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Abstract This article focuses on the examination of skew cyclic codes over the ring R =
(B [1}1 , V2, ’03]) + (B [U] , V2, 1}3]) + 92 (B [1}1 , V2, ’03]) +193 (B [’U[ , V2, 1)3]) ,with B = me or Fpm,
v? = v;, and v;v; = v;v;. It explores the generator polynomials associated with these skew
cyclic codes over R and delves into their structural properties through a decomposition theorem.
Furthermore, the paper discusses the generator polynomials of the duals of these skew cyclic
codes. Additionally, the investigation covers the idempotent generators of skew cyclic codes

over the rings B [vy, v2, v3] and fR.

1 Introduction

Extensive research has been conducted over the past decade on linear codes over rings, partic-
ularly following the groundbreaking findings presented in reference [8], which focused on the
examination of linear codes over Z4. This exploration has catalyzed a surge of interest in exam-
ining various types of rings within the context of coding theory, leading to diverse avenues of
study and potential applications see [1, 2, 6,9, 12, 14]. As an extension of this development, our
research focuses on studying a particular type of such codes, namely skew cyclic codes over the
ring ‘R.

The concept of skew cyclic codes builds upon cyclic codes but extends to finite rings rather
than finite fields. A finite ring is a generalization of a finite field and may not have multiplicative
inverses for all elements. Skew cyclic codes were first introduced by Pattanayak and Heliyani in
2016 (see [13, 15, 16, 17]).

Skew-cyclic linear codes represent a significant subclass of linear error-correcting codes in
coding theory formed through the utilization of skew polynomial rings over finite fields. In
essence, these codes extend the concept of cyclic codes by leveraging non-commutative poly-
nomial multiplication operations. Just as cyclic codes exhibit the property that cyclic shifts of
codewords remain within the code, skew cyclic codes maintain this property but with operations
defined in skew polynomial rings. This differentiation enables a wider spectrum of algebraic
structures to be used in encoding and decoding operations. Skew cyclic linear codes are defined
by their capacity to correct errors effectively while preserving the beneficial attributes of cyclic
codes, rendering them valuable in numerous communication and data storage applications.

This study mostly delves into various facets of coding theory, emphasizing codes defined
over the ring R. It delves into three main areas of study: linear codes over R, classes of skew
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cyclic linear codes over R, and codes over R possessing dual-containing skew cyclic proper-
ties. By studying the properties and structures of these codes, the work aims to contribute to the
understanding and advancement of coding theory, particularly within the context of rings and
algebraic structures.

The remainder of the paper is structured as follows: Section 2 provides an in-depth explo-
ration of the foundational background and prerequisites required to understand the concepts dis-
cussed in this paper. It covers topics such as the Gray map and Gray images of linear codes over
R, which are fundamental for understanding subsequent sections. In Section 3, we introduce the
concept of linear codes over Ji. The main focus of this section is to analyze a particular linear
code over R. Section 4 is dedicated to the test of various categories of skew cyclic linear codes
over fR. Skew cyclic codes constitute a specialized subset of linear codes with unique attributes.
This section aims at scrutinizing and comparing different classes within this category. Section 5
focuses on examining codes over the ring R possessing dual-containing skew cyclic properties.
These are a class of error-correcting codes defined over the ring R, notable for their specific
characteristics linked to their dual codes and their similarities to skew cyclic codes, including
their resistance to cyclic permutations of codewords. The concluding Section 6 offers a brief of
the essential findings and contributions made within this paper.

2 Foundational Background and Preliminaries

This section introduces the finite ring R, constructed by combining four distinct subrings: R,
IR, ¥*R, and 9*R. Here, R is defined as B [vi, vz, v3], where v? = v;, and vv; = v;0;.
The construction’s citations include [3, 4, 5, 10], establishing a groundwork of background and
preliminary components. These elements form the basis for the ensuing discourse within the
framework of this finite ring.

Consider the ring
R = (Blo1,v2,v3]) + 0 (Bo1,v2,03]) + 0 (B[v1,v2,v3]) + 0 (B[vr,v2,3]) , (2.1)

for B = Zym or Fpm, v} = v;, and v;v; = v;0;.
Based on [7], let YR be a commutative ring, and consider the set of orthogonal non-zero

4
, where ged(8;,0 —

¥;) = 1, and there exist polynomials ¢; and r; € R[V] satisfying ¢;6; + (9 — ¥;) = 1. Let

idempotents for 0 < ¢ < 3. These idempotents are defined as §; = R
w; = t;0;. The following proposition naturally emerges from these conditions.

