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Abstract Previously we introduced a modification of szasz operator, which is a complex
valued operator and study the approximation of functions in Lp (D).
Here we introduce another type of complex valued operator which is a modification for our
previous operator. Then we prove some of its convergence properties and estimates its rate
of approximation. Then we prove a type of voronvskaja theorem for functions in Lp (D) quasi
normed spaces for 0 < p < 1.

1 Introduction

|f (u)| ≤ CeKu, u ∈ [0,∞) for a function f ∈ Lp [0,∞) satisfying an exponential growth
condition, with some constants C > 0 and K > 0, Phillips [24] initially, denoted the following
operators

Nδ (f;u) = δ

∞∑
µ=1

Wδ,µ (u)

∫ ∞

0
Wδ,µ−1 (y) f (y) dy +Wδ,0 (u) f (0) , δ > K,

where

Wδ,µ (u) = eδu
(δu)µ

µ!
, µ ∈ N0, u ∈ [0,∞) ,

which are frequently referred to as Phillips operators in the literature. Phillips operators can also be referred to as authentic
Szsz-Durrmeyer operators because these operators preserve constants and linear functions. After that, these operators and
their various generalizations have been thoroughly studied by numerous researchers in the case of real variables; see, for
example, [1, 7, 16, 22, 23] et al.
One of the interesting research areas in recent years has been the issue of complex operator approximation. Some complex
Bernstein approximation properties Wright presented polynomials in several domains in the complex plane [27], Tonne
[25], Kantorovich [18], Bernstein [2], and Lorentz [21]. Gergen et al. [11] proved the initial conclusion regarding the
convergence of complex Szasz operators, which is a generalization of the Bernstein polynomials. Then, in complex domains,
Szsz operators were studied by Jakimovski et al. [17], Wood [26], and Deeba [6]. However, all of the aforementioned
outcomes were attained.
without a measurement or calculation. In addition to the findings from [21] and [11], Gal also obtained quantitative estimates
for the convergence and Voronovskaja’s theorem in [8]. In his book [8], Gal also compiled the findings regarding the overcon-
vergence characteristics of popular complex operators. Later, a large number of authors (see, for example,[3, 9, 10, 13, 14, 15]
) established approximation properties with quantitative estimates for various operators in complex domain.The complex
modified genuine Szasz-Durrmeyer operators that were introduced and studied in [4] served as the inspiration for the current
work. For more related study see for examples [12, 19, 20].
A modification of the complex genuine Szasz-Durrmeyer operators is defined below:

N (γ,ϑ)
hδ,gδ

(f; z) =
hδ

gδ

∞∑
µ=1

Whδ,gδ,µ (z)

∫ ∞

o
Whδ,gδ,µ−1 (y) f

(
hδy + γgδ

hδ + ϑgδ

)
dy

+Whδ,gδ,0 (z) f
(

γgδ

hδ + ϑgδ

)
, (1.1)
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where

Whδ,gδ,µ (z) = e
−hδ

gδ
z (hδz)

µ

µ!gµδ
.

Where the strictly positive number sequences {hδ}and {gδ}are provided in such a way that limδ−→∞
gδ
hδ

is convergent se-

quence and gδ
hδ

≤ M and also γ, ϑ are two real parameters that have been given and satisfy the condition 0 ≤ γ ≤ ϑ. Define

Lp (D) =

{
f : D−→C:∥f∥Lp(D) =

(∫
D |f |p

) 1
p < ∞

}
where 0 < p < 1 and D = {z ∈ Dr : |z| ≤ r, 1 < r < ∞}.

The objective of this paper is to show approximation results for functions in Lp (D) using the operators given by (1.1).
For this operator, we obtain the rate of convergence, the Voronovskaja-type result with a quantitative estimate, and the exact
degree of approximation. In the outcomes, using G(DR) with DR = {z ∈ C : |z| < R, 1 < R < ∞}.we consider the
class of functions satisfying f :

[
R,∞) ∪ DR −→ C is integrable on [0,∞) i.e. f (z) =

∑∞
θ=0 aθz

θ for any z ∈ DR.

2 AUXILIARY LEMMAS
The next auxiliary result will be very helpful to prove our results.

Lemma 2.1. For 0 ≤ γ ≤ ϑ. Then, we get

N (γ,ϑ)
hδ,gδ

(
zθ ; z

)
=

θ∑
β=0

(
θ

β

)
hβ
δ (γgδ)

θ−β

(hδ + ϑgδ)
θ
Nhδ,gδ

(
zβ ; z

)
,

where β ∈ N ∪ {0} and Nhδ,gδ denotes N (0,0)
hδ,gδ

.

Proof. From the equation (1.3), we get

N (γ,ϑ)
hδ,gδ

(
zθ ; z

)
=

hδ

gδ

∞∑
µ=1

Whδ,gδ,µ (z)

∫ ∞

o
Whδ,gδ,µ−1 (y)

(
hδy + γgδ

hδ + ϑgδ

)θ

dy

+Whδ,gδ,0 (z)

(
γgδ

hδ + ϑgδ

)θ

.

