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Abstract This study discusses the p-symmetries, p-conservation laws, and exact solutions
of the modified equal width equation (MEWE). MEWE is used as a model in partial differential
equations (PDE) to simulate one-dimensional wave transmission in nonlinear media with disper-
sion processes. First and foremost, we present some essential pieces of information about the of-
fered techniques. In light of such information, we discover p-symmetries. The essential idea be-
hind the p-symmetry approach is that it reduces one-independent variables in a system of PDEs
by employing p-symmetries and invariance surface conditions. The p-symmetry method has
been applied to MEWE and transformed into an ordinary differential equation (ODE). Then, we
employ a modified version of the generalized exponential rational function method (nGERFM)
to this reduced ODE to obtain soliton solutions. Thanks to the mGERFM, we discover unique
wave solutions in the forms of exponential function solutions, combined periodic soliton solu-
tion, singular periodic wave solution, shock wave solutions, trigonometric function solutions,
mixed-form soliton solution, hyperbolic solution in mixed form, and periodic soliton solution.
Furthermore, by employing the variational problem procedure, we get the Lagrangian and the
p-conservation laws. The mGERFM, p-symmetry analysis, and p-conservation laws have not
been discussed in previous investigations for the MEWE. We also demonstrate the properties
with figures for these solutions. Here, we use Maple software to validate the complete outcomes
of the study.

1 Introduction

Real-world phenomenons can be converted into mathematical language by employing NLPDEs.
The solution of nonlinear partial differential equations (NLPDEs) plays an essential role in un-
derstanding the behavior of a complex system. The effort to find exact solutions to nonlinear
equations is paramount for comprehending most nonlinear physical phenomena. Nonlinear wave
phenomena occur in various scientific and engineering disciplines, such as solid-state physics,
chemical physics, and geometry.

Recently, influential and efficient approaches to finding approximate and analytic solutions
to nonlinear equations have attracted substantial interest from different groups of scientists,
such as the extended (G'/G)-expansion method [1], Bifurcation analysis [2], Stability analysis
[3], Functional variable method (FVM) [4], Residual power series method [5], Hirota bilinear
method [6], Lie symmetry analysis [7], y-symmetry analysis [8, 9, 10, 11], Differential trans-
form method (DTM) [12], F-Expansion Procedure [13], Homotopy Perturbation Method [14],
S(€&)-expansion method [15], Convergence analysis [16], Exact and numerical solutions [17],
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and so on.

Lie symmetry procedure, first examined by S. Lie, is one of the most general and effective
procedures for obtaining exact solutions for NLPDEs. A symmetry group of a differential equa-
tion means a transformation that maps (smooth) solutions to solutions. Lie employed a contin-
uous group of transformations to develop solution methods for ODEs. ODEs with trivial Lie or
no symmetries but possess A-symmetries can be integrated using the A-symmetry procedure. \-
symmetry was introduced by Muriel and Romero as a new kind of symmetry [18]. Morando and
Gaeta viewed the case of PDEs and extended the A-symmetries to the p-symmetries [19, 20, 21].
In the case of the p-symmetries of the Lagrangian, the conservation law is referred to as the
p-conservation law.

The principal purpose of the current study is to scrutinize the y-symmetries, reductions, in-
variant solutions, and conservation laws for the MEWE.

The paper is assembled as follows. Section 2 offers the main concepts of the ;1 —symmetry,
conservation law of ;. and the mGERFM. In Section 3, firstly, we introduce the MEWE, then
we yield the p-symmetries of the MEWE and construct the invariant solutions of the model by
employing the accepted p-symmetries. Also, Section 3 is devoted to reducing the MEWE into an
ODE using similarity variables. Then, the exact solutions for the MEWE are obtained by using
mGERFM. In Section 4, we obtain Lagrangian in potential form using the variational problem
method and the Frechet derivative. The conservation law of p is investigated in Section 5 for the
MEWE. Lastly, in Section 6, conclusions are given.

2 Portrayal of offered techniques

2.1 p-symmetry analysis

Surmise that g = \;dx; be a semi basic one-form on first order jet space (.J OIS N), which is
compatible, namely, p;\; = p;A; [8, 9, 10, 11, 21]. Here, p; and p; are total derivative with
respect to z;, and A; defines from J (MR to R.

Think that A be the sth-order partial differential equation (PDE) as follows

A Z(z,w®) =0. 2.1)

Here, w = w(z) = w(xy, 22, ..., ¥,) and w®) symbolizes all sth order derivatives of w as to .