Proposition 2.1. Let w;, for 0 < i < 3, represent four elements in the commutative ring R. These

elements w; satisfy the conditions of being orthogonal non-zero idempotents and also fulfill the
9 — 9= 9=

Pierce conditions over R as follows: wy = tg——, w1 = t1———, wy = th———, and
J 0 019_190 1 119_191 2 219_192
e
w3 = t3W’ where t; € R for O < i < 3. These expressions demonstrate how each w; can
— U3

be constructed using the given polynomial forms, fulfilling the specified conditions.

2 3
Let’s examine the subsequent idempotent elements in R, (o = [[(1 — v;), (1 = vy [[(1 —
i=1 i=2

3 2 2 3
vi)aczzvz H (1_01)7<3:U3 H(l—’ui),<4:(1—’03)1_[1}1‘74'5:(1—1)2) H ’Uia<6:
i=1 i=1

i=1,i#2 i=1,17#2

3 3
(1—wvp) 1:[2%@ = _l:[lvz'-

There exist two primary approaches to define an element ¢ in fR. According to [5], the first
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method is:
c = 1w ao—l—ZUza] +Z Z vlvja2 + Hvkm
L i=1 j=i+1
+ boJrz:vzb7 +Z Z vlvjb +Hvkb7
i=1 j=i+1
+ wy |+ szcl + Z Z UZU]CZ + Hvk@
i=1 j=i+1
+ w3 do—i—Zvldz —1—2 Z v,v]d '+ Hvkd7
i=1 j=i+1
As for the second approach, we have:
¢ = Co(moao + @by + waco + w3do) + Y Gvi(wi(ao + af) + @a(bo + b}) + @3(co + )

i=1
3
+ <7Hvk(wo(ao+aﬁ +...4a7) +wi(bo+bi+...+b7) +waco+ci+...+¢7))
i=1
+ wi(do+dj+...+d7)).

Corollary 2.2. [10] The product w;(; is the idempotents of R, for 0 <i <3and 0 < j <7.

Each codeword (cg,c1,...,c,—1) € C in the code C' is represented by a polynomial ¢y +
cax+...+cp1z" tin R[z]. A code C is termed a cyclic code of length n over R if it remains
invariant under the cyclic shift operator

T o R — R™

(2.2)
(cosctyevvsent) = w(coclyeonycnat) = (Ca1,€05C15- -, Cn2) -

In the polynomial representation, a cyclic code C' of length n over R can be characterized as an
ideal of the ring f[z], (=™ — 1). For further insights into skew polynomial rings, readers can
refer to the comprehensive discussions in references [7, 11].

Let A be in Aut(R), and ® : & — R an extension of A given by

O (z =0+ 219 + 229 + 239°) = A (m0) + A (1) 9 + A (22) 9* + A (23) P (2.3)

For v be in Aut(B), and A : R — R an extension of v given by

4 2 3 3
A(r) = v(a)+ Zv,y (a}) + Z Z VUV (a?) + H vy (a7) , (2.4)
i=1 i=1 j=i+1 k=1

where v : B — B is an application defined by

v(a) = a?’. (2.5)
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By utilizing Equations 2.3, 2.4, and 2.5, we can obtain

3 4 . 2 3 Cpt 3 .
O(r) = Zﬂt (ao)pt -I—Zvi (a})” +Z Z V;v; (a?)p -I—Hvk (a7)?
=0 | i=1 i=1 j=it1 k=1
3 I .4 o 2 3 3 t-
+ Zﬁt (bo)” +Zv¢ (b’l)p —|—Z Z V;V; (b;j) + Hvk (b7)"
=0 | i=1 i=1 j=it1 k=1 |
3 I . 4 . 2 3 N 3 t_
+ 0 (o) + D e ()" DD vy (Cﬁj) + [T o (er)”
=0 | i=1 i=1 j=itl k=1 |
3 ¢ 4 ot 2 3 AP 3 t
+ Y 0 (o) D i (d) 4D vy (d;J) + [T ve ()"
=0 | i=1 i=1 j=i+1 k=1

Furthermore, the multiplication operation is defined as follows:
(az")(ba?) = a® (b) 27, (2.6)
but this multiplication is not commutative.

