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Abstract The objective of this paper is to construct the (p, q)-analogue of univariate Bern-
stein operators, denoted by (BY:L f)(y,z) and (B2 f)(y, z), their products (PL,f)(y, z) and
(Qul.f)(y, 2) and their Boolean sums (SL*,f)(y. z) and (T,'Lf)(y, z) on a triangular domain
Tn, using post quantum calculus and study their interpolating and approximating properties on
this domain. Further the remainders for approximation formulae for the corresponding oper-
ators are evaluated. The theoretical findings are then supported by graphical representations
and analysis of the operators and the functions being interpolated and approximated by them.
This lead us to establish the fact that the parameters p, q provide flexibility for approximation by
letting us maintain error within the desired limits.

1 Introduction

Weierstrass, in 1885 asserted that every continuous function on a compact interval of the real
line can be approximated by an algebraic polynomial. In 1912, S.N. Bernstein constructed these
polynomials, named after his name as Bernstein Polynomials, in order to give a constructive
proof of Weierstrass approximation theorem [25]. Since then various generalisations have been
given for Bernstein polynomials which find applications in Numerical analysis, Computer-aided
geometric design(CAGD), finite element analysis and finding solutions of differential equations.
Approximation operators on polygonal domains are needed in the finite element method for
solving differential equations with known boundary conditions. As a result, several researchers
created some more operators for better approximation and generalised Bernstein type operators
on many domains. After the papers [26, 27, 28] of R.E. Barnhill et al., Lagrange, Birkhoff and
Hermite type operators have been studied, which interpolate a given function and some of its
derivative on the boundary of triangle (as in Dirichlet, Neumann or Robin boundary conditions
for differential equation problems).They investigated interpolation operations on triangles with
curved sides (one, two, or all curved sides), many of which were related to the finite element
method and computer-aided geometric design. D. D. Stancu investigated polynomial interpo-
lation on triangular boundary data and the error bound for smooth interpolation [31, 32]. P.
Blaga and G. Coman extended Bernstein operator on triangle and defined boolean sum op-
erators [29]. Catinas extended some interpolation operators to triangle with one curved side
[30]. T. Acar et al. studied approximation properties of Bivariate Bernstein-Stancu-Chlodowsky,
Bernstein-Kantorovich type operators etc. in [1, 2, 3]. Better unifrom approximation by a new
set of Bivariate Bernstein Operators is studied in [43].Also, Inverse result in simultaneous ap-
proximation by Baskakov-Durmeyer-Stancu operators are given by [34]. Q. B. Cai constructed
approximating operator \-Bernstein operators based on parameter \ in [6, 7]. N. Braha et al.
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studied \-Bernstein operators via power series summability methods in [5]. Mursaleen et al.
investigated approximation behaviors of q-Bernstein shifted operators and q-Bernstein Schurer
operators in [17, 18]. Khalid et al. recently generalised Bernstein type operators and investi-
gated their applications in Computer Aided Geometric Design (CAGD) [12, 13]. Other appli-
cations of Bernstein type operators for the creation of Bezier curves and surfaces can be found
in[4,8, 9, 10, 22, 23, 24]. To provide flexibility about a particular control point, weighted lupas
bernstein bezier curves using (p, q)-integers are constructed in [11]. Using q-calculus (quantum
analogue), Lupas [33] and Phillips [20] generalised the Bernstein polynomials to q-Bernstein
polynomials. More on q-Bernstein polynomials can be found in [21]. In 2015 Mursaleen et
al. [19] defined (p,q)-analogue of Bernstein polynomials with the help of post quantum calcu-

lus. Convergence of sequences [n]l ["[;]l]m

of operators based on (p,q)-calculus. All six different possibilities of convergence with proof
are discussed in [15]. One can also see the convergence behavior of different type of operators
based on (p, q)-calculus in [16, 35, 36, 37, 38, 39, 40, 41]. Motivated by the papers of Khan et al.
[14] and P. Blaga at al. [29], we construct (p, q)-Bernstein operators on a triangular domain.
The products and Boolean sums of these operators are used to construct new set of operators.
We shall then inspect the interpolating and approximating properties of these operators. Using
the concept of modulus of continuity and Peano’s theorem, the remainders of the corresponding
approximation formulae are also evaluated. Towards the end of the paper the accuracy of the
approximation and the role played by the parameters p and q is illustrated by graphical repre-
sentation of given functions with suitable (p,q)-Bernstein operators.