Let Q be a vector field on J()X. Then, we describe the Q as

Q=0+ ) 0wy, (2.2)
|J|=1

in which Y is a vector field on X and defines as

Y = £, w) 2 + pla,w

oo 2.3)

7]
5w
Eq.(2.2) is the prolongation of p of Eq.(2.3) if its coefficient provides the prolongation formula
of

Vi = (i + Xi)vs — wym(pi + Xi)EM, (2.4)

in which ¢y = ¢. Let R C J (5)X be the solution manifold for A. If Q : R — TR, it is said that,
for Eq.(2.1), Eq.(2.3) is a p-symmetry. To get u-symmetry of Eq.(2.1), then applies Eq.(2.2)
to Eq.(2.1), and restrain the got outcomes to the solution manifold Ry C R(*) that will be up to
&, o, A\;. If we deem the A as functions on R() and compatibility conditions between the \;, a
system of all the dependence on w; form the determining equations [21]. V' = exp( [ )Y is an
exponential vector field if Eq.(2.3) is a vector field on X.
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Theorem 2.1. Let sth-order PDE defines as A(x,w®), Eq.(2.3) be a vector field on R, with in-
variant surface condition Q = ¢ — w;&', and Q be the u—prolong of order s of Y. In this case,
for I\, Eq.(2.3) is a p-symmetry, then Q : Ry — TRy, in which Ry C J®X is the solution
manifold for Ay made of A and E; = psQ=0,YJwith|J|=0,1,....s —1[8, 9,10, 11, 21].

2.2 p—conservation law

Surmise that y = A\;dx; be a semi-basic one-form and with the compability condition

PN = Pidj.
A conservation law of p is

(pi + i) P =0. (2.5)

Here, P? is a conserved vector of j and this vector is a matrix-valued R-vector.

Think that £ = L(z, w<5>) depicts the sth order Lagrangian. For £, Eq.(2.3) is a u-symmetry,
namely, IR-vector P! such that (p; + \;) P* = 0 where the necessary and sufficient condition is
QL] =01[19].

Let second-order Lagrangian defines as £ = L(z,t, w, w,, ..., wy) and for £, Y = gp(a%) be a
p-symmetry. N-vector P’ is got as [19]

. oL oL oL
Pli= g =+ [(p5 + Aj)¢] Jun o (

). (2.6)

i awij

Here, p; is the total derivative.

The Frechet derivative p, is self adjoint, namely, px = pa is necessary and sufficient condi-
tion in which a system admits a variational formulation [8, 9, 10, 11, 22].

Theorem 2.2. Let A = 0 be a system of differential equations. For some variational problem
£ = [ Ldz, A is the Euler-Lagrange expression, i.e., pa = 4 if and only if A = E(L). Then,

1
by employing the homotopy formula L{u] = [uA[Mu]d), a Lagrangian can be found for A.
0

2.3 The mGERFM

In this part, we think mGERFM, scrutinized in [23]. Utilizing the approach is mainly based on
the subsequent framework [24].
Let us consider the following NLPDE as follows:

Ql[q7qt7qm7qtt7qmm7“'] =0. (27)
Using ¢ = q(z,t) = v(®), and ® = kz — wt, Eq.(2.7) is transferred to
ov(®) . v(®) ,0%v(P) ,0%0(P)
Q@) —0 557 kg 5ee o2

This approach includes a symbolic configuration for the solution that can be characterized as
follows:

k

K ,.]=0. 2.8)

v(®) =70 + nzol% (//\\/((g))>n + i n (IX((;) > B , (2.9)

in which

_ siexp(e1P) + g exp(eP)

A(D .
(@) g3 exp(e3®) + ss exp(esD)

(2.10)

Unknown coefficients vy, ¥n, 0, (1 < n < ng) and ¢;,¢; (1 < ¢ < 4) are real (or complex)
constants to be evaluated, such that Eq.(2.9) satisfies the Eq.(2.8). Besides, the positive integer
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ng is calculated by the principles of balancing. Substituting Eq.(2.9) together with Eq.(2.10) into
Eq.(2.8) and gathering all terms, the left-hand side of the resultant the equation is converted into
a polynomial equation W(T7,75,75,74) = 0 as to T, = exp(e,P) for r = 1,2,3,4. Taking
each coefficient of W to zero, we reach a set of algebraic equations. Solving these algebraic
equations with the aid of a symbolic computation package and then inserting non-trivial solutions
in Eq.(2.9), the explicit shape of the solutions of Eq.(2.7) will be extracted.

3 Mathematical discussion for the nonlinear model

One particularly well-known NLPDE is the KdV equation derived by Korteweg and de Vries
[25]. The KdV equation can be offered as

0;+ 00, + 0,,, =0. 3.1

Eq.(3.1) is a NLPDE in one dimension and defines the time-dependent motion of shallow
water waves. Another equation is the Regularised Long-wave equation (RLWE) [26]. This
equation can be written as

®t + G)x + E@@m - K/G)mxt =0.