Definition 2.3. [7] Let R be a ring and ® be an automorphism of 9R. A linear code C' of length
n over R is a skew cyclic code with

c=(co,C1y...,n-1) € C = 7(c) = (O(cp-1),0(c0),...,0(cr_2)) € C, 2.7
where 7(c) is a skew cyclic shift of c.

Proposition 2.4. [7] Let Z(R[x, ®]) Denote the center of R[z, ®). Then 2™ — 1 € Z(R[x, O)) if
and only if the order of the automorphism © divides n.

Theorem 2.5. [7] Let C be a code of length n over R such that the order of the automorphism
O divides n. Then C is a skew @-cyclic code if and only if C is a left ideal {g(z)) C R", where
g(z) is a right divisor of 2™ — 1 in R[z, O]

2.1 A Gray Map and Gray Images of Linear Code over R

This section explores the relationship between linear codes, Gray maps, and their applications
in R. We explore the construction and properties of Gray maps tailored to linear codes over this
particular algebraic structure, shedding light on their significance in practical coding theory.

Definition 2.6. The Gray map from R to B* is defined by

d=b0od : R U R4 i} B3

(2.8)
v = q)l (U) = (U17 U2, U3, U4) = (bz (q)l (U)) ’

with &, (‘131 ('U)) =&, (’U],’Uz, (L U4) , where

®(v) = D (vy) = (ao,a0+al,...,a0+al+---+a7),
(v2) = (bo, b+ bi, ... 0o + b + -+ b7),
D, (v3) = (co,co+ iy yco+ i+ + 7)),
(v3) = (do,do + i, ... ,co+d} +---+d7)),

the map @ is bijective. Furthermore this map can be extended into n tuples of R naturally as
follows:

D=dyod, : M U g B g (2.9)



LINEAR SKEW CYCLIC CODES OVER THE RING ‘R 1217

3 A Linear Code over ‘R

A code € of length n over fR is considered as an SR-submodule of (%R)". To represent the dual
code of €, denoted as €, we use the notation such that, €+ = {z € R" : (x,y) = 0,for all y € €}.
Next, we proceed to define the codes Cy, Cy, C», and C3 as follows:

Co = {xo € (R)"|3z1, 22,23 € ( |Zwoxl ed

C = {xl € (R)"|3xo, z2, 23 € (R)"| Zwoxz Q}

C = {CL’Q S (R)n|3$0,$1,$3 E |ZZU()JJZ ed

C3 = {x3 € (R)"|3zo, z1,22 € (R)"| ZWO:Q € et} )
=0

Proposition 2.1 establishes that a linear code € of length n over i possesses a distinct and unique
decomposition as follows:

Theorem 3.1. Consider a linear code € of length n over R. In this case, a distinctive and
exclusive decomposition can be expressed as follows:

¢ =Pwc, 3.1)

and

3

In addition, one can execute a similar computation to form the codes Cy, C;, C,, and Cs.

Theorem 3.2. Suppose Cy,Cy,Ca, and Cs are linear codes of length n over R. In this scenario,
each of these codes can be uniquely decomposed as follows:

7 7 7 7
Co = P ¢Cok, €1 = @ Gk Cix, C2 = EP ¢ Cok andCs = ) Gk Csx (3.3)
k=3

k=0 k=1 k=2
where, the codes Cyy, for 0 <i <3 and 0 < k <7 is defined in [10].

According to Theorems 3.1 and 3.2, we can deduce the construction of both a linear code and
its orthogonal over R = R + ¥R + ¥>R + >R by utilizing the following relationships.

¢ = wo [@CkCOk © @ @CkClk © @2 @CkCzk ® w3 @Ckc3k‘| (3.4
k=0 - k=0 k=0
3 7
P [@c e
=0 k=0

and
7

@Ckcllk

k=0

7

@ kG

k=0

7

@ckcﬁ] (3.5)

k=0

@ w © ws ® w3

7
Q:J' = W [@Cde;c

k=0

3 7
k=0

=0

Equation 3.4 presents a theorem that can be articulated as follows:
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Theorem 3.3. Let € be a linear code of lenght n over R. Then

oo (&) (&) (8- (@)
and

3 3 /7
€| = H |C;i|, where |C;| = H ( |Cik|> .
0

=0 i=0 \k=

Theorem 3.4. Let us assume that the generator matrix G;, with 0 < i < 3, represents linear
¢oGlio

GG

codes Cy,Cy,Cy, and Cs as follows, G; = . Now, we need to determine the generator

GG
matrix of €.

