wha = w2(2 = w2) | +wi (1 = w2)|6], [wha — (3u3 — 4ws +2)8] + wiwao]}.
Proof. If follows from Theorem 2.5 and the fact that

IfIl = sup IF(T)]-
T eext BLS(ZR%l(wl .



564 Sung Guen Kim

Note that if f € ES(ZR%LW“W))* with || f|| = 1, then

1 1
wl w1
The following shows that every extreme point of the unit balls of £(2Ri (
is exposed.

and £, (*R},

wl,’wz)) wl,wz))

Theorem 3.5. Let 0 < wy, wy < 1. Then,
(a) exp B g ) = ext By g )

h(wy,wy) h(wy,wy
(b) exp Be,cr: = extB. g2

(1)) (wywa))

Proof. (a) It is enough to show that ext BL(zRiL( C exp Bﬁ(zRi< ) Let T = (a,b,c,d) €

ext Bﬁ(zRi( ) By Theorem 3.3, we may assume that ¢ > 0 and ¢ 2 d> 0.
wp,wy

wl,'wz))

Claim. 7' = (0, £1, 0, 0) € expBﬁ(zRi( ) for 0 < wy,wy < 1

w2

*. By Theorem 3.2, || f|| = 1. Note that f(7") = 1 and
y\M=£T'}. By Theorem 3.1, T' is an exposed point.

_ 22
Let f = (0, 1, 0, 0) € £( Rh(w,,wz>)
|f(S)| < 1forevery S € ext Bp g2

'("”l ,wy)

Claim. T = (0, —wy, Wi, 0) € exp Bﬁ(zRi for 0 < wy,wy < 1

(wy ,w2>)

et 1 2 3-2
_ — w2 — cup 22 *
7= 32 3w 0) € LR 1ym)"
By Theorem 3.2, || f|| = 1. Note that f(T") = 1 and |f(S)| < 1 forevery S € extBL(zRi( ))\{j:T}.
wi,wy
By Theorem 3.1, T is an exposed point.
By Theorem 3.3, (0, ws, wy, 0) € exp Bﬁ(zRi( Bt
wy,wy
Claim. T = (wlz, w%, wiwy, wiwy) € exp BE(ZR%L( ) for 0 < wy,wy < 1
wy,wy
Let ( 2
2711)2 1 2711}2 27102 212
= - R *-
f ( 411]% T4 4’11}1 ) 4w1 ) € ‘C( h(wl,wz))
By Theorem 3.2, || f|| = 1. Note that f(T") = 1 and |f(S)| < 1 forevery S € extBL(zRi( )>\{j:T}.
wi,wy

By Theorem 3.1, T is an exposed point.

Claim. 7 = (w}, —w(2 — wy), wiwy, wiw;) € exp BL(ZR} ) for 0 < wp < %

(wy,wy)

Let
o (Bl 12
o 411}% ’ 4-7 4w1 ’ 4w1
or
1 2 1 1 1
—(1-=), - f fficiently 1 N.
(wlz( n)’ wp (2 —wp)n’ 2wiwyn’ 2w1w2n> ora suthciently farge n €

By Theorem 3.2, || f|| = 1. Note that f(T") = 1 and |f(S)| < 1 forevery S € eXtB[l(zRi< ))\{iT}.
(w1,
By Theorem 3.1, T is an exposed point.

Suppose that § < w, < 1.

Claim. T' = (0, 2wy — 1, wy, wl) € exp Bﬁ(ZRfL( )

wy,wy)

Let

f= (0, Gun—Dn’ 2w1  n’ 2w; n for a sufficiently large n € N.

wl»w2))
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By Theorem 3.2, || f|| = 1. Note that f(T") = 1 and |f(S)| < 1 forevery S € ext Bege

2 (wy,wy)

yW=ET}
By Theorem 3.1, T is an exposed point.
Claim. T = (0, —(211)2 — 1), wy, wl) € exp BL(ZR%L(UJ] wz))
Let
2w 1 1 1 1

- =) € LCR,

= ATt A T T T A * £ fficiently 1 .
f (0, Guws— 1’ 2wi 0 2w n or a sufficiently large n € N

w17w2)>

By Theorem 3.2, || f|| = 1. Note that f(7') = 1 and |f(S)| < 1 forevery S € ext Bﬁ(zRi( ))\{j:T}.
By Theorem 3.1, T is an exposed point. v

Claim. T = (w?}, —(w} — wy + 1), wiwa, w; (1 — wy)) € exp Bﬁ(zR%wl )