RLWE is more common than the KdV equation to describe the behavior of nonlinear disper-
sive waves.

Morrison et al. [27] presented an equal width equation (EWE) derived by utilizing both KdV
and RLWE. The EWE is also known as one-dimensional NLEE in the offered form

®t + ®®z - H@rzt =0.

Because of the soliton solution with permanent speed and form, the wave has EW for all
amplitude. That is why it is named the EW wave equation. Here, ® = ©(x, t) represents wave
amplitude with boundary condition ® — 0 as x — £o0. Also, x represents the space coordinate,
t denotes the time coordinate, and « is a positive parameter.

The MEWE is derived from the EWE, and it has cubic nonlinearity with dispersive wave-
form

Different analytical and numerical approaches have been used to discover the solution to
MEWE, for example, Collocation Method [28], Multigrid Method [29], Sine-cosine method
[30], Classical Lie symmetry analysis [31].

3.1 Primary outcomes of solving model (3.2) using the p-symmetry analysis

Suppose that, we have a semi-basic one-form y = Ajdx + Aydt such that p;A; = @, \» when
0;+ 0’0, —0,,, =0

Let
0 0
f* +Tat +@% (33)
be a vector field on X, and &, 7, ¢ based on z, ¢, ®. The third prolongation is given as
0 0 0 0

Q 7 — x . xxt 4
5 T e TV e, TV 90, TV de.L G4

Q satisfies the following p-symmetry condition:
P+ 0% 4+ 2000, — i =0, (3.5)

Ao=0
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where
Pt = (Pz"’")‘1)90*@1(903"’")‘1)5*@25(@%+)‘1)Ta
Y= (P + ) — Ou(pr + X2)E — Oy + Ao) T,
wdbl = (px + Al)wdb - ®:z:x(px + )\l)g - ®wt(@$ + )\1)7—7
ql)xzt = (pt + )\Z)wmx - ®zmr(pt + )\2)5 - Gzzt(pt + )\2)7—7 (36)
and p, and p, denote the total differentiations with respect to ¢ and «:
0 0 0 0
pr = &+®t37®+®wt37®x+®ttai®t+m’ (3.7)
o} 1o} 0 0
xT = a ®17 @1; A~ ®I17 ceee
b oz " P90 T Omge, TOmae, T

To begin with, we substitute Eq.(3.6) into Eq.(3.5) together with (3.7). Then, we write
®, + ®%0, instead of ®,,,, and expanding them, we obtain an over-determined system for
)\la )‘27 ga T, Q.

30 =0, 2109 =0,
3Xée + 30 =0,
A0 +410A1 +37A10 =0,

270 + 2170A1 + TA1e = 0,

2700: + 27001 + 3700 + TAiee = 0,

—pee + 260 + Tio + 26eA1 + 266 + A2Te = 0. (3.8)

Surmise that A\; and A, are any choices of the type

where H = H(z,t), y = y(x) and 2 = 2z(¢) are arbitrary functions, and A;, )\, satisfy to
©zA2 = ¢ A1 on solutions to Eq.(3.2).

Case-1: Wheny = 0, z = 0, and H = —In(p) in the functions of \; and ),, then by
substituting the functions

A=, =2 (3.10)
o 0
into the system of Eq.(3.8) and solving them, we get

§=0, T=90, p=0. (3.11)
Then, by substituting the £, 7, and ¢ into Eq.(3.3), we obtain
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)
Ti= o5 (3.12)

Eq.(3.12) is p-symmetry of Eq.(3.2). Also,

V = exp (/)\1dl’ + )\zdt) T
= exp (/(—Qx)dx + (—Qt)dt> Y. (3.13)
0 0

Thanks to the Theorem 2.1, the order reduction of Eq.(3.2) is

Q1 = @_EQx_T®t
Case-2: When y = 0, z = =, and H = —1In(g) in the functions of A; and )y, then by
placing the functions
. 1
)\1 :_QJ’ )\2:_&+ (315)
4 o t—d
into the system of Eq.(3.8) and solving them, we attain
S}
— = = —Q0. '1
£=0, 7=0, ¢ N —1)° (3.16)
Here, d; is an integration constant. Then, by inserting the £, 7, and ¢ into Eq.(3.3), we obtain
0 ® 0
Y=ol 4+—7r—"+—]. 17
2 Q<8t+2(d1—t) a@)) 3.17)
Eq.(3.17) is p—symmetry of Eq.(3.2). Also,
Ox Ot 1
V =ex ——)dz + (—— + dt ) Ys. 3.18
p([-Ls (<L L), G.18)
By using the Theorem 2.1, the order reduction of Eq.(3.2) is
@ = »—-80, —70,
0

Here, d; is an integration constant.

