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Abstract Previously we introduced a modification of szasz operator, which is a complex
valued operator and study the approximation of functions in Ly (D).
Here we introduce another type of complex valued operator which is a modification for our
previous operator. Then we prove some of its convergence properties and estimates its rate
of approximation. Then we prove a type of voronvskaja theorem for functions in Ly, (D) quasi
normed spaces for 0 < p < 1.

1 Introduction

If (w)] < Cef",u € [0,00) for a function f € L, [0,00) satisfying an exponential growth
condition, with some constants C > 0 and K > 0, Phillips [24] initially, denoted the following
operators
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which are frequently referred to as Phillips operators in the literature. Phillips operators can also be referred to as authentic
Szsz-Durrmeyer operators because these operators preserve constants and linear functions. After that, these operators and
their various generalizations have been thoroughly studied by numerous researchers in the case of real variables; see, for
example, [1, 7, 16, 22, 23] et al.

One of the interesting research areas in recent years has been the issue of complex operator approximation. Some complex
Bernstein approximation properties Wright presented polynomials in several domains in the complex plane [27], Tonne
[25], Kantorovich [18], Bernstein [2], and Lorentz [21]. Gergen et al. [11] proved the initial conclusion regarding the
convergence of complex Szasz operators, which is a generalization of the Bernstein polynomials. Then, in complex domains,
Szsz operators were studied by Jakimovski et al. [17], Wood [26], and Deeba [6]. However, all of the aforementioned
outcomes were attained.

without a measurement or calculation. In addition to the findings from [21] and [11], Gal also obtained quantitative estimates
for the convergence and Voronovskaja’s theorem in [8]. In his book [8], Gal also compiled the findings regarding the overcon-
vergence characteristics of popular complex operators. Later, a large number of authors (see, for example,[3, 9, 10, 13, 14, 15]
) established approximation properties with quantitative estimates for various operators in complex domain.The complex
modified genuine Szasz-Durrmeyer operators that were introduced and studied in [4] served as the inspiration for the current
work. For more related study see for examples [12, 19, 20].

A modification of the complex genuine Szasz-Durrmeyer operators is defined below:
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where N
285 (hsz)!
= g5~ 107
Whis,gs.u (2) =€ 96 u!gf{'

Where the strictly positive number sequences {hs }and {gs }are provided in such a way that lims__, o, Z—‘; is convergent se-

quence and % < M and also v, ¥ are two real parameters that have been given and satisfy the condition 0 < vy < ¢. Define

1
Ly, (D) = {f:D—)(C:HfHLP(D) =(fplfIP)? <oo} where0 < p<landD={z€ D, :|z| <7, 1 <r < oo}

The objective of this paper is to show approximation results for functions in L, (D) using the operators given by (1.1).

For this operator, we obtain the rate of convergence, the Voronovskaja-type result with a quantitative estimate, and the exact
degree of approximation. In the outcomes, using G(Dg ) with Dr = {z € C: |2|] <R, 1 < R < oo}.we consider the
class of functions satisfying f : [ R, c0) U Dg — C is integrable on [0, 0o) i.e.f(2) = > 52, agz? forany z € Dg.

2 AUXILIARY LEMMAS

The next auxiliary result will be very helpful to prove our results.

Lemma 2.1. For 0 < v < ¢. Then, we get

4 B 0—p
0 \ his(v9s)
N (0. = < >5Nh 252),
hs.95 ( ) /;) B (hs +9gs)? " ° 95 ( )
where 3 € NU {0} and N5 45 denotes N}(L‘;«O;J.

Proof. From the equation (1.3), we get
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Using the binomial theorem, we have
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MAIN RESULTS:

Theorem 2.2. Let v, 9 satisfy 0 < v < ¥, and assume that f € G(Dgr) C L, (Dr)and 3 K, C > 0> |[f(u)] <
Cef% Vu € [R, +00). Also let 5y € N be such that Z—(‘: +9 — K >0V > . Denoting f(z) = 352, agz?, z €

Ly, (D), we have N,(LZ’Z(); (f2) =352 ag/\/,i}lg; (2%;2), V= € Dr and § > 5o with 6,5 € N.

