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Abstract In this paper, we use certain operators for symmetric functions in order to derive
new generating functions for the products of k-Fibonacci numbers, k-Pell numbers, k-Jacobsthal
numbers, k-Balancing numbers and k-Mersenne numbers with bivariate complex Fibonacci and
Lucas polynomials.

1 Introduction

There have been many papers over several years concerned with identities of bivariate complex
polynomials and numbers. In particular, in [5], M.Asci and E.Gurel studied bivariate complex
Fibonacci and Lucas polynomials, providing their generating functions, explicit formulas, Bi-
net’s formulas and other properties. In another paper [6], they defined and studied the Gaussian
Jacobsthal and Gaussian Jacobsthal Lucas polynomials, giving the generating functions, Binet’s
formulas, explicit formulas, Q matrices, determinantal representations, and partial derivatives of
these polynomials. In [26], A.F Horadam defined the complex Fibonacci polynomials and the
complex Fibonacci numbers, and gave the divisibility properties of bivariate complex Fibonacci
polynomials.

Recently, many other relevant numbers and polynomials have been studied, such as Pell num-
bers and k-Pell Lucas numbers and many other polynomials, and a numerous papers have been
published in this context, defining operators to derive new symmetric properties and determine
their generating functions.

The k-Fibonacci numbers { Fj, ,, } ey Were introduced by Falcon and Plaza in [23], they de-
fined them recurrently by

Fpn=kFypn1+Fyno k=1, n<2,
Fk10 =1 and Fk71 =k.
The bivariate complex Fibonacci polynomials { £}, (z,y)}22, were defined in [5] as follows
Fn+1 (:E, y) = iIF,L(.'L’, y) + yFrL—1($7 y)u n Z 17
FO('/I;7:U):07 F1<'/'L~y):1

Binet’s formula and the explicit formulas of the bivariate complex Fibonacci polynomials are
respectively given by

o) = SR

and
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e S A W
Fo(z,y) = ZJL:(-) ! ( | ) (iz)n=20= Ty
Note that a(z, y), 3(x, y) are the roots of the characteristic equation t*> — izt — y = 0.
The k-Lucas numbers {Ly, , }neny Were introduced by Falcon in [24], they defined them re-
currently by

Lipn="kLin1+ Lgno, k>1, n<2
Lk,() = 2, Lk71 = k.

The bivariate complex Lucas polynomials {L,,(x,y)}>°, were defined in [5] as

Ln+l(*T’7y) = 7TL71(T73/) + yLnfl(‘Tvy): n=1,
LO(%Z/) :27 L](xvy) =iz

Binet’s formula and the explicit formulas of bivariate complex Lucas polynomials are respec-
tively given by

Ln(x,y) = Ozn(x,y) - 6n(xy)

and
2 (n—=J\ . \neoi
Lu(z,y) =EH< ; )(w) Myl

For any positive integer k, the k-Pell sequence, denoted by (Pkn)n eN is defined recursively
in [19] as follows

Pk:,'rL+l = 2Pk,n + kPk?,‘!L—l7 n = 1
Pk,0:O7 Pk,l =1.

The following characteristic equation is associated with the recurrence relation of k-Pell num-
bers
r*—2r —k=0.

Note that the roots of this equation are rj = 1 + /1 +kand r, = 1 — /1 + k. Since
vV1+k>1,thenr, < 0andhence, r, <0 < 7.

Also, we have that r| + 1, =2, —rp, =2v/1 + k and ryr, = —k.

For k = 1, we obtain r; = 1+ v/2 which is known as the silver ratio and is related to the Pell
number sequence, as it represents the limiting ratio for the consecutive Pell numbers.

The Binet’s formula for the k-Pell numbers is given by

ry—ry
Plc,n - i — 1 B
where 1, 1, are the roots of the characteristic equation r2 —2r —k =0 withr, > ro.

In a similar manner to the k-Pell numbers, we define the k-Jacobsthal numbers using the
recurrence relation given in [29].

For any positive integer k, the k-Jacobsthal sequence say (Jk,n),, oy is defined recurrently by

Jk:,'n,+1 = 2']k,n + k!]k:,n—la n > 17
Jeo=0, Jg1=1

The following characteristic equation is associated with the recurrence relation of k-Jacobsthal
numbers

P —r—k=0,
. . 1+ V1+4k 1 —+V1+4k
such that the roots of this equation are r; = +—+ and rp, = +

Also, the Binet’s formula for the k-Jacobsthal number is given by

P pn
_ 1 2

Jk‘,n -

="
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where 7, 7, are the roots of the characteristic equation 2 —2r — k=0 withr; > r.
We are also interested in Balancing numbers, which were first defined by R.P. Finkelstein
[25], who referred to them numerical centres. The definition is as follows

A positive integer n is called a Balancing number if

l+24+...+(n—-1)=n+1)+n+2)+...+(n+r),

holds for some positive integer r. Then they are the solutions of this Diophantine equation, and
r is a balancer corresponding to a Balancing number n. they satisfy the following recurrence
relation

Bn+] :6Bn _Bn—la nz 17
Bo=1, B =1

The generalized Balancing numbers are called k-Balancing numbers. They were introduced
by Ray in [33]. The n" k-Balancing numbers By, ,, are recursively defined by

Bk,n+l = 6kBk:,n - Bk‘,n—h k 2 17
Bro=1, DBp1=1
The explicit formula of k-Balancing numbers is given by
alt? = 6kayt! —ar,
and
ay™? = 6kayt! — af,

where a; and a; are the roots of the equation oz% = 6kaq — 1 and a% = 6kay — 1. Note that the

roots of the equation o? = 6ka — 1 are 3k + v9k2 — 1 and 3k — v9k2 — 1.
The Binet’s formula for the n** k-Balancing numbers is given by
By, = of —oy
" o] —

We are also mainly interested in the Mersenne numbers, so we will introduce some of their
properties.

