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Abstract Let M be an (R, S)-bimodule and o : R — S a ring homomorphism. In this paper,
we defined central elements for a bimodule M relative to o and studied its various properties.
We proved that the set C\, (M) of all central elements of bimodule M over a commutative ring R
forms a submodule of M. We also introduced the notion of a-Central Armendariz bimodule as a
generalization of Central Armendariz rings and investigated their properties. Various examples
which illustrate and delimit the results of this paper are also provided.

1 Introduction

Throughout this article, all rings are associative with identity. Recall that if R and S are rings
and M is a left module over R and right module over S, then M is called an (R, S)-bimodule
ifforallr € R,s € S and m € M we have (rm)s = r(ms). We write gpMg to mean M
is a (R, S)-bimodule. Every left R-module M is a (R, Z)-bimodule. Any ring S is an (S, R)-
bimodule for any subring R of S with 1 = 1g. More generally, if f : R — S is any ring
homomorphism with f(1z) = 1g, then S can be considered as a right R-module with the action
s.r = s.f(r) and with respect to this action .S becomes an (S, R)-bimodule. Clearly, every ring
Risan (R, R)-bimodule. Suppose that R is a commutative ring then a left (respectively right) R-
module M can always be given the structure of a right (respectively left) R-module by defining
mr = rm(rm = mr) ¥V m € M,r € R and this makes M into an (R, R)-bimodule. Thus
every module(right or left) over a commutative ring R has at least one natural (R, R)-bimodule
structure. An element a of a ring R is called central element if ar = raVr € R. Let C(R)
denote the set of all central elements of R. For a ring R, the set C(R) forms a subring. An
element 7 of a ring R is called nilpotent element if there exists some n € N such that " = 0.
Let N(R) denote the set of all nilpotent elements of ring R. Suppose that M is a left R-module
and S is a subring contained in the center of R, then M can be given a right S-module structure.
Thus every left R-module M is a (R, C'(R))-bimodule. We write I < R to mean I is an ideal of
R, N < M tomean N is a submodule of M and ‘id’ to represent the identity homomorphism of
aring R.

2 Central elements

In this section we define central elements for a bimodule M.

Definition 2.1. Let M be a (R, S)-bimodule and « : R — S a ring homomorphism. We say
that m € M is a central element relative to « if rm = ma(r)V r € R. Thus we define center of
M relative to « as
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Co(M) ={m e M|rm =ma(r) Vr € R}
Remark 2.2. By the Definition 2.1, the following can be easily obtained:
(1) » € C(R) if and only if r € C;4(rRr), where id represent identity homomorphism.
(2) For every abelian group M as a (Z,Z)-bimodule, we have C;4y(M) = M.

(3) 0 is an central element of every (R, S)-bimodule M relative to any ring homomorphism
a:R—S.

(4) For a commutative ring R, every left module M can be made right module by defining as
mr = rm. Thus M is (R, R)-bimodule and C;y(M) = M.

Example 2.3. Consider R = C and S = M,(R). Then M = M,(C) is a (R, S)-bimodule. Let

1 —T

us consider a homomorphism a : C — M(R) as a(ry + irp) = *). Then under this

T n
homomorphism we have

Ca(M) z{m € My(C) | rm=ma(r)Vre (C}

vov (v v (U V\(n -m
A ) e (53 (0 V)6
_{ GJ/ ;>6M2(C)|V—iU,X—z’W}
(& 2yemd

W W

Similarly let R := {A = :a,b € R} and o : R — C a ring homomorphism defined

b
by a(A) = a + ib. Then center of M = M,(C) as a (R, C)-bimodule is

Co(M) :{m e M(C) | Am=ma(A)V A e R}

A &) e (D) Y= ) en)
:{ <U V) eMz((C)|W:z‘U,X:z‘V}
W X

:{ <fj VV> IU,VGC}

From the Definition (2.1), it is obvious that a finite sum of central elements relative to o €
Hom(R, S) of a bimodule r Mg is central in g Mg. However for r € R and m € C, (M), rm is
not necessarily central in gk Mg. For this consider R = S = M,(R), M = M,(R) and o« = id.
Then we have C, (M) = kI, for all £ € R. Let us take A = Z:le riE; i1 € M,(R), where
E; ;+1 are the matrix having 1 in (i, + 1)" position and zero elsewhere. Then it is clear that
Arl, ¢ C,(M). Here in the next proposition we have given a sufficient condition for the set of
central elements of a bimodule to be closed under left(or right) multiplication.

