Palestine Journal of Mathematics

Vol 13(4)(2024) , 1183-1195 © Palestine Polytechnic University-PPU 2024

Existence results for a p(x)-Kirchhoff equation with a
concave—convex nonlinearities

H. Mazan
Communicated by Thabet Abdeljawad

MSC 2010 Classifications: 35B30, 35B40, 35B38, 35J92, 35J60.

Keywords and phrases: p(x)-Kirchhoff equation, concave-convexe term, variable exponent Lebesgue and Sobolev, vari-
ational methods, Mountain Pass Theorem, Ekeland variational principle.

The author gratefully acknowledges the reviewers and editor for their constructive remarks and insightful ideas, which
substantially improved the paper’s quality.

Corresponding Author: H. Mazan
Abstract The existence of two nontrivial weak solutions to a class of p(x)-Kirchhoff-type
equations is the subject of this paper. Our approach relies on the variable exponent theory of the

Lebesque and Sobolev spaces combined with adequate variational methods, the Mountain Pass
Theorem, and the Ekeland variational principle.

1 Introduction

The purpose of this research is to investigate the existence of a weak solution to a class of
nonlocal problems involving the variable exponent and concave-convex nonlinearities

|V |P®)
M (/Q p(x)d.%‘> (—Ap(w>u)

u = 0 on 0Q,

N(z,u) in Q, (0

where fx(z,u) = X (mg(2)[u|9® 20+ my,(z)[u"@2u), @ ¢ RN (N > 2) is a bounded
domain with a smooth boundary, X > 0, the operator Ay u = div (|Vu[P™®)=2Vu) is called
the p(z)-Laplace operator; p is Lipschitz continuous on Q, and q,h € C(Q), m,, my, > 0 for

x € Q such that m, € LP®)(Q), B(z) = #ﬂﬁq)(m), and my € L'(Q), y(z) = #%-
Here, (
Np(z) .
pi(a) = { Nk I < (12)
00 if p(x) > N.

The problem (1.1) is a generalization of Kirchhoff’s model. Kirchhoff [13] presented a model
described by the equation.
2 2
dx) Ou _y, (1.3)

Ju
ox

Porr ~\n 2L da?

0*u <Po E [F
as an expansion of the common D’Alembert’s wave equation for the free elastic string vibration.
The parameters in equation (1.3) have the following meanings: p is the mass density, Py is the
initial tension, h is the cross-sectional area, E is the material’s Young modulus, and L is the
length of the string.

Whenever an elastic string with fixed ends is subjected to transverse vibration, its length
changes over time, causing variations in the string’s tension. This challenged Kirchhoff to sug-
gest a nonlinear correction to the typical d’Alembert equation. Nash and Modeer [28], as well
as Woinowsky-Krieger [27], join this correction into the Euler-Bernoulli equation for a beam
(plate) with hinged ends [14].
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Eventually, the problem

— (a + b/ Vu|2dx) Au = f(z,u), in  Q,
Q
u = 0, on 09,

(1.4)

received much attention specifically after the pioneer work of Lions [21], see, for instance, [3,
14, 32].

The study of Kirchhoff-type equations was previously developed to involve the p-Laplacian
operator in the following problem

-M (/ 1|Vu|p dx) Apu [z, u), in Q
Qb
u = 0, on 0Q,

where M and f meet specific requirements (for more information see [7, 6, 10]).

However, many publications extended the constant case to include the p(x)-Laplacian opera-
tor. In their study [9], Dai et al. used variational methods to examine a nonlocal p(x)-Laplacian
Dirichlet problem

{ -M (fQ ﬁ|Vu|p(z)d:c) Appyu = f(x,u) in Q, (15)

u = 0 on 0Q,

and have shown the existence and multiplicity of solutions to the above p(z)-Kirchhoff problem,
under some suitable conditions on M and f. In [4], Chen, by means of the mountain pass
theorem combined with Ekeland’s variational principle, obtained at least two distinct, nontrivial
weak solutions for the problem (1.5) where f(z,u) = X a(z)|u|*®) =2 +b(z)|u|?®)2) with a, B
being two variable exponents, X\ > 0 is a parameter, and M satisfies certain conditions. For
more related problems, we mention [5, 12, 17, 18, 19, 20, 23, 26].

Motivated by the above works and employing the Mountain Pass Theorem and Ekeland’s
variational principle, this paper aims to establish the existence and multiplicity of solutions for
the problem (1.1).