’(ﬂoGo
lel (3 6)
wGr '

3G

Proposition 3.5. Suppose € is a linear code of length n over SR with a generator matrix G. Then
the generator matrix of ®(€) can be expressed as follows:

D(Go) 0 0 0
sy=| O G 0 0 (37)
0 0 Gy 0
0 0 0 D(Gs)
with
Go O 0
d(G;) = o . 0 |, for0<i<3. (3.8)
0 0 Gy

4 A Classes of Skew Cyclic Linear Codes over ‘R

This section focuses on constructing skew cyclic codes over finite rings using the skew polyno-
mial ring with an automorphism ®. This concept serves as a generalization of cyclic codes over
non-commutative polynomial rings. Our main objective is to identify and analyze skew cyclic
codes of length n over the finite ring fA.

3 7

Theorem 4.1. Let € = P w; {@ CkCik} be a linear code over ‘R of length n where Cyy, for
i=0 k=0

0<i<3and0 < k <7 are linear codes of length n over B. Then € is a ®-skew cyclic code

over R if and only if Cy, for 0 <i <3 and 0 < k <7 are v-skew cyclic codes over B.

Proof. Lete = (% ¢!,...,e" 1) in €, where

7 7 7 7
el = g (Z Ck58k> + @y (Z CkE]qk> + w» (Z (jkagk> + w3 <Z §k5§k> and e}, € B,
k=0 k=0 k=0 k=0
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for0<i<3,0<k<7and0<g<n-—1.Then

€00 = (580, 6(1)0, . ,880_1) € Coo,
g1 = (587,567,...,56‘771) € Cyy,
€30 = (5(3)0, E%O, - ,E?O_l) € Cy,
€37 = (5(3)7,611;7,...,5?7_1) € Csy.

Following Equations 2.3, 2.4 and 2.5, we have

7(e)

= wp (A (acg_l) A (:ng) D\ (Cﬂg_z)) + @ ()\ <x?‘l) A (x?) D\ (x’f_z))
) A () o5 49 )
= wo <§7: (kV(E(T)l;;l)a 727:@6”(531@ )) + @i (iCk’/(Eﬂl)a . ZCkV % )
k=0 k=0 =0
+ w < 3 Cev( Ezk ngu €% ) + w3 (iCkV(€?k1)7-~ Z(ku €35 )
= @[ (u(ego-w,u(e&)), w(e&:z)) ot G (el ) ).l
+ @ o (el e D) + e+ G (vl e ()]
+ w [CO <V(5;LJI)>V(52())’ 7”(53072)) +...+G (V(ngl)’ (%), .- v(eh )}
+ o [ (v ) (D) o G (vl ) ()]

WOQ)I/ (500) 4+ ...+ WOCOV (607) 4+ ...+ W3<()l/ (630) 4+ ...+ ’(D3C7I/ (637) e .

So that, v (g;5) € Cig, for 0 < ¢ <3 and 0 < k < 7 implying C;, are v-skew cyclic codes of
length n over B. Similarly for the second inclusion. O

The statement suggests that when the length of the code, denoted by n, satisfies the condition
of being a multiple of the order of @, i.e., n = ¢-ord(®), then it becomes possible to construct the
dual code for any skew cyclic code over the field €. This condition likely has some mathematical
significance or simplifies the construction of the dual codes in the context of skew cyclic codes.

Proposition 4.2. If € is a skew cyclic code over R and ord(®) divides n, then its dual code €+
is also a skew cyclic code over *R.

Proof. Let € be a skew ©@-cyclic code of length n over fR. We are given two vectors in this

code: ¢ = (%¢!,...,e" Y and n = ((n%n',...,n" %), where n € €+. To prove that €+

is a skew ®-cyclic code of length n over R, it suffices to demonstrate that the vector ()
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(O™ 1),0(n°),...,0(n""")) is also a valid element of €. In other words, if we apply the
skew cyclic shift ® to each component of vector 7 and arrange them accordingly, this resulting
vector 7(n) also satisfies the property of being orthogonal to all elements of €, we can conclude
that € is indeed a skew ®-cyclic code of length n over . Consider

n—1
=> £0(). 4.1
i=0

When € is a skew ©-cyclic code, we have 777! (¢) € €, where
7_n—l (5) — (G)n—l(EO)’@n—l (51)7 o ,®n—1(5n—1)) ce.

