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Abstract In this paper we investigate a class of impulsive Hamilton-Jacobi equations for
existence of global solutions in spaces of continuous functions. We give conditions under which
the considered equations have at least one and at least two classical solutions. To prove our main
results we propose a new approach based upon recent theoretical results.

1 Introduction

Impulsive differential equations or impulsive partial differential equations are natural frame-
works for mathematical simulation of phenomena which are abruptly changed in their states at
short time perturbations whose duration is negligible in comparison with the duration of the phe-
nomena. The theory of impulsive differential equations is richer than the corresponding theory
of impulsive partial differential equations, see for example the books [8, 16] and the references
therein. Some references on impulsive partial differential equations are: [2, 3, 7, 10, 13, 15]. For
some other related studies, see [6, 17].
In this paper, we investigate the following class of impulsive Hamilton-Jacobi equations

u + H(t,z,u(t,x), Du(t,z)) = 0, teJ\{t1,...,tx}, J=[0,T], xeR"
u(ty,x) —u(t;,x) = ILi(zult,z), je{l,....k}, e R, (1.1)
uw(0,2) = wup(z), =zeR™
where Du = (ug,,...,us, ) and

u(t;r,x) = lim+ u(t,z), wu(ty,z)= lim u(t,z) zeR", je{l,... k}

t—>tj ’ t—)t;

Assume that

A n>1,0=t<t1 <...<ty <tpr1 =T, ug GCI(R"),Oguo < B on R" for some
constant B > 0.

(A2) I; € C(Rnﬁ-l), I;(z,v)| < a;(z)|v[P", z € R", v € R, a; € C(R"), 0 < a;(z) < B,
zeR", p; >0,5€{1,2,....k},

(A3) feC(J xR,

\H(t,x, u(ta CL‘), Du(tvl')” < bl(tv‘r) + bg(t,l’)|u(t,1’)|l + Zb3j(tvm)|umj (ta ‘r)‘ljv
j=1
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(t,:c) e J xR", b],bz,b3j € C(J X Rn)’ 0 < b],bz,bg,j < BonJ x R", l,lj >0,
jed{l,...,n}

The problem (1.1) is investigated in [11] for existence and uniqueness of solutions using the
method of characteristics and a Krasnosel’skii type fixed point theorem. The main assumption
in [11] is that H is Lipschitzian in the ¢-variable. Note that the Hamiltonian H can satisfies (A3)
and at the same time to be not Lipschitzian in the ¢-variable. For instance,

H(t,z,ult, ), Du(t,z)) = Vi+ [u(t, ) + D |ug, (t,2)P,  (t,x) € T x R",
j=1

satisfies (A3), but it is not Lipschitzian in the ¢-variable. Therefore, the results in this paper one
can consider as complimentary results to the results in [11]. In [12], the authors show that the
solution of impulsive Hamilton-Jacobi equation is applied to traffic flow problem.

In this paper, we will investigate the problem (1.1) for existence of at least one classical so-
Iution and existence of at least two nonnegative classical solutions. The problem of existence of
solutions of Cauchy-type problems for some partial differential equations in spaces of continu-
ous functions was studied in [4].

This paper is organized as follows. In the next section, we give some auxiliary results. In
Section 3 we prove existence of at least one classical solution for the problem (1.1). In Section
4, we prove existence of at least two nonnegative classical solutions. In Section 5, we give an
example to illustrate our main results.

2 Preliminary Results

Below, assume that X is a real Banach space. Now, we will recall the definitions of compact and
completely continuous mappings in Banach spaces.

Definition 2.1. Let K : M C X — X be a map. We say that K is compact if K (M) is contained
in a compact subset of X. K is called a completely continuous map if it is continuous and it
maps any bounded set into a relatively compact set.

Proposition 2.2. (Leray-Schauder nonlinear alternative [1]) Let C' be a convex, closed subset

of a Banach space E,0 € U C C where U is an open set. Let f: U — C be a continuous,
compact map. Then

(a) either f has a fixed point in U,
(b) or there exist x € OU, and X € (0, 1) such that © = \f ().

To prove our existence result we will use the following fixed point theorem which is a conse-
quence of Proposition 2.2.