Case-3: When y = 0, 2 = 0, and H = —In(p) in the functions of \; and )\, then, by
substituting the functions

Al=—=—, h=—=— (3.20)
[

into the system of Eq.(3.8) and solving them, we reach

Od
E=0, T=(d+td)o, ¢= —729 (3.21)

Then, by inserting the £, 7, and ¢ into the vector field, we obtain

oz % 2 00 (3.22)

0 o Ody 9
Y3—g<+(d1+td2) 2 )
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Eq.(3.22) is p—symmetry of Eq.(3.2). Also,

V =exp (/ (-2) da + (—if) dt) Y. (3.23)

By using the Theorem 2.1, the order reduction of Eq.(3.2) is

@ = ¢—E§0, — 70,

od
= -0 (22 +0, + (di + td2)®t) . (3.24)

Note that ¢ = g(z,t) is an arbitrary function, and d, d, are integration constants.

3.2 p-invariant solutions for the MEWE

The characteristic equation forms are constructed by using the invariant surface condition. By
solving the characteristic equation form, similarity variables are obtained. Then, thanks to the
similarity variables and the original equation, a PDE can be converted to an ODE. Then, by
solving the ODE, the invariant solution is obtained.

The characteristic equation corresponding to Eq.(3.14) is written as

d_ar
0 —o 0

By solving Eq.(3.25), we get similarity variables as indicated below

(3.25)

p=1, 0= 01 (p)
After placing @ into Eq.(3.2), Eq.(3.2) can be reduced to the ODE

o1(p)? (i@l(ﬁ)) = 0,
Ql(P) = C.

Therefore, we have an invariant solution

0=C

For Eq.(3.24), let us consider —g # 0. Then, we have % + 0, + (di + td2)®; = 0. The
characteristic equation corresponding to Eq.(3.22) is written as

dz dt de
1= @+ ib) = g, (3.26)
Specially, if we choose d; = 1, d; = 0 in Eq.(3.26), we have
dr  dt dO
T=1=0" (3.27)
By solving Eq.(3.27), we get similarity variables as indicated below
w1 :t—l‘7 @ZQz(wl). (328)
After placing © into Eq.(3.2), Eq.(3.2) can be reduced to the ODE as
d 5, d d?
i _ — - — =0. 2
T l) — ol n(m) - () ) =0 (3.29)

If we solve Eq.(3.29) directly, we get an integral form as follows:
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— Wi — Cg =0. (330)

o (wl) 6
/ dx
V=62 — 720z + 3622 + 72C;

Thanks to the Eq.(3.30), we have:
Set-1:
letting C} = C3 = 0, C; = 1, and solving them, we obtain

6 JacobiSN (% —18+6V21(t — ), 3 (\/§+ \ﬁ))
Oz, t) = — . (3.31)

V=94 3v21

Set-2:
LetC, =C5; =1,C, =0, we get

6 JacobiSN (LvV/=18+6v21(t — 2+ 1), 5 (V3+ V7))
Oz, t) = — . (3.32)
-9 +3Vv21

Set-3:
If we choose C, = —1, C| = C3 = 0, we reach

6 JacobiSN (%\/—18 +6iv3(t — ), 4 ( 2+ 2i\/§))
O(z,t) = — — . (333)
— J1

Set-4:
If we take C} = 0, C, = C3 = —1, we attain

6 JacobiSN (§V/ =18 +6iv3(t —x — 1), (V2 +2iv3))

Ot == 9_3iv/3

(3.34)

Particular Case
We know that the combination of a vector field (infinitesimal generator) is also a vector field.
Then, let us consider the following linear combination of the y-symmetry generators:
Y1’3 = kY| +wYs3. (3.35)
Especially, if we take d; = d; = 0 in Eq.(3.22), then, Y3 becomes

0

Thus, from the Eq.(3.35) we attain
0 0
Yis=0 (kat + w&r) . (3.36)

By using the Theorem 2.1, we have

Q = ¢—80, 7106,
= —o[wO, + kO,]. (3.37)
Here, ¢ # 0, thus, we say that w®, + kO, = 0.
The characteristic equation corresponding to Eq.(3.37) is written as

de_di_ dO

== (3.38)
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By solving Eq.(3.38), we get similarity variables as indicated below

D =kr —wt, O=u(d).

So, the group-invariant solution is

O(z,t) = u(kx — wt). (3.39)
Substitution of ® into Eq.(3.2) yields a third order ODE

—wu' + vtk + Krwu” = 0. (3.40)
Integration of Eq.(3.40) with respect to u yields

k
Kwu' — wu + §u3 =0, (3.41)
in which we take O as a constant of integration.