Now we recall some definitions of (p, q)-calculus. For any p,q > 0 and positive integer I, the
(p, q)-integer written as ], , is defined by

and

is of importance for convergence of sequence

The (p, q) Binomial expansion and the (p, q) Binomial coefficients are respectively given by

!
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Further, the recurrence relations of (p, q) Binomial coefficients are given by
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2 Construction of (p, q)-Bernstein Operators on
triangular domain

Consider the standard triangular domain given as follows:
Tn={(y,2) eR*| y>0,2>0,y+2<h}, for h>0.

Let us consider a real-valued function f defined on Tp,.Through the point (y,z) € Ty, let us
consider the parallel lines also parallel to the coordinate axes intersecting the edges 1,5 =
1,2, 3, of the triangle respectively at the points (0, z), (h — z, z), (y,0) and (y, h — y).
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Let us consider A]= {[z]pqm i = 0,1} and £Z= {[j ]pq g =0, 0,n} which act as
partitions of the intervals [0, h — z} and [0, h — y], respectively.

Now, the (p, q)-Bernstein Operators B;’:é and B} on triangle Ty, are given by

l R
5= sl (s (= 2.2, (4.2) € T\ (0.1,
(BLLf)(y,2) =4
f(0,h), (0,h) € Ty,
and
Z:O(]\n,j(yvz) <y7 pﬂ[ﬂ]ﬁ(h y)) (yv Z) S 771 \ (h,O),
(Borf)(y,2) =14 7~
f(h,0), (h,0) € Ty,
where
l 7— i—1 (l—1
] VT (= 2)p* = goy)p™ =
p,q < <
iy, 2) L ., 0<y+z<h (2D
and
l ir; ‘| 2J H?:—Oj—l((h _ y)pt _ qf,z)pj(j*l)*zn(nfl)
an,j(y,2) = P ., 0<y+z<h (22

(h—y)"

It can be clearly seen that for p = 1, the above operators turns out to Phillips-type q-Bernstein
operators on triangles as in [14]. Using the Principle of Mathematical Induction and the recur-
rence relations (1.1) and (1.2), it can be easily proved that

1 i
i(i—1)—1(1—1)
h—z) :—Zl ] (h—2)p°—q*y)p- 7 (2.3)
pP.q

=0

n::

and
i1
J iG—D—n(n—1)

(h—y)" = [ , ] 27 (h—y)p' —q'2)p z . 2.4)
j:0 ] D,q t=0
Deﬁnltlon 2.1. If the operator Byv preserve the monomial of highest degree say k, i.e., Byvl k=

,l ;
y* then we say that operator By, has degree of exactness k. Then we write dex (Y’ q) = k
Theorem 2.2. For a real-valued function f defined on Ty, we have
(i)BYLf = fon I UTs;
(ii)(Bg;éeio) (y,2) =y', i=0,1 (dew(Bg;é) =1),

ply(h—y —2)
[lp,q ’

2yt i=0,1, jEN;

(iid)(BYhex) (y,2) = > +

(Bg qew) (y’ ) - i
zj<y2+p y[<h“)>, i=2, jEN;

l p,q

where ¢;j(y, z) = y'2’ and dex (BY:}) denotes degree of exactness of the operator BYL.
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Proof. By the definition of the operator, (Bg;éf) (0,h) = f(0,h). So we caculate the moments
only on Ty \ (0, h). The interpolation property represented by (i) follows from the relations

1, ifi =0,
Dui (0,2) =
0, i1#0
and
1, ifi=1,
Prilh —z,2) =
0, 1.