Using the binomial theorem, we have

N (γ,ϑ)
hδ,gδ

(
zθ ; z

)
=

hδ

gδ

∞∑
µ=1

Whδ,gδ,µ (z)

∫ ∞

o
Whδ,gδ,µ−1 (y)

θ∑
β=0

(
θ

β

)
hβ
δ (γgδ)

θ−β

(hδ + ϑgδ)
θ
yβdy

+Whδ,gδ,0 (z)

θ∑
β=0

(
θ

β

)
hβ
δ (γgδ)

θ−β

(hδ + ϑgδ)
θ

0β

=
θ∑

β=0

(
θ

β

)
hβ
δ (γgδ)

θ−β

(hδ + ϑgδ)
θ
Nhδ,gδ

(
zβ ; z

)
.

MAIN RESULTS:

Theorem 2.2. Let γ, ϑ satisfy 0 ≤ γ ≤ ϑ, and assume that f ∈ G(DR) ⊂ Lp (DR) and ∃ K, C > 0 ∋ |f (u)| ≤
CeKu, ∀ u ∈ [R, +∞) . Also let δ0 ∈ N be such that hδ

gδ
+ ϑ − K > 0 ∀ δ > δ0. Denoting f (z) =

∑∞
θ=0 aθz

θ, z ∈

Lp (D) , we have N (γ,ϑ)
hδ,gδ

(f; z) =
∑∞

θ=0 aθN
(γ,ϑ)
hδ,gδ

(
zθ ; z

)
, ∀ z ∈ DR and δ > δ0 with δ, δ0 ∈ N.

Proof. Let 0 < r < R and ∀ i ∈ N, we define

fi (z) =
i∑

µ=0

aµz
µ if |z| ≤ r and fi (u) = f (u) if u ∈ (r, +∞) .

Since |fi (z)| ≤
∑∞

µ=0 |aµ| rµ := Cr, ∀ |z| ≤ r and i ∈ N. from the hypothesis on f, ∃ a constant Cr,R > 0 s.t
|fi (u)| ≤ Cr,ReKu, ∀i ∈ N and u ∈ [0, +∞) .

This implies that using the ratio criterion, ∀ fixed z ∈ C, i, δ ∈ N and ∀ δ > δ0 with hδ
gδ

+ϑ−K > 0, and using definition
Lp (D), we get

∥∥∥N (γ,ϑ)
hδ,gδ

(fi; z)
∥∥∥

Lp(D)
=

∫
D

∣∣∣∣∣∣hδ

gδ

∞∑
µ=1

e
−hδ

gδ
z (hδz)

µ

µ!gµδ

∫ ∞

o
e
−hδ

gδ
y (hδy)

µ−1

(µ− 1)!gµ−1
δ

fi

(
hδy + γgδ

hδ + ϑgδ

)
dy

+e
−hδ

gδ
z

fi

(
γgδ

hδ + ϑgδ

)∣∣∣∣pdz)
1
p
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≤

∫
D

hδ

gδ

∣∣∣∣e−hδ
gδ

z
∣∣∣∣ ∞∑
µ=1

(hδ |z|)µ

µ!gµδ

hµ−1
δ

(µ− 1)!gµ−1
δ

∫ ∞

D
e
−hδ

gδ
y
yµ−1Cr,Re

K
(

hδy+γgδ
hδ+ϑgδ

)
dy

+

∣∣∣∣e−hδ
gδ

z
∣∣∣∣
∣∣∣∣∣c0 + c1

γgδ

hδ + ϑgδ
+ · · · + ci

(
γgδ

hδ + ϑgδ

)i
∣∣∣∣∣
)p

dz

) 1
p

≤

∫
D

hδ

gδ

∣∣∣∣e−hδ
gδ

z
∣∣∣∣ ∞∑
µ=1

(hδ |z|)µ

µ!gµδ

hµ−1
δ

(µ− 1)!gµ−1
δ

Cr,Re
K

ygδ
hδ+ϑgδ

∫ ∞

D
e
−y

(
hδ
gδ

− Khδ
hδ+ϑgδ

)
yµ−1dy

+

∣∣∣∣e−hδ
gδ

z
∣∣∣∣ {|c0| + |c1| + · · · + |ci|}

)p

dz

) 1
p

≤

∫
D

 ∞∑
µ=1

∣∣∣∣e−hδ
gδ

z
∣∣∣∣ (hδ |z|)µ

µ!gµδ

hµ
δ

gµδ
Cr,Re

K
ygδ

hδ+ϑgδ
1(

hδ
gδ

− Khδ
hδ+ϑgδ

)µ
+

∣∣∣∣e−hδ
gδ

z
∣∣∣∣ {|c0| + |c1| + · · · + |ci|}

)p

dz

) 1
p

=

∫
D

Cr,Re
K

ygδ
hδ+ϑgδ

∣∣∣∣e−hδ
gδ

z
∣∣∣∣ ∞∑
µ=1

[(
hδ
gδ

)2
|z| /

(
hδ
gδ

− Khδ
hδ+ϑgδ

)]µ
µ!