Recall that for a left R-module M, Torsion of M is defined as Tor(M) ={m e M : rm =
0 for some non-zeror € M }. A module M is said to be torsion free if Tor(M) = {0}.

Proposition 2.4. Let M be a (R, S)—bimodule and o : R — S is a ring homomorphism. Let
0#m e Cy(M), then
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(1) Ifr € C(R) then rm € Co(M). Converse part hold if m ¢ Tor(gM).

(2) If s € C(S) then ms € Co(M). Converse part hold if m ¢ Tor(Ms).

Proof. (1)= Consider m € C,(M) and r € C(R). Then for any k € R, we have k(rm) =
k(ma(r)) = (km)a(r) = (ma(k))a(r) = ma(kr) = ma(rk) = ma(r)a(k) = (rm)a(k).
Conversely suppose that rm € C, (M) for some r € R and m € M. We need to proof
that r € C(R). We have for any k € R, k(rm) = rma(k) = ma(r)a(k). Also we can
write k(rm) = k(ma(r)) = ma(k)a(r ) Thus we see that ma(rk) = ma(kr). Again since
m € Cynr), implies (rk)m = (kr)m = (rk —kr).m = 0. AS m ¢ Tor(M), implies that
rk — kr = 0forany k € R. Thus rk = kr forallk € R = r € C(R).

(2)= Follows straightforward. O

Note that the converse part of Proposition (2.4) may not hold if m € Tor(M). For this

, 20 .
consider R =5 = M = My(Zy). let m = 0 3 then it is clear that m € C;q(M) N Tor(M)

as we have a non-zero r = 8 (2) in R such that rm = 0. This also implies rm € C;4(M).
Now let us consider k = 9 0 € R. Then we have rk = 02 9 0 = 20 #*
1 0 0 0/\1 O 0 0
5
00 _(o0 0) _ kr. This implies r ¢ C'(R).
0 2 1 0/\0 O

Recall that for an (R, S)-bimodule M, a subset N of M is said to be sub-bimodule of M if
N isitself a (R, S)-bimodule. In the next Proposition we have given sufficient condition for the
center of (R, S)-bimodule M to become sub-bimodule.

Proposition 2.5. Let M be a (R, S)—bimodule and o : R — S is a ring homomorphism. Then
the following condition holds.

(1) If R is commutative then Co (M) is a submodule of R M.
(2) If S is commutative then Co (M) is a submodule of M.
(3) If R and S are both commutative then C,, (M) is a sub-bimodule of R M.

Proof. The proof follows from Proposition (2.4). O

Recall that if M and N are both (R, S)-bimodules, then a map f : M — N which is
simultaneously R-linear and S-linear is called a homomorphism of bimodules.

Proposition 2.6. Central elements of modules are preserved by module homomorphism.

Proof. Suppose m is a central element in g Mg and f : M — N is a bimodule homomorphism.
Thus we have rm = ma(r) forallr € R. Now, rf(m) = f(rm) = f(ma(r)) = f(m)a(r). O

3 «-Central Armendariz bimodule

In [9] Lee and Zhou introduced Reduced module as a left R-module M in which for a given a €
R and m € M satisfying a®>m = 0 implies aRm = 0. Similarly we can say an (R, S)-bimodule
M is reduced if both g M and Mg is reduced. Rege and Chhawchharia in [14] introduced the
notion of Armendariz ring. A ring R is said to be Armendariz if f(z) = ag + ajz + arx? +