Let

f:(Z—wz 1 32w

212 *
4w T2 dw ’O) € LOR wy )™

By Theorem 3.2, || f|| = 1. Note that f(7') = 1 and |f(S)| < 1 forevery S € ext Beer ))\{j:T}.
By Theorem 3.1, T is an exposed point. v

Claim. T = (w}, —w2(2 — wy), wi(1 —wy), wi(l —wy)) € expBeogy )

wp,wy
Let
po(2ml 1L L
N qw? 4 dw dw
or
1 2 1 1 1
— (==, = f fficiently I N.
(w%( n)’ wy(2 —wp)n’ dwiwyn’ 4w1w2n) ora suthciently farge n €
By Theorem 3.4, || f|| = 1. Note that f(T") = 1 and |f(S)| < 1 forevery S € eXtB[:S(ZRi( )>\{iT}.
(W, wy

By Theorem 3.1, T is an exposed point.

Claim. 7 = (w}, —(3w3 — 4w, +2), wywy, wiwy) € exXp Brege )

(wq,wy)

Let

- ’R? .
4w} 4w T dw ) € LURs )
By Theorem 3.2, || f|| = 1. Note that f(T') = 1 and |f(S)| < 1 forevery S € ext Bﬁ(zRi< ))\{j:T}.
By Theorem 3.1, T is an exposed point. o

f:(wa% 1 2—wy 2—wp

(b) It is enough to show that ext Be,ere C exp Bﬁs(zRi( ) Let T' = (a,b,c) €
ext B, ope Bt By Theorem 3.3, T = (a,b, ¢) € ext B, g ) ifand only if £(a, —b, —c) €

h(wy,wy h(wy,wy

('Lul,wz))

w2

ext Bﬁs(zRi ) Thus, we may assume that a > 0 and ¢ > 0.

(wq,wy)

Claim. 7' = (0, +1, 0) € exp B, er: for 0 < wy,wy < 1

(wlawz))

Let f = (0, 1, 0) € Ls(°R},, ,,))"- By Theorem 3.4, || f|| = 1. Note that f(7) = 1 and
|£(S)| < 1forevery S € ext B, (g )>\{j:T}. By Theorem 3.1, T" is an exposed point.

h(wy ,wy

Claim. T = (w?}, w3, wiwy) € exp B, cr: ) for 0 < wy,wy < 1

(wy,wy)

Let

f_( 4wl 4 dw )EES( R o))"
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By Theorem 3.4, || f|| = 1. Note that f(T") = 1 and |f(S)| < 1 forevery S € ext Be,ere
By Theorem 3.1, T is an exposed point.

T}

2 (wy,wy)

Claim. T = (w?}, —wz(2 — wy), wiwa) € exp Be.ery,,
(w0
Let

f:((2—w2)2 11 )

Wi

or | ) | 1
71_7)’_ 7 )f fficiently 1 N.
<w%( n U/Z(Z—U}z)n 2wiwan or a suthiciently large n €

By Theorem 3.4, || f|| = 1. Note that f(T") = 1 and |f(S)| < 1 forevery S € ext Be,er2
By Theorem 3.1, T is an exposed point.

Suppose that § < w, < 1.

>f0r0<w2<%

T}

(wy,wy)

Claim. 7 = (w}, —w(2 — wy), wi(1 —wy)) € exp Bﬁs(zRi( )
2w
Let

12 2(1—w)
r=Ga 5 T

212 *
3wl ) € ‘CG( Rh(uu,w;)) :
By Theorem 2.9, || f|| = 1. Note that f(T') = 1 and | f(S)| < 1 forevery S € ext B _po Y\{£TH
By Theorem 2.6, T is an exposed point.

h(wy,wy)
Claim. 7' = (0, 2w; — 1, wy) € exp Bﬁs(zR%( )

g U)l‘wz
Let

- 2w, 1 1 22 * .
f= (O, Gus =’ 2un ;) € Ls(*Ry, (1, uy))" for a sufficiently large n € N.

By Theorem 3.4, || f|| = 1. Note that f(7") = 1 and |f(S)| < 1 forevery S € ext Be,er2
By Theorem 3.1, T is an exposed point.

yW=ET}

(wy,wp)

Claim. T = (0, —(2wy — 1), wy) € exp B

2R%L(W1vwz))
Let
2wy 1 1 212 * :
f= (0, “Gun -1’ 2wy H) Ls ("R}, (4, 0y)) " for a sufficiently large n € N.

By Theorem 3.4, || f|| = 1. Note that f(7") = 1 and |f(S)| < 1 forevery S € ext Be,er2 ))\{j:T}
h 1w wy
By Theorem 3.1, T is an exposed point.