+

∣∣∣∣e−hδ
gδ

z
∣∣∣∣ {|c0| + |c1| + · · · + |ci|}

)p

dz

) 1
p

≤
[
Cr,R + |c0| + |c1| + · · · + |ci|

] ∣∣∣∣e−hδ
gδ

z
∣∣∣∣ eK ygδ

hδ+ϑgδ e

(
hδ
gδ

)2
|z|/

(
hδ
gδ

− Khδ
hδ+ϑgδ

)
(πr2)

1
p

< ∞.

Hence, N (γ,ϑ)
hδ,gδ

(fi; z) is well- defined. Denoting

fi,θ (u) =
f (u)
i + 1

if u ∈ (r, ∞) and fi,θ (z) = aθz
θ if |z| ≤ r,

It is evident that each fi,θ has an exponential growth rate relative to [0,∞) and fi (z) =
∑i

θ=0 fi,θ (z).

Since N (γ,ϑ)
hδ,gδ

is linear, so we have

N (γ,ϑ)
hδ,gδ

(fi; z) =
i∑

θ=0

aθN
(γ,ϑ)
hδ,gδ

(
zθ ; z

)
, ∀ |z| ≤ r,

demonstrating that limi−→∞ N (γ,ϑ)
hδ,gδ

(fi; z) = N (γ,ϑ)
hδ,gδ

(f; z) for any fixed |z| ≤ r and δ ∈ N is sufficient. But this is
immediate from limi−→∞ ∥fi − f∥Lp(D) = 0, and from the definition Lp (D), we obtain∥∥∥N (γ,ϑ)

hδ,gδ
(fi; z)−N (γ,ϑ)

hδ,gδ
(f; z)

∥∥∥
Lp(D)

=

∥∥∥∥∥∥hδ

gδ
e
−hδ

gδ
z

∞∑
µ=1

(hδz)
µ

µ!gµδ

∫ ∞

D
e
−hδ

gδ
y (hδy)

µ−1

(µ− 1)!gµ−1
δ

[
fi

(
hδy + γgδ

hδ + ϑgδ

)
− f
(
hδy + γgδ

hδ + ϑgδ

)]
dy

+e
−hδ

gδ
z
[

fi

(
γgδ

hδ + ϑgδ

)
− f
(

γgδ

hδ + ϑgδ

)]∥∥∥∥
Lp(D)

≤ 2
1
p
−1

∥∥∥∥∥∥hδ

gδ
e
−hδ

gδ
z

∞∑
µ=1

(hδz)
µ

µ!gµδ

∫ ∞

D
e
−hδ

gδ
y (hδy)

µ−1

(µ− 1)!gµ−1
δ

[
fi

(
hδy + γgδ

hδ + ϑgδ

)
− f
(
hδy + γgδ

hδ + ϑgδ

)]
dy

∥∥∥∥∥∥
Lp(D)

+2
1
p
−1
∥∥∥∥e−hδ

gδ
z
[

fi

(
γgδ

hδ + ϑgδ

)
− f
(

γgδ

hδ + ϑgδ

)]∥∥∥∥
Lp(D)

≤ 2
1
p
−1

∫
D

∣∣∣∣∣∣hδ

gδ
e
−hδ

gδ
z

∞∑
µ=1

(hδz)
µ

µ!gµδ

∫ ∞

D
e
−hδ

gδ
y (hδy)

µ−1

(µ− 1)!gµ−1
δ

[
fi

(
hδy + γgδ

hδ + ϑgδ

)
− f
(
hδy + γgδ

hδ + ϑgδ

)]
dy

∣∣∣∣∣∣
p

dz

 1
p

+2
1
p
−1
(∫

D

∣∣∣∣e−hδ
gδ

z
[

fi

(
γgδ

hδ + ϑgδ

)
− f
(

γgδ

hδ + ϑgδ

)]∣∣∣∣pdz)
1
p

≤ 2
1
p
−1

∫
D

hδ

gδ

∣∣∣∣e−hδ
gδ

z
∣∣∣∣ ∞∑
µ=1

(hδ |z|)µ

µ!gµδ

∫ ∞

D
e
−hδ

gδ
y (hδy)