Definition 1.1. For n € N, the Mersenne sequence, denoted by {M,, },cn, is defined recursively
by

]\/[n = 3]\/-[n—l - 2Mn—27 vn = 27
My=0, M, =1.
Definition 1.2. For n € N, the k-Mersenne sequence, denoted by {Mj, ,, }nen, is defined recur-
sively by
Myn =3kMgpn_1 —2Mgp—2, Yn=2
Mgo=0, My, =1
The Binet’s formula is given by

M, Thort
kn — )

’ =72

4 2 __
such that r; = 3’”—2%8

the sequence Mj, ,,.

—+/9k2— e .
and r, = w are the roots of the characteristic equation of

2 Definitions and Properties

In this section, we present symmetric functions along with some of their properties and useful
notions from the literature. We will also introduce a set of definitions to clarify their use in the
new results.
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Definition 2.1. [1] A function f(z,z2,...,x,) in n variables is symmetric if, for all permuta-

tions of the index set (1,2, ..., n), the following equality holds

.f(l'lvl'% .. '7‘7‘-n) = .f(xs(l)7ws(2)a .. 715(11))

This means a function of several variables is symmetric if its values does not change when
we swap variables.

Definition 2.2. [14] Let &k and n be two positive integers and let {A;, Az, ..., A, } be a set of given
variables. Then the elementary symmetric function eg (A, A2, ..., A\y,) is defined by

o) = An) = D XA, 0<k <, 2.1)

n
i1 +ir+...Fin=k
with éy,43...7, =0V 1.

Definition 2.3. [14] Let k and n be two positive integers and let {A;, Aa, ..., A, } be a set of given

variables. Then the complete symmetric functions hx (A1, A2, . .., Ay,) is defined by
hy =R A e = > AR LD, (2.2)

i1 +ir+...+in=Fk
with i1, s ...ip > 0.

Definition 2.4. [14] Let n be a positive integer and A = {a1,a,} be a set of given variables.
Then the symmetric function S,, is defined by

a'rL+l _ an+1
Sn(4) = Salar +a) = = —2—

with
So(ar +a2) =1, Si(a; +ax) = a1 +az, Sa2(a;+az) = a% 4+ ajan +(l%.

Remark 2.5. We have S, (a; + a;) =0, forn < 0.
Remark 2.6. Let A = {a;,a,} be an alphabet. We have
Sn(ar +az,) = hn(ar, a2).

Definition 2.7. [14] The symmetrizing operator 6’“] is defined by

a|as

k ok
% oo f(ar) = 2 (a;]) - sz @) yren 23)

Remark 2.8. If f(a;) = a; in formula (2.3), then we obtain

k+1 k+1
)

5§1a2f(a]) =

a; —az

Remark 2.9. Let A = {a;,a,} be an alphabet. We have

S0 (a1) = Sk(ar + az).

3 Main Theorem

Our results are based on the following theorem witch was previously proven in [10].
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Theorem 3.1. Let A, B and C be three alphabets, {a1,as}, {b1,b2} and {c1,c,} respectively.
Then we have

> S A)Sn k-1 (B)Snir-1(C)2" =
n=0
(i Sn(* )bn(‘” n) (i Sn( A)b”(‘” n) i S,,L(*A)Sn,k,,1(B)C;H—kzn
n=0 n=0 n=0
by

_ (i Sn(—A)bgcgz”> (i Sn(—A)b?cgz”> icj Sn(—A)Sn,k,l(B)Cl”*kz"
n=0 n=0 n=0
(1 — ) TT (A —abier2) TT (1 — abacr2) T] (1 — abicaz) [] (1 — abacaz) ’

a€cA acA a€A acA
3.1
Jorall k € Ny.
Proof. By applying the operator 6%, ., , to the series f(biciz) = Z S, (A)B7Er =", we obtain
n=0
5510261)'1()2 (f(bICIZ)) = 01026171’72 (Z S IL n n>
n=0
bl D Su(A)bicia" = b Su(A)byeq ="
— 5/9 n=0
cica bl — b2
. 0o b?+k _ b72'1,+k}
= n . n
= o, gSn(A)WCI )
- CIC <Z Sn(A)Snir—1( )qz”)
cf Z Sn(A)Spik—1(B)efz" — 5 Z S (A)Spip_1(B)ch 2"
— n=0
- Cl —C
Z Sn(A)SnJrk 1 n+k 2" an Srti— 1 ) g+k2n
o n=0
= -

o0 (/n+k Cn+k
= an(A)Snﬁ»kfl(B) 42 Z"

Cl — ¢
n—0 1 2

inf

= ZS Sntk—1(B)Sn+k-1(C)z".

