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Abstract The current work focuses on the existence of absolutely continuous solutions to an
evolution problem involving time and state-dependent maximal monotone operators. The well-
posedness result is proved under an anti-monotone condition on the domain of the operators.
Then, a minimization problem subject to this evolution problem is studied.

1 Introduction and preliminaries

We study, in a real separable Hilbert space H, the differential inclusion governed by time and
state-dependent maximal monotone operators described by

{ —i(t) € Apane(t) + f(t,a(t)) ae tel:=]0,T],

(1.1)
z(0) =xz9€D (A((),mo))v

where A, ) : D(Aq,)) C H = H, for each (t,y) € I x H, is a maximal monotone operator
that varies in the sense of the pseudo-distance (see (1.3) and Assumption 1 (1) below) and
f:Ix H— H is a single-valued map.

The main concern of the present paper is to compensate for the lack of the ball-compactness
assumption on the domain of the operators imposed in the recent contributions [3], [27] and
[28]. This ball-compactness assumption has also occurred in the investigation of some second-
order differential inclusions governed by such maximal monotone operators, see for instance
[13], [25], [26]. The study in the aforementioned papers has been achieved under an absolutely
continuous variation in the sense of the pseudo-distance (see Assumption 1 (1) below).

As we will see below, invoking an anti-monotone condition (instead of the ball-compactness
assumption) on the domain of the operators, that is, for each (t;, ;) € IxH, x; € D (A, 4.)), i =
1,2, one has (y; — y2, 21 — x2) < 0, we succeed to establish the existence result related to (1.1).
This assumption has been considered in [24], to study a class of second-order differential inclu-
sions with maximal monotone operators. A suitable anti-monotone assumption on the sets C(-)
(or C(t,-)) can be found in [2], [8], [12], [22], dealing with second-order sweeping processes
i.e., when A ;) = Ne z) (O Az = Ne(y)-

No need to use neither ball-compactness nor anti-monotone assumption when dealing with
time-dependent maximal monotone operators A; instead of A, ;) in (1.1), we refer to e.g. [4],
[5]. [6], [15], [19], for some achievements on first-order evolution problems with A,.

Differential inclusions with maximal monotone operators have many applications, we cite
e.g., [1], [10], [18], [20] [23], [29], [30].

The authors in [28] have built a sequence of maps that converges to a solution of (1.1) by the
Arzela-Ascoli theorem, while in [3], the existence result is proved using Schauder’s fixed point
theorem (under a ball-compactness assumption in both papers). In our development, we proceed
by a discretization approach to establish the main existence result. A sequence of solutions
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to the approximate problems is constructed. Then, the Cauchy criterion is proved so that the
latter sequence converges uniformly to a solution of (1.1). Uniqueness is obtained under an
hypo-monotone assumption on the operators and a Lipschitz property on the perturbation. The
well-posedness result is therefore applied to optimal control theory.

The paper contains three sections. In Section 2, we prove the existence and uniqueness result
to (1.1). In the last section, we provide an application to optimal control theory.

Now, we give notations and recall the background material needed later. Let I := [0,7]
(T > 0) be an interval of R. Let H be a real separable Hilbert space whose inner product is
denoted by (-, -) and the associated norm by || - ||. Denote by By (z,r) the closed ball of center
x and radius 7 on H, and by By the closed unit ball of H.

Let Cy (1) be the space of all continuous maps z from I to H endowed with the norm of uniform
convergence, |||/ = sup ||z(t)]].
tel

By L%, (I) for p € [1,+o00] (resp. p = +oc), we denote the space of measurable maps x : [ — H
such that [, [|z(t)|[Pdt < +oo (resp. which are essentially bounded) endowed with the usual

norm |[z|[zr (1) = (/] ||a:(t)||pdt)%, 1 < p < 400 (resp. endowed with the usual essential supre-
mum norm || - [ e 1))

By W'2(I, H), we denote the space of absolutely continuous functions from I to H with deriva-
tives in L2, (I).

Let us give some definitions and properties of maximal monotone operators, see [7], [9], [32].
Define the domain, range and graph of a set-valued operator A : D (A) C H = H by

D(A)={ze€ H: Az # 0},
R(A)={ye H: 3z eD(A), ye Az} =U{Az: z € D(A)},
Gr(A) ={(z,y) e Hx H: z €D(A), y € Az}.

The operator A : D (A) C H = H is said to be monotone, if for (z;,y;) € Gr(A), i = 1,2 one
has (y; — v, x1 — x2) > 0. It is maximal monotone, if its graph could not be contained strictly in
the graph of any other monotone operator, in this case, for all A > 0, R(Iy + AA) = H, where
Iy denotes the identity map of H.
If A is a maximal monotone operator, then, for every € D (A), Az is non-empty, closed and
convex. Then, the projection of the origin onto Az, denoted A%z, exists and is unique.
Define for A > 0, the resolvent of A by J{! = (17 + )\A)fl and the Yosida approximation of A
by Ay = % (I H—J /‘\4) These operators are both single-valued and defined on the whole space
H, and one has

Jiz e D(A) and Ayz € A(J{'x) forevery z € H, (1.2)

|Axz|| < ||A%z| for every = € D (A).
Let S be a non-empty closed convex subset of H. Denote by Ng(z) the normal cone to S at

x € H given by
Ng(z)={ye H: (y,z—x) <0Vze S}

In such a case, Ng(-) is a maximal monotone operator.
Let A:D(A) C H= Hand B:D(B) C H= H be two maximal monotone operators. Then,
the pseudo-distance between A and B denoted by dis (A4, B) (see [31]) is defined by

dis (A, B) = sup{@l”;”?;j’”“’qy”;;f L (z1,91) € Gr(A), (22,9) € Gr(B)}. (1.3)

Clearly, dis (A4, B) € [0, +oc],dis (A, B) = dis (B, A) and dis (4, B) = 0 iff A = B.