Then 7"~ !(¢) - = 0, where
™) n= Z 0" (e’ = 0. 4.2)
Since ord(®)|n, @™ = Id, so that

Q) (7121 @”l(si)ni> =0(0)=0. 4.3)

i=0
Which involves,

Z £'0(n') = (4.4)

We result, 7(n) € €1, implies €= is a skew @-cyclic code of length n over R. O

Hence, the subsequent outcome is as follows.

3 7
Corollary 4.3. Let € = P w; [@ (kCik] be a linear code over R of length n such that n is a
i=0 k=0

multiple of ord(®). Then the dual code € = @ w; [@ CkCﬁC] is a skew @-cyclic code of length
=0
n over R, and Coy, C1i, Cox., Cs, for 0 < k <7 are v-skew cyclic codes over A.

At this phase, we have obtained the generator polynomials for a skew @-cyclic code over the
ring R, utilizing the direct sum decomposition technique. In this process, the code decomposes
into smaller modules, and each of these modules contributes to the generation of the skew ©®-
cyclic code. Consequently, with the help of the direct sum decomposition, we are now equipped
with the essential generator polynomials that enable us to represent and analyze the skew O-
cyclic code effectively.

Theorem 4.4. Let € = EB w5 [@ gkclk] be a skew @-cyclic code of length n over R and t;1,()
=0
be a monic generator polynomial of the skew v-cyclic code Ci, for 0 <i <3 and 0 < k < 7.

Then

1. € = (wolotoo(x), woCitor (@), - . ., w3latzr (x)) -
2. A polynomial t(z) € R[z, ] can be found such that € = (t(x)), where

= Z > @ilitix ()

i=0 k=0

and t(z) is a divisor of z™ — 1 on the right.
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Proof. 1. Based on Theorem 4.1, it is established that the sets C;; represent skew v-cyclic
codes of length n over B for 0 < ¢ < 3 and 0 < k£ < 7. Hence, each C;; can be ex-

pressed as (¢;;(x)). On the other hand, the code € can be written as wy (@LZO CkCOk) d
w1 (692:0 QkClk) @ wr (@LZO Ckczk-) @ w3 (692:0 Ck03k>’ so that

€ C (wolotoo(x), woCitor (), . .., w3tz (z)) - 4.5)

Regarding the second inclusion, we possess the following details and information:

307
> @iCitij(x)sin(z) € (@olotoo(r), wolitor (2),. .., @3lrtar (x))

=0 k=0

where s;;(z) € R[z, O] /(2™ — 1). Then there exists, rix(z) € R[z, O] /(2™ — 1) such that
wiCrsik(z) = wlg‘krm( ), for0 <:<3and 0 < k < 7. Hence,

€ D (wolotoo(x), wolitor (), . .., w3tz (x)) . (4.6)

Subsequent to considering Equations 4.5 and 4.6, the resulting outcome is as follows:
€ = (@olotoo(x), @woCitor (), . .., @3Crtar(z)) -

2. If t;1(x) be a generator polynomial of Cjy, for 0 < ¢ < 3 and 0 < k < 7. Then using Part
(1), we have the result.

For the second half, assume that ¢;;(x), for 0 <7 < 3 and 0 < k < 7 be a monic generator
polynomial of Cyy, then ¢;;(x) divides 2™ — 1 on the right such that

2" =1 = sp(@)ti(x),siu(x) € Cig, for 0<i<3and0 <k <7
37
= Zzwiﬁk (z" = 1)
i=0 k=0

= wo (2" —1)+woi (2" — 1) +... + w37 (2" — 1)
= wlosoo(x)too(z) + wolisor (z)tor (z) + ... + w3(7537(x)t37()

3 7
- Z Z @iCrsin () tir (2)

= s(z)t(z).

Hence, t(z) divides " — 1 on the right.
O

Example 4.5. Consider A = Z¢, according to the definition of the automorphism ®, we have

7 7 7 7
= (Z Ckr§k> + @) (Z Oc?“fk> + @ (Z Ck7§k> + @3 (Z CkT§k> . @7
k=0 k=0 k=0 k=0
Let n = 12 then ord(®) = 2 divides n.