On the other hand, since

f(biciz) = m7

acA
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by _ by
| H (1 —abic2) H (1 — abyey2)
6k ‘ 5k — 5k a€cA a€A
et H (1 —abic2) ae by — by

a€A

by H (1 —abye1z) — by H (1 —abie1z)

— k ac€A a€cA
ae (b] — bz) H (1 - ab]C]Z) H (1 - CLbQC]Z)
acA acA
Using the fact that
Z S (=AYt 2" = H (1 —abic2),
n=0 a€A
then
> Su(—Afby et = S, (—A)bsbcr "
(Sk 61}; . 1 _ (Sk n=0 n=0
e H (1 —abic;2) (b= b) H (1 —abjc2) H (1 — abyc;2)
acA a€A a€A
- & b'IL—k _ b’;z—k
) _bl bZ ZOS»,,(—A) W CI =
= 5clc 1
1 H (1 —abicy2) H (1 —abyer2)
a€A acA
—bEE D S (—A) Sk (B)cf2"
_ 6k, n=0
ae H (1 —abjer2) H (1 —abycy2)
acA a€A
X —ckprvh Z Sp(—=A)S,_k_1(B)cz"  chvrvh Z Sn(—A)Sp—_g—1(B)cyz"
n=0 n=0
= +
c1—C H (1 —abjey2) H (1 —abyey2) H (1 — abjez2) H (1 —abyey2)
acA acA acA acA
(Zo Sn(—A)bgc?z"> (Zo Sn(—A)b?c?z"> Z;O Sp(=A)Sy_j_1(B)Cytren
bib
— (ZOS,,L(—A)bgc;‘z”) (%S,J-A)bg%gﬂ) zo Sy (—A)S, 1 (B)CI TR
B (c1 —e2) TI (1 —=abjeiz) TT (1 — abyei2) T1 (1 — abyeaz) T (1 — abacaz)
a€A a€A acA a€A

This completes the proof.

If £ =0,1,2 in Theorem 3.1, we deduce the following lemmas.
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Lemma 3.2. [10] Let A, B and C be three alphabets defined as {ai,az}, {b1,b2} and {c1, 2}
respectively. Then we have

3 50 (A4)Su 1 (B)Sy1(C)2" = %, n e No, (32)
n=0
with
M = (a1 + a2)z — ajaz(by + by)(c1 + &2)2% 4+ bibacica(ar + az)(2aray — (ay + ap)?)2°
+ aragbibycica(by 4 b2)(er + e2)(ar + aa)?z* — bibyercaalas(ay + az)(biba(cr + 2)*+
crea(by + b2)? — creabiba) 2’ + aja3bivicich (by + ba) (et + ¢2) 20
D=1 (a; +a)(by + ba)(c1 + c2)z + (biba(ar + a2)*(c1 + c2)* + (b + ba)* — 2b1by)
((a1 + a2)?cicr — 2a1a2cica + ajax(cr + 2)?))2* — (ag 4+ az)(by + by)(c + ¢2)
(bibacica(ar + a2)* + bibaajaz(ci + &) + ajazcica(by + by)? — Sajazcicabiby) 2’
+ (a?d3ctcs(by + by)* + Abib3(ar + a2)* + afa3bibs(cr + )t — ajasbibacica
(4b1brcica(ar + az)z + dajazciea(by + b2)2 +dajaxbiba(cr + 62)2 — (a1 + az)z(bl + b2)2
(c1 + &2)?) + 6a3a3bib3cic3) 2t — ajasbibacica(ar + az)(by + by) (e + ) (bibaciea(ar + az)?
+ ajazerca(by + ) + ajasbiba(cy + ) — Sajazbibycir)2® + (ata3bib3cica(ay + aa)?
(1 + 02)2 + a%a%b%b%c%c%((bl + b2)2 — 2b1by)((ay + a2)20102 —2ayaz¢1¢3 + ajaz(cr + 02)2))26
—aia3bibcics(ar + a)(by + ba)(e1 + @)z’ + ajasbibiciciz®.

Lemma 3.3. [10] Let A, B and C be three alphabets, {a1,as}, {b1,b2} and {c1, c2} respectively.
Then we have

oo

M.
> Sn(A)8ui1(B)Sun (C)2" = 5, neNo, (3.3)
n=0

with
M = (c1 + c2)(by 4 b2) — (a1 + a2)(crea(by + b2)* + biba(c1 + 2)* — creabiba) 2
+ C]Czb]bz(a] + a1)2(b| + b])((,’] + C])zz — c%c%b%b%(al + (J,])((a] + (L])2 - 2&]@2)23
—ala3bibscics(by + ba) (e + e2)2* + alasbibicical (ar + az)2’.

From the previous lemma we deduce the following relationship

ad M.
> S 1(4)80(B)S,(C)2" = 33, n € No, (3.4)
n=0
with
Mz = (¢ + &2)(b1 + b2)z — (a1 + a2)(crea(by 4+ b2)? + biba(cr + )% — creabiby)2?
+ creabiby(ar + ay)* (b1 + b1) (1 + ¢1)2® — A3bib3 (a1 + ay)((ar + a1)* — 2aya,)2*
— a%a%bfb%c%c%(bl +b)(ar + cz)z5 + afa%bfbgc?c%(al + az)zé.