Theorem 2.3. Let E be a Banach space, Y a closed, convex subset of E/, U be any open subset
of Y with 0 € U. Consider two operators T and S, where

Ter=cx, xcU,
fore > 1and S :U — E be such that
(i) I —S:U — Y continuous, compact and
(i) {z€U:a=XI—-S)z, z€dU}=0, forany A€ (0,1).
Then there exists x* € U such that
Tx* + Sz* = ™.
Proof. We have that the operator %(I —8): U — Y is continuous and compact. Suppose that

there exist 2o € OU and o € (0, 1) such that

1
ro = Mo g([ — S).’L'(),
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that is
Tro = )\0 (I — S)l‘o

where A\g = o é € (0, é) . This contradicts the condition (ii). From Leray-Schauder nonlinear
alternative, it follows that there exists 2* € U so that

1
* __ _ *
T = 5(1 Sz

or
ex® + Sx* =a",

or
Tx* + Sx* = 2*.

O

Definition 2.4. Let X and Y be real Banach spaces. A map K : X — Y is called expansive if
there exists a constant & > 1 for which one has the following inequality

Kz — Kylly > hllz —yllx
for any z,y € X.
Now, we will recall the definition for a cone in a Banach space.
Definition 2.5. A closed, convex set P in X is said to be cone if
(1) ax € P for any o > 0 and for any = € P,
(ii) x, —x € P implies x = 0.

Denote P* = P\{0}. The next result is a fixed point theorem which we will use to prove
existence of at least two nonnegative global classical solutions of the IVP (1.1). For its proof,
we refer the reader to [5, 9].

Theorem 2.6. Let P be a cone of a Banach space E; Q a subset of P and U, U, and Us three
open bounded subsets of P such that Uy C Uy C Uz and 0 € U,. Assume that T : Q — P is
an expansive mapping, S : U3 — E is a completely continuous map and S(U3) C (I — T)(Q).
Suppose that (U, \ U1) N Q # 0, (U3 \ Uy) N Q # 0, and there exists uy € P* such that the
following conditions hold:

() Sz # (I—-T)(x— M), forall x> 0and xz € OU; N (Q + Auyg),

(ii) there exists € > 0 such that Sz # (I — T)(A\x), forall X>1+¢, x € dU, and Az € Q,
(iii) Sz # (I = T)(z — Aug), forall X > 0and x € OU3 N (Q + Auy).

Then T + S has at least two non-zero fixed points x1,x, € P such that

1 € U, NQ and z, € (U3\U2)QQ

or
x| € (Uz\Ul)ﬂQandxz S (U3\U2)QQ.

3 Existence of at Least One Solution

Let Jo = J\{t;}%_, and define the spaces PC(J), PC'(J) and PC'(J,C'(R™)) by

PC(J) = {g:9€C(Jo), 3g(t]), g(t;)and g(t;) = g(t;), j € {1,...,k}},

PCI(J) = {g:9€PC(I)NC (), 3¢ (t]), g'(t]) and g'(t]) = g'(t;), j € {1,....k}}
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and

PCY(J,C'(R™) = {u: JxR" = R :u(-,z) € PC'(J), x € R" and u(t,-) € C'(R"), t € J}.

3.1
Suppose that X := PC!(J,C'(R")) is endowed with the norm
= sop{ sl sl
(t,m)€Elt) it ] xR (t,@)€lt) tjm] xR
sup lut(t, )|, j€{l,...,k}, ie{l,...,n}},
(t,0)€lty 1] XD

provided it exists.

Lemma 3.1. Suppose (A2) and (A3). Let uw € X and ||u|| < B. Then

Btz u(t, ), Duta))] < B (148 +38Y |,
j=1
Li(z,u(t,2)| < BPFL o je{l,.. k),
k
ij(x,u(t,x)) < ZBPJH )eJxR™
j=1

Proof. We have

|H(t,z,u(t,x), Du(t,z))] < b(t,z)+ bz(t7x)|u(t7x)|l + Zbgj(t,xﬂumj (t, m)|lﬂ'

S B+Bl+l +BZBI
7=1
n
= B 1+BZ+ZBZJ' . (t,z) € J xR",
j=1
and
|Ij(x»u(tv‘r))‘ < aj(x)|u(t,x)|pj
< Britl (tx)e J xR, je{l,... k},
and
k k
le(z,u(t z))| < Z (z,u(t,z)
J=1 j=1

IN

ZBPJ“ ) e J xR

This completes the proof. O
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For u € X = PC!(J,C'(R")), define the operator

Siu(t,z) = u(t,x)+/0 H(s,z,u(s,x), Du(s,z))ds

—up(z) — Z I (z,u(te,x)), (t,z) e JxR"

0<ty <t
Lemma 3.2. Suppose (Al1)-(A3). If u € X satisfies the equation
Siu(t,z) =0, (t,z)e JxR",
then it is a solution to the IVP (1.1).
Proof. We have
0 = Swu(tx)

u(t,x)—i—/o H(s,z,u(s,z), Du(s,z))ds

—up(z) — Z I (z,u(ty, x)), (t,x) e J xR™.

