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Abstract In this paper, we mainly characterize the Fundamental Metric Tensor and Cartan
Tensor of square root Finlser metric which is obtained by J-change. Later on, we investigate
the necessary and sufficient conditions for the square root Finlser metirc which is obtained by
B-change to be projective flat and locally dually flat.

1 Introduction

Let (M, F) be an n-dimensional Finler space with the metric F = %/A, where A is given by
Qiyy Wiy i, ()Y Y.y with a;,, a4y, ...a;,, symmetric in all its indices. Then F is called an
mt"-root Finsler metric. The m!"-root metric F = </A is regarded as a direct generalization of
the Riemannian metric if m = 2. If F = /A, where A = a;,;, (2)y"y" with a;,;, () symmetric
in both the indices, then F is called the square root Finsler metric. The concept of m*"-root metric
was introduced by H. Shimada [16] in 1979 and applied to ecology by Antonelli[1]. Later on,
many more authors worked on m*"-root Finsler metrics in different views [7], [8],[13], [18],
[19], [20].

In 1941, Randers [10], has introduced the Finsler change L(z,y) = L(x,y) + B(z,v),
where L is a Riemannian metric and /3 is a differential 1-form on M. Such a change in Finsler
space is termed as Randers change. Randers well-known method for giving examples of Finsler
spaces has the form L(z,y) = \/a;;(z)y'y? + b;(z)y’, where a;; is a Riemannian metric and
B = b;i(x)y" is one form with the condition ||b|| = \/a¥b;b; < 1. If we change a(z,y) =
Vai;j(z)y*y? to a given Finsler metric, this will lead to another Finsler metric. In 1984, C.
Shibata [15] also used the notation of 3-change in Finsler geometry. There are two important 3-

changes namely Randers change defined as /' — F + 3 and Kropina change defined by F' — %2

If F = \/a;;(x)y*y’ is a Riemannian metric, then the obtained metrics are the Randers metric
and the Kropina metric respectively.

In Finsler geometry, the regular case of Hilbert’s fourth problem is to study the projective flat
Finsler metrics. Finsler metrics on an open domain in R™ are said to be projectively flat if their
geodesics are straight lines. Therefore, it is important to study and characterize the projective flat
Finsler metrics. The theory of dually flatness in Riemannian geometry was given by Amari and
Nagaoka [2] while studying information geometry. Information geometry provides mathematical
science with a new framework for analysis. Information geometry is an investigation of different
geometric structures in probability distribution. It is also applicable in statistical physics, statisti-
cal inferences, etc. Z. Shen [14] extended the notation of dually flatness in Finsler spaces. After
Shen’s work, many authors characterize the conditions for dually flatness [8],[11],[12], [21].

With the results discussed in above articles, we carried out our research work by applying

B-change to the special Finsler square root metric, which is defined as ' = F + *%2 where
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F=+A In particular, if F' is a Riemannian metric, then F=a+ %2 In the first part, we
find the Fundamental Metric Tensor and Cartan Tensor for the special Finsler square root metric,
which is obtained by S-change. In the continuation part, we find the necessary and sufficient
conditions for the square root Finsler metric obtained by (-change to be projective flat and
locally dually flat.

2 Preliminaries

A Finsler structure of a manifold M is a function F' : TM — [0, co) with the following proper-
ties:

(i) Regularity: Fis > on the entire slit tangent bundle 7'M |,
(ii) Positive homogeneity: F'(z, \y) = AF(z,y),VA > 0,

(iii) Strong convexity: The n x n Hessian matrix g;; = <[%F2} ny) is positive definite at every
point of T'M ¢y,

where T'M| oy denotes the tangent vector "y’ is non-zero in the tangent bundle 7'M . The pair
(M,F) = F™ is called a Finsler space. F is called the fundamental function, and g;; is the
fundamental tensor of the Finsler space.
The normalized supporting element /;, angular metric tensor h;;, and metric tensor g;; are
defined as follows:
_OF _OF 1 9*F?
= Ayt ij = B0y’ 9ij = 2 0yioyi’
A Finsler metric F(z,y) is called an (a, 8)-metric [3], [4], [9], [17], if the metric func-
tion F(z,y) is a positively homogeneous function F(«, 3) of the first degree in two variables
a(z,y) = \/a;j(x)y'y’ and 1-form 8 = b;(z)y".