Lemma 3.4. [10] Let A, B and C be three alphabets, {a1, a2}, {b1, b2} and {c1, c2 } respectively.
Then we have

> M.
> 8 (A)S,(B) S, (C)2" = 3“, n € No, (3.5)
n=0
with
My =1— (ajazeicr(by + b2)? + ajazsbiby(er + &2)? + bibyciea(ay + a2)* — 3ajazcicabiby) 2>
+ 2a1a2b1br¢1¢2(ar + az)(ln +b)(er + Cz)Z3 — (blbgalza%c%c%(bl + 52)2 + clcza%a%b%b%

2 212 2 2 2 2212120 0\ 4 3 33,3336
(1 + )" + ajaxbibscics(ar + az)” — 3ajazbibicics) 2" + ajazbibyeicy 2°.
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From the previous lemma we deduce the following relationship

= M.
D 80 1(A)S01(B)Sy—1(C)2" = 35, n € N, (3.6)
n=0
with
Ms =z — (alazclcz(bl + b2)2 + alazblbz(cl + 62)2 + b1b26102<a1 + az)z — 3a1a2qczb1b2)z3—|—
2a]a2()|b20162<a| + Cbz)(bl + bz)(C] + 02)2’4 — (blbza%a%c%c%(bl + bz)z + clcw%a%b%bg

2 2,2 2 2 2 223212 2 2Y.5 3 3,3;33 3 7
(c1 + )" + ajaabibyeies(ay + az)” — 3ajazbibseics) 2 + ajazbibycicy 2’

4 Some new results

In this section, we use the aforementioned theorem to derive new generating functions of prod-
ucts of some well-known numbers and polynomials.

First step

Firstly, by replacing a, by [—az] and b, by [—b2] and ¢, by [—c;] and by making the substitutions
Cl —C = k?, b] — bz = k‘, a) —ay = i, Cl1Cy = 1, blbz = 1, and ayjay =Y in (35) and (34), we
obtain the following results

> F?F(z,
> Suci(ar + [=a2))Su (b1 + [~ba]) Suler + [—c2]) = #‘, 4.1
n=0
and
[eS) N]
> Sn(ar + [~aa])Sn(br + [~b2]) Sn(er + [~c2]) = D (4.2)
n=0
with
F2F(x,y) = K*2 + ix(2k* + 1)22 — 22k —ix(—a® 4 2y)2* — ?k%2° + yPix2b,
Ny =1 — 2Ky — 22 + 3y)2? — 2yizk?2 + (2k%y* — 22y + 3y%)2* — 4725,
and

Dy =1 —izk?z — (k*y — 2k%2? + 4k%y — 2a° + 4y) 2% — (2ik*zy — ik*a® + SikPay)2®
+ (K*2%y + 2k%2 + 8E%y? + 2 — 42y + 62)2* + (2ik*ay? — ik Py + SikPxy?) 2
— (K*y® = 2K22%y? + 4%y — 2227 4+ 49°) 20 + liak? T 4 %28
From the previous results, we conclude the following

Theorem 4.1. For n € N, the new generating function of the product of squares of k-Fibonacci
numbers with bivariate complex Fibonacci polynomials is given by

K42k + 1)22 — 22k%2 — dn(—a? + 2y) 2t — P k%2 + yPineS
= D .

00
Z FI%,'N,FW(‘(L" y)zn
n=0

Corollary 4.2. For n € N, the new generating function of the product of squares of Fibonacci
numbers with bivariate complex Fibonacci polynomials is given by

ioj F2F, (2, y) " = 2+ 3izz? — 222 —ix(—2® + 2y)2* — 22 + yPixz
n=0 " DF%F(w,y)

with
Dp: play) = | —iwz — (=4a” + 9y)2* — (—ia’ + Tiwy)2> + (z* - 327y + 16y7)2*
+ (—izdy + Tizy?) 2> — (—4x?y? + 9y°) 28 + Pixs” + y*28.
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Theorem 4.3. For n € N, the new generating function of the product of squares of k-Fibonacci
numbers and bivariate complex Lucas polynomials is given by
F2L(2,y)

D,

ZO F,g’nLn(x, y)2"
with
F?L(z,y) =2 —izk®z + (x2® — 2°)28 + ixk?y?2>
+ (4Kk%? — 222y + 637 — 2 (=2 + 2))2*
+ (ik*2® — 4ikPay) 2 + (—4k%y + 227 — 6y + 2% (2K +1))2%

Proof. We have

Ly (z,y) =2Sn(a1 + [—az]) — ixSp—1(a; + [—az]), (see[12]),

then
ZF]inLn(:U,y)Z" = Z(zsn(a] + [—az]) — ixSp—1(a; + [—a2])Sn(by + [=b2]) Sn(c1 + [—c2]))2"
n=0 n=0
= 2ZSn(a1 + [=aa])Sn (b1 + [=b2]) Sn(er + [—c2])2"
n=0
—il‘z Sn—1(a1 + [—a2])Sn (b1 + [~02])Sn(c1 + [—c2])2"
n=0
- 21 — (2k*y — 2% + 3y)2* — 2uixk?2 + (2k*y* — 2%y + 3y?) 2t — 220
- o,
Cir K2z + iz (2k% + 1)22 — 22k%23 — ix(—2® 4 2y)2* — y?k*25 + yPin2®
D ’
)
= F2L
Z FlgnLn(x7 y)zn = Ma
, D,
n=0
with