0<trp<t
Hence,
u(t,r) = ffot H(s,z,u(s, ), Du(s,x))ds

+uo(z) + > In(z,ulty,z)), (t,z) e JxR™

0<tp<t
We differentiate (3.3) with respect to ¢ and we find
u(t, ) = —H(t,z,u(t,z), Du(t,z)), (t,z) € JxR™.
We put ¢t = 0in (3.3) and we get
u(0,2) =up(x), x=€R"

Now, by (3.3), we obtain

u(ty, =) = —/OjH(s,a:,u(s,x),Du(s,x))ds

+U0(SU) + Z Ik(x,u(tk,ff))a S Rn,
0<tk<t;
je{l,... .k}, and
ti

u(ty,z) = - | H(s,z,u(s,x), Du(s,z))ds

+uo(z) + Z I (z,u(ty, x)), = €R",

0<tk<t;

j €{l,...,k}, whereupon

u(ty,x) —u(t; @) = Ij(z,uty,x), zecR", je{l,... k}

This completes the proof.

(3.2)

(3.3)
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Let

n k
By =2B+T|B+B'"+) B | +> B,
=1 j

Lemma 3.3. Suppose (A1)-(A3). Ifu € X, ||u|]| < B, then
|Siu(t,z)] < By, (t,z)eJxR™

Proof. We apply Lemma 3.1 and we get

t
[Siu(t,z)] = |u(t,z) +/ H(s,z,u(s,x), Du(s,z))ds
0
—up(z) — Z Ik(au(tk,a:))‘
0<trp<t
t n
< Ju(t, z)| -l—/ bi(s, ) + ba(s, x)|u(s, z) ' + Zb3j(s,x)|uwj (s,2)[" | ds
0 ,
J=1
+|UQ(£L')| + Z ‘Ik($7u(tkax))|
0<tr<t
n k
< 2B+T(B+B"+) B | 4> B
j=1 j=1
= By, (t,l‘) e J xR™
This completes the proof. O

In addition, we suppose

(A4) there exist a function g € C(J x R™) such that g > 0 on (0,7 x (R”\ (U;?:l{xj = 0}))
and

9(0,2) = g(t,0,z2,...,2,)

- g(t7.’171707$(}3,...,l‘n)

= g(t,z1,...,2n-1,0)

= 0, t€[0, 7], z=(x1,...,2,) ER",

and a positive constant A such that

n t x
M(1+1¢) H + |xj]) / A g(ty, s)ds
7=1

where [ = [ ... [, ds = ds,, ... ds).

dt; < A, (t,z)eJxR",
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For u € X = PC!(J,C'(R")), define the operator
t T n
Syu(t,z) = / / (t—1t1) H(z] —s5)9(t1,s)Siu(ts, s)dsdty, (t,x) € J x R" 3.4
0 Jo .
7=1

Lemma 3.4. Suppose (A1)-(A4). Ifu € X and ||u|| < B, then

[|S2u|| < AB;.
Proof. We have
|Syu(t,z)| = t —t) H g(t1,s)Syu(ty, s)dsdt
t x n
< / / (tftl)H\xj—5j|g(t1,s)|51u(t1,s)|ds dt;
0 0 ]
7=1
n T
S Blt2” (tl, )ds dtl
n t x
< B]Zn H + |x3 / / (tl, )dS dty
J=1 0
< AB;, (t,x)eJxR",

and

‘;&Mu@ = )9t 8)Svulty, s)dsdty

< |% = sjlg(t1, 8)|Sru(ty, s)|ds|dty

< Blzn g(t1,s)ds|dt;

S / (th )ds dtl
0

n t
B2"(1+1¢) [T+ |z) /
7=1

< AB, (t,z)€JxR"
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and
b t T n
‘Sgu(t,x) _ //(t—tl) 1 (@5 — si)atr, 5)Sults, s)dsdt,
Oy 0 Jo Pl
t T n
< [ =t T tes = slatonolste,s)lds|
0 170 j=15A
n t T
< Bi2" H |x]|/ /g(tl,s)ds dt,
=15 o170
L t T
S B12”(1—0—t)H(1—0—|a:j|)/ /g(tl,s)dsdtl
e o IJo
< AB;, (t,z)eJxR", le{l,...,n}.
Thus, ||S2u|| < AB,. This completes the proof. |

Lemma 3.5. Suppose (A1)-(A4). If u € X satisfies the equation
Syw(t,z) =C, (t,z) € J xR", (3.5)
for some constant C, then w is a solution to the IVP (1.1).