The n? quantities

l; @2.1)

1. 1. . -
Cijre = 50k9ij = Zaiajakfaa 2.2)

constitute a tensor of (0,3)-type which is positive homogeneous and symmetric in all its indices.
This tensor is called hv-torsion tensor or the Cartan tensor.

For a non-zero 1-form 3(x,y) = b;(x)y® on a Finsler manifold (M, F'), a Finsler change
is defined by F(z,y) — F(x,y) = f(F,3), where f = f(F, ) is a positively homogeneous
function of F and /3. This change in Finsler metric is called a S-change.

It is the Hillbert Fourth problem in the regular case to study and characterize Finsler metrics
on an open domain D in R such that geodesics are straight lines. Finsler metrics on D with this
property are said to be projectively flat. According to G. Hamel [6], a Finsler metric F = F(z,y)
on D is projectively flat, if it satisfies the partial differential equation Fr,:y* = F.

Lemma 2.1. A Finsler metric F = F(x,y) on an open subset U C R™ is projectively flat if and
only if it satisfies the following equation:
kayzyk - sz =0. (23)

In this case, the local function P = P(z,y) is given by P = % It is one of the important
problem in Finsler geometry to study the solution to the above equation.

A Finsler metric on a smooth manifold M" is called locally dually flat if, at any point, there
is a standard coordinate system (z%,y*) in TM, (z*) is called an adapted local coordinate system
such that _

Lyiyiy' — 2L, =0, where L = F*. (2.4)

Consider a square root Finsler metric F = v/A, where A = a;,;, (x)y"* with a;,;,(x) symmetric
in indices. Let us define the following notations:

A 94 - : A
A, = -, Azi = "y Ay = Azl Za Ao = Al" Z7 Ay = i
= gy A = g A=Ay Au= Ay’ Ay =55
B B i ‘
Bi = o le = 87-7 BO = Bmiyza BOl = Bxiylyl'
ox?

oyt’
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3 Fundamental Metric Tensor of Special Finsler Space

Let (M, F') be an n-dimensional Finsler space with square root Finsler metric which is obtained
by S-change
F=F+— 3.1
+ 5 G.D

The fundamental metric tensor of an n-dimensional Finsler space is defined as

FZ
gij = {2} = h iy, (3.2)
y'y’

where [; = Fy: and hy; = FF iy
Differentiating (3.1) concerning (y*) which yields

) i 25
Fy = (1 FZ)F + b (3.3)

Differentiating (3.3) concerning (y’) which yields

_ B2 252 28 2
By = (1—F2 Fyip + Sz By = T (Fysby + Fyibi) + Zbiby. (3.4)

Now the fundamental metric tensor of Finsler space (M, F') with square root Finsler metric
which is obtained by -change is

gij = FFyiyj +Fy'iij.

B B 2/32 28 2

(- ﬁi)F*ﬁbH(l—ﬁi) +ifb}

4 4* 453 2
= (1= 5 ) oo+ (e ) P = () (Bt + ) + (24 S5 ) by 69

Proposition 3.1. Let (M, F) be an n-dimensional Finlser space with square root Finsler metric

+

which is obtained by [3-change F' = F + %2 Then its covariant metric tensor is given as (3.5)

4 Cartan Tensor of Special Finsler Space

Let (M, F) be n-dimensional Finsler space. The Cartan torsion of n-dimensional Finsler space

is defined as
. lagw . 1 2
Cigk = 3 98 = i

yiyiyks 4.1
which is symmetric in all three indices ¢, j, and k.