We need to recall the following lemmas (see [19]).

Lemma 1.1. Let A be a maximal monotone operator of H. If x € D (A) and y € H are such
that
(A% —y,z —2) >0 Vz€D(A),

then, z € D (A) and y € Ax.
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Lemma 1.2. Let A,, (n € N), A be maximal monotone operators of H such that dis (A,,, A) — 0.
Suppose also that x,, € D (A,) with x, — x and y, € A,x, with y, — y weakly for some
x,y € H. Then, z € D (A) and y € Ax.

Lemma 1.3. Let A, B be maximal monotone operators of H. Then,
(1) for A\ > 0and x € D (A)

o — JE (@) < AJA@)]| + dis (A, B) + /(1 + [ 4%l )dis (4, B);
(2) for N\ >0and z,y € H
175! () = I W) < llz — yll.

Lemma 1.4. Let A,, (n € N), A be maximal monotone operators of H such that dis (A,,, A) — 0
and | A%z|| < c(1 + ||z|)) for some ¢ > 0, all n € N and x € D (A,,). Then, for every z € D (A)
there exists a sequence (z,) such that

2n €D(A,), 2z, — 2z and A%z, — A%z

To close this section, recall a discrete version of Gronwall’s lemma (see [16]).

Lemma 1.5. Let o > 0. Let (v;) and (n;) be sequences of non-negative real numbers such that

Nip1 < o+ (Z vini) fori e N.
k=0

Then, one has

Nip1 < aexp(z ve) fori e N.
k=0
2 Main result

In this section, we study the existence of absolutely continuous solutions to problem (1.1), under
the following hypothesis:

Assumption 1: Let for (t,z) € I x H, Ay, : D(A,)) C H = H be a maximal monotone
operator such that

(1) there exist a non-negative real constant A < %, and a function a € W'2(I,R) which is

non-negative on [0, 7' and non-decreasing with «(T") < oo and «(0) = 0 such that

dis (A(t,y)vA(s,z)) < |O[(t) — OZ(S)‘ + )\||y - Z”, Vt,s c I, Vy,z € H;

(2) there exists a non-negative real constant ¢ such that

49,21 < e(U+ llyll + 121 for t€ I, y € H, =€ D (Agy)):

(3) forany (t;,y;) € I x H, z; € D(A, ,,)), i = 1,2, one has
(y1 —y2, w1 — 22) <0.

Assumption 2: Let f : [ x H — H be a map such that

(1) for any fixed z € H, f(-,x) is measurable on [ and for any fixed ¢t € I, f(t, ) is continuous
on H;

(2) there exists a non-negative real constant L such that

If (& 2)|| < L(1 + ||z||) forall (¢,z) € I x H. 2.1
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Now, we are able to state and prove our existence result regarding the evolution problem (1.1).

Theorem 2.1. Suppose that Assumption 1 and Assumption 2 hold true. Then, for any xy €
D (A(0,)), the evolution problem (1.1) has at least one absolutely continuous solution x(-)
which satisfies

e ()] < o(1 + é(t)) ae. t €1, 2.2)

where g is a non-negative real constant depending on ), ¢, T, o(T') and ||zo||.

Proof. The proof is divided into three parts.
Part 1: Construction of the sequence (z,).
Consider a subdivision of the interval I with

O=ty <ty <--- <ty <ty <---<ty="T.
Foreveryn > landi=0,1,--- ;n— 1, set
hivy =t — 8, oy = a(tdy) —a(ty), (2.3)
and suppose that
hif < ki, of <ofyp and gy = kil +ailyy < pn, 24

where p, = (nT> and the map + is defined by v(¢t) = ¢t + «(¢), ¢ € I. It is clear that p,, — 0 as
n — +0o0.
Put gy = z¢ and set

n

Vit
xi = Ji (wl’ — I (s, mf)ds), (2.5)
in

where

t" zm)

n 417"
i+l = Jh”

—1
(IH ‘|‘hz+1A<tn n)) .