Proof. Let0 <r < RandVi € N, we define

i
fi (z) = Zauz“ if |z| <randf; (u) =f(u)ifu € (r, +00).
pn=0
Since |f; (2)] < 3020 lau| v :==Cr, ¥V [2] < randi € N. from the hypothesis on f, 3 a constant C;, g > 0 s.t
If; (u)| < Cr.reX%, Vi € Nandu € [0, +00).
This implies that using the ratio criterion, V fixed z € C, ¢, 6 € NandV § > §y with Z—g + 9 — K > 0, and using definition
L, (D), we get
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_ / Cr,ReKﬁ _ﬁz Z 9s gs 5tV3gs
D et w!
_hs, N
+le 957 {lcol +le1| + -+ + e} | dz
_hs _ygs __Khs N2\
+ lesl] |e” 98 | K rva, e( ) lzl/( hs“’ga)(ﬂ )P

< [Crr + el + let] + -+

Hence, N’%Zl (fi; 2) is well- defined. Denoting

fi0
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f(u

i+ 1

)

It is evident that each f; ¢ has an exponential growth rate relative to [0, co) and f; (z)

. 9)
Since o,
Nhs 195

is linear, so we have
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=260

L (#%2) VIl <

— f||Lp (p) = 0, and from the definition L, (D), we obtain

fi0 (2).

Ly (D)

|
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1
1_1hs| - > (h h““ AN
s, ZZ 6|| (/‘ ( vgs >7f< 795 ) dz)v/ ¢ s Yyl dy
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Theorem 2.3. If we indicate Ny 5, g5 (za;z) = Nf(b(jsogg (z 12) , then forany |z| < rwithr > 1,6 € NU{0} and § € N,

we have

< ﬁ(r+2(971)M)(7rr2>%.

p=1

[Wiss (+:2)]

Lp(D)
Proof. By the definition L;, (D), we obtain

1
s (52, = (P () 2) @

Now, we will be using the recurrence formula shown below, which was discovered during the proof of Theorem 1(i) in [5]

o+1..)) _ 95 0. ! 95 0.
Nigaas (7152) = 92 (Wig (+2)) + (z+ o 9) Nig.gs (:2)
forany z € C,5 € Nand § € NU {0}. Since Ny, g, (2% 2) = 1, for § = 0 we have

‘Nhé,ga (Zl;z)’ <r

for any |z| < 7. Then, for § = 1 we obtain

‘Nh&% (zz;z)‘ = Z—az

since ho < M, we get

<Nh5’95 (ZI;Z)>I+ 2+ 2 Nhs.gs (zl;z> ’
hs

‘Nhé,gé (zz;z) ’ <Mr

(th% (ZI?Z>>I'+(T+M)’N}M,95 <zlz)‘

The following from the Bernstein’s inequality for AV, 5195 (ze; z) polynomial of the degree 6 we get:

(o (45))

)
T

Using the final inequality, we discover
‘Nhayga <z2§z)‘ <Mr+(r+M) ‘Nh67g6 (Zl;z) ) <r(r+2M).

We can easily obtain by writing for § = 2,3, ..., step by step
6
‘th’w(ze;z>‘§r(7"+2M)...(r+2(971 =[] +20-1M). (3)
pn=1

By substituting inequality (3) in equation (2), we get

1

0 P P
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0 1
=[J+20-1) M)(/ dz)p
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0 5 1
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forany |z] <r,§ € Nand® € NU {0}.1 O

Now, In the following theorem, we get upper quantitative estimates for the operator (1.3)
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Theorem 2.4. Let 0 < 'y <9, f€ G(Dr) C L, (Dr) and assume that there exist E, C, K > 0and X € (%, 1) , with
the property |ag| < E for any=0,1, ..., (which suggests |[f(z)| < EeX?| for any z € Dr) and |f(u)| < CeX™,
foranyu € [R,00). Alw let o € N be such that + 9 — K > 0forany § > §.