Claim. 7 = (w?, —(3w3 — 4w, +2), wjw,) € exp Beoers, )
¢ wy,wy
Let )
2—w 1 2—wn
r= (==

2m2 *
4w} 4 Aw )ezs(Rh(wnwﬁ)'

By Theorem 3.4, || f|| = 1. Note that f(7") = 1 and |f(S)| < 1 forevery S € ext B['S(ZR%( ))\{j:T}
By Theorem 3.1, T is an exposed point. “

This completes the proof.

|
Theorems 2.4-5 and 3.5 show the following:

Remark 3.6. It is true that exp Be,ere (

— 22
1 ) = P Bremy ) O LRy 0y)) for 0 <
wp,wy < 1.

(wyw
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4 Extreme and exposed points of E(zR B (un wz))

Theorem 4.1. Let 0 < wy,wy < 1 and T = (a,b,c,d) € L(*R?

B (w wz))' Let T = (b7 a,d, C) €
LCRS (1)) Then,

(a) ||TH£(2R2, = HTHc 2R2 )s
h )

(wwv» h(wy,w)

(b) extBpom:, = {(a bcd) € LCRY

h' (wy,wy)

) : (b,a,d,c) € ext Byop: >}.

,w3) h(wy,wy)

Proof. (a). Note that for (z,y) € R, [1(2, 9) |1/ (1, .10s) = 11 Z) |l 5wy - It follows that

171l 2 2me, ) = sup T((z1,91), (22,92))]
h (w],wZ) H(xj’yj)‘lh/(wl,wz):l’jZI’z
= sup IT((y1,21), (y2,72))|
s 0, gy =1=12
- sup T((y1, 1), (y2,22))]
H(ijxj)Hh(uzz,w])zlvjzlvz
| ||L2R§l(w )
(b) follows from (a). O
Theorem 4.2. Let 0 < wy, wy < 1.
(a) Let wy < 5. Then,
eXtBpope, )= {(il, 0, 0, 0),£(wy, 0, 0, £ws), £(wy, 0, £ws, 0),
R (wy wy)

}_F

2 2 2
w}, wi, wiwa, wiw,), £(—wi, Wi, —wiwy, wiws),

H,

+

(

( wlza wz, w1wy, *wlwz) i(w%, w%, —wiwy, *wlwz),

(—wi (2 —wy), w3, wiwa, wiw,), £(wi (2 —wy), w3, —wiws, wiws),
(

+(w (2 —wy), w3, wiwy, —wiws), £(—wi (2 —wy), wi, —wjwy, —w1w2)}.

(b) Let % < wj.
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Then,
eXtBL(ZRi,( )) = {(ila 0, 0, 0),:&(11)1, 0, 0, in)ai(wla 0, fw,, 0)7
v (wy,wy
+ w%a wz, wiw2, wlwz) :i:(—w%, w§, —wiwy, wlwz),

H_

wi, w3, wiwy, —wiwy), £(wi, w3, —wiw, —wwy),
2wy — 1, 0, wy, wy), +(—Q2w; — 1), 0, —wy, wy),
2w1 — 1 0 wy, wz),ﬂ:(zw] — 1, O, —ws, —’wz),

F%I—I—H—

w? —wy + 1), w3, wa(l —wy), wyws),

H_

wy —wp + 1, wz7 —wiwy, wy(l —wr)),

H_

w} —wy + 1, w3, —wy(1 —w), wywy),

H—H—

—wy + 1), w%, wiwy, wa(l —wy)),

HoH

(wy
2
1
2
1
(wy —wy + 1), w%, —wp(1 —wy), —wiws),
(
2
1
w% —wy + 1, w27 wiwy, —wa(1 —wy)),

(

+(—(w? —w; + 1), w3, —wywy, —wy(1 —wy)),
+(—w (2 —wy), w3, wa(l—wy), wa(l —wy)),
+(w (2 —wy), w3, wy(l —wy), —wy(1 —wy)),
(w1 (2 —w), wz, —wa (1 —wy), wa(l —wy)),