Remark 3.1. In Eq.(3.26), particularly, we choose d; = 1, d = 0, we reach Eq.(3.27). By
solving Eq.(3.27), we obtain similarity variables as Eq.(3.28). We get reduced ODE as Eq.(3.29)
thanks to similarity variables. We obtain an integral form if we solve directly Eq.(3.29). By
solving this integral form, particularly, we take (Cy, C>, C3) = (0,1,0), (C,C,,C3) = (0,1,1),
(Cy,C,C3) = (0,—1,0), (Cy,C2,C3) = (0,—1,—1), we obtain Jacobi elliptic function solu-
tions. On the other hand, as a particular case, we deal with Eq.(3.35). Let us focus on Eq.(3.38).
If we choose kK = w = 1, then, Eq.(3.29) is the same as Eq.(3.40). However, we do not solve
Eq.(3.40) directly. First, we integrate Eq.(3.40) concerning u, then we obtain Eq.(3.41).

3.3 Main results of solving Eq.(3.41) employing the mGERFM
Balancing «” with > in Eq.(3.41) gives ng + 2 = 3ng and ng = 1. From Eq.(2.9), we have

u(®) =1 +m (//\\/((;)) + 41 ([/\\/((ci))) ) B , (3.42)

in which A(®) is defined by Eq.(2.10) as

RS exp(e1®) + 2 exp(e2D)

AP . 343
(®) i exp(e3®@) + o exp(esd) (343)
Category 1
Taking [s1, 2, 53,5) = [1,1,1,0] and [}, €2, €3, 4] = [0, 1, —2, 0] in Eq.(3.43) yields
1 4 exp(P)
ANP)= ——=. 3.44
(@) exp(—2®) (344)

To get the values of parameters, we need to solve algebraic equations with the aid of Maple
and the pursuing set of solutions can be delivered as
Sub-category 1.1

1 1
2\ 4 2\ %
’Y()Zis <_9’I;) ) ilxs(_ggj) ’ 71:07

Inserting these above values of ~yy, 71, 9, into Eq.(3.42), we have

_ 28V3(w?)i (-2 + 3exp(®)

w11 (P) 6exp(P) + 4

(3.45)
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By using the Eq.(3.45) together with Eq.(3.39), then, the exponential function can be ex-
pressed as

_ 2iV3(—w?)i (3exp(kx — wt) — 2)
Ot = el —wt) 72 (3.46)

Sub-category 1.2

I
’}/0—:|:2( 72’LU)

1 57 1
i i%(—72w2)4, 5 =0,

1 1
=+ (=720, £i(-T2w?)?,
vV =T2w?

6w
Substituting the values of 7, 71, d, into Eq.(3.42), we have

k=%

_ 20V3(-w?) i (exp(®) ~ 1)
N 2(exp(®) + 1)
Using the Eq.(3.47) together with Eq.(3.39), the exponential function solution is obtained as

uy 2 (P) (3.47)

233 (—w?) (exp(kz — wt) — 1)

= 4
O12(z,1) 2(exp(kx — wt) + 1) (3.48)
Category 2
When we choose [s1, 2,3, = [1,—1,24,0] and [e}, €2, €3, €4] = [i, —i, 1,0] in Eq.(3.43)
gives
sin(®)
A (P) = . 3.4
2( ) exp(CD) ( 9)
The next Sub-category are scheduled:
Sub-category 2.1
| 1 | 1
vo =187 (W), £ix 187 (w?)*, 3 =0,
| 1 . 1
6 = £2 x 18+ (w?)*, £2ix 187 (w?)*,
N
p o YI8V?
6w
By considering these values in Eq.(3.42), we have
2 2)3 (cos(D) + sin(P
o1 (@) = 1V/3(w?)1 (cos(P) + sin( )) (3.50)

cos(®) — sin(D)

By using the Eq.(3.50) together with Eq.(3.39), then the combined periodic solution can be
written as

24 /3(w?)i (cos(ka — wt) + sin(kx — wt))

C) t) = i
21(2, t) cos(kx — wt) — sin(kx — wt)

(3.51)

Sub-category 2.2

B
H,
.
X
p—
oo

B
—~
g
o
~—
e
g
Il
=

o = +18% (w?)