Pol=@"+ 1) (x+ 1) (z+15) (27 + a4+ 1) (® + 152+ 1) (a* + 152 + 1) € Zyg[z, V).
Take, for1 < k<7

tn(z) = (P+z+1),
ti(z) = (z+1),

tax(z) = (z+15),

t3x () (m + 152+ 1).
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Then, for1 <k <7

Cor = <x2+x+1>,
Ci, = (z+1),

Cox (x +15),

Cy = (a*+15z+1)

are skew cyclic codes over Z;¢. Thus

¢ = (hi(x), ha(x), h3 (), ha(x)),

with
holz) = (@oo (z* +2+ 1), @ols (22 +z+1),..., @ (22 + 2+ 1)),
hi(z) = (@G@+1),mG@+1),..., =G (= +1)),
hz((E) = <’(D2C() (.’E+15) w1 (1’+15),...,’(E2C7 ($+15)>,
ha(z) = (@3 (2" + 152+ 1), @3¢ (2* + 152+ 1) ,..., =3¢ (2* + 1524+ 1)).

Example 4.6. Given the set A = Fg4, in accordance with the definition of the automorphism ©,
we find that

22 -1 = @+ D2 @c+a+1) @+ + 1) a4+ +a>+ )z 4+ +a* +a+1)?
(z+o*+ D)zt +a)(z+’ +a* +a+ 1) (z+a’ +ao* +a? +a)
The codes denoted as C; = (J; (z)), for 0 <4 < 3 are generated through the following process

Jo = (Go@+1D),0@+a+1),G(z+a?+1),G(z+a>+a*>+a),
G+l +al+a+1),G(x+a*+1),6(z+a* +a),
Gz+a+at+a+1)),

J = (Co(a;—l—a—i—l),Cl(x+a2+1),C2(x+a3+a2+a),Cs(m+a3+a2+a—|—l),
Ga+a*+1),6@+a*+a),G(z+0’ +a* +a+1),
G (z+a+a* +a? +a)),

D= G+ +1),G(@+a’+a*+a),G(r+a’ +a? +a+1),G(z+a* +1),
C4(a:+oz4+oz),C5 (a:+oz5+oz4+oz+1),Cg(x+a5+a4+a2+a),C7(x+1)},
S o= (G@+a’+a’+a) G@ta’+a’+a+l) Gr+a’+1),G(r+a’ +a),

G+ +at+a+1), G+’ +a'+a+a),é(r+1),G@+a+1))
are skew cyclic codes over Fe4 [v1, v2, v3]. Thus, the code € = (woJo, w11, w2 T2, @3 J3) -

Example 4.7. When considering the set A4 = Fys¢ and referring to the definition of the automor-
phism ®, we observe that

7 7 7 7
O (r) = wp (Z Ckr§k> + @ (Z gkr§k> + (Z Ckr§k> + w3 (Z gkr§k> . (4.8)

k=0 k=0 k=0 k=0
Let n = 200 then ord(®) = 8 divides n.

:CZOO -1 =

(z+1D8z+ +a)P @z +a®+a?)P(z+a’ +a* +a)
(z+a’+ab +a*+ o+ + 18 +a® + )82 +a® +a?)®
(a

Ao’ ot +a)b @+ Fab Fat +ad +a?+1)8
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The codes represented as C; = (J;(z)), where 0 < ¢ < 3, are created using the following
procedure

Jo = (@ +a’+ab+a*+ +a?+1),@° +a’ +ab +a*+ +a2+1),...,
G +a +ab+at +a+ a2+ 1),

Ji = (@ +a +at +a),G@@ +a’ +at +a),..., G +a +at +a)),

J = (Ga+d +al+at+d+ 2+ 18 G +a’+al ot +ad +a?+1)8 .,
Glr4+a’+a8+a* +a® +a?+1)}),

F o= (Gz+a’ +at+a)d G+ +a*+ ). . Glr+a +a* +a)d)

are skew cyclic codes over Fps6 [v1, v2, v3]. Therefore, the code € = (wy Ty, w1 J1, @2 T2, @3 T3) -

Example 4.8. When examining the set A = [Fpp4 and taking into account the definition of the
automorphism ®, we can note that

7 7 7 7
= (Z C/Jé%) + w1 (Z C/J{%) + w» (Z C/J%%) + w3 (Z C;J%%) . 49
k=0 k=0 k=0 k=0

Let n = 1000 then ord(®) = 10 divides n.