µ−1

(µ− 1)!gµ−1
δ

∣∣∣∣fi (hδy + γgδ

hδ + ϑgδ

)
− f
(
hδy + γgδ

hδ + ϑgδ

)∣∣∣∣dy
p

dz

 1
p

+2
1
p
−1
(∫

D

(∣∣∣∣e−hδ
gδ

z
∣∣∣∣ ∣∣∣∣fi ( γgδ

hδ + ϑgδ

)
− f
(

γgδ

hδ + ϑgδ

)∣∣∣∣)p

dz

) 1
p
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≤ 2
1
p
−1 hδ

gδ

∣∣∣∣e−hδ
gδ

z
∣∣∣∣ ∞∑
µ=1

(hδ |z|)µ

µ!gµδ

hµ−1
δ

(µ− 1)!gµ−1
δ

(∫
D

∣∣∣∣fi ( γgδ

hδ + ϑgδ

)
− f
(

γgδ

hδ + ϑgδ

)∣∣∣∣pdz) 1
p
∫ ∞

0
e
−hδ

gδ
y
yµ−1dy

+2
1
p
−1
∣∣∣∣e−hδ

gδ
z
∣∣∣∣ (∫

D

∣∣∣∣fi ( γgδ

hδ + ϑgδ

)
− f
(

γgδ

hδ + ϑgδ

)∣∣∣∣pdz) 1
p

≤ 2
1
p
−1
∣∣∣∣e−hδ

gδ
z
∣∣∣∣ ∞∑
µ=1

(hδ |z|)µ

µ!gµδ

hµ
δ

gµδ
∥fi − f∥Lp(D)

gµδ
hµ
δ

+ 2
1
p
−1
∣∣∣∣e−hδ

gδ
z
∣∣∣∣ ∥fi − f∥Lp(D)

= 2
1
p
−1
∣∣∣∣e−hδ

gδ
z
∣∣∣∣ ehδ

gδ
|z|∥fi − f∥Lp(D).

Theorem 2.3. If we indicate Nhδ,gδ

(
zθ ; z

)
:= N (0,0)

hδ,gδ

(
zθ ; z

)
, then for any |z| ≤ r with r ≥ 1, θ ∈ N∪{0} and δ ∈ N,

we have ∥∥∥Nhδ,gδ

(
zθ ; z

)∥∥∥
Lp(D)

≤
θ∏

µ=1

(r + 2 (θ − 1)M )
(
πr2
) 1

p
.

Proof. By the definition Lp (D), we obtain

∥∥∥Nhδ,gδ

(
zθ ; z

)∥∥∥
Lp(D)

=

(∫
D

∣∣∣Nhδ,gδ

(
zθ ; z

)∣∣∣pdz) 1
p
. (2)

Now, we will be using the recurrence formula shown below, which was discovered during the proof of Theorem 1(i) in [5]

Nhδ,gδ

(
zθ+1; z

)
=

gδ

hδ
z
(
Nhδ,gδ

(
zθ ; z

))′
+

(
z +

gδ

hδ
θ

)
Nhδ,gδ

(
zθ ; z

)
for any z ∈ C, δ ∈ N and θ ∈ N ∪ {0}. Since Nhδ,gδ

(
z0; z

)
= 1, for θ = 0 we have∣∣∣Nhδ,gδ

(
z1; z

)∣∣∣ ≤ r

for any |z| ≤ r. Then, for θ = 1 we obtain∣∣∣Nhδ,gδ

(
z2; z

)∣∣∣ = ∣∣∣∣ gδhδ
z
(
Nhδ,gδ

(
z1; z

))′
+

(
z +

gδ

hδ

)
Nhδ,gδ

(
z1; z

)∣∣∣∣ ,
since gδ

hδ
≤ M , we get∣∣∣Nhδ,gδ

(
z2; z

)∣∣∣≤Mr

∣∣∣∣(Nhδ,gδ

(
z1; z

))′∣∣∣∣+ (r +M )
∣∣∣Nhδ,gδ

(
z1; z

)∣∣∣ .
The following from the Bernstein’s inequality for Nhδ,gδ

(
zθ ; z

)
polynomial of the degree θ we get:∣∣∣∣(Nhδ,gδ

(
zθ ; z

))′∣∣∣∣≤ θ

r
r = θ.

Using the final inequality, we discover∣∣∣Nhδ,gδ

(
z2; z

)∣∣∣≤Mr+ (r +M )
∣∣∣Nhδ,gδ

(
z1; z

)∣∣∣≤r (r + 2M ) .

We can easily obtain by writing for θ = 2, 3, . . . , step by step

∣∣∣Nhδ,gδ

(
zθ ; z

)∣∣∣≤r (r + 2M ) . . . (r + 2 (θ − 1)M ) =

θ∏
µ=1

(r + 2 (θ − 1)M ) . (3)

By substituting inequality (3) in equation (2), we get

∥∥∥Nhδ,gδ

(
zθ ; z

)∥∥∥
Lp(D)

≤

∫
D

∣∣∣∣∣∣
θ∏

µ=1

(r + 2 (θ − 1)M )

∣∣∣∣∣∣
p

dz

 1
p

=
θ∏

µ=1

(r + 2 (θ − 1)M )

(∫
D
dz

) 1
p

=

θ∏
µ=1

(r + 2 (θ − 1)M )
(
πr2
) 1

p
.