)
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V18V w?
6w
Substituting the values of 7, 71, 72 into (3.42), we have

k==

_ 26V/3(w?) cos(P)
N sin(P) '
By using the Eq.(3.52) together with Eq.(3.39), we find singular periodic soliton solution as

u 2 (P) (3.52)

2i+/3(w?)3 cos(kx — wt)

©25(2,t) = sin(kz — wt) (3.53)
Category 3
For [¢1, 2, 3,5 = [1,—1,2,0] and [e1, €2, €3, e4] = [1, —1,—1,0] in Eq.(3.43) offers
sinh(P)
A = —"=. .54
3( ) exp(—q)) (3.54)
Proceeding as the outline of mMGERFM, we attain
Yo=71 ==+ (—18w?)*, +ix (—18uw?)*,
—18w2
51 =0, k=Y 180
6w
By regarding these values in Eq.(3.42), one receives
1 a2 1.
us(®) = _2v3(-w?)? sinh(®) (3.55)

cosh(®)
By using the Eq.(3.55) together with Eq.(3.39), then, we obtain the shock wave solution as

_ 2iV3(—w?)i sinh(kx — wt)

Os(w,t) = cosh(kx — wt)

(3.56)
Category 4
On selecting [¢1, 2, 3,5] = [2,0,1,1] and [, €2, €3, 4] = [1,0, ¢, —i] in Eq.(3.43) yields

_ exp(P)

As(®) = — @) (3.57)

The subsequent Sub-category are planned:
Sub-category 4.1

A=
Bl

N0 =+18% (W), +ix 187 (w?)', 4 =0,

Bl

51 = 2% 184 (w?) ', +£2i x 18% (u?)

)

V18Vu?
6w
Combining these outcomes with Eq.(3.42) yields

k==

 24V/3(w?)# (2 cos(®) sin(P) — 1)
a1 (P) = 2cos?(®d) — 1 '

Using the Eq.(3.58) together with Eq.(3.39), in this way, we attain the following trigonomet-
ric solution as

(3.58)
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23/3(w?)3 (2 cos(kx — wt) sin(kx — wt) — 1)

Ou(e1) = 2cos2(kx —wt) — 1 (3-59)
Sub-category 4.2
| 1 | 1
Yo =+18% (w?)*, +ix 18+ (w?)*, & =0,
= +18% (w?)*, +ix 18% (w?)¥,
Va2
p o VI8V
6w
Inserting these values in Eq.(3.42), offers
23/3(w?)i sin(P)
D) = . .
ua 2(P) cos(®) (3.60)
Consequently, we discover the singular periodic solution can be expressed as
1 2\t . _
Our(r, 1) = 23w sin(ke —wt) (3.61)

cos(kx — wt)

Category 5
Considering [¢1, 2,3, %] = [2,0,1,1] and [e1, 2, €3, 4] = [0,0, 1, —1] in Eq.(3.43) yields

1

oh (@) (3.62)

As(P) =

Also, we reach

=0, 7= i,/i V2w, 51:7
/:tfh

k_iM

Consequently, regarding these solutions and Eq.(3.42), it is likely to reach the subsequent
outcome

23/3(v/—=iw)(2 cosh?(®) — n

us(®) = — 2 sinh(®) cosh () (3.63)
Hence, we discover the mixed-form soliton solution can be written as
23/3(v—=iw)(2 cosh?(kx — wt) — 1)
t)=— . .64
Os(,?) 2 cosh(kx — wt) sinh(kx — wt) (3.64)
Category 6
As long as, if it is allocated [¢1, <2, <3, 54] = [2,0, 1, 1] and [ey, €2, €3, €4] = [-2,0, 1, —1] into
account in Eq.(3.43) produces
exp(—2P)
Ag(P) = ———~. 3.65
o(®) cosh(®) (3.65)

We obtain,
Sub-category 6.1

70::t2(—18w2)%, + 24 x (—18w2)%, v =0,

Bl

5y = 43 % (—18u?)* . £3ix (—18u?)*
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vV —18w?
6w
Plugging the values of 7y, 71, d; into Eq.(3.42), we have

k=4

_ 244/3(—w?)#(2sinh(®) + cosh(P))
N sinh(®) + 2 cosh(®)

By use of Eq.(3.66) together with Eq.(3.39), then the hyperbolic solution in mixed form can
be formulated as

u671 ((I))

(3.66)

2:V/3(—w?)# (2sinh(kx — wt) + cosh(kz — wt))

E‘)6,1($7 t) = sinh(kz — wt) + 2 cosh(kx — wt)

(3.67)
Sub-category 6.2

o =42 (—18w?)*,  +£2ix (—18u?)", & =0,
v = :I:(—l8w2)%, +1i X (—18w2)‘l‘,
vV —18w?

6w
Plugging the values of 7y, 71, d, into Eq.(3.42), one obtains

k=4

~ 28V/3(—w?)i sinh(P)
cosh(®)

By using the Eq.(3.55) together with Eq.(3.39), the next shape is derived as the shock wave
solution

u6’2(q3) =

(3.68)

_2%\/5(—1112)% sinh(kz — wt)
cosh(kz — wt) '

@2 (z,1) = (3.69)

Category 7
If we take [¢1, %, 3,54 = [1,1,2,0] and [e1, €2, €3, €4] = [i, —1,0, 0] in Eq.(3.43) offers

A7 (D) = cos(P). (3.70)
We get
Sub-category 7.1

3wy2 V3V2Vwv2
Yo = 07 " = 1/ — D) ) + 2 )

5 " 3wv2 " wV3
1= Y ) D a1t
2 Ve
V2
k —_— :tT.