s ama™, g(x) = by +biz + b’ + ...+ bya" € R[z] satisfy f(z)g(x) = 0 then a;b; = 0
for all 4,j. The term Armendariz ring was chosen because E. Armendariz in [6] had shown
that a reduced ring(ring without nonzero nilpotent elements) satisfies this condition. For more
details on this topic, we refer the reader to [3], [4], [5], [10], [11] and [12]. In [1] Agayev et.
al introduced the concept of Central Armendariz ring as an extension of Armendariz ring. A
ring R is said to be Central Armendariz if f(z) = ao + a1z + ax2® + ... + a,2™, g(z) =
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bo + bix + bpa® + ... + b,a™ € R[z] satisfy f(x)g(z) = 0 then a;b; € C(R) for all 4, . In [9]
Lee and Zhou introduced the notion of an Armendariz module. They defined a nodule p M to be
an Armendariz module if whenever polynomials r(x) = 79 + iz + 12> + ... + rpz™ € Rx]
and m(x) = mo + mix + maz® + ... + mua" € M|z] satisfy r(x)m(x) = 0 then r;m; = 0
for each 4, j. Thus the concept of Armendariz property can be extended for bimodule as (R, S)-
bimodule M is said to satisfies Armendariz property if both g M and Mg satisfies Armendariz
properties.

In this section the notion of an a-central Armendariz bimodule is introduced as a generaliza-
tion of central Armendariz rings to bimodules. We prove that many results of central Armendariz
rings can be extended to bimodules for this general setting.

The ring R is called central Armendariz if whenever f(z)g(z) = 0 for some f(z) =
Sy aixt, g(x) = X0 bjad € Rla], then a;b; € C(R).

Definition 3.1. Let M be a (R, S)-bimodule and o : R — S a ring homomorphism. We say
M is a-central Armendariz bimodule if whenever elements f(z) = > ", a;2* € R[z], s(z) =

vy ska® € Sla) and m(z) = Y7 myad, n(x) = Y- ma' € M(x] satisfy f(z)m(x) =
O(or n(x)s(x) = 0), then a;m;(or nys,) € Co(M) foreach 1 <i<m,1 <k <p, 1 <1<t
and1 <j <n.

Remark 3.2. By Definition 3.1, the following remark can be easily obtained.
(1) Ris an central Armendariz ring if and only if R Ry is a 1-central Armendariz bimodule.

(2) If gMg is Armendariz bimodule then g Mg is a-central Armendariz bimodule for some
a € Hom(R, S). But the converse part is not true as shown in the following example.

Example 3.3. Recall that if R is aring and M is an (R, R)-bimodule, then the trivial extension of
R by M is defined to be the ring T'(R, M) = R® M with the usual addition and the multiplication
(T],ml)(rz,mz) = (7‘17’2,T1m2 + mﬂ"z). LletR=S=M = T(Zg,Zg) and o = id. Consider
f(z) = (4,0) + (4, 1)z, then the square of this polynomial is zero but the product (4,0)(4,1) =
(0,4) is not zero. On the other hand being commutative, r Mg is a-central Armendariz bimodule.

Proposition 3.4. Let o« € Hom(R, S) and pMg be an a-central Armendariz bimodule. If a € R
and m € M satisfy am = 0, then acm € Cy, (M) for any ¢ € N(R).

Proof. As ¢ € N(R), there exists a positive integer n such that ¢ = 0. Thus, we have (a —
acx)(m +emz+ ...+ tma ) =a(l —cx)(1 +ex+ ...+ 12" Hm = am = 0in
Rz} M [z], and so acm € C, (M) by the central Armendariz property of M.

]

Proposition 3.5. Let « € Hom(R,S). The class of a-central Armendariz bimodule is closed
under direct sums, direct products and sub-bimodules.

An R-module M is torsionless if it is a submodule of a direct product of copies of R. If M
is faithful R-module, then R is a submodule of a direct product of copies of M. The following
corollary is easy to be obtained by Proposition 3.5.

Corollary 3.6. Let R be ring and M be a (R,R)-bimodule. The following conditions are equiva-
lent.

(1) R is central Armendariz ring.
(2) Every torsionless R-module is id-Central Armendariz.
(3) Every submodule of a free R-module is id-central Armendariz.
(4) There exists a faithful R-module which is id-central Armendariz.
Proposition 3.7. Let R, S are any two rings and o € Hom(R, S) and M be a (R, S)-bimodule.

Then M is a-central Armendariz if and only if every finitely generated(cyclic) sub-bimodule of
M is a-Central Armendariz.