Proof. We differentiate two times with respect to ¢ and two times with respectto 2,1 € {1,...,n},
the equation (3.5) and we find

g(t,x)Su(t,z) =0, (t,z) € J xR,

whereupon
Su(t,z) =0, (t,z) € (0,T] x (R\ (Uj_{z; =0})).

Since Syu(-,-) € C(J x R™), we get

0 = }gl(l)Slu(t, x)
= S]U(O,I)

= lim Sju(t,z)

z1—0

= Slu(t,O,xz,...,xn)

= lim Sju(¢, z)

T, —0

= Swu(t,z1,...,2,-1,0), (t,z) € J xR"™.

Thus,
Siu(t,z) =0, (¢t,z)€[0,T] x R".

Hence and Lemma 3.2, we conclude that « is a solution to the IVP (1.1). This completes the
proof. O
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Our main result in this section is as follows.

Theorem 3.6. Suppose (A1)-(A4). Then the IVP (1.1) has at least one solution in X.

Proof. Let Y denote the set of all equi-continuous families in X with respect to the norm || - ||.
Let also, Y = Y and

B B
U={ueY : |ul|<B andif |u| > bR then w(0,z) > 5 TE R"}.
For u € U and € > 1, define the operators
Tu(t,z) = eu(t,z),
Su(t,z) = wu(t,z)—eu(t,z) —eSw(t,z), (t,x) € JxR"
For u € U, we have
I =S)ull = leu+ eSyull
< ellull + €l Saull
< €B] +€AB;.

Thus, S : U — X is continuous and (I — S)(U) resides in a compact subset of Y. Now, suppose
that there is a u € U so that ||u|| = B and

u=AI—-S)u

or
u = e (u+ Syu), (3.6)

for some A € (0,1). Observe that S,u(0,z) = 0, € R™. Since |lul| = B > £, we conclude
that (0, z) > %, z € R", and

u(0,2) = Xeu(0,z), z€R",
whereupon Ae = 1, which is a contradiction. Consequently
{fueU:u=M{I~-S)u, |[u|=B}=10

forany \; € (0, %) Then, from Theorem 2.3, it follows that the operator 7'+ S has a fixed point
u* € Y. Therefore

u*(t,z) = Tu*(t,z)+ Su*(t,x)
= eu(t,z) +u'(t,x)

—eu*(t,x) — eSou*(t,z), (t,z) € J x R",

whereupon
Sywu*(t,z) =0, (t,x) e J xR

From here, u* is a solution to the problem (1.1). From here and from Lemma 3.5, it follows that
u is a solution to the IVP (1.1). This completes the proof. O
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4 Existence of at Least Two Solutions

Let X = PC!(J,C'(R")) and assume that the constants B and A which appear in the conditions
(A1) and (A4), respectively, satisfy the following inequalities:

L k
(A5) AB, < %7 where By =2B+T | B+ B + BIHJ') + Y B'™Pi and L is a positive
j=1

J=1
constant that satisfies the following conditions:

r<L< R; <B,

with r and R; are positive constants.

Our main result in this section is as follows.

Theorem 4.1. Suppose that (Al)-(A4) and (AS) hold. Then the problem (1.1) has at least two
nonnegative solutions in X.

Proof. Let _
P={ueX:u>0 on JxR"}

With P we will denote the set of all equi-continuous families in P. Forv € X , define the
operators

Tw(t,z) = (1+me)v(t,x)— e%,
L
Ssu(t,z) = —eSw(t,x)— mev(t,x) — ST (t,z) € J x R",

where ¢ is a positive constant, m > 0 is large enough and the operator .S is given by formula
(3.4). Note that any fixed point v € X of the operator T} + 53 is a solution to the IVP (1.1).
Define

Q = P,
Uy = P.={veP:|v||<r}
U, = PL:{UGPI HUH <L},

Us = Pr ={veP:|v| <R}
(i) For vy, v, € Q, we have
[Tvor = Thva|| = (1 + me)|loy — vz,
whereupon 77 : Q — X is an expansive operator with a constant h = 1 + me > 1.