F2L(z,y) =2 —izk’z + (22y* — 2y°) 28 +izk?y?2° + (4k%y* — 227y + 69% — 2 (—2® + 2y))2*
+ (ik*x® — dikPwy)2® + (—4k%y + 227 — 6y + 2% (2K + 1)) 22

This completes the proof. O

Corollary 4.4. For n € N, the new generating function of the product of squares of Fibonacci
numbers and bivariate complex Lucas polynomials is given by

= 2 Ne2p,(a)
Y FaLp(w,y)e" = 522,
=0 Dz (a.y)

with
Np2p(ay) = 2 —ixz + (2%y? = 2°)2° + vPiz2 + (10y? — 222y — 2% (—a? 4+ 2y))2*

+ (i — dizy)2® + (522 — 10y) 22

Dp2pay) = Pr2ra.y):



602 Amina Daoui, Ali Boussayoud and Khadidja Boubellouta

Second step

Now, we will make the following substitutions a, by [—az] and b, by [—b3] and ¢; by [—c;]. We
also set Cl —C = 2, b] — bz = 2, a) —apy = iiL’, Ci1C) = k, b1b2 = k,‘, and aja; =Yy in (36) and
(3.2). We then obtain the following

Sct(ar + [aa])Sut(br + [ba])Sus(er + o)) = LY 43
D,
n=0
and -
Z Sn,((lq + [—az])sn_[(bl -+ [_bz])Sn—l(Cl + [—(‘,2}) = g—z (44)
n=0
where

P2F(z,y) = z— (—K*2? + 3k>y 4 8ky) 2* — 8ykPizz* + (—k*x?y + 3k*2 4+ 8k3y?)2° — 2 k027,
Ny = izz + 4y2? — BPiz(—2® + 2y)2° + dyk?2?2* + KyPic(k? 4 8k)2° — 47 k420,

and

Dy =1 — 4izz — (—2k*2* + 4k*y — 8ka* + 16ky + 16y)2* — (—4ik*2> + 20ik>xy + 32ikxy) 2
+ (K2t — a4k 2%y + 6k* 2 4 32K % + 16k% 02y + 32k%y%) 2t + (—4ik*ady + 20ik* zy?
+32ik3xy?) 20 — (—2kSx%y? + 4k5y° — 8Ky 4 16Ky + 16k*y>)2°
+ ek + o K82,

From the previous results, we conclude the following theorems and corollaries

Theorem 4.5. For n € N, the new generating function of the product of squares of k-Pell num-
bers with bivariate complex Fibonacci polynomials is given by

2 — (—k22? + 3k%y + 8ky)2* — 8yk?ixz*
D,

Z P,inF(;v, y)z"
n=0

(—Kk*z?y + 3k*y? + 8Kk3y?) 2> — y3kC27

+ Ds

Corollary 4.6. For n € N, the new generating function of the product of squares of Pell numbers
with bivariate complex Fibonacci polynomials is given by

— (=22 + 1y)2 — 8yizz* + (—2y + 11y2)2° — 327
Dpzp(a,y)

)

> z
Y PaF(zy)" =
n=0

where
Dpag, (4 = 1 = 4iwz — (—=102? + 36y) 2> — (—4iax® + 52ixy)2> + (a* + 1227y 4 70y%) 2*
+ (—4izdy + 52ixy*) 2 — (—102%y* +361°)2° + dyPins” 4 428,

Theorem 4.7. For n € N, the new generating function of the product of k-Pell numbers and
bivariate complex Lucas polynomials is given by

- P2L(.
Z Plg’nLn(Iv y)Zn = M?
; D,
n=0
where
P2L(z,y) = izy k827 — 8P k*28 + (2k* iz (K + 8k) — ix(—k 2y + 3k*y? + 8k%12))2°
+ (—2k%ix(—2? + 2y) — ix(K*2? — 3k*y — 8ky)) 2 + 8y2? +ixz.
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Proof. We have L,,(z,y) = 2S5, (a1 + [—a2]) — izS,—1(a1 + [—az]) (see [12]), then

> Pl Ln(x,y)2"

n=0

D St (br + [=b2] Snei (e + [—2]) 28 (a1 + [~a2]) — izS,_1 (a1 + [—aa])]2"

= 2 Sular + [=a2))Su1 (b1 + [=b2])Sumi(e1 + [—2])2"

—iil'isn—l(al + [—az])Sn_1(b1 + [—bz])sn_l(q + [—Cz])zn

n=0

_ 2i$z +dy2? — KFix(—2? + 2y) 23 + dykPa? 2t + k2yPix(k? + 8k)2° — dyPkt20
D,
_in? T (—k22? + 3k%y + 8ky) 2> — Syk?ixz* + (—k*2%y + 3k*y? + 8Kk3y?) 2> — Pk027
x D

_ PL(z,y)

D, ’

where

P2L(z,y) = iz k%27 — 8¢ k*2° + (2K yPix (K + 8k) — ix(—k*2?y + 3k*y? + 8k%42))2°
+ (—2k%ix(—2? + 2y) — iz(k*2? — 3k%y — 8ky))2 + 8y2? +ixz.
This completes the proof. o