Proposition 3.8. Let « € Hom(D, K'), where D and K are commutative domain. Then p M is
a-central Armendariz if and only if its torsion sub-bimodule T' (M) is a-central Armendariz.
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Proof. Consider f(z) = 3" ya;z’ € D[z] andm(z) = Y5 mya’ € M]a] satisfy f(z)m(z) =
0, we have

aogmgop = 0

agm; +aymo =0

agmy + aymq + aymy =0 3.1
apmi =0

we can assume that ag # 0, then mo € T'(M ). Now multiplying the second equation of (3.1) by
ap from left side, we get a3m; = 0. Since D is domain, this implies m; € T'(M). Multiplying
the third equation of (3.1) by a(z) from left side, again we get agmg = 0, this implies m, € T'(M).
Continuing this process, we get m(z) € T'(M)[z]. Since T'(M) is a-Central Armendariz, we
conclude that a;m; € Co(T(M)) for all 4, j. Thus p M is a-Central Armendariz. The converse
part is trivial. O

Let o : R — S be aring homomorphism, the map @ : R[z] — S[z] defined by @(ag + a;z' +
oot apma™) = alag) + alar)z! + ... + a(an)z™ is a ring homomorphism. In ([9], Theorem
1.12), it is proved that a module M is Armendariz if and only if g[z]M[z] is Armendariz. In
Next Proposition we have extended the same result for a-central Armendariz.

Proposition 3.9. Let M be a (R,S)-bimodule and o : R — S be a ring homomorphism. Then the
following are equivalent:

(1) rMg is a-central Armendariz.

(2) g} M|x]s[y is @-central Armendariz.

Proof. Suppose that rp Mg is a-Central Armendariz. let r(y) = ro + r1y + Yy 4. rmy™ €
R[z][y] and m(y) = mo + miy + may® + ... + m,y" € M[z][y] are such that r(y)m(y) = 0,
where r; = 0+ i@ +.. .4 Tim, @™ € Rlz] and m; = mjo+mjix' +.. .4 myn,a™ € Mz
foreach 0 < i < mand 0 < j < n. Let us consider ¢t = degrg + degry + degr, + ... +
degrm + degmg + ... + degm,,. Then r(zt) = ro + rizt + ra® + ... + r,,z™ € R[z] and
m(zt) = mo+mizt+maz® +. . .+m,z™ € M[z] and the set of coefficients of the r;(m;) equals
the set of coefficients of the (r(x!))(resp. m(x!)) for each i, j. Since r(y)m(y) = 0, this implies
r(z')m(z") = 0in g M[z]. Since g Ms is a-central Armendariz, thus 7y, m;j,, € Co(M),
where 0 < p; < my, 0 < ¢; < ny. Also from Proposition 2.8 it is clear that Co (M) is closed
under addition, thus r;mj € C,(M|[z]). Converse part is obvious as any submodule of a-central
Armendariz is a-central Armendariz. O

Next we study localizations. Let M be an (R, S)-bimodule. Let K and L be a multiplicative
closed subset consisting of central regular elements of R and S respectively, then K~ ! M L~!
has a (K~'R, SL~!)-bimodule structure.

Proposition 3.10. Let M be an (R,S)-bimodule and o : R — S a ring homomorphism. let K and
L be as defined above. Then M is a-central Armendariz if and only if K~'ML™" is @-central
Armendariz.

Proof. (=) Let f(z) = Y%y &' € K~ 'R[z] and m(z) = 37 gnja/ € K~ 'M]z] satisfy

f(z)m(z) = 0. Here & = s; 'a; and n; = j_]mj where s;,t; € K ,a; € Rand m; € M.
Let us fix s = (5051 ...5m) and t = (toty ...t,), then define f/(;) =", s&at and @ =

>i_otnjz’. Thus clearly f(z) € R[z] and m(z) € M|[z] and also we have f(z)m(z) = 0 in
M [z] which implies Y7 s§;z* Y7 tn;z? = 0, since M is a- Central Armendariz bimodule
thus we have s;tn; € Co(M). This implies st&;n; € Co(M). Again we know that s; and
t; are central regular elements. Thus it follows that £;m; € Cgz(K~'M). Conversely, assume
that k~! M is a a-Central Armendariz bimodule. Since we know that sub-bimodule of a-Central

Armendariz bimodule are a-Central Armendariz bimodule and M is a sub-bimodule of K~ M.
Thus M is a-Central Armendariz (R, S)-bimodule. i
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Corollary 3.11. Let M be a (R,S)-bimodule and o« © R — S a ring homomorphism. Then the
following are equivalent:

(1). rMg is a-Central Armendariz bimodule.
(2). glo)M|z]s[y is @-Central Armendariz bimodule.
(3). Rz Mz, 275, o) is a-Central Armendariz bimodule.