.for any |z| ≤ r, δ ∈ N and θ ∈ N ∪ {0}.■

Now, In the following theorem, we get upper quantitative estimates for the operator (1.3)
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Theorem 2.4. Let 0 ≤ γ ≤ ϑ, f ∈ G(DR) ⊂ Lp (DR) and assume that there exist E, C, K > 0 and X ∈
(

1
R , 1

)
, with

the property |aθ| ≤ EXθ

θ! , for any θ = 0, 1, . . . , (which suggests |f(z)| ≤ EeX|z| for any z ∈ DR) and |f(u)| ≤ CeKu,

for any u ∈ [R,∞) . Also let δ0 ∈ N be such that hδ
gδ

+ ϑ−K > 0 for any δ > δ0.

(a) Let 1 ≤ r < 1
X

be arbitrarily fixed. For any δ > δ0 and |z| ≤ r with δ, δ0 ∈ N, we have∥∥∥N (γ,ϑ)
hδ,gδ

(f; z)− f(z)
∥∥∥

Lp(D)
≤

hδ (1 + ϑ) + ϑgδ

hδ + ϑgδ
Gr, X ,

where

Gr, X = EM
(

2πr2
) 1

p
∞∑
θ=1

(θ + 1) (rX)θ < ∞.

(b) For the simultaneous approximation, we have: if 1 ≤ r < r1 < 1
X

are arbitrarily fixed, then for any |z| ≤ r, δ> δ0 and
δ, q ∈ N, ∥∥∥(N (γ,ϑ)

hδ,gδ
(f; z)

)q
− fq(z)

∥∥∥
Lp(D)

≤
q!r1

(r1 − r)q+1
hδ (1 + ϑ) + ϑgδ

hδ + ϑgδ
Gr1, X ,

where Gr1, X is specified in (a).

Proof of (a) Using Lemma 1, we can prove
N (γ,ϑ)

hδ,gδ
(f; z)− zθ

=

θ−1∑
µ=0

(
θ

µ

)
hµ
δ (γgδ)

θ−µ

(hδ + ϑgδ)
θ

(
Nhδ,gδ (zµ; z)− zµ

)
+

θ−1∑
µ=0

(
θ

µ

)
hµ
δ (γgδ)

θ−µ

(hδ + ϑgδ)
θ
zµ

+
hθ
δ

(hδ + ϑgδ)
θ

(
Nhδ,gδ

(
zθ ; z

)
− zθ

)
−
(

1 −
hθ
δ

(hδ + ϑgδ)
θ

)
zθ,

Then ∥∥∥N (γ,ϑ)
hδ,gδ

(f; z)− zθ
∥∥∥

Lp(D)

≤ 2
1
p
−1

θ−1∑
µ=0

(
θ

µ

)
hµ
δ (γgδ)

θ−µ

(hδ + ϑgδ)
θ

∥∥Nhδ,gδ (zµ)− zµ
∥∥

Lp(D)
+

θ−1∑
µ=0

(
θ

µ

)
hµ
δ (γgδ)

θ−µ

(hδ + ϑgδ)
θ
rµ

+
hθ
δ

(hδ + ϑgδ)
θ

∥∥∥Nhδ,gδ

(
zθ
)
− zθ

∥∥∥
Lp(D)

+

(
1 −

hθ
δ

(hδ + ϑgδ)
θ

)
rθ

]
.

By the following inequality∥∥∥Nhδ,gδ

(
zθ
)
− zθ

∥∥∥
Lp(D)

=

(∫
D

∣∣∣Nhδ,gδ

(
zθ
)
− zθ

∣∣∣pdz) 1
p

≤
(∫

D

(
M (θ + 1)!rθ−1

)p
dz

) 1
p

=
(
M (θ + 1)!rθ−1

)(
πr2
) 1

p
. (4)

Using inequality (2.1) in the last inequality, we get∥∥∥N (γ,ϑ)
hδ,gδ

(f; z)− zθ
∥∥∥

Lp(D)

≤ 2
1
p
−1
[(

M (θ + 1)!rθ−1
)(

πr2
) 1

p
θ−1∑
µ=0

(
θ

µ

)
hµ
δ (γgδ)

θ−µ

(hδ + ϑgδ)
θ
+ rθ

θ−1∑
µ=0

(
θ

µ

)
hµ
δ (γgδ)

θ−µ

(hδ + ϑgδ)
θ

+
hθ
δ

(hδ + ϑgδ)
θ

(
M (θ + 1)!rθ−1

)(
πr2
) 1

p
+

(
1 −

hθ
δ

(hδ + ϑgδ)
θ

)
rθ

]

≤ 2
1
p
−1

[(
hδ + γgδ

hδ + ϑgδ

)θ (
M (θ + 1)!rθ−1

)(
πr2
) 1

p
+

[(
hδ + γgδ

hδ + ϑgδ

)θ

−
hθ
δ

(hδ + ϑgδ)
θ

]
rθ

+
hθ
δ

(hδ + ϑgδ)
θ

(
M (θ + 1)!rθ−1

)(
πr2
) 1

p
+

(
1 −

hθ
δ

(hδ + ϑgδ)
θ

)
rθ

]