Then, note by (1.2), that

ﬂf?+] S D(A<t?+l’g:?))’ (26)
and, by (2.5), one writes
1 i
hn (m?_;'_l _$?+/ f(s,ﬂ;‘l) ) E A(t" n) Z+1 (2.7)
i+1 ty
Now, Lemma 1.3 yields
n n tle n n
fatr = atl = W2 (st = [ floatas) - ot
g n n n
< (o= [ peatas) < gl G - ot
2 0 ]
< [ s+ B Ay dis (A e Ay )

i

1
2
+( i (1+ HA(();L,M i dis (A, ar) Ager ap 1))> :
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Using Assumption 1 (1)-(2), Assumption 2 (1)-(2) and the fact that vab < %(a + b) for non-
negative real constants a, b, gives
e =2l < B LQU+ 2 l]) + By e(l + || + llaf o |]) + Allaf® — 2]

hl n 3 n >\ n n
+ 2“(1+c<1+|\:c |+l D) + St + Slla? — 23|

3 3A

< z+l(L+ )H il + z+l||xz il + 0%+1 5 lf — @iy ||
3c 1
+h!' (L + 5+ 2)
This along with (2.4), one writes forany ¢ = 0,1,--- ,n — 1 witht”, = ¢7 and 2" | =

lziy =2l < (L + )H | + 2%+1sz i+ = H% =z

3 3¢ 1
+§%‘n+1 + i (L + 5 + 5)
3c .
< L+ )(||$"||+||37z 1||)+*H$L—l’ il
n 3
+%+1(L+?+2)
< (L + 5 +2)(1+ (|23 + lziy ) + 7”331 =zl

Remember that A < 2, then, setting # = 2 and ) = (L + 3¢ + 2), it follows by iteration

22y — 22l < oy D (L4 2+ 2 ) (2.8)
j=0
Thus, forany nand i =0, --- ,n — 1 using (2.4), it results
2zl < llafll + > llafy — =
j=0
4 J
el D R I N Tl O I [E [ [ECY )
j=0 k=0
% J
< x3|+npn( (Zuk>+22u (nxj e 1||))
k=0 7=0 k=0
< x3|+npn( Z (Zwu))
=0 j=0
2(T) 377pn n
< lzoll 4+ 7 ZH B

Applying Lemma 1.5 gives foranyn > landi=1,--- ;n—1
n (T) 3v(T)
il < (||I0| +171_'u> exp <1—M = 0.
This along with (2.8) yields

, o n+ 20 ,
i — || < (ly)%n“ 027’4 1-
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Set o = max (g1, 02), then, one writes
il <o and [z, — =] < 07

For any n > 1, define the sequence z,, : I — H by

__ 4N t
T (t) =2l + ——— L=h ( Tiyy — +/ f(s dS) —/ f(s,27)ds
ti — 8 2%

fort € [t7,t% [, i=0,1,--- ,n— 1 and z,,(T) = x. By derivation one gets

30 V1D
) = e (s x+/ Fsaf)is) - 0,21,

Put for any n > 1

an(t):{ 0 if 1 =0,

e if ¢ €]y, ¢, ] forsomeie€ {0,1,---,n—1},

and

(Mt):{o ift=0,

7 ift )¢, ¢ ;] forsome: € {0,1,--- ,n—1}.

300 Y141

Hence, for each n € N*, there is a null Lebesgue measure set X,, C I such that

—&n(t) = f(t, 2n(0n(t))) € A t),on0n)Tn(Pn(t))  VEET\ Xy,

and
(P (t)) € D (A(g,, (1) (6. (0))):

using (2.6) and (2.7).

Part 2: Convergence of the sequence (z,).

Now, we show that the sequence (), is bounded in norm and variation.
From (2.1), (2.9) and (2.10), one has

IN

len () — 7| ity = @i |+ 2Lhi (1 + [l )

v (o + 2L(1 + o).

IN

Then, using (2.4), one has for t € [t},t? [, i€ {0,1,--- ,n— 1}

lzn(t) — 2l < (e +2L(1 + 0))pn = €3pn;

along with (2.9) yields

supl|z, ()] < (04 2L(1 4+ 0))Y(T) + 0 = 00.

Thus, one deduces

SUp [l ()llo < g0 and supvar(zy(:)) = sup (Z ity — i ||> o (T).

(2.9)

(2.10)

@2.11)

(2.12)

(2.13)

(2.14)
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Fix s € [t},t7, [and t € [t?, e [ with ¢ < j. Then, by (2.4), (2.9), (2.14) one writes

2n(t) —an(s)l < llaa(t) — 23| + ll2f — 27| + (|27 — zn(s)]l
< 2} =2l + 203pn

j—i—1

< Z i1 — @il 4 203pn
j—i—1
< e Z Vivier 20300
= Q(’Y ) +2030n
< 9(7 ) +203pn
= g(v +7(s) — 7(2”)) + 2030
< 9(7 )+ (th) — v(t?)> + 203pn

< o2 7(8)) ol + 20300,
Once more by (2.4), it follows that for each ¢, s € I such that s < ¢
[z (t) — zn(s)]| < g(v(t) - 7(8)) + (0 +203)pn. (2.15)