Proof. Consider K = {1,z,2%,...,2% ...} and L = {l,x,2,...,2* ...}. Then S and L
are the multiplicative closed subsets of R[x] and S|x] respectively consisting of central regular
elements. Then the proof follows from Proposition 3.10 O

A module M is called p.p -module, if for any m € M rr(m) = eR where €* = e €
R([9], Definition 2.1). Recall from [2], A module M is called abelian if, for any m € M and
any a € R, any idempotent ¢ € R, aem = eam. We say an (R, S)-bimodule M is abelian
if it abelian from both the sides. In [2], N.Agayev et.al proved that Armendariz modules are
abelian and converse hold if the module M is p.p -module. But in case of a-Central Armendariz
bimodule, we pose the following question: Let M is a (R, S)-bimodule and o : R — S, aring
homomorphism. If M is a-Central Armendariz then M is abelian. In fact we do not know any
example of a a-Central Armendariz bimodule that is not abelian. However we have an example
of bimodule M, which is not a-Central Armendariz.

Example 3.12. There exist an abelian bimodule which is not a-Central Armendariz bimodule.
For this let Z be the ring of integers and Z>*? the 2 x 2 full matrix ring over Z.

R= {<Z Z) € Z2%2: a = d(mod 2),b= ¢ = 0(mod 2)}

00 1 0
and consider M to be the (R, R)-bimodule pRy. Since 0 0) and 0 1) are only idem-

potent in R. Thus Mg is an abelian bimodule. Now let f(z) = ((2) (2)> + <8 3) 1’

02+02
0 -2 0 0

2 2\ (0 2 0 4
(0 o) (o o>_<o o) # CualM).

4 Examples of Armendariz submodules

R[z] and m(z) = x € MJz]. Then we have f(z)m(z) = 0, but

We write M, (R) and T,,(R) for the n x n matrix ring and the n x n upper triangular matrix
ring over R respectively. The n x n identity matrix is denoted by I,,. For a left R-module M
and A = (a;;) € Mu(R), let AM = {(aiym : m € M} forn > 2, letV = Z?;ll E;in
where {E;; : 0 < i,j < n} are the matrix units and set V,,(R) = ,R+ VR + ...+ V"R,
V(M) =I1,M+VM+...+ V" 'M. Then V,(R) is aring and V,,(M) becomes a left module

over V,,(R) under the usual addition and multiplication of matrices. There is a ring isomorphism
Rlz| .
0:Vu(R) — M givenby 0(Lyro+ ...+ V" lr, )= (ro+mz+ ...+ rp2™ 1) + (27)

(z")
and an abelian group isomorphism ¢ : V,,(M) — _Mla]
o (z7) Mz]
Vrlm, 1) = (mo +mix + ...+ mp_ 12" 1) 4 (™) M|[z] such that p(AW) = 6(A)p(W)
for all W € V,,(m) and A € V,,(R). In ([15], Corollary 3.7), Zhang and Chen proved that p M
is reduced module if and only if V,,(M) is Armendariz over V,,(R). So for a reduced module
rM, we find some bigger class Armendariz submodules of 7,,(M) over T,,(R) which contain all
these known Armendariz submodule of T,,(M ). For this purpose recall from [10], the following
notations

given by given by ¢(I,mg + ...+

For an even number n = 2k > 2, let
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e k n
An(M) = Zi:l Zj:k+i E; M
and for an odd numbern =2k +1 >3

o k+1 n
An(M) = Ziil Zj:k-Jri Ei ;M

Let
Ap(M)=1,M +VM+ ...+ VF 14 A¢ (M) forn =2k >2
and
Ay(M)=I,M +VM+ ...+ V14 A9 (M) forn=2k+1>3

rr T2 ... Tk al(k+1) a1<k+2) ... QA1p

0 | cee Tl Tk a1<k+2) A2p,
thus we have A, (M) = [0 0 z; ... a3n | for any n > 2.

€

where z;,a;s € M,1 <i<k/1<j<n-—kandk+1<s<n.ForA=(a;), B=(b;j), we
write [A.B];; = 0 to mean that a;;b;; = 0forl =0,,...,n.