To state the main result, we need to make some mild assumptions about the function M and
the variable exponent. The assumptions for the continuous function M : R™ U {0} — R* are as
follows:

(M) M(s)=a+b-s* Vs> 0withk > 0.
The assumptions on the variable exponent are the following:

(E1) We will use the notations such as p, and p, where

p1 = ess infp(z) < p(z) < py := ess supp(x) < oo.
z€Q z€EQ

k+1 k+1
+p7)lpz < hy, and

(By) l<p<pm<q<q<k+Dp < E+1Dph < hy <hyp < ph, L
p2 < N.

Remark 1.1. The paper presents results on weak solutions in a finite-dimensional domain €, as
noted in Equation (1.2). See [2] for related references.

This paper is organized as follows. We offer some preliminary mathematical knowledge on
variable exponent Lebesgue-Sobolev spaces in Section 2. In Section 3, we use the variable
exponent theory of Lebesgue and Sobolev spaces combined with suitable variational methods
and the Mountain Pass Theorem to show the existence of at least two nontrivial weak solutions
to the problem (1.1), inspired by the idea introduced by Mashiyev, R.A, and al [25].
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2 Mathematical preliminaries

For the reader’s convenience, we recall some necessary background knowledge and propositions
concerning the generalized Lebesgue-Sobolev spaces. For more information, please see [8, 24,
30].
We denote
C.(Q) := {p(z) : p(z) € C(Q),p(z) > 1,Vz € Q},

p1 = max{p(z) : x € Q}, pr := min{p(z) : z € Q},

LE(Q) = {p ‘pE LOO(Q),essglfp(x) > 1},
EdS

LP@(Q) == {u . w is a measurable real-valuedfunction,/ lulP® dz < oo} )
Q

which is equipped with the so-called Luxembourg norm

ll]] () :inf{é >0 :/ 16~ LufP(®) < 1}7
Q

then (Lp<””)(Q), [l p(gg)) is a separable and reflexive Banach space, called generalized spaces.
We define also the variable exponent Sobolev space:

We)(@) = {u e LM (Q);|Vul € LX(Q)},
endowed with the norm

Hu”I,p(ac) = ||u||p(x) + Hqup(x)7vu € Wl’p@)(QL

which makes W'?(*)(Q) also a separable and reflexive Banach space. The space WO1 P(e) (Q) is

denoted by the closure of C°(Q) in W'»(*)(Q). We point out that Wol’p<z)(Q) is a separable
and reflexive Banach space.

Proposition 2.1. (/24, 30])
« The conjugate space of LP*)(Q) is L1*)(Q), where ﬁl) + ﬁx) = 1. Forany u € LP*)(Q)
and v € L) (Q), we have

/ uvdx
Q

« Ifpi(x), pa(x) € C(Q) and pi(2) < pa(x), Vo € Q, then LP*)(Q) — LP1(*)(Q) and the embedding is

11
< <pl + ql) 1l 10llg(e) < 2lullpel1vllg)-

The next proposition illuminates the close relation between the || - ||,y and the convex mod-

ular p,,)(u) = / lu(z)|P@ da
Q

Proposition 2.2. (/8, 24, 30]) For u € LP*)(Q) and p, < oo we have
(D) ullp@) < 1= 1> 1) <= pyy(u) < I(=1;> 1),

(i) Nulygey > 1 = %) < pyioy (1

) (u

(V) ullpw) = a >0 <= py (ﬂ) =1

a

P2
) < lullbi
(iii) [ullpiay < 1= [ull2%,) < ppiay (u) < [lully,,

Proposition 2.3. (/8, 24, 30]) If u,u,, € LP(I)(Q), n = 1,2,..., then the following statements
are equivalent

i) Hm o, —ull,q = 0.
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i) lim p, ey (up —u) = 0.

n—oo

iii) un — w in measure in Q and 1im_ppq,) (Un) = pp(a) ().

Lemma 2.4. ([1]) Assume that v € L (Q) and p € C4(Q) := {me C(Q):m >1}. If
lu|"®) € LP(*)(Q), then we have

min {1l 0007 ) b < Il oy < max {7 107 -
Remark 2.5. If r(z) = r, r € R then

Given two Banach spaces X and Y, the symbol X <— Y means that X is continuously embedded
in Y and the symbol X << Y means that there is a compact embedding of X in Y.