H_

wy(2 — wy), wz, —wp(1 —wy), —wa(1 —wy)),

H_

(3w1 4wy +2), wz, wiwy, wiwy), (3w% — 4w + 2, w%, wiwy, —wWiws),

(
(-
(
(
(-
(
(
(-
(-
(w? —wy + 1, w3, —wjwy, wy(1 —wy)),
(
(-
(-
(
(
(-
(-
=(

3w — 4wy + 2, wz, —wiwy, wlwz),:lz(—(3wl 4wy +2), w2, —wjwa, —wlwz)}

Proof. 1t follows from Theorems 2.4 and 4.1. O

Theorem 4.3. Let 0 < wy,wy < 1.
(a) Let wy < 5. Then,

eXtBLs(zRf ) { (1,0, 0),£(wf, w3, twiwy), £(wi (2 — wy), —w3, iwlwz)}-
v (wy,wy
(b) Let wy = %

Then,

eXtB,Cs(z]Ri,( )) = { + (13 07 0)»:&(1/47 w%v iw2/2)a 1(3/47 7’(1)%, in/z)}
wy,wy

(c) Let 5 < wy.

Then,

ext B, (pe, )= { (0, 1, 0), £(w?, w3, +wjw,), £(2w; — 1, 0, +w,),

h (wy,wy)

+(w (2 —wy), —w3, Fwr(l —wy)), +Bw? — dw; +2, —w3, :I:wlwz)}.

Proof. 1t follows from Theorems 2.5 and 4.1. O

Corollary 4.4. Let 0 < wy,wy < 1. Then,
(a) exp BL(sz ) = extBpoge )
h (wy,wy) h (wy,wy)
(b) exp B (R, ) = extB, epe,

(wy,wy) n' (wq,wy)

Proof. It follows from Theorems 3.5 and 4.1. O
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Remark 4.5. Let 0 < wy,w, < 1.

t B = t B n Es sz/ .
(a) ex ,Cs(zRi”(umwz)) ex L(ZRiL/(wl,wz)> ( h (wl,wz))
(b) exp B ere, ) = exXp Bege, )N ﬁs(zRi'(w w ))'
h (wy,wy) h' (wy,w3) 12

Theorem 4.6. Let Rﬁ_” be a normed space such that ext BR%' | is finite. Let n > 2. Then,

ext Bﬁ(nRM)
2 {Te L("Rﬁ_”) : there is A C (ext BRﬁ-H )" such that |Ar| = 2"
and |T||=1=|T(Xy1,...,X,)| for every (Xi,...,X,) € Ar and that
i (Ao k=12, 1<j<n € E("Rﬁ,ﬂ) satisfying (ag, ...k, Jk;=1.2, 1<j<n(X1,...,Xn) =0
forevery (X1,...,X,) € Ap, then ay,...,, =0 forallk; =1,2, 1 < j <n}.

Proof. Let
F = {Te¢ E(”Rﬁ‘u) : there is Ay C (extBRﬂ.H)” such that |[Ap| = 2"
and ||T||=1=|T(Xy,...,X,)| forevery (Xi,...,X,) € Ay and that

if (akl...kn)kal’z’ 1<j<n € ﬁ(nRﬁ”) satisfying (akl...kn)kal’z’ 1§j§n(X17 PN ,Xn) =0
for every (Xi,...,X,) € Ap, then ay,...,, =0 forallk; = 1,2, 1 < j <n}.

n

LetT € F.

Claim. T € ext B['(TLR%H\)

Suppose not.
There is nonzero (by,...x,, )k,~1,2, 1<j<n € E("Rﬁ_”) such that

1T = (bkykp k=12, 1<l < 1.
For every (X1,...,X,,) € Ar, it follows that
L > T £ (bgyorn Jiy=1.2, 1<j<n (X150, X))
> max {|1 + (oo Sy =12, 1<j<n (X155 X)),

11— bk, by k=12, 1<i<n (X1, - . 7Xn)|}
ke =12, 1<5<n (X1, -5 X))

I
—_
+
=
S
=z

which shows that (bx,..., )x,=1,2, 1<j<n(X1,..., Xn) = 0 forevery (Xi,...,X,) € Ar. By the
hypothesis for Ar, by, ..., = 0forall k; = 1,2, 1 < j < n. This is a contradiction. O

Question. Is it true that

extBﬂ(nRﬁ_”)
= {Te E(”Rﬁ,u) : there is Ap C (extBRﬂ.H)” such that |Ap| = 2"
and |T||=1=|T(Xy,...,Xp)| for every (X1,...,X,) € Ar and that
I (Qyon Jiy=1,2, 1<j<n € L(”Rﬁ_u) satisfying (ag, ..k, Jk;=1.2, 1<j<n(X1,...,Xp) =0
forevery (X1,...,X,) € Ap, then ay,...,, =0forallk; =1,2, 1 <j <n}?

n

Note thatif n =2 and RY | = 3,03, RY , then the question is true (see [15]).

(w1, w2)
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