(i) Forv € Pg,, we get

L
1S50ll - < ellS2vl| +meljv]| +eg5

L
< 6<AB1 +mR; + 10).

Therefore S3(Pg, ) is uniformly bounded. Since S; : Pr, — X is continuous, we have that
S3(Pg,) is equi-continuous. Consequently Ss : Pr, — X is completely continuous.
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(ili) Letv; € Pg,. Set

1 L
vy = v + — S + —.
m Sm

Note that S,v; + % > 0onJ x R™ We have v, > 0 on J x R". Therefore v, € Q and

_ S L
€EMmuvy; = —€mug €92U1 610 € 10
or
(I—T)v, = + L
1)U2 — €Emuvy 610
= 531)1.

Consequently S3(Pr,) C (I —T1)(Q).

(iv) Assume that for any vy € P* there exist A > 0 and v € 9P, N (Q + Avg) or v € Pk, N
(Q + Avyp) such that
531} = (I — Tl)(’U — )\Uo).

Then
L
—eSpv — mev — 0= —me(v — Avg) + 1o
or
L
—Sv = Admugy + 5
Hence,
L L
Sl = ||A o
20l = oo + £ > £

This is a contradiction.

(v) Lete; = = Suppose that there exist a vy € Py, and \; > 1 + ¢; such that

Sm
Szvp = (I =T1)(Mvr). 4.1
Moreover,
L L
—€eSHv1 — mev; — Eﬁ = —A\\mev; + em,
or
L
Shvr + g = ()\1 — 1)mv1.
From here,
L L
Zg > |[Sv + 3 = ()\1 — 1)m||v1|| = ()\1 — l)mL
and
2
— 4+ 1> A,
Sm

which is a contradiction.

Therefore all conditions of Theorem 2.6 hold. Hence, the problem (1.1) has at least two solutions
u; and u, so that

Jurll = L < fluall < Ry

or
r <|luil| < L < |luzl] < Ry.
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S An Example

Below, we will illustrate our main results. Let & = 2,

1 1
TL:T:BZI, t1217 t2:§7 p1:27 p2:37 =2
and 9 3 2 1
Rl—lo, L 5 r 5 m=10", A 108,
Then
B = 243+1=6.
Next,
L
r<L< R <B, AB <§.
i.e., (AS) holds. Take
14512 + 52 s11/2
h(S) = log m, Z(S) = arctan m, s € R, S # +1.
Then
, 221/2510(1 — s22)
h (S) == )
(1— s11y/2 4+ s2)(1 + 511\@4—522)
11v2519(1 4 s2)
I'(s) = peE , seR, s#=+l.
Therefore

—00 < hm (1+ s+ s%)*h(s) < oo,

S*} o0

—00 < hm (14 s+ 52)3(s) < oc.

s—Foo

Hence, there exists a positive constant C so that

(I+5+5%) (44f10g%+22\[ar0tan5 f) = G

s € R. Note that lim [(s) = 5 and by [14] (pp. 707, Integral 79), we have

s—+1
/ dz _ 1 10g1+z\ﬁ+22+ 1 arctan Z\ﬁ
T+24 42 T 1—2v2+422 2V2 1—22
Let 410
Q(S):(1+s44)(1+s+52)2’ sel
and

a(t,z) =Q)Q(x1)...Q(x,), tcJ zecR™

Then there exists a constant C' > 0 such that

n t T
"(1+1¢) H 1+ |zj]) / / g1(7,2)dz
Jj=1 0

A
691(75733)7 (t,z) € J x R™.

dr<C, (t,z) € JxR"

Let
g(t,z) =
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Then

n

t
1+ ] |x]/
Jj=1 0

dr < A, (t,z) e JxR",

/OZ g(T,2)dz

e., (A4) holds. Therefore for the problem

fu,—l+r4 = 0, tel0,1], zeR,
u(th,2) —ulty,x) = “omE g R,
u(ty,z) —u(t;,z) = (ul(izigfg))}, z € R,
u(0,2) = Hﬁ’ z €R,

are fulfilled all conditions of Theorem 3.6 and Theorem 4.1. Note that for the above problem we
can not apply the results in [11] because the Hamiltonian is not Lipschitzian in the variable ¢.
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