≤ 2
1
p
−1

[
2M (θ + 1)!rθ−1

(
πr2
) 1

p
+ 2

(
1 −

hθ
δ

(hδ + ϑgδ)
θ

)
rθ

]

≤ 2
1
p
−1
[

2M (θ + 1)!rθ−1
(
πr2
) 1

p
+ 2

θϑgδ

hδ + ϑgδ
rθ
]

≤ 2
1
p
−1
[

2M (θ + 1)!rθ
(
πr2
) 1

p

(
1 +

ϑhδ

hδ + ϑgδ

)]
=
(

2πr2
) 1

p
M (θ + 1)!rθ

hδ (1 + ϑ) + ϑgδ

hδ + ϑgδ
. (5)
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Thus, from Theorem 1, (2.2), and the hypothesis on aθ , we obtain∥∥∥N (γ,ϑ)
hδ,gδ

(f; z)− f(z)
∥∥∥

Lp(D)
≤

∞∑
θ=1

|aθ|
∥∥∥N (γ,ϑ)

hδ,gδ
(f; z)− zθ

∥∥∥
Lp(D)

≤
∞∑
θ=1

E
Xθ

θ!

(
2πr2

) 1
p
M (θ + 1)!rθ

hδ (1 + ϑ) + ϑgδ

hδ + ϑgδ

=
hδ (1 + ϑ) + ϑgδ

hδ + ϑgδ
EM

(
2πr2

) 1
p

∞∑
θ=1

(θ + 1) (rX)θ

=
hδ (1 + ϑ) + ϑgδ

hδ + ϑgδ
Gr, X ,

where

Gr, X = EM
(

2πr2
) 1

p
∞∑
θ=1

(θ + 1) (rX)θ < ∞,

∀ 1 ≤ r <
1
X

.

Note that f (z) =
∑∞

θ=1 z
θ+1 and its derivative f′ (z) =

∑∞
θ=1 (θ + 1) zθ are absolutely and uniformly convergent in

|z| ≤ r, ∀ 1 ≤ r < 1
X

.
Proof of (b) In order to approximate simultaneously, denote by L the circle with radius r1 > r and center 0; since we
have |τ − z| ≥ r1 − r ∀ τ ∈ L and |z| ≤ r; it follows from Cauchy’s formulas that ∀ |z| ≤ r and δ > δ0with an that
hδ
gδ

+ ϑ−K > 0, we have

∥∥∥(N (γ,ϑ)
hδ,gδ

(f; z)
)q

− fq(z)
∥∥∥

Lp(D)
=

∥∥∥∥∥∥ q!
2π

∫
L

N (γ,ϑ)
hδ,gδ

(f; τ)− f(τ)

(τ − z)q+1 dτ

∥∥∥∥∥∥
Lp(D)

≤
q!
2π

∫
L

∥∥∥N (γ,ϑ)
hδ,gδ

(f; τ)− f(τ)
∥∥∥

Lp(D)

(r1 − r)q+1 dτ ≤
q!
2π

hδ (1 + ϑ) + ϑgδ

hδ + ϑgδ
Gr1, X

2πr1

(r1 − r)q+1

=
q!r1

(r1 − r)q+1
hδ (1 + ϑ) + ϑgδ

hδ + ϑgδ
Gr1, X .

We present the following for the Voronovskaja-type formula with a quantitative estimate.
Theorem 4:

Theorem 2.5. Assume that the hypotheses on the function f ∈ Lp (D) and on the constants δ0, R, E, C, K, X in the
statement of the Theorem 3 hold. Also, let 0 ≤ γ ≤ ϑ and 1 ≤ r < 1

X
. Then ∀ |z| ≤ r and δ > δ0, we have∥∥∥∥N (γ,ϑ)

hδ,gδ
(f; z)− f (z)−

(γ − ϑz) gδ

hδ + ϑgδ
f′ (z)−

gδz

hδ
f′′ (z)

∥∥∥∥
Lp(D)

≤ M2Tr, X +
g2
δ

(hδ + ϑgδ)
2 G

(γ, ϑ)
r, 1 +

g2
δ

hδ (hδ + ϑgδ)
G
(γ, ϑ)

r, 2
,

where

Tr, X =
4E
r2

2
1
p
−1
(
πr2
) 1

p
∞∑
θ=0

(θ + 2) (θ + 1) (rX)θ < ∞,

G(γ, ϑ)
r, 1 =

(
γ2 + γϑ + 2ϑ2

)
2

1
p
−1

E
(
πr2
) 1

p
∞∑
θ=0

θ (θ − 1) (rX)θ

G(γ, ϑ)
r, 2 = (γ + ϑ) 2

1
p
−1

EX
(
πr2
) 1

p
∞∑
θ=0

θ (θ + 1) (rX)θ−1.

