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Abstract In this paper, we mainly characterize the Fundamental Metric Tensor and Cartan
Tensor of square root Finlser metric which is obtained by β-change. Later on, we investigate
the necessary and sufficient conditions for the square root Finlser metirc which is obtained by
β-change to be projective flat and locally dually flat.

1 Introduction

Let (M,F ) be an n-dimensional Finler space with the metric F = m
√
A, where A is given by

ai1 , ai2 , ...aim(x)yi1yi2 ...yim with ai1 , ai2 , ...aim symmetric in all its indices. Then F is called an
mth-root Finsler metric.The mth-root metric F = m

√
A is regarded as a direct generalization of

the Riemannian metric if m = 2. If F =
√
A, where A = ai1i2(x)y

i1yi2 with ai1i2(x) symmetric
in both the indices, then F is called the square root Finsler metric. The concept of mth-root metric
was introduced by H. Shimada [16] in 1979 and applied to ecology by Antonelli[1]. Later on,
many more authors worked on mth-root Finsler metrics in different views [7], [8],[13], [18],
[19], [20].

In 1941, Randers [10], has introduced the Finsler change L̄(x, y) = L(x, y) + β(x, y),
where L is a Riemannian metric and β is a differential 1-form on M . Such a change in Finsler
space is termed as Randers change. Randers well-known method for giving examples of Finsler
spaces has the form L(x, y) =

√
aij(x)yiyj + bi(x)yi, where aij is a Riemannian metric and

β = bi(x)yi is one form with the condition ||b|| =
√
aijbibj < 1. If we change α(x, y) =√

aij(x)yiyj to a given Finsler metric, this will lead to another Finsler metric. In 1984, C.
Shibata [15] also used the notation of β-change in Finsler geometry. There are two important β-
changes namely Randers change defined as F̄ → F+β and Kropina change defined by F̄ → F 2

β .
If F =

√
aij(x)yiyj is a Riemannian metric, then the obtained metrics are the Randers metric

and the Kropina metric respectively.
In Finsler geometry, the regular case of Hilbert’s fourth problem is to study the projective flat

Finsler metrics. Finsler metrics on an open domain in Rn are said to be projectively flat if their
geodesics are straight lines. Therefore, it is important to study and characterize the projective flat
Finsler metrics. The theory of dually flatness in Riemannian geometry was given by Amari and
Nagaoka [2] while studying information geometry. Information geometry provides mathematical
science with a new framework for analysis. Information geometry is an investigation of different
geometric structures in probability distribution. It is also applicable in statistical physics, statisti-
cal inferences, etc. Z. Shen [14] extended the notation of dually flatness in Finsler spaces. After
Shen’s work, many authors characterize the conditions for dually flatness [8],[11],[12], [21].

With the results discussed in above articles, we carried out our research work by applying
β-change to the special Finsler square root metric, which is defined as F̄ = F + β2

F , where
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F =
√
A. In particular, if F is a Riemannian metric, then F̄ = α + β2

α . In the first part, we
find the Fundamental Metric Tensor and Cartan Tensor for the special Finsler square root metric,
which is obtained by β-change. In the continuation part, we find the necessary and sufficient
conditions for the square root Finsler metric obtained by β-change to be projective flat and
locally dually flat.

2 Preliminaries

A Finsler structure of a manifold M is a function F : TM → [0,∞) with the following proper-
ties:

(i) Regularity: F is c∞ on the entire slit tangent bundle TM |{0},

(ii) Positive homogeneity: F (x, λy) = λF (x, y),∀λ > 0,

(iii) Strong convexity: The n×n Hessian matrix gij =
([ 1

2F
2
]
yiyj

)
is positive definite at every

point of TM |{0},

where TM |{0} denotes the tangent vector ’y’ is non-zero in the tangent bundle TM . The pair
(M,F ) = Fn is called a Finsler space. F is called the fundamental function, and gij is the
fundamental tensor of the Finsler space.

The normalized supporting element li, angular metric tensor hij , and metric tensor gij are
defined as follows:

li =
∂F

∂yi
, hij = F

∂2F

∂yi∂yj
, gij =

1
2

∂2F 2

∂yi∂yj
. (2.1)

A Finsler metric F (x, y) is called an (α, β)-metric [3], [4], [9], [17], if the metric func-
tion F (x, y) is a positively homogeneous function F (α, β) of the first degree in two variables
α(x, y) =

√
aij(x)yiyj and 1-form β = bi(x)yi.

The n3 quantities

Cijk =
1
2
∂̇kgij =

1
4
∂̇i∂̇j ∂̇kF

2, (2.2)

constitute a tensor of (0,3)-type which is positive homogeneous and symmetric in all its indices.
This tensor is called hv-torsion tensor or the Cartan tensor.