Proposition 2.6. ([8, 24, 29, 30]) The following results hold:
(i) Let g,h € C(Q). If ¢(z) < h(z) for all = € Q, then L"*)(Q) — L1®)(Q).

(ii) Let p is Lipschitz continuous and p» < N, then for h € L (Q) with p(xz) < h(z) < p*(z)
there is a continuous embedding W'P@)(Q) — LM*)(Q), and also there is a constant
Cy > 0 such that ||uHh<m> < Cl||u||1,p(x).

(iii) Letp,q € C(Q). If p(x) < q(x) < p*(x),Yz € Q, then W'P(#)(Q) < LI=)(Q).

(iv) (Poincaré inequality) If p € C, (Q), then there is a constant Cy > 0 such that

1,p(z
[ullpz) < Colll V), Yu € Wy (@),

Consequently, ||ul| = [||Vul|| () and |[ull, p) are equivalent norms on Wol’p(m)(Q). In what
Sollows, VVO1 ’p(r>(§2), with p € C(Q), will be considered as endowed with the norm ||ul|; ;.
We will use ||u| = ||Vu| ) for u € Wol’p(w)(Q) in the following discussions.

Lemma 2.7. (Palais-Smale condition [22]) Let E be a Banach space and I € C'(E,R). If
{un} C E is a sequence which satisfies

[ (un)| < M,
I'(u,) = 0asn — oo in E*,

where M is a positive constant and E* is the dual space of E, then {u,} possesses a convergent
subsequence.

Finally, we introduce the main tool utilized in this paper, which is the Mountain-Pass Theorem

Lemma 2.8. (Mountain-Pass Theorem [22]) Let E be a Banach space, and let I € C'(E,R)
satisfy the Palais-Smale condition. Assume that 1(0) = 0, and there exists a positive real number
pand u,v € E such that

* ol > p, I(v) < 1(0).
c a=inf{I(u) :u € E, |ul| =p} >0.
Put G ={geC([0,1,E) : g(0) =0,9(1) = v} # 0; set 8 = i1€1f sup I(g(t)). Then, B > «

9 Gte[o,l]
and B is a critical value of I.
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3 Main Results

Definition 3.1. We say that u € Wol’p(m)(Q) is a weak solution of problem (1.1), if it satisfies
1
M (/ |Vu|p(m)dx> / |VuP@ 2Ty - Vodz =\ (/ mq|u\q(1)_2uvdx
o p(x) Q Q
+ / mh|u|h<“’)*2uvdx) ,
Q

for all v € Wy "/(Q).

We shall look for solutions to (1.1) by finding critical points of the energy functional defined
as Jy : W()l’p<m>(Q) - R,

_%F |Vu[P®) Mg | q(x) Mh | ) g
J(u) =M (/Q () d:v) ) (_/Qq(x)u|q dx—l—/gh(x)|u| d:L) , 3.1

— t b
where M(t) = M(s)ds = at + ——t**. It is well known that the functional J\ €
kE+1
0

c! (I/VOl P Q) R) for any v € R, there holds

p(z)
(Ji(u),v)y =M /|VU| dx /\Vu|p(“")*2Vu~V’udx
o p(z) Q

—A </ mq|u|q("’”>*2uvdm + / mh|uh(””)2uvdx> .
Q Q

The following theorem is the main result of the present paper.

(3.2)

Theorem 3.2. Assume p is Lipschitz continuous, g, h € C+(Q) and condition (E2) is fulfilled. If

(k+1D)pa—a1 (k+1)pa—hy
Ne <0,min{ Lk b }) C > 2,
q& (k + 1)p2 qu”B(ac) ¢C (k+ 1)p2 ||mh||'y(;v)

then the problem (1.1) has at least two distinct, non-trivial weak solutions, where p € (0, 1).

To obtain the proof of Theorem 3.2, we use Mountain Pass theorem. Therefore, we must show
that Jy satisfies Palais-smale condition in the first place.

Lemma 3.3. Let ) satisfies the condition of Theorem 3.2. If {u,} C Wol’p(x) (Q) is a sequence
which satisfies conditions

| Iy (un)| < M, with M € R*, (3.3)
J4 (un) = 0asn — o in (W()l’p(z)(Q))* , 3.4
then {u,} has a convergent subsequence.