Proof. ∀ z ∈ DR, we can write∥∥∥∥N (γ,ϑ)
hδ,gδ

(f; z)− f (z)−
(γ − ϑz) gδ

hδ + ϑgδ
f′ (z)−

gδz

hδ
f′′ (z)

∥∥∥∥
Lp(D)

=

∥∥∥∥Nhδ,gδ (f; z)− f (z)−Mzf′′ (z) +N (γ,ϑ)
hδ,gδ

(f; z)−Nhδ,gδ (f; z)−
(γ − ϑz) gδ

hδ + ϑgδ
f′ (z)

∥∥∥∥
Lp(D)

.

Taking f (z) =
∑∞

θ=0 aθz
θ ∥∥∥∥N (γ,ϑ)

hδ,gδ
(f; z)− f (z)−

(γ − ϑz) gδ

hδ + ϑgδ
f′ (z)−

gδz

hδ
f′′ (z)

∥∥∥∥
Lp(D)

≤ 2
1
p
−1

[ ∞∑
θ=0

|aθ|
∥∥∥Nhδ,gδ

(
zθ ; z

)
− zθ −Mzθ(θ − 1)zθ−2

∥∥∥
Lp(D)
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+

∞∑
θ=0

|aθ|
∥∥∥∥N (γ,ϑ)

hδ,gδ

(
zθ ; z

)
−Nhδ,gδ

(
zθ ; z

)
−

(γ − ϑz) gδ

hδ + ϑgδ
θzθ−1

∥∥∥∥
Lp(D)

]
.

Using [5], ∀ |z| ≤ r, δ > δ0 and by the definition Lp (D), we get∥∥Nhδ,gδ (f; z)− f (z)−Mzf′′ (z)
∥∥

Lp(D)
≤ M2Tr, X ,

where Tr, X = 4E
r2 2

1
p
−1(

πr2
) 1

p
∑∞

θ=0 (θ + 2) (θ + 1) (rX)θ < ∞.
Using Lemma 1 and some rearrangements, we can easily obtain an estimate for the second sum.∥∥∥∥N (γ,ϑ)

hδ,gδ

(
zθ ; z

)
−Nhδ,gδ

(
zθ ; z

)
−

(γ − ϑz) gδ

hδ + ϑgδ
θzθ−1

∥∥∥∥
Lp(D)

=

(∫
D

∣∣∣∣N (γ,ϑ)
hδ,gδ

(
zθ ; z

)
−Nhδ,gδ

(
zθ ; z

)
−

(γ − ϑz) gδ

hδ + ϑgδ
θzθ−1

∣∣∣∣pdz) 1
p

=

∫
D

∣∣∣∣∣∣
θ−1∑
µ=0

(
θ

µ

)
hµ
δ (γgδ)

θ−µ

(hδ + ϑgδ)
θ
Nhδ,gδ (zµ; z)

−
(

1 −
hθ
δ

(hδ + ϑgδ)
θ

)
Nhδ,gδ (zµ; z)−

(γ − ϑz) gδ

hδ + ϑgδ
θzθ−1

∣∣∣∣∣
p

dz

) 1
p

=

∫
D

∣∣∣∣∣∣
θ−2∑
µ=0

(
θ

µ

)
hµ
δ (γgδ)

θ−µ

(hδ + ϑgδ)
θ
Nhδ,gδ (zµ; z) +

θhθ−1
δ γgδ

(hδ + ϑgδ)
θ
Nhδ,gδ

(
zθ−1; z

)

−
θ−2∑
µ=0

(
θ

µ

)
hµ
δ (γgδ)

θ−µ

(hδ + ϑgδ)
θ
Nhδ,gδ

(
zθ ; z

)
−

θhθ−1
δ γgδ

(hδ + ϑgδ)
θ
Nhδ,gδ

(
zθ ; z

)
−

(γ − ϑz) gδ

hδ + ϑgδ
θzθ−1

∣∣∣∣∣∣
p

dz

 1
p

=

∫
D

∣∣∣∣∣∣
θ−2∑
µ=0

(
θ

µ

)
hµ
δ (γgδ)

θ−µ

(hδ + ϑgδ)
θ
Nhδ,gδ (zµ; z) +

θhθ−1
δ γgδ

(hδ + ϑgδ)
θ

[
Nhδ,gδ

(
zθ−1; z

)
− zθ−1

]

−
θ−2∑
µ=0

(
θ

µ

)
hµ
δ (γgδ)

θ−µ

(hδ + ϑgδ)
θ
Nhδ,gδ

(
zθ ; z

)
−

θhθ−1
δ γgδ

(hδ + ϑgδ)
θ

[
Nhδ,gδ

(
zθ ; z

)
− zθ

]