For a non-zero 1-form β(x, y) = bi(x)yi on a Finsler manifold (M,F ), a Finsler change
is defined by F (x, y) → F̄ (x, y) = f(F, β), where f = f(F, β) is a positively homogeneous
function of F and β. This change in Finsler metric is called a β-change.

It is the Hillbert Fourth problem in the regular case to study and characterize Finsler metrics
on an open domain D in R such that geodesics are straight lines. Finsler metrics on D with this
property are said to be projectively flat. According to G. Hamel [6], a Finsler metric F = F (x, y)
on D is projectively flat, if it satisfies the partial differential equation Fxkyiyk = Fxi .

Lemma 2.1. A Finsler metric F = F (x, y) on an open subset U ⊂ Rn is projectively flat if and
only if it satisfies the following equation:

Fxkylyk − Fxl = 0. (2.3)

In this case, the local function P = P (x, y) is given by P = Fxmym

2F . It is one of the important
problem in Finsler geometry to study the solution to the above equation.

A Finsler metric on a smooth manifold Mn is called locally dually flat if, at any point, there
is a standard coordinate system (xi, yi) in TM , (xi) is called an adapted local coordinate system
such that

Lxiyjyi − 2Lxj = 0, where L = F 2. (2.4)

Consider a square root Finsler metric F =
√
A, where A = ai1i2(x)y

i1i2 with ai1i2(x) symmetric
in indices. Let us define the following notations:

Ai =
∂A

∂yi
, Axi =

∂A

∂xi
, A0 = Axiyi, A0l = Axiylyi, Aij =

∂2A

∂yi∂yj
,

Bi =
∂B

∂yi
, Bxi =

∂B

∂xi
, B0 = Bxiyi, B0l = Bxiylyi.
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3 Fundamental Metric Tensor of Special Finsler Space

Let (M, F̄ ) be an n-dimensional Finsler space with square root Finsler metric which is obtained
by β-change

F̄ = F +
β2

F
. (3.1)

The fundamental metric tensor of an n-dimensional Finsler space is defined as

gij =

[
F 2

2

]
yiyj

= hij + lilj , (3.2)

where li = Fyi and hij = FFyiyj .
Differentiating (3.1) concerning (yi) which yields

F̄yi =

(
1 − β2

F 2

)
Fyi +

2β
F

bi. (3.3)

Differentiating (3.3) concerning (yj) which yields

F̄yiyj =

(
1 − β2

F 2

)
Fyiyj +

2β2

F 3 FyiFyj − 2β
F 2 (Fyibj + Fyj bi) +

2
F
bibj . (3.4)

Now the fundamental metric tensor of Finsler space (M, F̄ ) with square root Finsler metric
which is obtained by β-change is

ḡij = F̄ F̄yiyj + F̄yi F̄yj .

=

(
F +

β2

F

)[(
1 − β2

F 2

)
Fyiyj +

2β2

F 3 FyiFyj − 2β
F 2 (Fyibj + Fyj bi) +

2
F
bibj

]
+

[(
1 − β2

F 2

)
Fyi +

2β
F

bi

] [(
1 − β2

F 2

)
Fyj +

2β
F

bj

]
.

ḡij =

(
1 − β4

F 4

)
gij +

(
4β4

F 4

)
FyiFyj −

(
4β3

F 3

)
(Fyibj + Fyj bi) +

(
2 +

6β2

F 2

)
bibj . (3.5)

Proposition 3.1. Let (M, F̄ ) be an n-dimensional Finlser space with square root Finsler metric
which is obtained by β-change F̄ = F + β2

F . Then its covariant metric tensor is given as (3.5)

4 Cartan Tensor of Special Finsler Space

Let (M, F̄ ) be n-dimensional Finsler space. The Cartan torsion of n-dimensional Finsler space
is defined as

Cijk =
1
2
∂gij
∂yk

=
1
4
[F 2]yiyjyk , (4.1)

which is symmetric in all three indices i, j, and k.
Consider an n-dimensional Finsler space (M, F̄ ) with square root Finsler metric which is

obtained by β-change

F̄ = F +
β2

F
. (4.2)

According to the definition, the Cartan torsion of Finsler Space (M, F̄ ) is

2C̄ijk =
∂ḡij
∂yk

. (4.3)
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By using (3.5) in (4.3), we have

2C̄ijk =

(
1 − β4

F 4

)
2cijk +

[
4β4

F 6 yk − 4β3

F 4

](
hij +

yiyj
F 2

)
− 4β3

F 4 (hikbj + hjkbi)

+
4β4

F 6 (hikyj + hjkyi) +
16β3

F 4

(
bkF

2 − βyk
F 2

)
yiyj
F 2 − 12β2

F 3

(
F 2bk − βyk

F 2

)
×

(
yibj + yjbi

F

)
+

12β
F 4 (F 2bk − βyk)bibj .