Proof. First, we show that {u,, } is bounded in WO1 P (z)(Q). Assume the contrary. Then, passing
to a subsequence if necessary, we may assume that ||u,| — oo as n — oo. Thus, we may
consider that ||u,|| > 1 for any integer n. By (3.4) we deduce that there exists N; > 0 such that
for any n > N;, we have

175 (un) || < 1.

On the other hand, for any n > N fixed, the application

W(:J’(x) (Q) Sov— <J;\ (Un) ,U>
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is linear and continuous. The above information implies
1,p(x
(5 () 0) | < T4 () g0y o < 0] Y0 € Wy (@), > N

Setting v = u,, we have

|l <M ( |5 ‘V“"' ) N
- (/ mq\un|q<x>dm+/ mh|un|h<m>d;c) < lun-
Q Q

Using the assumption ||u,|| > 1, relations (3.3)-(3.4), Proposition 2.1, Lemma 2.4 and Proposi-
tion 2.6 (ii) we have

(3.5)

1
hil <‘];\ (un) 7uﬂ>

|Vu, [P\ (/ my mp,
=M /7d M ‘I(‘”)dw+/ | | M)
( e Qq<x>' | o b "

hy Q
+A </ mq|un|Q(z)dx+/ mhunh(z)dm>

hi \Ja

— P( w

Q p(x) Q
) (1/mq|un|q(1)dm+l/mh|un|h<x>d:€>
a Jo hi Jo

+i (/ mq|un|q(£)dx+/mhunhmdfﬂ)

h1 \Ja o

E+1
|V, |P(®) b / |V, [P(*)

>a / dr | + dx

( o () (k+1) \Jo bp(z)

(Vi [P b Vua @ A

a Uy, [P\F U, [P\F
- — T —dr | — — /#dm ——/m U |7 da:

hi (/Q p(x) ) hy ( o p) ) q Jo ol
—A/mh|un\h(1)daj—l—i/mq|un|‘I(x)da:+i/mh|un|h(z)d33

ht Jo hi Jo ht Jo

1 1 1 . k+1

>a| —— — Vunp )dz | + b - /Vu,ﬂ“”dm)

(pz hlpl) (/ | | ) ((kr+ 1)ph+! hlPl) ( Q| |

M >Jy (un) —

1 1 1
_ Up, PLp _ Un, pi(k+1)
P2 hip ) fun ((k:+ 1)pht! hlp1> lunl

1
— — — ) Chllm o || un @
)l
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1 1 1 1
_ pi(k+1) —
_b<(k:+l) T h1p1> [ | +/\(h1 q1)03mqn6(m)
(3.6)

1 1 1 1
> b — + A — — — ) C4llm o |[tn @—pi(k+1) Up, pl(k-ﬁ—l)7
[ ((,H]) = h]p]> (5 - 3 ) Callmallo ]

where C3 > 0 is a constant independent of «,, and z, for n large enough Dividing (3.6) by
||wn || 5 +1) and passing to the limit as n — oo we obtain < 0. Since (E1)—(E2),

|Q2

FET "

this is a contradiction. It follows {u,, } is bounded in W, @(Q).
Next, we show the strong convergence of {u,,} in WO] P (x)(Q). Since {uy,} is bounded, up to

a Next, we show the strong convergence of {u,,} in WO1 P(e) (Q). Since {u,,} is bounded, up to a

subsequence (which we still denote by {u,, }), we may assume that there exists u € WOI P (I)(Q)
such that
u, — u weakly in Wol’p(m)(Q) asn — oo.

By Proposition 2.6 (iii) we obtain
U, — u strongly in Lp(x)(Q) asn — o0o. (3.7
Furthermore, from [11, 16] we have
Uy, — w strongly in LM®) (K)  asn — oo, (3.8)
where K is compact subset of Q. The above information and relation (3.4) imply
(J3 (un) — J5(u),up —u) — 0asn — oco.

On the other hand, we have
1
M ( / |Vun|p(x)dac> / (\Vun|p(”)_2Vun - |Vu|p(”’)_2Vu) - (Vun — Vu) dz
o p(z)
= (4 () = T3 () =) =X [y (Jan 102, = o120 (1, = )
- /\/ mp, (|un|h<“‘)_2un - |u|h(“')_2u) (up, — u) dz.
Q
From Proposition 2.1, Proposition 2.3 and Lemma 2.4, we have

A ‘/ my (|un|(I(m)_2un — |u|q<m>_2u) (up, — u) dz

<)\‘/ Mg |tin |19 2, (uy, — u)da

+)\‘/ mglun |92 (u,, — u) da
<Callmgll g a7 _y ot fJun = ullp(ey + Csllmall s lllul 7| tatlun = ullpa)