These outcomes along with Eq.(3.42) lead to the next construction

_ 203y —w(2cos¥(®) — 1)

D 71
u71(®) 2 cos(D) sin(D) (37D
Hence, we reach the following trigonometric solution as
3 — 2 _ _
@1 (1) — 21v/3v/—w(2 cos? (kx — wt) 1)' 3.72)

2 cos(kz — wt) sin(kz — wt)
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Sub-category 7.2

Y% =0, 7 =+xvVE3iw,

)
k=4-.
2
If these outcomes are regarded in conjunction with Eq.(3.42), the next product is got

V3v—iw

~ cos(®) sin(®) (3.73)

u7.2 (CD) =
By using the Eq.(3.73) together with Eq.(3.39), hence, we get following periodic solution

\/§ —1w

~ cos(kx — wt) sin(kz — wt)’

®7’2($, t) =

(3.74)

[©n10%, )] [©410x.0|

|©1,10x 0] 0.0

-4 2 0 2 4 -4 -2 0 2 4

Figure 1. The 3-dimensional, contour and density figures of |®; ;(x,¢)| in (3.46), when k =
1, w=1.

[@21(x, 8 @21(x, 8]

5 0 5 -5 0 5

Figure 2. The 3-dimensional, contour and density figures of |®, ;(x,¢)| in (3.51), when k& =
1, w=1.
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Figure 3.
1, w=1.

|©4.10x, 1)

183(x, 1)

195(x, 1)1

L —

o

The 3-dimensional, contour and density figures of |@3(x, )| in (3.56), when k =

L

v

Figure 4. The 3-dimensional, contour and density figures of |®4 1 (x, )| in (3.59), when k =

1, w=1.

Figure 5.
1, w=1.

105(x, )]

185(x, )]

The 3-dimensional, contour and density figures of |@s(x,t)| in (3.64), when k =
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|@61(x. )| |@61(x. )]

IS

~

t

°

g

-4 -2 0 2 4 -4 -2 0

Figure 6. The 3-dimensional, contour and density figures of |® | (x,¢)| in (3.67), when k =
1, w=1.

18r4(x, 1)1 ekl

Figure 7. The 3-dimensional, contour and density figures of |®7(x,¢)| in (3.72), when k =
1, w=1.

4 Lagrangian of the MEWE in potential form using the variational problem
method

It is crucial that if an equation has odd order, it does not accept a variational problem, but thanks

to the potential form A,, this equation accepts a variational problem [8, 10, 11].
The MEWE

Ao :0;+ 0’0, —0,,; =0

is in odd order. Frechet derivative of Ag is

Pro & 91 + O, +200, — 0. 4.1)

Note that pa, # ¢, - We say that the MEWE does not accept a variational problem. The MEWE
in potential form A, is obtained by the well-known differential substitution ® = v,,,

Av = Vgt + Uivmz — Uggat = 0. (42)

Eq.(4.2) is named "the MEWE in the potential form" and its Frechet derivative is

OA, = Papr T V202 + 2005000 — P21 (4.3)

Note that Eq.(4.3) is self-adjoint.
Thanks to the Theorem 2.2, the MEWE in potential form A, has a Lagrangian of the form
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1
L] = / vAy [oldA
0
1 1 1
= —vavt — ﬁvi - Evmth + DivP. “4.4)
Thus, we have
1 1,
L, [v] = _E(Umvt + gla + Vg Vst )- 4.5)

5 Significant outcomes of solving model (3.2) utilizing the ;1 —conservation
laws for the MEWE

First of all, we will compute the ;—conservation laws for the MEWE as A,,. Consider the second
order Lagrangian Eq.(4.5) for the MEWE as A,

— 2
Av = Uzt + 'U;E'U:vw — Ugzat

— B(Ls). (5.1)

Surmise that Y = 8, be a vector field for L4, [v]. Let u = Ajdz + A,dt be a semi-basic
one-form such that p, A\, = ;A when A, = 0.
Thanks to the Eq.(2.4), Q and its coefficients are

0 0

0 0 0
‘pav“” avx+w8vt+w (9vm+w Ovyy’ (3:2)
in which
U = (P + A)e, ¥ = (e + X))o, U7 = (o + M)YT, YT = (o + XY (5.3)
By applying the p—prolongation Q acts on the L4, [v] and substituting i(—évi — Vg Ust)
for v, we get ’
2
-5 Pov = 07 - Pv = Oa