Lemma4.1. ([10], Lemma 1.2)Forr(z) = Ap+A1z+. . .+ApaP € M, (R)[z] and m(z) = By+
Biz+... 4B € My(M)[x], let fi; = a);+aje+. . .+al;xP and gij = b);+bjx+. . .+l
where aéj are the (i, j)-entries of A, for | = 0,1,...,p and bf; are the (i, j)-entries of B; for
s=0,1,...,q. Thenr(z) = (fi;(z)) € My(R[z]) and m(z) = (gi;(z)) € M,(M|z]). If M
is Armendariz and [r(x).m(z)];; = 0 for all i, j, then A;B; = 0 for all i, j

Proposition 4.2. Let n = 2k + 1 > 3 be a natural number. Then rp M is a reduced module if and
only if 4, (r)An(M) is Armendariz module.

Proof. (=)Letr(z) = Ag+A1z+...+A,2P € A, (R)[z] and m(z) = By+Biz+...+ Byl €
A,,(M)|x] are such that r(z).m(z) = 0. We need to proof that A;B; = 0 forall 0 < i < p
and 0 < j < ¢. Here we identify A, (R)[z] with A, (R[z]) and A,,(M)[z] with A, (M[z])
canonically. Let f;; = a(?) —I—ag)x—l—. . .+a£§>xp and g;; = b§2)+b§})x+. . .+b§§)aﬁ‘1 where a%) are

the (i, 7)-entries of A; for! =0,1,...,p and bg‘;—) are the (i, j)-entries of B, for s = 0,1,...,q.
Then r(z) = (fij(z)) € A,(R[z]) and m(z) = (gsj(x)) € A,(M|[z]). By Lemma 4.1, it is
suffices to show that [r(z).m(x)];; = 0 for all ¢, j. clearly [r(z).m(z)];; = 0 for i > j and for
t=1,2,...,k, we have

v =fit=forr1 = = farimand g = g1 = P01 = - = Gn—t+ln-

It follows from r(z).m(z) = 0,

figr =0
figo+ f291=0
f193 + fag2 + f391 =0 4.1)

fige + fagk—1+ ...+ frg1 =0

we know that g M is reduced module if and only if gy, M [x] is reduced([9], Theorem 1.6). Thus
from f1g; = 0 we get f2g; = 0 and hence f;R[z]g; = 0. Multiplying by f; from left side to
fig2 + f>g1 = 0, we get f12g2 = 0 which implies f;g, = 0, thus f,g; = 0. similarly multiplying
by fi from left to figs + faga + fag1 = 0, we get ffg3 + fi fag2 + fif3g91 = 0, hence ffgs, which
implies f1g; = 0. Again multiplying f, to the same equation we get f7g> + f>f3g1 = 0, this
implies fzzgz = 0 and hence f3g; = 0. Similarly Continuing this process, we get f;g; = 0
for all i + j < k + 1. This implies [r(z).m(z)];; = O for all ¢,j with (i,5) ¢ I' where
'={(u,k+u):u=1,... . k+1}U{(u,k+u+1):u=1,... . k}U...U{(u,u+n—-2) 1 u =
1,2} U{(u,n —14+u) : u = 1}. Now we need to prove that [r(x).m(z)];; = 0 forall (i, j) € I.
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Again from r(x).m(z) = 0, we have

fimi gt + fagr + frg2 + fie+191 =0

=0
f192, 642 + fogi + frg2 + fo k201 42)

figrs1 0601 + foge + oo+ fem193 + frg2 + frev1264191 =0

Now using left multiplications with 4.2 and using the result obtained previously in 4.1, we have,
foru=1,2,...,k+1

flgu,k+u:fu,k+u91:07 foru:1a27"'7k+1 (43)
fig; =0, for all i, with i +j =k + 2. '
Thus it follows from 4.3 that [r(x).m(z)]yusr =0 foru=1,2,..., k + 1.
Now let us assume that, for some 0 < I < k, [r(z).m(2)]y ktuse = 0fort =0,1,...,0 -1

andu =1,...,k — ¢+ 1.. We now prove that [r(x).m(z)]y k+u+t =0 foru=1,... .k =+ 1.
Since r(z).m(x) = 0, we have
Z?:l fu,jgj,k+u+l =0foru= 1, ce 7]6 —1+1
Thus
fi1Gukrurt + o+ fir1Gusikrust + fivoge + -+ fogive + fuktugicr + -+ fuktuti—192 +
fu,k+u+lgl =0