Now, since the sequence of bounded variation continuous functions (z,,) is uniformly bounded
in norm and in variation, then, by Theorem 0.2.1 [22], we may assume that there is a bounded
variation continuous map z : I — H such that (z,,(¢)) converges weakly to x(t) forall ¢ € I.
Combining (2.1), (2.3), (2.4), (2.9), (2.11), one has for all ¢ € [¢7, % [

i Vi1
len()l < ety — 22+ 2L(1 + o) 2.16)
i+1
Vi1
<o~ + 2L(1 + Q)
hi
tr te
< g(l 1 olt) —al) T) n( 1)) +2L(1 + o).
t1+l tz
By the absolute continuity of a(-), one has for a.e. ¢t €]t}, 7, [, &(t) = lim w Then,
n—oo i+l i

there is a Lebesgue measure null-set Y C I such that for every ¢ € I \ Y, there exists b; < +00
[ (81| < be- 2.17)
Observe by (2.9) that

i
ety — a2 < / 5(s)ds.
t

n
i

where the map § is defined by §(¢) = o(1 + &(t)) forany ¢ € I.
Next, using the Cauchy-Schwarz inequality, one writes

i 12
oty — a2 < (e, —t”)‘”( / *52(s>d8) .
t

n
i
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Combining the last inequality with (2.16), noting that (z + y)? < 2(2? + y?) for 2,y € R, one
gets

|xn||L2 Z/ |$n ‘ dt
tr
2
S [ (e et 2104 0))
pr NG

= ||$1+1 7 || ? 2 2
szZ/ ((tn — ) +4L%(1+ o) )dt
i=0 Yt i+1 i
S ey — 2]
<2y (B o HAD (0 o)
i=0 1+

n—I1

2<Z/t ds+4L2(1+g)2T>

= z(/ 62(s)ds +4L*(1 + Q)ZT) < +o0. (2.18)
0

IN

Therefore, the sequence (i,) is bounded in L2, (I), extracting a subsequence that we do not
relabel, (i,,) converges weakly to some map y. Recall that (x,,(t)) converges weakly to z(t) for
eacht € . Letz € H. One has forany ¢t € |

(z.2(t) ~2(0)) = 1im (z,2,(t) — 24(0))

t T
dim (e [ s ) = tim [ 1 (6) (6

= [ et = (= [ sias),

where 1), denotes the characteristic function of the interval |0, ¢].
One deduces that z( fo s)ds, t € I, thatis, # = y a.e. on I and

(i) converges weakly to i in L% (). (2.19)

Now, let us prove that (z,,), is a Cauchy sequence in Cy (I).
Let n,m € N* and let x,,, z,,, be the absolutely continuous maps such that

and

—n(t) = f(t,2n(0n(t))) € A(g,, ()20 (0. (6)) T (P (1)), (2.20)
Tn(Pn(t)) € D (A(s,(1)2n0.(1))))s  2n(0) = 20, (2.21)
—&m(t) = [t Zm(0m (1)) € Al ()20 (0m (1) Tm (P (1)), (2.22)
T (dm (1)) € D(A(g,.(1)0m@m®)))s  Lm(0) = Z0. (2.23)

Note that foreach t € I

20 (0n () — 2 (O (t ))Hz (20 (0n(t)) = 2m (0 (1)), 20 (00 (1)) — 2m (Om (1))

= (@n(0n(t)) = 20 (00 (1)) + T (Dm (1) = T (O (1)), 2 (00 (1)) — T (O (1))
+ (@0 (O (1) = 2m(Pm (1), 2 (O (1)) = T (O (£)))
< (120 (0n(2) = 20 (Dn ()N + 12 (0 (8)) = i (S (E)) D) |20 (0n () — Zm (O (£))
+ (@0 (D0 (1) = 2m (Pm (1)), 20 (O (1)) = T (O (£)))
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simplifying using (2.9), one gets
l2n (60 (t)) — xm(9m(t))\|2
< 2020 (00) = 00D+ i (8 (0) ~ 203 )] )

+ (@0 (P (t) = Zm (P (t)); 20 (0n(t)) — 2m (0 (1))
In view of Assumption 1 (3), (2.21) and (2.23), one remarks that

(@n(Dn(t) = 2 (Pm (1)), 2 (00 (1)) — 2m (0 (t))) <O,

then, one writes

(ST

|2 (0n () = 2 (O ()| < (Anim(t))?, (2.24)

where

An i (t) = 20|20 (0n(t) — 20 (Pn (O] + (|20 (0 (1)) — T (D (E))1])
< 20([|#n(0n(t)) — 2 (O] + [[2n(t) — 2a(dn ()] + [[2m (0n(t) — 2m (D]
+ ”xm(t) - xm(¢m t))”)

Using (2.15) one has for all t € T

2 (6n(t)) — (1) < g(w»n(t)) - v(t)> T (04 203)pm,

and

”'rn(en(t)) - xn(t)H < Q(’Y(t) - ’}/(Qn(t))> + (9 + 293)/)71,

along with (2.4), it results that forany t € I and any n > 1

|20 (Pn(t) = 2n ()] < 04pns |20 (00n(1)) — 20 (t)] < 04pn, (2.25)

where g4 = 2(o + 03). Hence, it results that for any ¢ € I and any n,m > 1

Coming back to (2.24), one deduces that

1

1 (Bn(t)) — (B ()] < z(gmpn + pm>) ) (2.26)

In the same way, one obtains

1
2

10 (60 (5)) — 2o ()] < 2(gg4<pn + pm)) . 2.27)