1 _
<Callmgllpie) llunllfiny lun =l ) + Cslimgll s lullZo) lun = ul) -

where Cy, C5 > 0 and ﬁ (x(l_) + ﬁ = 1. Similarly, we have

p

A ‘/ mp, (|un|h(””)*2un - |u|h(z)*2u) (up, —u)dz
Q

hzl

<Cslmally() e

||un —u

||un —u

p*(x) + C7||th’y p*(z)

h(z)—1
@ T @

where Cg, C7 > 0 and ﬁ + = 1. Combining (3.7) and (3.8) we have

l[un — ull,,) — 0asn — oo,
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and

[tn — ull () — 0asn — oco.

p*(
Therefore, from above inequalities we deduce that

nlggo , mp, <|un|h(z)72un - |u\h<z)*2u) (up, —u) =0, (3.9)
and
i a(@) =2y, _ |y la(@)-2 — =
nli)n;o qu <|un| Up — |u] u) (up, —u)dx =0, (3.10)

thus, by (3.9) and (3.10) we obtain

lim M ( / 'V“") / (\Vunlf’(“—zwn - |Vu|”<””>—2w) (Vn — Vu)de = 0. (3.11)
n—reo o p(x) Q

This result and using the standard inequality in RY given by

(lel 20— nl"n) - (e —m) = 27"[o —n|,Vr > 2,0,n € R, (3.12)
yields
lim / IV, — Vul[P@dz = 0. (3.13)
n— oo Q

This fact and Proposition 2.3 imply ||Vu, — Vul,,) — 0 asn — oo. Relation (3.8) and fact
that u,, — u weakly in WOI p() (Q) authorize us to apply the conclusion of [31] in order to obtain
that u,, — u strongly in WOl #@)(Q). Thus, Lemma 3.3 is proved. i

Now, we show that the Mountain-Pass theorem can be applied in this case.

Lemma 3.4. Assume p,q,h € C+(Q) and condition (E\) — (E) is fulfilled. The following
assertions hold.

(i) There exist A > 0, > 0 and p € (0, 1) such that
In(u) > o, Yue WyPN(Q) with |[u]| = p. (3.14)
(ii) There exists w € Wol’p(m)(Q) such that

fllglo Iy (tw) = —o0. (3.15)

(iii) There exists ¢ € VVOl P@)(Q) such that ¢ > 0, ¢ # 0 and
Ja(ty) <0, (3.16)
fort > 0 small enough.

Proof. (1) Using Proposition 2.1, Proposition 2.2, Proposition 2.6 (ii) and Lemma 2.4, we
deduce that for any u € Wol’p(z)(Q) with p € (0, 1) we have

) b vup@ "
u|P* u|P*
Ia(u) =a / de | + / dz
() ( (@) ) <k+1><g (@) )
m mp,
—)\/ —quqmd:ﬂ—)\/ M)
o) o bl "
a b k+1
2—/ \Vu\p@)dx—i—ikﬂ (/ |Vu|p("”)dac>
»2 Jo (k+1)p; o)

_i/mq|u|q(m)dx_hi/mh|u|h(m)d$
a1 Jo 1Jo
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g P2 b pz k+1 q
2 Sl e+ el [l
f—/mh|u|h
> Dl = 2 gl € e

(k‘+1) k+1 I el

h71 Hb”’y(z) H ‘u|h(r) || %

b

A
> m” u|P D — a”quB(m)HUH;]@) - a“mh||w(m)“u||2i(x)
b A _
> [P+ m qu ||qu,@ y e Pa(f+1)
hi A hi—p2(k+1)
-C hi”th”(I)”uH ? :

Taking
)\ _ min qlbp(k""l)pzfm hlbp(k""l)pth] \V/C - 2
COP (K + 1)p5 M Imallsm) " COM (k + 1)p5 Imll o)
we obtain

(¢ —2)ptkthr

o Ty € W,y (Q) with [Jul| = p.

JA(U) >

Thus Lemma 3.4 (i) is proved.