Corollary 4.8. For n € N, the new generating function of the product of squares of Pell numbers
with bivariate complex Lucas polynomials is given by

oo N i
S P2R(a,y)n = —Ealrn),
n=0 Dpzp, (e

where

Np2p, (o) = iwy’s’ = 8y°2° + (18y%ix — ix(—a’y + 11y?))2°
+(ia(=a 4 2) —iala? ~ 1)) + 89 +
Dpi L@y = Prir@y):
Third step

Thirdly, by replacing a, by [—az] and b, by [—b2] and ¢, by [—c,] and by making the substitutions
Cl —C = k’, b] — bz = k, ay —ay = il‘, C1C) = 2, blbz = 2, and ajay =Y in (36) and (32), we
obtain the following

e’} 2
3 Suctlon + aSaa(by + FDSuna(en + o) = Z0E0 )
n=0
and -
Z Sn(ar + [—a2])Sn—1(b1 + [-b2])Sn-1(c1 + [—c2]) = %27 (4.6)
n=0
where

JPF(z,y) = 2z — (4k%y — 42> + 12y)2° — Syizk?2* + (16k%y> — 1622y + 48y%)2° — 64¢°27,
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N3 = izz + yk?>2? — dix(—a® + 2y)2° + dyk?2?2* + dyPix(4k% 4+ 4)2° — 16y° k225,
and
Dy = 1 —izk®z — (kK*y — 4k%2” + 8Ky — 822 + 16y)22 — (4ik*zy — 4ik*a> + 20ik*xy) 2>
+ (4k* 2y 4 8k*? + 647y + 162* — 6427y + 96y%)2* + (16ik*zy® — 16ik> 23y
+ 80ik*xy?) 20 — (16k*y® — 64K*x%y? + 128Ky — 1282y* 4 256y°)2°
+ 64y ixzk? 2T 4+ 256y 8.
From our previous results, we obtain the following theorems and corollaries

Theorem 4.9. For n € N, the new generating function of the product of squares of k-Jacobsthal
numbers with bivariate complex Fibonacci polynomials is given by

00 42—4k2 ~12 3—8'162’ 4
ZJI%,nFn(%y)Zn z+ (4o Y y)z ik?xyz
n=0

Ds
(— 1622y + 16k>y* + 48y%) 2> — 64y>27
D; ’
Corollary 4.10. For n € N, the new generating function of the product of squares of Jacobsthal
numbers with bivariate complex Fibonacci polynomials is given by
i P2F ()2 — 2+ (4% — 16y)2> — 8izyz* + (—162%y + 64y2) 2> — 644327
D
0 J2 Fp(z,y)

_|_

)

where
Dppay =1 —irz — (—1222 + 25y) 2% — (—4iz® + 24izy) 2> + (162" — 60x%y + 168y?)=*
+ (—16iz3y + 96izy?) 2> — (—1922%y> + 4005>) 28 + 64y izz" + 256y 28,

Theorem 4.11. For n € N, the new generating function of the product of squares of the product
of k-Jacobsthal numbers and bivariate complex Lucas polynomials is given by

x J2L(z,

S R L) = ZHEY),

n=0 D3
where

JPL(z,y) = 64izy’z" — 32y° k220 + (8yPix(4k> + 4) — ix(16k*y> — 1627y + 48y))2°
+ (—=8iz (=2 4 2y) — ix(—4K%y + 4% — 12y)) 2> + 2yk?2® + izz.

Proof. we will consistently use the expression that we have
L, (z,y) =28,(a1 + [—az]) — ixSu—1(a1 + [—az]) (see [12]), then

Z Jl%,nLn (z,y)2"
n=0

= i Sn—1(b1 + [=b2]Sn-1(c1 + [=2]) 2S5 (a1 + [~a2]) — izSn_1(a1 + [—aa])]z"
n=0

= zisn(a] + [=a2])Sn—1(b1 + [=b2])Sp—1(c1 + [—e2])2"
n=0

—1iT Z Sn_] ((l] + [—az])Sn_l (b] + [—bz])sn_l (C] + [—CzDz"

n=0
B zixz + yk?2? — diw(—a% + 2y) 2% + dykPa 2t + dyPix(4k? + 4)2° — 16y°k220
= D,
2 — (4K%y — 4a® + 12y) 23 — Syixk?2* + (16k*y* — 1622y + 48y°) 2> — 644327
—ix
Dy

hence,
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0 2L
S L y)zn = &)
n—=0 D3

where
S L(z,y) = 64izy®s" — 32 k220 + (8y iz (4k* + 4) — iz(16k*y? — 1627y + 48y?))2"
+ (—8ix(—a* + 2y) — ix(—4k>y + 42® — 12y))2° + 2yk* 22 +ixz.
This completes the proof. o

Corollary 4.12. For n € N, the new generating function of the product of squares of Jacobsthal
numbers with bivariate complex Lucas polynomials is given by

Ny 1,
ZJL x,y)z DJLE U;,
J-

where
Nppo oy = 64izy’ 2’ — 32y° 2% + (64yPix — ix(— 1622y + 64y%))2°
+ (=8iz(—ax* 4 2y) — ix(42* — 16y))2> + 2y2* + izz.