390 ¥

@UAZ + Pot — 07

2 7 7

Y )\v_f v)\ - = vw:Oa
3%0 1 6<P 1 6%0
Pat + Q1A + @zdo + Adop =0,
b P _
2)\1 + > 0,
— 0 = A~ s — 5 A =0, (5.4)
Consider ¢ = p, and L4, [v] = 0. A special solution of the system (5.4) is given by
M=, =2 (5.5)
o 0

Therefore, for La, [v], T = g% is a py-symmetry. Then, by using Theorem 2.2, there exists an
R-vector P? which is conservation law of y, that is, (pi + )\i)Pi = 0. Then, by of Eq.(2.6), the
N-vector P* for Ly, [v] is got



#-SYMMETRY ANALYSIS, and ;+~-CONSERVATION LAWS 659

1 1

P! = _Q(Evt + §Ui — Vgat),
Vg
Po-y (56)

So, for L, [v], conservation law of s is the form o, P! + ;P> + A\ P! + X\, P? = 0.

Corollary 5.1. Conservation law of ju for the MEWE in potential form A, = E (La,) is as
P!+ 0, P* + \\P' 4+ \,P? =0, (5.7

where P' and P? are the R-vector P* of Eq.(5.6)

Remark 5.2. Conservation law of p for the MEWE in potential form A,, satisfying to the
Noether’s Theorem for ;,—symmetry, that is to say

(i +X)P" = —0(ver + 03000 — Vowat)
= QE(Ls,). (>-8)

Secondly, let us consider the MEWE as A,

Ay = vt + nggva:m — Ugazt = 0. (59)
Eq.(5.9) corresponds to

1
pw(vt + gvi - 'met) = O;
or equivalently

1
vy + 7”;1 — Uggr = 11 (t),

where IT; = I1;(¢) is an arbitrary function. If we substitute

1
Hl - gvz + Vgat

for v, and substitute ® for v,, in the R-vector P of Eq.(5.6), then, we get the N-vectors P! and
P? as:

1 1 1
Pl = —Q(Enl + 66)3 - §®mt)>

P*=——p. (5.10)
Corollary 5.3. Conservation law of  for the MEWE Ag is
P!+ 0 PP + M\ P+ 2o P2 =0, (5.11)
where P' and P? are the R-vector P* of Eq.(5.10).

Remark 5.4. The MEWE Ag satisfies the characteristic form, that is to say

@ﬁwwi:—%&+%@—@m

= Qhe. (5.12)
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6 Conclusions

In this paper, we considered the MEWE to scrutinize the y—symmetries, symmetry reductions,
invariant solutions, exact solutions, and conservation laws. Firstly, we offered some essential
properties of the p—symmetries, y—conservation law, and a modified version of GERFM. The
vital object of the p—symmetry is a semi-basic one-form p = \;dx;, which must satisfy com-
patibility conditions. Then we demonstrated that the approach of the y—symmetry reduction
could also be analyzed in terms of the formulation of the Noether theorem when ;—symmetries
were regarded to discover the invariant solutions of PDEs named the p—invariant solutions.
With the help of these infinitesimal generators, we get similarity variables and similarity func-
tions. By utilizing these similarity variables and functions, we reduced nonlinear PDE into
ODE. We employed mGERFM to this reduced ODE to get the soliton solution. We discovered
various families of optical solutions, such as exponential function solutions, combined periodic
soliton solution, singular periodic wave solution, shock wave solutions, trigonometric function
solutions, mixed form soliton solution, hyperbolic solution in mixed form, and periodic soli-
ton solution the prototype using the mGERFM. In this context, exponential function solutions
Eq.(3.46), and Eq.(3.48), combined periodic soliton solution Eq.(3.51), singular periodic wave
solution Eq.(3.53), shock wave solutions Eq.(3.56), and Eq.(3.69), trigonometric function so-
Iutions Eq.(3.59), and Eq.(3.72), mixed form soliton solution Eq.(3.64), hyperbolic solution in
mixed form Eq.(3.67), and periodic soliton solution Eq.(3.74). One of the primary benefits of
such approaches is that awaited configurations for solutions are determined from the beginning
of the process. Moreover, we obtained Lagrangian potential by using the variational problem
method and the Frechet derivative. In this context, the equation must have Lagrangian necessary
and sufficient condition that its Frechet derivative is self-adjoint. Finally, the p—conservation
law was investigated. The main novelty of this paper is that the MEWE equation is first studied
using the p—symmetry method, a modified version of the GERFM, and p—conservation law.
The 3-dimensional, contour, and density figures of the reached solutions were drawn with the
aid of the Mathematica package program. The accuracy of the solutions obtained was tested and
verified in the Maple package program.
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