Set forany n > 1, f,(t) = f(t,z,(0,(t))), forall t € I. In view of (2.1) and (2.9), one remarks
that
I fn(@)]] < L(1 4 o) forallt € I and any n > 1. (2.28)

By the definition of the pseudo-distance in (1.3) and the differential inclusions (2.20) and (2.22),
one writes

Lo (D0 (1) = 2m (dm (), Zn(t) + fr(t) — Zm(t) — f(t))

—~

< (1 A [0 () + fr (O] + lEm (1) + fm(t)||>dis (A (1), (00 (£)) Al (8)m (O (£)))) -
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Combining Assumption 1 (1), (2.3), (2.4), (2.26) and (2.28), one has
(@n(Pn(t)) — 2o (Dm(t)), En(t) + fu(t) — Em(t) — fm(t))

< (1 + [J@n (O] + lZm ()] +2L(1 + 9))dis (A (8),m (0n (£)))> A (£),2m (0 (£))))

< (14 Jn(®)]) + Nm ()] +22(1 + g>) (awn(t)) — ()] + Al (B(1)) — xmwm(t))n),

1

2
< (14 B+ im0+ 220 +0)) (5o + 0+ 23 (1l + )] ).
Next, using the latter inequality yields

(@n(Dn(t) = 2 (Pm (1)), B0 (t) — T (1))

< (1 B @)1+ 1m0+ 2201+0)) (5o + 9+ 23 (021004 ) )
+ <xn(¢n(t)) - Im(ﬁbm(t))a fM(t) - fn(t» (2.29)
But from (2.27) and (2.28), it follows

(0 (60(8)) — oa( o (8)). Fun(t) — Ful8)) < (fn(t)ll T Ifm(t)> 120 (60(5)) — 2o (e (£))]

< 2L(1+ @) (fn(t) — T (m (1))l

1

<4L(1+ o) (9@4(% + Pm)) p

Combining back to (2.29) gives
(@n(Pn (1) = T (D (1)), En () — T (1))

< (1 B @01+ 1m0+ 2200 +0)) (5o + 9+ 23 (021004 ) )
+4L(1+ o) (9@4(% + pm)> : (2.30)
On the one hand, for all t € I and n, m € N*, one has

1d . ;
5 gilen(®) = 2@ = (@n () = 2 (t), &0 () = (1))

= (@ (t) = 2p(Pn(t)), Zn(t) — Tm(t)) — (@ (t) — 2 (D (1)), B0 (t) — T ()
+ (@ (D (t) = T (P (1)), T (t) — T (1)) (2.31)
On the other hand, from (2.30) and (2.31), one gets

< (a1 + 1 1) (120(0) = 20 (00 (D] + o (0) = 2 (0 )
+ (1 A lden ()| 4 || (8)|] + 2L(1 + 9)) (pn + pm + 22 <994(pn + pm)) ;>

1

+4L(1+ o) (994(% + pm)> p
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Then, forae. t € I,
1d
5 gillen®) = 2O < Pnm(®), (2.32)

where for every n,m > 1 and every ¢ € I, the function ¢,, ,,, is defined by

oo (t) = (nﬁcn(wn n ||¢m<t>) (|xn<t> (GO + 2mt) — xmwm(t»n)
+ (1 (Ol 4 Em(0)] + 2L + g>) (pn - 2)\<QQ4(Pn ; pm>) )
+4L(1 + o) (994(pn + pm)) ;
Simplifying using (2.25) entails

onanl@) < (1n(O1+ B 1) (2500 + p) ) +4201+ 0) (c01(on + )

+ (1 1O+ 1Ol +220 4 0)) (o + 90+ 23 (025000 + ) )

Next, deduce from (2.18) that (i, ) is bounded in L1, (1), then, one obtains

T
/0 Pn,m(s)ds < Q4<||¢n||LiH(1) + ||5.Um||L‘H(I)> (P + pm)
1

2
+ (T+ Vonlzy 1)+ lmllzy o) + 2TL(1 + g>) (pn ot 2)\<QQ4(pn + pm>> )

=

+4TL(1+ ) <9@4(pn + pm)> :

Thus, it follows that
T

lim ©n.m(s)ds = 0. (2.33)

n,m—+oo 0

Integrating (2.32) over [0, ¢], yields

la(t) — 2 (D) <2 / o (5)ds,

noting that ||z, (0) — z,,,(0)|| = 0. This along with (2.33), one concludes that (z,,(-)) is a Cauchy
sequence in Cy (I). So by the uniform Cauchy’s criterion, the sequence (x,,(+)) converges uni-
formly in Cy(I) to z(-) (since the weak pointwise convergence of (z,(-)) to z(-) is proved
above).