I i . NGV B ()
{ , } v 127 ((h = 2)p° — ¢°v)p z
P:q

pre (h = 2)t
_ (=2
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| { i } p.(i—l);l(l—l)u,; lS;gfl«hiz)ps 7qsy) [.]
BYle ,2) = 2.4 Azp)q h—z
(Bpqe10)(y: 2) iz:o: (h — 2)t Plfl[l]p,q( )

5 i G=D-l=) . N
[,]l%[ , } P z v 127 ((h = 2)p° — ¢°y)
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This completes the proof of theorem 2.2.

Remark 2.3. For a real-valued function f defined on 7, we can prove the following in the
similar way as we have done earlier.

(i)Byif=fonIyUTs;
(ii)(B;:geoj) (y,2) =27, j=0,1 (dex(B;:;L) =1),

Hh—y—2)

[]p.q

(iid) (B ren) (y,2) = 2% +

)

(Bpgeij) (y,2) =

Consider the approximation formula
f= By T+ RS,
we prove the following result.
Theorem 2.4. If f is a continuous function on the interval [0, h—z] i.e. f(.,z) € C[0, h—z], then

" h l—1 '
(Ryt F)(w,2)| < (1 + W%) M(f(.,2):8), 2€[0,h].

where M (f(., z);8). modulus of continuity of the function f with respect to the first variable y.
Moreover, if 6 = and 0 < g < p <1, then

[p.q

Ry 2)| < (1 + ’;) M(f(-,z);[;]]w), 2 e [0.h].

Proof. Since by definition, (BYL£)(0,h) = f(0,h) so because of the interpolation property
remainder will be zero at (0, h). Further we have

l

‘(R 9| < 2ot ) - (Tt =)
Since
[ilg(h — 2) 1 [i]p.q(h — 2) .
|f(y,z) _f(]?il[l]WI’z>| < <§ Y= m + 1>M(f("z)’5>a

one obtains

[i]p,q(h —2)
P lpg

|(R-’“ - + 1>M(f(-72);5)

oo fip

) (0 - W)Z)I/Z]Mw,z);a)
=0

IN

P lpq
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As ,
h—y—2)]=—
max[y(h —y —2)] = 7,

it follows that
/p=Th
26/ [llp.q

Clearly for 6 = zl and 0 < q < p < 1, we obtain

T
< (1 + Z) M(f(.,z); [zl]p,q)' 0

Theorem 2.5. If f(.,2) € C?[0,h] and 0< q < p < 1, then

ﬂ(R};;éf)(y,z)\ < <1 + >M(f(.,z);5).

Ry 2)

h—y—
(RELD @, 2) = - LV =) zmy Dyeoez).  eelon-1] 2.5)
p.q
and
h2
(Rg:éf)(:éhz) S WMZOfv (yvz) € 7717
p.q
where

M f =max |09 (y, 2)].
Th
Proof. As dex(Bg;é) = 1, using Peano’s theorem, we obtain

h—z
(Ry:f) (y.2) = /0 Kao(y, 25 t) fO(t, 2)dt,

here the kernel given by

l

R 4 h—=z
KanCu,:) = RY3[0 = 002] = (0= )+ = 3 a0 (Bl 1= 1)
i=0 +
It is easy to follows from Mean Value Theorem,
h—z
(Ryuf) (. 2) = f2O(E, 2) /0 Kooy, z:t)dt, €€ [0,h—2].
After some simple calculation, we get

(R ) (g,2) = — W=V =2) poone .

2[llp.q
where £ € [0,h — z].
With the help of equation (2.5), we get
h2
8[llp.q

Remark 2.6. From (2.5) it can be deduced that

o If f(., 2) is a concave function then (RY, f)(y,2) > 0, i.e.
(B f)(y.2) < f(y.2).

o If f(., z) is a convex function then (RY: f)(y,z) <0, ie.

(BYef)(y,2) > f(y,2),
fory € [0,h — z] and z € [0, h]. 0
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Remark 2.7. Based on the following approximation formula

f =Byl + R

d

we can deduce the following results for the remainder R;'7 f.