Again using results obtained in 4.1, 4.2, 4.3 and the induction hypothesis, the following obtained:
N (@ flgu,kJrqut = fu,kJrqutgl :O,fOI't:O,l,...,l -1;5= 1323"'7k7t+ 1

(b) f29u+l,k+u+t = fu,k'+u+t—192 =0,fort=1,...,0—1;s=1,2,...,k—t+1

©) fi+19urthotutt = fuptugis1 =0, fort =1-1;s=1,2,... )k —t+1
(2) figj=0forallé,j >uwithi+j=u+kforu=1,2,...,1+1

using the method of left multiplications with the help of (1) and (2)(note that fg = 0 in M|z],
then fR[z]g = 0), we obtain that every term in left side of (4) is zero. hence [r(z).m(x)]y ktutt =
0foru =1,...,k — 1 + 1. Hence by mathematical induction, we get [r(z).m(z)] = 0 for all
(i,4) € T.

(<) Conversely suppose that 4 (g)A, (M) is Armendariz for n = 2k + 1 > 3, then being
submodule, v, (r) V(M) is Armendariz. Hence by ([9], Theorem 1.9), g M is reduced. O

Corollary 4.3. Forn = 2k+1 > 3, aring R is reduced if and only if 4 ( R)An(R) is Armendariz.

Proposition 4.4. Let n = 2k > 2 be a natural number. Then grM is a reduced if and only if
A, (M) + E\ ;M is Armendariz module over A, (R) + E; ;R.

Proof. (=) LetS = A,(R)+ E\xRand T = A, (R) + E; R. Similarly by Lemma 4.1, it is
suffices to show that [r(z).m(z)];; = 0 for all 4, 5. We have r(z) = (f;;) and m(z) = (g;;) with
fij =gi; =0foralli > jandfort =1,2,...,k — 1, we have

foi= fl,t = foty1=...= fn—t+1,n and g¢ == g1t = Q2441 = -+ = Gn—t+1,n>
f = for+1 = fapr2= .. = frsin,
9k = 92,k+1 = 93,k4+2 = - -+ = Gk+1,n>

fo:i= fl,k and gy := 91,k
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Now from r(x).m(z) = 0, we have

fig1 =0
figp+ frg1=0
f193+ 92+ fr1 =0 (4.4)

fige + fagk—1+ ...+ frgr =0
and
fig90 + fagr—1 + .+ fr—192+ fog1 =0 4.5)
By the method of left multiplication with (4.4) and (4.5), one obtains

figi=0Vi+j<k+1 (4.6)

and
fig0 = fog1 =0 4.7)

Thus it follows that [r(z).m(x)];; = O for all 4,5 with (¢,j) ¢ T" where I' = {(u,k 4+ u) : u =
L. kbU{(u,k+u+1):u=1,...;k—1}U.. .U{(u,u+n—=2) :u= 1,2} U{(u,n—14u) :
u = 1}. Now we need to prove that [r(x).m(z)];; = 0 for all (i, ) € I'. Now we need to prove
that [r(z).m(x)];; = 0 forall (4,5) € T.

Again from r(x).m(z) = 0, we have

f19101 + fogi + f3g—1 + ...+ fom193 + fogr + fier191 =0 (4.8)

and
f192, k42 + 29k + frg2 + f2,61291 =0
4.9)

figr ok + fog + o+ fu—193 + fug2 + frowgt =0

Now using left multiplications with (4.8) and (4.9) and using the result obtained previously in
(4.6) and (4.7), we have, foru =1,2,...,k

[19uktu = fuktugt =0V u=12..k
fig;j=0Vi,j>2,i+j=k+2 (4.10)
fog2 = f290 =10

Thus it follows from (4.10) that [r(z).m(x)]yu+x = 0foru=1,2,... k.