Observe moreover that

20 (00 () =2zl < llen(0n(t)) = za(O)] + l2n(E) — (D]
This along with the uniform convergence above and (2.25) gives
l2n(0n(t)) —z(t)] = 0, asn — +oo. (2.34)
In the same vein, one obtains
|zn(dn(t)) —z(@®)|| = 0, asn — 4oo. (2.35)
Part 3: Statement of the following differential inclusions

—x(t) € A(t,m(t))x(t) + f(t,z(t)) ae tel, (2.36)
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l‘(t) eD (A(t7:v(t))) tel 2.37)

First, we prove (2.37).
Recall by (2.13) that ,,(¢n(t)) € D (A(g,(1),0.(0.(1))) for all t € I. In view of Assumption 1
(1), (2.4) and (2.34), it follows that

dis (A(g, (t).2n (0, (1)) Alta(t)) < W(Bn(t)) — alt) + M2, (0n(t)) — 2(t)]
< pn + M2 (0,(8) —2@)|| =0, as n—oo. (2.38)

Remark that (u,) = (A(()%(t),xn(an(t)))xn(¢n(t))) is bounded by Assumption 1 (2) and (2.9).

Then, we may extract from (u,,) a subsequence that converges weakly to some v € H. Since the
sequence (z,, (¢, (t))) converges to z(¢) in H (see (2.35)), applying Lemma 1.2, one concludes
that l‘(t) eD (A(t7:v(t)))’ tel

Now, let us show (2.36).

Combining (2.34) with Assumption 2 (1) then, one gets f(¢,z,(6,(t))) — f(¢,z(¢)) a.e, along
with (2.28), then, applying the Lebesgue dominated convergence theorem yields

fa(0) = f(-2()) in Ly (1). (2.39)

From (2.19) and (2.39), one deduces that (i, + f,) converges weakly to &(-) + f(-,z(-)) in
L3,(I). Then, there exists a sequence (v;) such that for each j € N, v; € co{d; + fi, | > j}
and (v;) converges strongly to #(-) + f(-,z(+)) in L% (I). Then, we may extract from (v;) a
subsequence that converges a.e. to @(-) + f(-,z(-)). Hence, there exists a subset Y;, of I with
null Lebesgue measure and a subsequence (j,) of N such that forall t € I\Y},, (v;, (t)) converges
to @:(t) + f(¢,z(t)). Hence, fort € I\ 'Y,

() + f(t,2(1)) € (eofin(t) + fi(t), 1=y},
peN

which means that for¢ € I\ 'Y, and any ¢ € H

(@(t) + f(t, (1)), ) < limsup(i,(t) + fu(t), O)- (2.40)

n—roo

Recall that z(t) € D (A 4(4))), t € I. By Lemma 1.1, it remains to prove that

(@(t) + £ (b, 2(0)), 2(t) — 0) < (A% oy —2(1) ae.tel

forally € D (A(t,x(t)))
Lety € D (A(t,x(t)))- Now, applying Lemma 1.4 to the maximal monotone operators A ,))
and Ay, (1), (0, (1)) that satisfy (2.38), then, there exists y,, € D (A4, (1), (0,.(¢)))) Such that

Yo =y and AQy ) o 0,0 Yn = Aleae)y- (2.41)

)

Forevery t € I'\ X,,, from (2.12) and the monotone property of A ).z, (6, (¢)) it follows that

(@n(t) + fal(t), 2n(dn(t)) — yn) < <A(()¢n(t)7wn(9n(t)))y”7 Yn — Tn(Pn(l)))- (2.42)
Combining (2.17), (2.28) with (2.42) ,itresultsfort € I\ ( | X, UY,UY)
neN

(@n(t) + fu(t),2(t) —y) = (@a(t) + ful(t), 2n(Pn(t)) — Yn)
H(@n(t) + fut), (@) — 2n(Pn(t)) — (¥ — yn))
(Al (0200 (1)) Y0 Yn = T (B (1))

+ (b0 20+ 0)) (Ion 0n(@) = 2Ol + I 1)

IN
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Taking (2.35), (2.40) and (2.41) into account entail that
(@(t) + f(t,2(1),2(t) —y) < linl)sup(jsn(t) + fu(t), 2(t) —y) < <A(()t,z(t))ya y —x(t)).

Thus, the differential inclusion (2.36) holds true. In other words, the evolution problem (1.1) has
at least one absolutely continuous solution z(-) : I — H.
In view of (2.15) and the convergence above, it follows

Ja(t) — 2(s)]| < g(w) - ws)), for0<s<t<T,
that is,
z(t) — z(s)|| < o(t — s+ a(t) — a(s)), for 0 < s <t < T,

then, the estimate (2.2) is fulfilled.
The proof of the theorem is therefore finished. O

To end this section, we impose extra assumptions to obtain the uniqueness of the solution to
problem (1.1).

Theorem 2.2. Suppose that assumptions of Theorem 2.1 hold true. Let for any (t,y) € I x H
the operator A, be hypo-monotone in the sense that for every n > 0, there exists a non-

negative real function 3,(-) € Lk (I) such that for any t € I, for any x; € By (0,n) and for
zi € A ,z,)%i, @ = 1,2, one has
(21 — 22,21 — @2) > =By (t) 1 — 22|

Moreover, suppose that for every p > 0, there exists a non-negative real function k,(-) € L (1)
such that for all t € I and for z,y € Bg(0, p)

1 () = f(E )]l < mp(®)llz — yll. (2.43)

Then, for any xo € D (A(4,)), the evolution problem (1.1) has one and only one absolutely
continuous solution which satisfies (2.2).