2C̄ijk = 2
(

1 − β4

F 4

)
cijk

+
4β3

F 4

[(
β

F 2 yk − bk

)
hij +

(
β

F 2 yi − bi

)
hjk +

(
β

F 2 yj − bj

)
hki

]
+

12β
F 2

[
bibjbk − β

F 2 (bibjyk + bjbkyi + bkbiyj)−
β3

F 6 yiyjyk

]
+

12β
F 2

[
β2

F 4 (yiyjbk + yjykbi + ykyibj)

]
.

2C̄ijk = 2
(F 4 − β4)

F 4 Cijk +
4β3

F 4

∑
cyclicsum

(
β

F 2 yk − bk

)
hij +

∏
cyclicproduct

(
bi −

β

F 2 yi

)
.

C̄ijk =
(F 4 − β4)

F 4 Cijk +
2β3

F 4 (hijmk + hjkmi + hkimj) +
6β
F 2mimjmk. (4.4)

Proposition 4.1. Let (M, F̄ ) be an n-dimensional Finsler space with square root Finsler metric
which is obtained by β-change F̄ = F + β2

F . Then its Cartan torsion is given as (4.4).

5 Projective Flatness on β-Change of Special Finsler Space

Let (M, F̄ ) be an n-dimensional Finsler space with square root Finsler metric which is obtained
by β-change

F̄ = F +
β2

F
, (5.1)

where F 2 = A.
In this section, we find the necessary and sufficient conditions for an n-dimensional Finsler

space (M, F̄ ) to be projective flat.
Consider a square root Finsler metric defined in (5.1) can be rewritten as

F̄ =
√
A+

β2
√
A
. (5.2)

Differentiating (5.2) concerning (xk), we have

F̄xk =

(
A− β2

2A
√
A

)
Axk +

2β√
A
βxk . (5.3)

Differentiating (5.3) concerning (yl), which yields

F̄xkyl =

(
A− β2

2A
√
A

)
Axkyl +

3β2 −A

4A2
√
A
AlAxk − β

A
√
A
(Axkβl + βxkAl)

+
2√
A

(
βlβxk + ββxkyl

)
. (5.4)
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Transvecting (5.4) with (yk), we have

F̄xkylyk =

(
A− β2

2A
√
A

)
A0l +

3β2 −A

4A2
√
A
AlA0 −

β

A
√
A
(A0βl + β0Al)

+
2√
A
(βlβ0 + ββ0l) . (5.5)

Replacing (xk) by (xl) in (5.2), we have

F̄xl =

(
A− β2

2A
√
A

)
Axl +

2β√
A
βxl . (5.6)

We know that a Finsler metric F on an open subset U ⊂ Rn is projective flat if and only if it
satisfies the following PDE [15]

Fxkylyk − Fxl = 0. (5.7)

From (5.5) and (5.6), equation (5.7) becomes

1
4
A− 5

2
[
2A2A0l −AAlA0 − 2AA0lβ

2 + 3AlA0β
2 − 4AA0ββl − 4Alββ0

]
+

1
4
A− 5

2
[
8A2(βlβ0 + ββ0l)− 2A2Axl + 2AAxlβ2 − 8A2ββxl

]
= 0.

In simplified form, the above equation can be rewritten as

3β2AlA0 + 2A
[
β2(Axl −A0l)− 2β(Alβ0 +A0βl)−

AlA0

2

]
+ 2A2 [(A0l −Axl) + 4βlβ0 + 4β(β0l − βxl)] = 0. (5.8)

Based on the above discussion and to prove the projective flatness, we use the following lemma
given by [12].

Lemma 5.1. Suppose that the equation ϕA2 + φA+ θ = 0 holds, where ϕ, φ, θ are polynomials
in y. Then ϕ = φ = θ = 0.

Above lemma(5.1) and equation (5.8), we conclude that F̄ is projective flat if and only if the
following conditions hold:

AlA0 = 0. (5.9)

2β2(Axl −A0l)− 4β(Alβ0 +A0βl)−AlA0 = 0. (5.10)

(A0l −Axl) + 4βlβ0 + 4β(β0l − βxl) = 0. (5.11)

Theorem 5.2. Let F̄ = F + β2

F be an n-dimensional special Finsler space which is obtained by
β-change of square root Finsler metric. Then F̄ is projective flat if and only if (5.9), (5.10) and
(5.11) hold.