(a)Letl <r < % be arbitrarily fixed. For any & > 50 and |z| < rwith §, &y € N, we have

< hs (1 4+ 9) + 9gs

HN}(;;?Z; (f:2) _f(Z)HLp(D) - hs +Ygs

g’r, X

where
1 o
G x = EM(27rr2> P3O+ 1) (rX)° < oo
6=
(b) For the simultaneous approximation, we have: if 1 <r <r; < % are arbitrarily fixed, then for any |z| < r, 6> 0o and

6, q€eN,
. gy hs (1+9) +Ygs
(f _a <
R T A
where G, | x is specified in (a).
Proof of (a) Using Lemma 1, we can prove
R
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1
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Using inequality (2.1) in the last inequality, we get
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HN(V’M (f;2) — 27

hs,9s Ly (D)
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1
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Thus, from Theorem 1, (2.2), and the hypothesis on ag, we obtain

iy 2 )|, < Z ol 2 ==
< g E%'e <27rr2> %M (CES hs (}11;;91)9;1995

— MEM(ZWT’Z)% i(eJr 1) (rX)°

hs + Ygs o1
_ hs (1 +9) + Ygs
hs +Ygs e
where
i oo
G x = EM(Zfrr2> 7SO+ 1) (rX)° < oo
0=1
Vi<r< !
r< —.
- X
Note that f(z) = 392, 2%+! and its derivative f' (2) = 352, (6 + 1) 2% are absolutely and uniformly convergent in

2] <r V1<r< 4.
Proof of (b) In order to approximate simultaneously, denote by L the circle with radius r; > 7 and center 0; since we
have |7 —z| > ry —r V7 € Land |z| < r; it follows from Cauchy’s formulas that V |z| < r and § > dowith an that

%+ﬂ—K>O,Wehave

(7,9)
H(NW’ (f: ))q_f(l(z) - ‘L!/ Niggs (57) —H(7) -
hs.9s Lp(D) 27 (T — z)Q+l
Ly(D)
< / HN hs, 95 i) = f(T)HLp(D) dr < q! hs (1+9) + Vg5 27y
kS r LROVCTH TG ST
T 2m L (ry — )t T 2w hs + Y¥gs nX (ry —r)?t!

q'm hs (1 +9) + Ygs
(=) ® hs + g5
We present the following for the Voronovskaja-type formula with a quantitative estimate.
Theorem 4:

Theorem 2.5. Assume that the hypotheses on the function f € L, (D) and on the constants &y, R, E, C, K, X in the
statement of the Theorem 3 hold. Also, let0 < v < dand 1 < r < % ThenV |z| < rand § > &y, we have

grl, X

N (£2) — f(z) (v —92) g5 () = 8% 1 ()
H hs.9s hs +9gs Ly(D)
2 2 (v, 9)
g (v, 9) 9s
< MT, x + —28 g\ — ,
’ (hs +0gs)° "' hs(hs +995) . »
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T, :4? l"( )$20+2 +1) (rX)? < o0,

g o _ (7 +719+2192>2p ! <7rr2>%i9 0—1)(rx)?

)

6=0
1 _ 1 1 .=
g(% (,YJF,&)ZP ( )pze 0 ].
0=0
Proof. ¥V z € Dg, we can write
-9
HNh"/, f(Z)—(’y Z>g<5 A P _%fﬂ(z
3:95 hs + Vg5 hs Ly (D)

: (v—72) g5
= HNhé’gé (f;2) — f(2) — M2f" (2) + ./\/'hz g5 (f;2) = Ny g5 (F:2) — mf’ z

Ly (D)

Taking f (2) = 352, ag2?
-9
('Y 2)96 o/ ) gézf// (Z)

NP —f
() - hs +9gs hs

hs, 95

Lp(D)

|

Lp(D)

i7 I:Za0|‘/\/h5 gs (z z) — 20 — M20(0 — 1)2972



L, (D) Approximation by a Szasz Operator Type

759
+Z lagl ||V,

Using [5],V |z| <7, > 60 and by the definition L, (D), we get

Lp(D):|

[Nis.g5 (1:2) = £(2) = Mat" ()| ) < MPT,

X

where 7. x—4E2P 1( )lZg 0 (0+2)(0+ 1) (rx)°

Using Lemma 1 and some rearrangements, we can easily obtain an estlmdte for the second sum.