Proof. Existence of the solution follows from Theorem 2.1.
Let us study the uniqueness of the solution. Suppose that z;(-) and z,(-) are two solutions to
problem (1.1). Since each solution satisfies (2.2), then, there exists 7 > 0 such that

lz:(®)]| <m, i=12, tel,

and
—i1(t) — f(t,z1(t)) € A(t,zl(t))xl(t)7 z1(0) =29 €D (A(07I0>) ae.tel,

—ia(t) — f(t,22(t)) € A(t,zz(t))xZ(t)7 72(0) =x9 € D (A(07x0>) ae.tel.
By the hypo-monotone property above, one gets

(=ir(t) = f(t, 21 (1) + da(t) + f(t2a2(t)) 21 (1) = 22(8)) = =By () |21 (2) — 22 ()|,

then,

(@1 () = da(t), 21 (t) = 22() + (£ (8, 21 (1)) = F (£, 02(2)), @1 (8) = 22(8)) < By (8) 1 () — 22 (8) 2.

Using the Lipschitz assumption on f(¢,-) on bounded sets in (2.43), there exists ,(-) € L (I)
such that

S (1)~ 2a0)IP = (61 (0) — a(0) 20 (1) — 2 (0)

< By@®)lla1 (1) — 221 + i (O) |01 (2) — 22(2)]|*.
Thus, integrating over [0, ¢] yields
o (6) =22 <2 [ (8,00) + o (sD)llen(s) = as) P,

and Gronwall’s lemma allows to conclude that z; = x;. Consequently, the solution of (1.1) is
unique. O
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We close this section by the following particular case of the sweeping process.

Corollary 2.3. Let C' : I x H = H be a set-valued map such that
foreach (t,y) € I x H, C(t,y) is a non-empty closed convex subset of H;

there exist a non-negative real constant A < %, and a function o € W'2(I,R) which is non-
negative on [0, T[ and non-decreasing with o(T) < oo and «(0) = 0 such that

d(z,C(t,u)) — d(z,C(s,v)) < |a(t) — as)| + A|v —u|, Vt,s € TandVz,v,u € H;
forany (t;,y;) € I x H, z; € C(t;,y;),i = 1,2, one has
(y1 — Y2, 21 — 22) < 0.

Let for any (t,y) € I x H, the operator Net,y) be hypo-monotone in the sense that for every
n > 0, there exists a non-negative real function By(-) € LL(I) such that for any t € I, for any
z; € By (0,n) and for z; € Ney o), © = 1,2, one has

(21 — 20,01 — @2) > —By(t) w1 — 2|*.

Let f : I x H — H be a map satisfying Assumption 2 (1)-(2) which is Lipschitz in the sense of
(2.43). Then, for any x¢ € C(0, xy), the following perturbed sweeping process

—i‘(t) S NC(t,a:(t))x(t) + f(t,x(t)) ae. tel,
z(0) = xo,

has a unique solution x(-) € W'2(I, H).

Proof. Set for each (t,y) € I x H, Ay, ) = N¢(,y)- Then, this operator is maximal monotone
and satisfies Assumption 1 (1)-(2)-(3). Hence, all assumptions of Theorem 2.2 are satisfied.
Theorem 2.1 yields the desired existence result, while Theorem 2.2 ensures the uniqueness of
the solution. O

3 Application to optimal control theory

In this section we are interested in the existence of an optimal solution to a minimization problem
subject to the differential inclusion studied in Section 2.

Theorem 3.1. Let for any (t,y) € I x H, A, : D(A(,)) C H = H be a maximal monotone
operator satisfying assumptions of Theorem 2.2. Let f : I x H — H be measurable on I such
that for a non-negative real constant [ > 0, one has

If(t )l <1, and ||f(t,z) = f(ty)] <z -yl 3.1

forallt € I and forall x,y € H.
The cost functional J : I x H x H — [0, +oo| is measurable, such that J(t,-,-) is lower semi-
continuous on H x H for everyt € I, and J(t,x,-) is convex on H for every (t,x) € I X H.
Define the set V by

Vi={ve L) : |v(t) <1lae.}.

Then, the minimization problem

T
min / J(t, 24 (1), @0 (t))dt, (3.2)
0

veY

has an optimal solution, where x,(+) denotes the unique absolutely continuous solution associ-
ated with the control v(-) €V, to the control problem

(3.3)

—y(t) € Agp gy (1) To(t) +v(t) f(t,2,(t) ae.tel,
Ty (O) =z9€D (A(O,zo))'
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Proof. Note that the set V is o (L (I), L (I))-compact and also o (L% (I), L (I))-compact. For
each v € V, define the map f,(¢,z) = v(t) f(¢,z) for any (¢,x) € I x H. Then, f, satisfies the
assumptions of Theorem 2.2. Consequently, the problem (3.3) has a unique absolutely continu-
ous solution x,,, by Theorem 2.2.