LIf f(y..) € C[0,h — y], then

/pnflh

Rz, 2)| < (H 26/ [0

) M(f(y,.);(;), y € [0, h.

andforc?:mand0<q<p§1,wehave
zZ,n h 1
’(RP:Q )(yaz)‘ S (1 +2> M(f(yv‘);>7 yG [O,h]
[p,q

2.If f(y,.) € C?[0,h] and 0 < q < p < 1, then

z(h—vy—=z
(Ryn )y, z) = — % FOD,m),  neloh—yl,
[n]p,q
and
RinP)02)| < —Mut, (22) € T,
’ S[n]p,q
where

My = max | £y,

3 Product Operators

In _ ry,lRrzn nl _ Rrz,nRy,l y,l zZ,n
Let P, = By Boy and Q) = Byi By be the products of the operators By, and B}y .

The operator lefq is given by

L n . _ . _ i—1 1 .
zZm,xy,zmn,j([”P“*“L ”,z)f(““w(” 2 (flp.q gl [’]P=q)’L*Z[L]P~Q)7<y,z>en\{(ovh>7<h,o>},

20520 :D"’_l[”p‘q Pi*l[l]p,q Pj_"Pi’_l[l]p,q["]p‘q
pln . 2) =
Poal02 =0 p0,m), (0,h) € Th,

f(h,0), (h,0) € Th.

Theorem 3.1. For the product operator le,f‘q the following relations hold:
(i) (Ppyf)(y,0) = (B f)(y.0),

(i1) (P f)(0,2) = (B5g£)(0,2),

(i) (P )y, h—y) = fly.h—y),  y,2€[0,h].

Some simple calculation shows that the above relations are satisfied by the product operator.
Moreover, it is clear from the property (i) and (ii) that

(Py,£)(0,0) = £(0,0). 0
Remark 3.2. The product operator Pll,qu interpolates the real valued function f at the
vertex (0,0) and on the hypotenuse y + z = h of the triangle 7. O

We can define the product operator ngq as follows

—n

l
i=

. ilp.q(h—1 . . J
> prilu, Dat=Va sy o)y (mm ®

g MpegWpa i vlilpg 1y w2y € T\ {(0, h), (R, O
0 =0 pJ ["]p,q

pI=npi=lilp glnlp,q pI " [nlp,q

nl _
(Qp.a )Y, 2) = £00,h), (0,h) € Tn,

f(h,0), (h,0) € Th.
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Moreover, (ngq Ny, 2) satisfies the following properties:
(1) (Qplf)(y,0) = (Byef)(y,0),

(i) (i, )(0,2) = (Byy (0, 2),

(7i7) (ngqf)(h—z,z):f(hfz,z), y,z € [0, hl.

Based on the following approximation formula

in

_ pl P
f= ,Ppr,qu + Rznq f
we present some interesting results.

Theorem 3.3.If f € C(Tz) and 0 < p < q < 1, then

‘ (Rpq Ny.2)

< 1+ o) eT G

)
, vV [l]zo,q7 VInlp.g ’

Proof. Based on the approximation formula for the product operator P}f‘q f, we have

1

n L, (i (h=2) th — 2)
|(Riq f)(y,z)| < |:61 izo%pz,i(y,z)%d <[’l]pwqm7z>

y— [i]p,qm

(Piil[l]p-,q = [ilp,q)h + [i]p,q%
Pt lpi =[]y q[n]p,q

l n
+ (% > v P1,i (Y, 2)Gn.j ([i]uq(ih,L;Z) Z>

P — p Up,q ’

z = [jlp.q

(h

I n .,
DD iy, 2)dn,; <[i]p,qﬁv Z>] M(f;61,82).

< Jyth—y—2p!
- [Up.q '

(0" lp,q — lilp,a)b + [ilp,qa2

y— lilp.q U[L —2)

l n
N . L (h—2)
Z ‘ Opz,i(yJ)qn,j ([l]p,qpi,,[l]p 7Z>

Up.q

2(h—y 2!