~/19) 0.\ _ (x=92)95, o1
HN’” oo (252) = N (+:2) hy g5

Lp(D)

0. (v —92) gs aflp
(/‘ h“ 95 = N a5 <Z Z>_ hs +9gs bz ‘ @

6— 6—

5(vgs)" "
E 7/\/ K.
— ( 2 > (hs + ’L9g§) hs:95 (=:2)

ho -9
- <1 C(h (1;9 )9> Nhig,gs (2"12) — 0 =92)g5 020!
5 +vgs

hs + Ygs

8=

PN\
dz>

hf (vg5)? ™" th_'vga o
( " ) m/\%,ga (z":12) + ———5Nns g5 (Z 1;Z>
=0 +

</ (hs +9g5)°
02 o— o-1
0\ P5(vgs)" " Ohgs™ g5 — Yz _
_Z s (195) eNhs,ga <20;Z) - . GNhéagé (Ze;z) - 4 )96626 !
=0 123 (hs + Yg5) (hs + Ygs) hs + Y95
0— —u oo~
/ T ( > H(vgs)°  Nivggs () s 95 [Nhs,gs <ZG—1;Z) B ZG—I]
S\ ) (ks +9g5)° (hs +9g5)

92:2< 0 > B (795)°+ “ (Zg Z) _ 6h§ lvga

] (hs + ﬁg(;

9195 o1 hy ! 9995 o (_ hy !
hs +9gs (hs +gs)° h5 + 1995 ( )’

From Theorem 2, using inequality (4) and the following inequalities

M

b\ 4
dz)

P P
dz> . 2.3)

B
(ha + 7995 e hs + 1995 hs + 9gs

0-—2 0— — N 0—
0\ h5(vgs)" ™" 0\ h§(vgs)’*
< > 0 7 Nns .05 (21 SZ 7] |Nh5,95 (Zu;z)|

=0 14 (h(; + 1995) 1 h5 + dgs )

_ 0—

6(0—1) 0—2 '\ h5(v9s) “MW

prs )0 —p—1) H (hs + 9g5)°
L00-1 (795)

6-—2 0—p—2
_ hH K
< . (0_2)!r9_zz 0—2 5(’795)
2 (hs +Ygs) o\ M

(hs +9gs)° 2
L0001 (v95)*

and

M

(6 —2)1rf2,
2 (hs+9g5)
In (6), we get
Y 0. (y—=92)gs , 9-1
VI (202) N (:2) = 752000

Ly(D)
0—1
B / 0(0—1) (’}’96)2 0202y M5 95 954 0
~\Up 2 (hs+Yg5)° (hs +095)" s
L00=1)  (9gs) 6 0k~ 095 g5
2 (hs +Ug5)° (hs + 9g5)° ho

+ )10

1
0vgs 7“971(0_ 1) 9gs 09gs 0 (60— l)ﬂgg)p )p
hs + Vg5 hs + Ygs hs + Ygs hs + Ygs

_ 2 0~ g2
< / w (0 —2)1r0=2 4 795 g1 102
D\ 2(hs +Ygs) hs (hs + 9gs)



760

Mohammed Hadi Lafta and Eman Samir Bhaya

0(0-1)(995) 5 0 0995

! 0+ 1ot
2(hs + 9g5)* b (hs + 0
1
(0 —1)vdg3 qo-1, 001 (ﬂgé)zre pdz :
(hs + 9gs)? (hs + 9g5)*

2

9s 0 2 2
< —2 00 —1)06! + + 219
= </p <(h5+19g5)2 (0= 16! [+ + 97+ 207]

gz PP
Pl 200+ 1) ['y+19]> dz)

8=

- ir"o(e—l)o![%+w+zﬂz]+¢9 '9(0+1)! [+ 9] | (=2
(hs + ¥g5)* hs (hs +9g5)

Therefore, we have

Zlaol

Ly(D)
95 2 2\ h5— 2\ N
gm(w +99+20%) 25 B (wr?) 92:%9 -1
% (7+19)2%*1EX(7W2)% S 000+ 1) rx)",
hs (hs +Dgs) prd
thus, this the series are convergent for 1 < r < %.I O
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