Let v, (-) be a minimizing sequence of problem (3.2) i.e.,

T T
lim [ J(t 2y (1), i, (£))dt = min / Tt 2 (£), (1)),
0

n—+oo [q wey

where z,, (-) denotes the unique absolutely continuous solution to

— &, (t) € A(t,wvn () Loy (t) + vp (t)f(t, Lo, (t)) ae.tel,
Ly, (O) =0 € D (A(O,:vo))'

Since the set V is o(L(I), L, (I))-compact. Then, suppose that (v,(-)) (L (1), LL(I))-
converges in L (I) to v € V. Hence (v,,(+)) o(L (1), L (I))-converges to v.
From (2.2), there exists 7)(-) € L% (I) such that for any n > 1

&0, ()] < n(t) ae tel,

and

T
sup/ |, (t)||2dt < constant < +oo.
n Jo

Remark by (3.1) and the construction of the set V that

sup ||vn (8) f (¢, 2y, (1) <1 ae tel. (3.4)

Thus, there is 2 € W!2(I, H) such that

(x,, ) converges pointwisely to z, (3.5)

(i, ) converges weakly to & in Lk (I). (3.6)
The Lipschitz property of f(¢,-) in (3.1) along with (3.5), yields
f(t, @y, (1) = f(t,z(t)) aetel. 3.7

Moreover, since f is measurable on [ along with (3.1) and (3.7), the Lebesgue dominated con-
vergence theorem entails that

(f(-,0,(-))) converges to f(-,x()) in Ly ().
By (3.4), there exists 2(-) € LY (I) such that
(v () f(-; 20, (-))) converges weakly in Lk (I) to z(-) .
It remains to prove that
(vn(-)f(-,20,,(-))) converges weakly in Lj (1) to v(-) f(,z(-)).
Let h € L35 (I), then, one has for each ¢ € I
(R(t), o0 (8) f(E, 20, (1)) = (0n(£)R(), f (¢ 20, (),

and
sup [[vn ()R] < |All e (1) and [lo@)RE)(| < (Al Lss (1)-
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Observe that

/ h(t). on (1) (12, (8))) it — / <h<t>,v<t>f<t,x<t>>>dt\

0 0

- / (o (R (E). £ (£, 20, (£))) it — / <v<t>h<t>,f<t,x<t>>>dt]
0 0

- / (o (OA(E), F(t, 20, (1) — F(t,x(t)))dt + / <<vn<t>—v<t>>h<t>,f<t,x<t>>>dt\

[ oty = son. st atoar).

0

< | [ nl0n), 7t - f(tw(t))>dt‘ n

Since (v, (-)h(-)) converges weakly to v(:)h(:) in LL(I) and f(-,x(-)) € L3(I), then, one
concludes that

T

tim [ (OB(). Fa()it = [ 0Ob). Sz

n—oo Jq
Since (f (-, @y, (+))) is uniformly bounded, and (f(-, z,, (-))) converges pointwisely to f(-, z(-)),
along with the fact that (v,(-)h(+)) is bounded in L3 (1) and (v, (-)h(-)) o(L35(I), L4 (1))
converges to v(-)h(-), it results that (f(-,z,, (-))) converges to f(-,x(-)) with respect to the
Mackey topology (L3 (I), LY, (I)) (see [11]), that is,

T

lim (Un(B)R(E), f(t, 2y, (1)))dt = /0 (vn (B)R(E), f(t,z(t)))dt.

n— oo 0

Combining the two last equalities gives

im0, 005 O = [ OO 0Ot
0 0
1.e.,
(0 () f(-; 20, (-))) converges weakly in L} (I) to v(-) f(-, (")) (3.8)

Now, an application of the lower semi-continuity for integral functionals (see Theorem 8.1.6

[14]) yields
T

liminf [ J(t o, (), G0, (£))dt > / U (b 2(0), £(0))de.
0

n—oo 0

Thus, it follows that

inf [ I, = /0 Tt 2 (1), #(8))dt.

Let us verify that

—2(t) —v(t) f(t,z(t)) € Apoupz(t) ae tel, (3.9)

Recall that for each n, one has

—y, (£) — v (O) f (¢, 20, (1)) € At 2y, (£)Ton (t) ae.tel.

From the proceeding convergence modes (see (3.5)-(3.6) and (3.8) ) then, arguing as in Part 3 of
the proof of Theorem 2.1, the inclusions (3.9)-(3.10) hold true. We omit the details for shortness.
Since the solution of (3.9) is unique (see Theorem 2.2), one concludes that z(-) = z,(-) where
x,(+) is the unique absolutely continuous solution associated with the control v to problem (3.3).
This completes the proof of the theorem. O
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We close this section by the following corollary.

Corollary 3.2. Let C : I x H == H be a set-valued map such that assumptions of Corollary
2.3 hold true. Let the maps f : I x H — H, J: I x H x H — [0,+00[, and the set V satisfy
assumptions of Theorem 3.1. Then, the minimization problem

T
min /0 Tt (1), o (8) ),

has an optimal solution, where x,(-) denotes the unique absolutely continuous solution associ-
ated with the control v(-) €V, to the control sweeping process

{ —iy(t) € No(ra, ) @o(t) + o) f(t20(t) ae.tel,
2,(0) = m9 € C(0, zp).
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