Now let us assume that, for some 0 < I < k, [r(z).m(2)]urtust = 0 fort = 0,1,...,1
andu = 1,...,k — t.. We now prove that [r(z).m(z)|ykruri = 0foru =1,...,k — . Since
r(z).m(z) = 0, we have

f19ukvurt - -+ fro1Gurt krurt + fro2ge + oo+ frgia2 + fukrwgia+ @.11)
vt fukturi—192 + fuktugivr oo+ fukruri—192 + fukrurigr = 0.
and
S191 k4100 - -+ S erin + fiooge + o+ frem1903 + fogio + frengit+
4.12)
oot fikr192 + freei91 = 0.

Again using results obtained in (4.10), (4.6), (4.7) and the induction hypothesis, we obtained
the following:

(1) (a) flgu,k?Jr’Ur‘rt - fu,k+u+tgl :Os fort:o717"~7l - l;u: 1727'-~;k_t
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(b) fZgqu],kthkH = fu,k+u+t—192 =0, fort = 17' o 7l - Lu= 172" . '7k —t+1

©) fre1Gusthrutt = fuktugryr =0, fort =1—lLu=1,2,... . k—t
(2) figj=0forallé,j >uwithi+j=u+kforu=1,2,...,1+1
3) fogu=0foru=1,2,...,1+1

using the method of left multiplications with the help of (1)-(3)(note that fg = 0 in M|z],
then fR[z]g = 0), we obtain that every term in left side of (4.11) and (4.12) is zero. hence
[r(z).m(z)]uksuse = 0 for u = 1,...,k — [. Hence by mathematical induction, we get
[r(z).m(z)] = 0 forall (¢,5) € I.

(<) Conversely suppose that 4 (g)A, (M) is Armendariz for n = 2k + 1 > 3, then being
submodule, v, (r) V(M) is Armendariz. Hence by ([9], Theorem 1.9), g M is reduced. O

Corollary 4.5. Let n > 2 be a natural number. Then rM is a reduced module if and only if
A, (M) is left Armendariz module over A,,(R).

Corollary 4.6. For n = 2k > 2, a ring R is reduced if and only if 4 (g)yAn(R) is Armendariz.

Lemma 4.7. Let M be a (R,S)-bimodule and o € hom(R, S). Suppose that there exist a,b € R
and m € M such that a®>m = b*m = 0 and abm = bam is not central. Then rMg is not
a-Central Amendariz bimodule.

Proof. Let a + bx € R[z] and am — bma € M|[z]. Then we have (a + bz)(am — bmz) = 0 in
M |z], but abm = bam is not central. So, g Mg is not Central Armendariz bimodule. ]

Proposition 4.8. Let n > 3 be a natural number. Then gr Mg is reduced bimodule if and only if
An(M)isa (A, (R), An(R)) id-Central Armendariz bimodule.

Proof. Let p M be reduced module. Thus from Proposition 4.2 and 4.4, it is obvious that A,, (M)
is an Armendariz module and so it is central Armendariz bimodule. Conversely, suppose that
=M is not a reduced module. Choose a non-zero element a € R and m € M such that a’>m = 0
but aRm # 0. Then for elements A = CL(EU +FEpn+.. +E7m), B = (El(k+1) +El(k+2) —+...+
Ein) € Ap(R)and N = m(Ey + En+ ...+ Epny,) € Ap(M). Then we have AN = BN =0
and ABN = BAN is not central. Therefore by Lemma 4.7, A,,(M) is not Central Armendariz
module. This complete the proof. O

Corollary 4.9. ([1], Theorem 2.4)Let n > 3 be a natural number. R is reduced ring if and only
A, (R) is central Armendariz.

Proposition 4.10. let M be (R, R)-bimodule. then for n > 3, the following are equivalent.
(1). (R, R)-bimodule M is reduced.

(2). (An(R), Ay (R))-bimodule A, (M) is Armendariz

(3). (An(R), An(R))-bimodule A, (M) is id-Central Armendariz.

Proof. The proof is straightforward O

5 Conclusion remarks

Since every ring is a module over itself, thus generalization of the concept of ring theory to the
modules is one of the key interests for many algebraists. Motivated by this, presently in this note
a concept of central elements for bimodules is been introduced and their relations with other sub-
classes of modules are investigated. Furthermore, some new classes of Bimodules concerning
ring homomorphism have been discussed and various examples have been constructed. There-
fore, the results of this article are significant and so it is interesting and capable of developing
further study in the future.
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