Dy g (ay) = 1 —iwz + (1227 — 25y)2% + (4ia’ — 24izy)2’ + (162* — 6027y + 168y*)2*
— (16iz’y — 96ixy?)2° + (1922%y* — 400y>)2° + 64y iz + 256y 28

Dy p(ay) = Dr2ry)-

Fourth step

In order to derive new generating functions of the product of squares of k-Balancing numbers
and complex bivariate Fibonacci polynomials, as well as the product of squares of k-Balancing
numbers with complex bivariate Lucas polynomials, we make the following substitutions

ap by [7(12], by by [7()2], ¢ by [702] and we set ¢; — ¢ = 6k, by — b, = 6k, a; — ap = iz,
cicp = —1,bibp, = —1, and aja; = y in (3.6) and (3.2), we then obtain

3 Suci(er + [e)Socs b+ [baDSus o + [y = ZEED g
n=0
and -
Su(ar + [—aa])Sn—1(b1 + [=b2])Sn—1(c1 + [~c2]) = &, (4.8)
D Dy
n=0
with

BZF(CL‘, y)=2z— (—72k2y — 22+ 3y)z3 — Nyizk’z* + (—72k32y2 — Py + 3y2)z5 — 327,
Ny = izz + 36yk?2? — ix(—a* 4 2y)2° + 36yk*a2* + yPiz(—T2k> + 1)2° — 36y°k>25,
and
Dy = 1 = 36ixk’z — (1296k*y 4 T2k*2? — 144k>y — 22% + 4y) 22
ik ry — 360k“x” + ik ry)z
—2592ik* 36ik*x> + 180ik>xy) 2>
+ (1296k* 2%y + 2592k*y* — 288k2y* + o* — 4’y + 6y%)2*
+ (—2592ik*zy? — 36ik> x>y + 180ik>zy*) 2>
— (1296k*y® 4+ T2k 2%y? — 144k%y> — 22292 + 49%)2° + 36y iak? 2" + y* 28,

From previous results, we conclude the following theorems and corollaries
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Theorem 4.13. For n € N, the new generating function of the product of squares of k-Balancing
numbers with bivariate complex Fibonacci polynomials is given by

2 — (=12k*y — 2% + 3y) 2> — T2yizk?2*
Dy

ZBi,nFn(x?y)Zn =
n=0

N (=72k%y* — 2%y + 3y%) 2> — 327
Dy '

Corollary 4.14. For n € N, the new generating function of the product of squares of Balancing
numbers with bivariate complex Fibonacci polynomials is given by

oo

Z B2y (1, )2 — 2z — (=2 — 69y) 2> — N2yixz* + (—a?y — 69y?) 2> — 3327
o Dp2 p(ay)

I

where
Dp2 p(ay) = 1 — 36iwz — (7027 + 1156y) 2> — (—36i2” — 2412ixy)z’
+ (a* 4+ 12922%y + 2310y%)2* + (=36izy — 2412ixy?)2°
— (702y* 4 1156y%)2° 4 365 ix2" + y*28.

Theorem 4.15. For n € N, the new generating function of the product of squares of k-Balancing
numbers with bivariate complex Lucas polynomials is given by

B*L(z,y)
Dy

Z Bl%:.nLn(x7 y)zn
n=0 l

with
B>L(z,y) = izy’2” — 1207k 20 + (29Pix(—72k* + 1) — ix(—=72k*y* — 2%y + 34°))2°
+ (=2ix(—a® + 2y) — ix(72K>y + 2* — 3y)) 2 + T2yk?2* + ixz.
Proof. We have

Lu(w,y) = 28, (a1 + [~as]) — xSyt (a1 + [~as]), (see[12]),

then
> BinLu(a,y)z"
=0
= Y (2Su(ar + [~aa]) =iz i (a1 + [aa]) Spo1 (b1 + [<ba2]) Spi (c1 + [—c2]))2"
n=0
= ZZSH(al -+ [—az])Sn_l(bl —+ [—bQDSn_I(C] + [—02])2"
n=0
—iz Y Su_i(ar + [a2])Su1 (b1 + [<b2])Snoi(c1 + [~ c2]) 2"
n=0
B Zixz + 36yk?2? — ix(—a? + 2y) 23 + 36yk*a?2t + yin(—=T2k* + 1)2° — 36y3k22°
= B
2= (FT2Ky — @ 4 3y) 2 — T2yiak?2t 4 (ZT2KPy* — oty + 3y7) 20 — 2]
ix D ,
S0,
< 2
ZB% L (1,y)2" = M7
n=0 ’ Da
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where
B*L(z,y) = izy’ 2 — 120°k*2° + 2u*iz(=72k* + 1) — ix(—72k*y* — 2%y + 34%))2°
+ (=2ix(—2® 4 2y) — ix(72k%y + 2% — 3y)) 2> + T2yk* 2 + iz=.
This completes the proof. o

Corollary 4.16. For n € N, the new generating function of the product of squares of Balancing
numbers with bivariate complex Lucas polynomials is given by

o0 N z
N BIF, ()" = 2 HE
o Dz r2.y)

where

NB2 L(wy) = ixy 2] — 72728 + (1424202 — ix(—2’y — 69y%))2°
+ (= 2ix(—a* 4+ 2y) —iz(2? + 69y)) 2 + T2y2* +ixz,
DB%L(.’I?,:(/) = DB%,F(.T,,y) .
Fifth Step