1 n
) A _ (h — z)
Z > p1i (Y, 2)dn,; (M”’q P lpq Z>

i=0 j=0 * = Ul pitpI = lp g [n]p g np,q
Since
I n
. . . (h —2) _
2 ;pl,i(y» Z)Qn,j ([ﬂpqma Z) =1
It follows that
pin 1 Jylh—y—zp'=' 1 Jz(h—y—2z)pn~! )
(R7S w2 < (E\/ T + 5 E - 1>M(f,61,52>_
Since 5 5
y(h—y—z) h z(h—y—2) h
(p.q = Al [n]p.q = 4nlp,q’ for all (g, %) & Th.
For0 < g <p <1, wehave
‘(R’Plnf)(y z)| h N h ) M(fi61,6)
P v T \20V[lp.q  202v/[n]p.q Y
RE D)) < 0 v (1 —me =) O
‘( P ) . [Up.q [nlp,q

4 Boolean sum operators

Let ,;S'Zl)?q and T,", denote the Boolean sums of the (p,q)-Bernstein operators BY:L and BZ: then
we have:

In ._ Ryl z,n _ Rry,l zn _ Ryl Rrzn
Sp,q T Bzxq ® Bp,q - B;mq + Bp,q BB

P,qaTPp,q°

Toa = By @ By = By + By — Bya By,

P9~ p,q°

Now we prove the following results.
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Theorem 4.1. For a real valued function f defined on Ty, we have

Sln f

p.q

=f

OTh

9Th
Proof. By definition
Syl = By + By = ByaBra) S
By the interpolation properties satisfied by BY B, and the properties (i)-(iii) of the operator

P Pp.a
Pll,"w we have

(S5 f)(y,0) = (BLL)(.0) + f(y,0) — (BYL £)(y,0) = f(y,0),
(S £)(0,2) = £(0,2) — (Bor £)(0,2) + (B £)(0,2) = £(0,2),

Sy wh—y) = fly,h—y)+ fly,h—y) = fFly.h—y) = f(y,h —y),
forally,z € [0, h]. O

In . . .
Let Rf’ o | denotes the remainder for approximation formula for the Boolean sum operator Szl)f’q

then we have l
f= Szl:qf + Rfﬁq f

Theorem 4.2. If f € C(73) and 0 < g < p < 1 then

'(R;?f;‘f) (5.2) < (1 n ’;) M(f<-,z>;[ll]m) n (1 n Z) M(f(y,-);[;]m>

+(1+h)M(f; ! , ! >, 4.1)

forall (y,z) € T,

Proof. Considering the following relation
In ¢ _ 1 2, l
f - Spthf - f - Bg’qf + f - Bp,t? - (f - Ppthf))
we have
in zn in
(RS 1) w.2)| < |(RELD (.2) | + | (Re20) w.2)| + | (RT 1) (0. 2)]-
Now using 2.4, 2, 3.1, theorem 4.2 is established. O

Remark 4.3. We can prove the analogous results for the remainders of the Product Operator and
the boolean sum operator considering the following approximation formula

F=Qul f+ R f=BuBlf+ RS, f
and

F=Trr+ R f= (B2 @By f+ R T O

»q 54

5 Graphical analysis

Let f(y,z) = (=10 + 202)> — (=10 + 20y)? be a function on triangle Ty, for analysing the
operators graphically. The graphs of operators Bg;é I Bygf ’leffq fand Szl])"q f for the values
p = 0.80 and q = .70 are represented in figures 1b, 1c, 1d and le respectively. Also the graphs
of operators By f, Bz f, Pi f and I, f for the values p = 0.90 and q = .80 are represented
in figures 2b, 2¢, 2d and 2e respectively. All the graphs of operators in figure 1 are plotted for
l = n = 3 and all the graphs of operators in figure 2 are plotted for | = n = 4. One can
observe that the graphs of Boolean sum operators are more close to the graph of function and
Boolean sum operators interpolate on all the bondary of triangle Ty,. Actually all other operators
are defined for defining the Boolean sum operators. The parameter p and q will provide more

flexibility.
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Figure 1: BYLf, Bzw f, PL* f and S., f approximate the function f for p = 0.80, ¢ = 0.70 and
l=n=3
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Figure 2: BY'Lf, Bz
l=n=4.
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