−
θγgδ

hδ + ϑgδ
zθ−1

(
1 −

hθ−1
δ

(hδ + ϑgδ)
θ−1

)
+

θϑgδ

hδ + ϑgδ
zθ

(
1 −

hθ−1
δ

(hδ + ϑgδ)
θ−1

) ∣∣∣∣∣
p

dz

) 1
p

. (2.3)

From Theorem 2, using inequality (4) and the following inequalities

1 −
hθ
δ

(hδ + ϑgδ)
θ
≤

θ∑
µ=0

(
1 −

hδ

hδ + ϑgδ

)
=

θϑgδ

hδ + ϑgδ

and ∣∣∣∣∣∣
θ−2∑
µ=0

(
θ

µ

)
hµ
δ (γgδ)

θ−µ

(hδ + ϑgδ)
θ
Nhδ,gδ (zµ; z)

∣∣∣∣∣∣ ≤
θ−2∑
µ=0

(
θ

µ

)
hµ
δ (γgδ)

θ−µ

(hδ + ϑgδ)
θ

∣∣Nhδ,gδ (zµ; z)
∣∣

≤
θ−2∑
µ=0

θ (θ − 1)
(θ − µ) (θ − µ− 1)

(
θ − 2
µ

)
hµ
δ (γgδ)

θ−µ

(hδ + ϑgδ)
θ
µ!rµ

≤
θ (θ − 1)

2
(γgδ)

2

(hδ + ϑgδ)
2 (θ − 2)!rθ−2

θ−2∑
µ=0

(
θ − 2
µ

)
hµ
δ (γgδ)

θ−µ−2

(hδ + ϑgδ)
θ−2

≤
θ (θ − 1)

2
(γgδ)

2

(hδ + ϑgδ)
2 (θ − 2)!rθ−2,

In (6), we get ∥∥∥∥N (γ,ϑ)
hδ,gδ

(
zθ ; z

)
−Nhδ,gδ

(
zθ ; z

)
−

(γ − ϑz) gδ

hδ + ϑgδ
θzθ−1

∥∥∥∥
Lp(D)

≤
(∫

D

(
θ (θ − 1)

2
(γgδ)

2

(hδ + ϑgδ)
2 (θ − 2)!rθ−2 +

θγhθ−1
δ gδ

(hδ + ϑgδ)
θ

gδ

hδ
θ! rθ−2

+
θ (θ − 1)

2
(ϑgδ)

2

(hδ + ϑgδ)
2 θ!rθ +

θhθ−1
δ ϑgδ

(hδ + ϑgδ)
θ

gδ

hδ
(θ + 1)!rθ−1

+
θγgδ

hδ + ϑgδ
rθ−1 (θ − 1)ϑgδ

hδ + ϑgδ
+

θϑgδ

hδ + ϑgδ
rθ

(θ − 1)ϑgδ
hδ + ϑgδ

)p

dz

) 1
p

≤
(∫

D

(
θ (θ − 1) (γgδ)

2

2(hδ + ϑgδ)
2 (θ − 2)!rθ−2 +

θγg2
δ

hδ (hδ + ϑgδ)
θ! rθ−2
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+
θ (θ − 1) (ϑgδ)

2

2(hδ + ϑgδ)
2 θ!rθ +

θϑgδ
2

hδ (hδ + ϑgδ)
(θ + 1)!rθ−1

+
θ (θ − 1) γϑg2

δ

(hδ + ϑgδ)
2 rθ−1 +

θ (θ − 1) (ϑgδ)
2

(hδ + ϑgδ)
2 rθ

)p

dz

) 1
p

≤
(∫

D

(
g2
δ

(hδ + ϑgδ)
2 r

θθ (θ − 1) θ!
[
γ2 + γγ + 2ϑ2

]

+
g2
δ

hδ (hδ + ϑgδ)
rθθ (θ + 1)! [γ + ϑ]

)p

dz

) 1
p

=

(
g2
δ

(hδ + ϑgδ)
2 r

θθ (θ − 1) θ!
[
γ2 + γϑ + 2ϑ2

]
+

g2
δ

hδ (hδ + ϑgδ)
rθ−1θ (θ + 1)! [γ + ϑ]

)(
πr2
) 1

p
.

Therefore, we have

∞∑
θ=0

|aθ|
∥∥∥∥N (γ,ϑ)

hδ,gδ

(
zθ ; z

)
−Nhδ,gδ

(
zθ ; z

)
−

(γ − ϑz) gδ

hδ + ϑgδ
θzθ−1

∥∥∥∥
Lp(D)

≤
g2
δ

(hδ + ϑgδ)
2

(
γ2 + γϑ + 2ϑ2

)
2

1
p
−1

E
(
πr2
) 1

p
∞∑
θ=0

θ (θ − 1) (rX)θ

+
g2
δ

hδ (hδ + ϑgδ)
(γ + ϑ) 2

1
p
−1

EX
(
πr2
) 1

p
∞∑
θ=0

θ (θ + 1) (rX)θ−1,

thus, this the series are convergent for 1 ≤ r < 1
X

.■
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