(ii) Letw € C§°(R),w > 0,w # 0and ¢t > 1. We have

T Iy R T
\(tw) = a w|P\Pdx + / w
o p(z) (k+1) \ Ja p(z)
ta(@) th(z)
f)\/—m wq(z)dxf)\/ ——mp|w dx
o a(@) "1 e ol
P2 (k+1)p k+1
p1 Jo (k+1)
—)\—/mq|w\q dx — —/mh\w|h($)dx
bt (k+1)p k+1
e ()

f)\—/mqku\q da:f)\—/mh\ww

Since max {qz, (k + 1)p2} < hp we have Jy(tw) — —oo. Thus Lemma 3.4 (ii) is proved.




1192 H. Mazan

(iii) Let p € C§° (), ¢ >0, #0and t € (0,1). We have

nie =0 [ s e ([P o)
tp :a/ %) x + / o|P'"dx
* o p(z) (k+1) \ Ja p(x)
q(@) h(z)
—)\/ t mq|go\‘”C dx — )\/ t—mh|<p|h(m)d:c
Q a\x Q T
_ate bt(k+D) i
/|w\p da:—i—w(/ Ve d;v)

A et n <25 [

A0 At
/mqlso\qmda%f/mh\wl”’(“’)
a Jo hi Jao

q1
>/\t [/ mq|sﬁ|(I(m)dl‘+/ mh|¢|h(£)d4v
hy e Q

at?? bt(k+1) ko
/|w\P daz—i—w(/ Ve d:v)

(k+1)p2 (k+1)ps k+1
<ot /\le”(””d:wbt (/ IVsoW)dx)
p1

b1

k+1 \p2 k+1
< /|V<p|p d:r—l—b(/ VP dm) .

k+1
a/ |V<pp(x)dx—|—b(/ |Vun|p(x)d$> 1
Q Q
q1
A U mqwl”(’”>dw+/mh|s@h<””)dw]
hi Lo o

<0,

Since

and also

We have

IN
BN

Ia(te)

1
for t < §=thr—a1 with

a(x) g h(@) g
0<6<min{17)\ P1 [meq|<p| z + [omalpl CU] }

hy [a Jo IVolP@da +b ([, |Vgo\1’<$>dx)k+l]

Lemma 3.4 (iii) is proved.

Proof of Theorem 3.2 . Combining Lemma 3.3, (ii) and (iii) of Lemma 3.4 and Mountain-Pass
Theorem, we deduce .J), has at least one non-trivial critical point Jy (u;) = 8 > a. Therefore u,

is a weak solutions to problem (1.1).

Now, we prove that there exists a second weak solution uy € X such that u # u;. Indeed, by
(3.14), the functional .Jy is bounded from below on the unit ball B;(0). Applying the Ekeland
variational principle in [15] to the functional J : B(0) — R, it follows that there exists u, €

B(0) such that

JA(u€)< inf J)\(u)-i-ﬁ
u€ B (0)

Ix(ue) < In(u) +€llu—uel|, u F#* ue.
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By Lemma 3.4, we have

inf Jy(u)>r>0and inf J,(u)<O.
u€d B (0) w€B,(0)

Let us choose € > 0 such that

0<e< inf Jy(u)— inf Jy(u).
uwedB;(0) u€ B (0)

Then, Jy (u) < gg(o) Jx(u) and thus, u, € B;(0). So, we define the functional I, : B,(0) —
ue 1

R by In(u) = Jx(u) + €||u — uc|. It is clear that u, is a minimum point of I and thus

I (ue + tv) — Iy (ue) >0
t i b

for all ¢t > 0 small enough and all v € B;(0). The above information shows that

I (ue +tv) — Iy (ue)
t

+ €|lv|| > 0.

Letting ¢t — 0", we deduce that
(Jx (ue) ,v) > —¢||v]].

It should be noticed that —v also belongs to B;(0), so replacing v by —v, we get
(I3 (ue) ;v) < eljo]f or (J3 (uc),—v) = —e]| —vll,

which helps us to deduce that ||.J{ (uc)|| . < e. Therefore, there exists a sequence {u,} C B(0)
such that

Iy (up) — B= inf Jy(u) <O0and J§ (u,) — 0in X* as n — oo. (3.17)
u€ B (0)

From Lemma 3.3, the sequence {u,} converges strongly to u as n — oo. Moreover, since
Jy € C'(X,R), by (3.17) it follows that .Jy (uz) = [ and J} (uz) = 0. Thus, u; is a non-trivial
weak solution of problem (1.1).

Finally, we point out the fact that u; # wuy since Jy (u;) = 8 > 0 > § = J (uz). Then the
proof of Theorem 3.2 is complete. O
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