21000 _ g (x+ 13 +ar+ 18 + e+ 13 + (&2 +a)z + 1) (2? + otz +1)8
>+ @+ +a)r+ 1)@+ (@ +ad+a+ Do+ D32? + Bz +1)8
(> 4+ (" + +a)r+ 1@+ (B + "+’ + o +a?)z+1)2
(> + @+ ++a)z+ 182+ (@ +a’ +ab+a° +at +aP)z+1)8
(@' + az® + 1) (x10+a2x5+1)8(x10+(a3+a)x5+1)8(x10+a41:5+1)8
(204 (a® +a?) 2> + 1320+ (o +° + )2’ + 182"+ o82® + 1)8
2+ (@ +a"+ + + D)+ 1)@+ (o +a” + o +a)’ +1)8
(204 (& +a’"+ab +a° +a* +a?)a® + 18 (2 + (a® + o)z + 1)8.

The codes, denoted as C; = (J;(z)) with 0 < 7 < 3, are generated through the subsequent
process
Jo = (Gox+1),G@E*+az+1),G@* + o’ +1),G(@* + (@ + )z + 1),
G +atz 4+ 1)@+ (P +d +a)e+1), G2+ (@ +a® +a+ Dz + 1),
G + (0 + o)z + 1)),
T o= (@ + @+’ +a)z+1),G(@* + Pz +1), 6" + (f +a?) x2° + 1),
G2+ @+ +a’+a)z+1),4@2+ (@0 +a" +a8 +a° +a* +aP)z + 1),
Gz + az® + 1), G (2" + a?2 +1),G(2* + (B + o +a° + o + o)z + 1)),
F = (G + (@ +a®+ )’ + 1),z + (@ +a° +a)2® + 1), 60+ abs + 1),
GO+ (@ +a?) x2” +1),GE"0 + (B +a’ + o +a® + o)z’ + 1),
G+ (@7 + 0 +a)2’ +1),6(x0 + (o' +a° + )z’ + 1),
G+ (@ +a” +a° +a)r’ + 1)),
J o= (@ + (@ +a’+ab+ad+at +a))e® +1),0(0 + (@ + ol +ab 4+ +at
+a?)z® +1),...,G(@"0 + (@ + o’ +a® + o +a* + )2’ + 1))

are skew cyclic codes over F g4 [v1, v2, v3]. Therefore, the code € = (wo Ty, w11, w2 T2, w3 J3) -

The following proposition can be taken into consideration as a direct result of Theorem 4.4:
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Proposition 4.9. Assume that t;;(x) are monic generator polynomials of the skew v-cyclic codes
Cij, for 0 < i <3 and 0 < j < 7. If € be a skew O-cyclic code of length n over R, such that
ord(®)|n. Then,

1. € = {00posiy (@), 00p155; (2); - - -, 03753 (2)) -
37
2. ¢+ = (3(x)), where 5(z) = ZE) > 0ip;s;;(x), whith s7;(x) are defined as follows, " —1 =
i=0i=
sij(2)tij(x), si5(x),tij(x) € Alz,v]. Assume that t;;(z) = ap + a1z + ... + az' and
sij(z) =bo+biz+...+ b,_12" ", then the dual of the skew v-cyclic code Cj; is generated
by s3;(x) such that, s3;(x) = bp_y + v(bp—y—1)z + ... + v(bp)a" .

5 Codes over R with Dual-Containing Skew Cyclic Properties

Dual-containing skew cyclic codes over R are a fascinating and mathematically rich area of
coding theory. These codes are a subset of linear block codes defined over the ring R, where
R represents a general non-commutative ring, extending the concept of skew polynomial rings.
Unlike traditional cyclic codes, which are defined over fields, dual-containing skew cyclic codes
offer unique properties and advantages in terms of error correction and code construction.

In these codes, the duality property plays a crucial role. The dual code of a given skew cyclic
code is also a skew cyclic code. This duality concept allows for the creation of efficient and
versatile error-correcting codes that find applications in various communication and information
storage systems.

Corollary 5.1. Let Cy, = {ti(x)), for 0 < i < 3and 0 < k < 7 be a skew O-cyclic code of
length n over B such that n is the multiple of ord(®). Then Cyy, contains its dual if and only if
x™ — 1 is divisible by s, (x)s(x) on the right, for0 <i <3 and 0 < k <17.

Proof. Let Cy, = (t;1,(x)) contain its dual code. Since s;,(z) € C C Cy, = (tir(x)), where
0 <i<3and0 < k <7, there exists a polynomial m;(x) such that s¥, (z) = mx(z)ti(z),
for 0 <i <3 and0 < k <7. Consequently,

st (@) sin(2) = mup ()t (2) sir (@) = Mg (@) sik ()t () = mag (2™ — 1) (5.1)
Given that the order of the automorphism @ is a divisor of n,
2" — 1 =ty (x)sik(z) = sip(z)ti () € Z(Bz, O]).