Now, we will make the following substitutions in order to derive new generating functions for the
product of squares of k-Mersenne numbers with complex bivariate Fibonacci polynomials, and
for the product of squares of k-Mersenne numbers with complex bivariate Lucas polynomials,
by replacing a by [—as], by by [—ba], ca by [—c2] and setting ¢; — ¢a = 3k, by — by = 3k,
a; —ay = ix, cjc; = —2, biby = —2, and a;a; = y in (3.2) and (3.6), we then obtain the
following results

fo%e) 2
3 Sucalor + [aa)Suci(br + [a)Suaen + o) = EEL )
n=0
and -
3 Salar + [aal) St (1 + [0S (1 + [-ea)) = 2. (4.10)
n=0
where

M?F(z,y) = 2— (—36k*y— 4224+ 12y) 2> = 12yixk? 2* + (— 144k>y* — 1622y +-48y%) 2> — 644>~
Ns = izz + 9kPyz? — dix(—a? + 2y)2° + 36yk?a?2* + dyiz(—36k% +4)2° — 144y°k? 20,
and
Ds =1 —9ik*zz + (—36k>x? + 827 — 81k*y + 72Ky — 16y)2*

+ (36ik%2> + 324ik* zy — 180ik*xy) 2

+ (162* + 324k* 2%y — 6427y + 648k*y* — 576k%y* 4 96y%)2*

+ (—144ik> 23y — 1296ik*zy? + 720ik>xy?) 2

+ (=576k>x%y? + 12822y — 1296k*y> + 1152k%y> — 2564°)2°

+ 576ik>zy 2T 4 256y 28,
From the above results, we obtain the following theorems and corollaries

Theorem 4.17. For n € N, the new generating function of the product of squares of k-Mersenne
numbers and complex bivariate Fibonacci polynomials is given by
2+ (36k%y + 4a* — 12y)2° — T2yizk?2*

Ds

ZMI%,TLF”(xﬂy)Zn =
n=0

(144k%y2 + 1622y — 48y?) 2> — 644327
Ds '
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Corollary 4.18. For n € N, the new generating function of the product of squares of Mersenne
numbers and complex bivariate Fibonacci polynomials is given by

o0 (a2 3 7imat  (16020 — O612) 55 — 63T
ZMﬁFn(w,y)Z” _z (—da* —24y)2° — T2yixz* + (— 162y — 96y~)2> — 64y~ 2 ’
=0 Dz Fay)

and we have

Dipp, (o) = | — 9izz + (=282 — 25y)2° + (36iz° 4 144ixzy) 2> 4 (163" 4 2602y + 168y°)2*

+ (—144ixdy — 576ixy?) 2> + (—4482%y* — 400y>) 26 + (576ixy®) 2" + 256y 25

Theorem 4.19. For n € N, the new generating function of the product of squares of k-Mersenne
numbers and complex bivariate Lucas polynomials is given by

_ M?L(z,y)

2 n
I

where

M?L(z,y) = 64izy’ 2" — 288y k228 + (8yPix(—36k* + 4) — ix(—144k>y* — 162y + 48y%))2°
+ (=8iz (=2 4 2y) — ix(36k>y + 4a” — 12y))2° + 18k*y2* + ixz.

Proof. We have

Ly(z,y) =2S,(a1 + [—az]) — ixSp—1(a; + [—a2]), (see[12]),

then
Z Ml%,nLn(:E7 y)zn
n=0
= Z(an(ch + [~az]) —ixSn—1(a1 + [—a2])Sn-1(b1 + [-02])Sn-1(c1 + [~c2]))2"
n=0
= 2257,,(0,1 + [_(12])Sn—l(bl + [—bg])Sn_l(cl =+ [—Cz])z"
n=0
711?1725”,1(&1 + [7@2])5'”,1(1)1 + [7[)2})5”,1(01 + [762])2"
n=0
B Zixz +9k%y2? — dix(—x? + 2y) 2> + 36ykPa?2t + dyPin(—36k> + 4)z° — 144y k220
= B
iy (z — (=36k%y — 4x? + 12y)2° — T2yizk?2* + (—144k%y* — 162y + 48y) 2> — 64y 2
1T D
hence,
e M?*L(x
Z M}% nLn(.’]T,y)Z" = Ma
n=0 ’ D5
where

M2L(x,y) = 64izy’ 2" — 288y°k220 + (8yPix(—36k> + 4) — iw(—144K> % — 1627y + 48y%))2°
+ (=8iz (=2 4 2y) — iz(36k%y + 42 — 12y))2° + 18k>y2* + iz2.

This completes the proof. o

b
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Corollary 4.20. For n € N, the new generating function of the product of squares of Mersenne
numbers and complex bivariate Lucas polynomials is given by

[e’S) N
S M2L(z,y)s" = —Milelan)
n=0 DM}LL(EC,u)

where
Neas2 Lo (z,y) = 64ixy’ 2T — 2881720 + (—256y%ix — ix(—162%y — 96y))2° 4 (—8iz(—z” + 2y)
— iz (4x? + 24y)) 2> + 18y2* + ixz,

and
D p(ey) = Dz F(a,y)-

5 Conclusion

In this paper, the use of symmetric functions, specifically Eqs (3.1), (3.2), (3.3), (3.4), and (3.5),
allows us to derive new theorems and corollaries for obtaining new generating functions of the
products of bivariate complex Fibonacci and Lucas polynomials with k-Fibonacci numbers, k-
Pell numbers, k-Jacobsthal numbers, k-Balancing numbers, and k-Mersenne numbers.
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