6 Locally Dually Flatness on β-Change of Special Finsler Space

Let us consider an n-dimensional Finsler space (M, F̄ ) with square root Finsler metric, which is
obtained by β-change

F̄ = F +
β2

F
, (6.1)

where F 2 = A.
In this section, we find the necessary and sufficient conditions for an n-dimensional Finsler

space (M, F̄ ) with square root metric Finsler metric which is obtained by β-change defined in
(6.1) to be locally dually flat.
Consider (6.1) as

F̄ 2 = A+
β4

A
+ 2β2. (6.2)
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Differentiate (6.2) concerning (xi) which yields

F̄ 2
xi =

(
A2 − β4

A2

)
Axi +

4
A
(β3 +Aβ)βxi . (6.3)

Differentiate (6.3) concerning (yj) we have

F̄ 2
xiyj =

(
A2 − β4

A2

)
Axiyj +

4
A
(β3 +Aβ)βxiyj − 4β3

A2 (βxiAj + βjAxi)

+
4
A
(3β2 +A)βxiβj +

2β4

A3 AxiAj . (6.4)

Transvecting (6.4)by (yi) and by treating F̄ 2 = L, we have

Lxiyjyi =

(
A2 − β4

A2

)
A0j +

4
A
(β3 +Aβ)β0j −

4β3

A2 (β0Aj + βjA0)

+
4
A
(3β2 +A)β0βj +

2β4

A3 A0Aj .

Lxiyjyi =
1
A3

(
2β4A0Aj

)
− 1

A2

[
4β3(β0Aj +A0βj) + β4A0j

]
+

1
A

[
12β2β0βj + 4β3β0j

]
+A0j + 4(ββ0j + β0βj). (6.5)

Replace i by j in (6.3) which yields

Lxj = Axj +
4β3

A
βxj − β4

A2Axj + 4ββxj .

Then
2Lxj = − 1

A2

(
2β4Axj

)
+

1
A
(8ββxj ) + 2Axj + 8ββxj . (6.6)

Using (6.5) and (6.6) in (2.4) we have,

1
A3 [2β

4A0Aj ]−
1
A2 [4β

3(β0Aj + βjA0) + β4A0j + 2β4Axj ]

+
1
A
[12β2 + β0βj + 4β3β0j − 8β3βxj ] +A0j − 2Axj + 4ββ0j − 8ββxj = 0. (6.7)

With the above discussion, we conclude that F̄ is locally dually flat if and only if the following
conditions must hold.

2β4A0Aj = 0. (6.8)

4β3(β0Aj +A0βj) + β4(A0j − 2Axj ) = 0. (6.9)

12β2β0βj + 4β3β0j − 8β3βxj = 0. (6.10)

A0j − 2Axj = 0. (6.11)

β(β0j − 2βxj ) + β0βj = 0.. (6.12)

From equation (6.8), we have
A0Aj = 0. (6.13)

Using (6.11) in (6.9), we have
A0βj + β0Aj = 0. (6.14)

By using (6.10) in (6.12), we have
β0βj = 0. (6.15)

with all the above observations leads to the main result,

Theorem 6.1. Let F̄ = F + β2

F be an n-dimensional Finsler space obtained by β-change of
square root Finsler metric. Then F̄ is locally dually flat if and only if

A0Aj = 0;A0j = 2Aj ;β0βj = 0;A0βj + β0Aj = 0.



On β-CHANGE OF SQUARE ROOT FINSLER METRIC 1071

7 Conclusion remarks

This paper aims to characterize the properties of an n-dimensional Finsler space (M, F̄ ) which
is obtained by β-change of square root Finsler metric. In the first part, we investigate the Fun-
damental Metric Tensor and Cartan Tensor of an n-dimensional Finsler space (M, F̄ ), which is
obtained by β-change of square root Finsler metric, which are as follows:
The Fundamental metric tensor and Cartan Tensor of F̄ is as followed by

ḡij =

(
1 − β4

F 4

)
gij +

(
4β4

F 4

)
FyiFyj −

(
4β3

F 3

)
(Fyibj + Fyj bi) +

(
2 +

6β2

F 2

)
bibj .

c̄ijk =
(F 4 − β4)

F 4 Cijk +
2β3

F 4 (hijmk + hjkmi + hkimj) +
6β
F 2mimjmk.

In the next part, we investigate the necessary and sufficient conditions for an n-dimensional
Finsler space (M, F̄ ) which is obtained by β-change of square root Finsler metric, to be projec-
tive flat and locally dually flat. In this regard, the results will be summarized as follows:
Let (M, F̄ ) be an n-dimensional Finsler space with square root Finsler metric which is obtained
by β-change defined as F̄ = F + β2

F . The Finsler metric F̄ is projectively flat if and only if the
following conditions are satisfied:

AlA0 = 0.

2β2(Axl −A0l)− 4β(Alβ0 +A0βl)−AlA0 = 0.

(A0l −Axl) + 4βlβ0 + 4β(β0l − βxl) = 0.

Finally, we investigate the necessary and sufficient conditions for F̄ to be locally dually flat if
and only if

A0Aj = 0;A0j = 2Aj ;β0βj = 0;A0βj + β0Aj = 0.
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