Consider an n-dimensional Finsler space (M, F') with square root Finsler metric which is
obtained by S-change

2
F=F+ B— 4.2)

According to the definition, the Cartan torsion of Finsler Space (M, F) is

9g;
20, = agy 7, (4.3)
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By using (3.5) in (4.3), we have

A g 43 433 Yiyj 433
zcijk = (] ~ 2C¢jk + ﬁyk T (hij + sz) - F(hikbj + h]‘kbi)
434 163° (b F? — Byr\ viy; 1287 (Fbr — Byk
+ N (hiky; + hjry:) + 7 77 F2] - 7

yibj + ;b 128, _»

_ 54
ZCijk = 2 <1 — _F4> Cijk

4 3
+ % |:<}76‘2yk - bk) hij + (ﬁzy, — bz) h]‘k -+ (f’zy] — b]> hkz:|

123 B B’
= |:bibjbl~c ~m (bibjyx + bjbry; + brbiy;) — 6 YiliYk
128 [ B2
+ o [F4 (Yiyibr + yjyebi + ykyibj):| :

_ F4_ p4 433
205, = 2(1774B)Cijk + % Z (?ka - bk) hij + H (bi - }Ezyl> .

cyclicsum cyclicproduct

- F*— g 23 6

Cijr = (}7‘74ﬁ)0ijk + %(hijmk + hjpm; + him;) + ?émimjmk. (4.4)
Proposition 4.1. Let (M, F) be an n-dimensional Finsler space with square root Finsler metric
which is obtained by 3-change F' = F + %2 Then its Cartan torsion is given as (4.4).

5 Projective Flatness on 3-Change of Special Finsler Space

Let (M, F') be an n-dimensional Finsler space with square root Finsler metric which is obtained
by S-change

F=F+2, (5.1

where F? = A.

In this section, we find the necessary and sufficient conditions for an n-dimensional Finsler
space (M, F') to be projective flat.

Consider a square root Finsler metric defined in (5.1) can be rewritten as

_ 52
F=VA+ - 52
Vi -2
Differentiating (5.2) concerning (z*), we have
- A—W) 28
Foo = ——= | Apr + —=Spr. 5.3
' (2,4\/2 A e

Differentiating (5.3) concerning (y'), which yields

(AP 382 - A B
2
+ = (BiBar + BBuryt) - (5.4

VA
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Transvecting (5.4) with (y*), we have

A O S 52> 332 - A B
Fary” = <2A\/Z Aoty Ao~ g obit o)
2
+ ﬁ (Blﬁo + BﬁOI) . (5-5)
Replacing (z*) by (z!) in (5.2), we have
o (B 2

We know that a Finsler metric " on an open subset U C R™ is projective flat if and only if it
satisfies the following PDE [15]

Fpryy® — Fa! = 0. (5.7
From (5.5) and (5.6), equation (5.7) becomes
1
Zz‘r% [24%Aq — AA Ay — 2AA0 % + 341 A0B* — 4AAWBB — 4A1BB0]
1

+ A3 [BAX(Bify + Bfor) — 24%A, + 244,87 — 8A*BB,] =0.

4
In simplified form, the above equation can be rewritten as

A Ao
2

+ 2A% (Ao — Ay) +4B1Bo + 48(Bor — Bur)] = 0. (5.8)

324140 + 2A (B Au — An) — 2B(AiBo + AoBy) —

Based on the above discussion and to prove the projective flatness, we use the following lemma
given by [12].

Lemma 5.1. Suppose that the equation pA> + ¢ A+ 6 = 0 holds, where ¢, o, 0 are polynomials
iny. Thenp =9 =60=0.

Above lemma(5.1) and equation (5.8), we conclude that F is projective flat if and only if the
following conditions hold:

AAg =0. (5.9)
28%(Ay — An) — 4B(AiBo + AoBr) — A1Ag = 0. (5.10)
(Agy — Ay) + 48180 + 4B(Bot — Ba) = 0. (5.11)

Theorem 5.2. Let F' = F + %2 be an n-dimensional special Finsler space which is obtained by
B-change of square root Finsler metric. Then F is projective flat if and only if (5.9), (5.10) and
(5.11) hold.

6 Locally Dually Flatness on 3-Change of Special Finsler Space

Let us consider an n-dimensional Finsler space (M, [') with square root Finsler metric, which is

obtained by S-change
2

F=F+— 1
BaE (6.1)

where F? = A.

In this section, we find the necessary and sufficient conditions for an n-dimensional Finsler
space (M, F') with square root metric Finsler metric which is obtained by 3-change defined in
(6.1) to be locally dually flat.