Therefore, the product s}, (z)s;x () is divisible by 2™ — 1 on the right.

On the contrary, suppose s} (z)s;x(z) is divisible by ™ — 1 on the right. In this case, there
exists a polynomial m(x) such that s}, (z)si(x) = m(z)(z™ — 1). Now, consider ¢(z) € Ci. =
(s7.(z)). Hence, we can express g(x) as q(z) = ¥ (x) s}, (z). If we multiply both sides by
sir(x), we obtain

q(z)sin(z) =

So, [q(x)sik(z) — O (z) m(x)ti(x)si(z)] = 0. Since s, () is a non-zero polynomial, we con-
clude that
[q() =0 (x) m(z)ti(z)] = 0,

this suggests that ¢(z) = ¥ (z) m(z)tix(x), confirming that ¢(z) € Cy = (tix(z)), for0 <i <3
and 0 < k < 7. Consequently, Cit. C Cig. -

Example 5.2. To illustrate, when we factorize the polynomial x> — 1 over the field Fy9, we
obtain
2 —1=(z+3)(z+5)(x+6).
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Let t;1(x) = (x + 3), the codes C, = (x + 3) are skew cyclic codes over Fug, for 0 <4 < 3 and
0 < k < 7. Consider s;3,(z) = 220 + 4219 + 2218 + 217 + 4210 + 2215 + 214 + 4213 + 2212 +
24210 4249 + o8 + 427 + 220 + 20 + 4a* + 223 + 2% 4+ 42 + 2. Then

IZI -1 = (I’+3)(I20+4IE19+21’18+I17+4I16+2I15 +l’14+41}13 +2$12+SC11
+42'0 4227 + 28 + 427 4 220 + 25 + 4ot 4+ 22° + 2+ 42+ 2).

Theorem 5.3. Consider the skew ®-cyclic code € over the ring R of length n, where n is a mul-
3 7

tiple of ord(®). This code is defined as € = P w; {@ CkC’ik} . For this code €, the condition
=0 k=0

¢+ C € holds if and only if the product sjk(zgsik(x),for 0<i<3and0<k <7, isaright
divisor of ™ — 1.

Proof. Let s3,.(z)six(x) be such that it can be divided by z™ — 1 on the right, where 0 < i < 3
and 0 < k < 7. According to Corollary 5.1, we can establish that C’f,; is a subset of C;;, for all 4
and k in the specified ranges. Implies that

3 7
@ wW; [@ CkCZ—Lk

=0 k=0

3 7
C @wi [@ CkCik

=0 k=0

As a result, we can conclude that €= is a subset of €.
Conversely, if ¢ is a subset of ¢, then it follows that

3

7
P l@ G Ci
k=0

=0

3

7
C @ w; [@ CkCik
k=0

=0

When we consider this equation modulo w;(, we can deduce that Ci is a subset of C;j, for all
i and k in the specified ranges. Consequently, we can affirm that s}, (z)s;x(2) is divisible by
™ — 1 on the right, where 0 < i <3and 0 < k < 7. O

The corollary presented below is a straightforward result derived from the preceding theorem.

Corollary 5.4. Consider a skew O-cyclic code € of length n over SR. This code is defined as

¢ = (wolotoo(x), wolitor (), ..., w3lits7(x)), where n is a multiple of ord(®). The condi-
tion €+ C € holds if and only if, for all 0 < i < 3 and 0 < k < 7, the dual code C’#ﬁ is a subset
of the code C'.

6 Conclusion

In this research paper, we delve deep into the properties and applications of skew cyclic codes
over the ring R, offering a thorough analysis that contributes significantly to the field of cod-
ing theory. Our study commences with a detailed exposition of the foundational framework of
linear codes over R, followed by an intricate examination of the distinctive structural attributes
delineating skew cyclic codes over the same algebraic structure. Furthermore, an exhaustive clas-
sification of the various skew cyclic codes over the ring R is presented, furnishing a meticulous
and comprehensive overview of their diversity and characteristics. By addressing these facets,
the manuscript endeavors to enhance comprehension regarding the attributes and utilizations of
skew cyclic codes over the ring R, thereby enriching the field of algebraic coding theory.
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