Consider (6.1) as

4
F?=A+ 4t 252, (6.2)
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Differentiate (6.2) concerning (x*) which yields

4

2= (Aﬁ) At (8 + 48)8,0 (6.3)
Differentiate (6.3) concerning (y7) we have

AZ_ 4 4 3

FﬂgyJ = ( Azﬁ )A iyi T — (334‘143)53: iyd — B

B

7 (Bai Aj + B Azi)

4
+ (362+A)/8$ Bj + S5 Api A (6.4)

Transvecting (6.4)by (y*) and by treating F2 L, we have

43

; A2 - g 4
Ly = (Azﬂ)Aoﬁquﬁ)ﬂo]» 2 (B0 + B40)

B4

(3B2 + A)BoBj + —5 Ao4;.

— A

Lyiysy' = (254/10,4 ) = o [453(50Aj + AoB;) + 5* Ag;]

+ o [126%608; + 4880 + Aoj + 4(BBo; + FoB;). (6.5)
Replace i by j in (6.3) which yields

4p° s

J—Agj] i T a5
z b

Aacj + 4ﬁﬁx7 .
Then

2L, = A2 ( ﬁ“Aw) (S,Bﬁxj) +2A, +860,i. (6.6)
Using (6.5) and (6.6) in (2.4) we have,

1 1
ﬁ[ZB“AOAj] - E[4/B3<50Aj + B;A0) + B*Agj +2B* A,

+%[1252 + BoBj + 4B°Boj — 86 Bui] + Aoj — 24,5 + 4BBoj — 8BB4 = 0. (6.7)

With the above discussion, we conclude that £ is locally dually flat if and only if the following
conditions must hold.

2B*ApA; = 0. (6.8)
48°(BoA; + AoB;) + B*(Ag; —24,:) = 0. (6.9)
128%B0B; + 45 Bo; — 88 By = 0. (6.10)
Agj — 24,5 = 0. (6.11)
B(Boj — 2B45) + BoB; = 0.. (6.12)

From equation (6.8), we have
ApA; = 0. (6.13)

Using (6.11) in (6.9), we have
AoBj + poA; = 0. (6.14)

By using (6.10) in (6.12), we have

BopB; = 0. (6.15)

with all the above observations leads to the main result,

Theorem 6.1. Let F = F + %2 be an n-dimensional Finsler space obtained by [(-change of
square root Finsler metric. Then F' is locally dually flat if and only if

ApA;j =05 Agj = 2453 BoBj = 05 AofB; + BoA; = 0.
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7 Conclusion remarks

This paper aims to characterize the properties of an n-dimensional Finsler space (M, F') which
is obtained by -change of square root Finsler metric. In the first part, we investigate the Fun-
damental Metric Tensor and Cartan Tensor of an n-dimensional Finsler space (M, F), which is
obtained by S-change of square root Finsler metric, which are as follows:
The Fundamental metric tensor and Cartan Tensor of F is as followed by

_ 54 4ﬁ4 ) 453 6 2

gij = <l i 9ij + a3 FyiFyJ |7 (Fyibj + ijbi) + 2+ ol bibj.
_ F— B4 233 6
Cijk = (1_7,74ﬂ)0ijk + %(hijmk + hjpm; + hiim;) + Fémimjmk.

In the next part, we investigate the necessary and sufficient conditions for an n-dimensional
Finsler space (M, F') which is obtained by 3-change of square root Finsler metric, to be projec-
tive flat and locally dually flat. In this regard, the results will be summarized as follows:

Let (M, F') be an n-dimensional Finsler space with square root Finsler metric which is obtained

by (-change defined as [’ = F + %2 The Finsler metric £ is projectively flat if and only if the
following conditions are satisfied:

AAy=0.
2B%(Ay — Aq) — 4B(AiBo + AoBy) — ArAg = 0.
(Agy — Ayr) + 45150 +48(Bor — Bx) = 0.

Finally, we investigate the necessary and sufficient conditions for F to be locally dually flat if
and only if
A()Aj =0; A()j = 2Aj; B()ﬁj =0; A()Bj + 5()14]' =0.
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