Palestine Journal of Mathematics

Vol 13(4)(2024) , 1359-1365 © Palestine Polytechnic University-PPU 2024

On r-Clean Algebras
Dian Ariesta Yuwaningsih, Indah Emilia Wijayanti and Budi Surodjo
Communicated by Ayman Badawi

MSC 2010 Classifications: Primary 13E10; Secondary 16D70, 16E50, 17C27.
Keywords and phrases: r-clean ring, r-clean algebra, r-endoclean module, regular, idempotent.

The first author would like to thank the Center for Higher Education Funding and the Indonesia Endowment Fund for
Education for their doctoral scholarships. Moreover, all authors would like to thank the reviewers and editors for their
valuable comments and suggestions.

Abstract A ring R is said to be r-clean if each element is the sum of an idempotent and a
regular element of R. An r-clean ring generalizes the concept of a clean ring by replacing units
with regular elements. If R is a commutative ring, an R-algebra A is considered clean if each
element is the sum of an idempotent and a unit of A. In this work, we define an r-clean algebra as
a generalization of a clean algebra. Additionally, we define an r-endoclean module as a module
whose endomorphism ring is r-clean. Furthermore, we present the relationship between the r-
clean properties of the R-algebra A, its base ring, and the algebra itself as a module over the
ring.

1 Introduction

Clean rings are among the most widely studied properties of rings. If R is an associative ring with
identity, an element ¢ € R is said to be clean if it can be expressed as the sum of an idempotent
and a unit of R. Aring R is called clean if every element of R is clean. The concept of clean rings
was first introduced by Nicholson [1]. Research related to this clean ring has been constantly
evolving until now. Several researchers have proposed generalizations of the definition of a
clean ring as presented in [2, 3, 4, 5]. In addition, a study on the ring endomorphisms of a
module, which is a clean ring, was conducted by Nicholson et al. [6]. The concept of a clean
endomorphism ring is used to define the notion of a clean module. Camillo and Khurana [7]
defined clean modules as modules whose endomorphism rings are clean.

An element ¢ € R is (von Neumann) regular if there exists an element b € R such that
a = aba. If x € R is a unit, then there exists an inverse element z~! € R such that z = zz 'z,
meaning x is a regular element. The concept of a clean element in a ring was generalized to
r-clean by Ashrafi and Nasibi [2], where units are replaced by regular elements. According to
[2], an element @ € R is said to be r-clean if it can be expressed as the sum of an idempotent
and a regular element of R. A ring R is called an r-clean ring if every element of R is r-clean.
Some properties of r-clean rings are presented in [8]. Furthermore, motivated by the observation
that the set of clean elements does not necessarily form an ideal, Chen and Chen [9] defined the
concept of a clean ideal. As the clean ring was generalized to an r-clean ring, Yuwaningsih et al.
[10] extended the notion of a clean ideal to the r-clean ideal. An ideal J of aring R is called an
r-clean ideal if each element can be expressed as the sum of an idempotent and a regular element
of R.

According to [2] and [8], if {R;};ca is a collection of r-clean rings, then the ring [] R; is

i€A

also r-clean. For any commutative ring R, each R; can be considered an R-module for every

i € A. Thus, the ring [] R; can also be viewed as an R-module. A structure that is both a ring
i€A

and a module is known as an algebra. This concept motivated us to explore r-clean properties in

R-algebras. The clean properties of R-algebras were previously investigated by Wijayanti [11].

Therefore, in this work, we generalize the clean property of R-algebras to the r-clean property

of R-algebras.
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Since many structures are involved in the composition of an R-algebra, research on the
properties of r-clean R-algebras is of particular interest. This research aims to define r-clean
R-algebras and investigate some of their properties. Previously, we defined a generalization
of clean modules, called an r-endoclean module. Furthermore, we investigate the relationship
between the r-clean properties of the R-algebra, its base ring, and the algebra as a module over
the ring.

Throughout this article, R is assumed to be a commutative ring with identity unless stated
otherwise. Moreover, we denote Id(R) as the set of all idempotents of R, Reg(R) as the set of
all regular elements of R, and A as the index set.

2 The Definition of r-Clean Algebra and the r»-Endoclean Module
We begin by defining r-clean R-algebras as follows.

Definition 2.1. An R-algebra A is called an r-clean algebra if, for each element a € A, there
exists an idempotent e € A and a regular element r € A such thata = e + 7.

Let o be an endomorphism of R and R an r-clean R-algebra. Then, according to [2], the
formal power series ring R[[z]] and the skew power series ring R[[z; a]] are both r-clean R-
algebras.

Example 2.2. Let X and Y be rings, and let M be a (Y, X )-bimodule. Assume that one of the
following conditions holds:

(i) X and Y are clean.

(i) One of the rings, X or Y, is clean, and the other is r-clean.

X

0 1. .
is an r-clean ring. Hence,
MY

According to [8], the formal triangular matrix ring 7' =

we have that T is an r-clean Z-algebra.

Example 2.3. Let e be a central idempotent of the ring R. According to [2], if R is an r-clean
ring, then eRe is also an r-clean ring. Thus, we have that e Re is an r-clean R-algebra.

Let R and S be two rings, J an ideal of S, and f : R — S be a ring homomorphism. D’ Anna,
et al. in [12] and [13] introduced and studied the subring

Roal J={(a,f(a)+j)|ac€R,jeJ}

of R x S, called the amalgamation of R and S along J with respect to f. Moreover, R >/ .J
forms an algebra over the ring R. We obtain the following example by generalizing the clean
properties of the amalgamation ring in [14].

Example 2.4. If the ring R >/ J is an r-clean R-algebra, then both the ring R and f(R) + J are
r-clean R-algebras. Furthermore, if the ideal J = S, then R >/ S is an r-clean R-algebra if and
only if both R and S are r-clean R-algebras.

According to [11], if A is an R-algebra and M is an A-module, then the endomorphism ring
Ends(M) is an R-algebra. Moreover, we have the relationship between the R-algebra A and
the endomorphism ring Endg (M) as follows.

Lemma 2.5. Let M be an R-module and A an R-algebra. Then, M is a module over A if and
only if there exists an R-algebra morphism ¢ : A — Endgr(M).

We present the definition of the r-endoclean module as a generalization of the clean module.

Definition 2.6. Let R be a non-commutative ring and M an R-module. Then, M is called an
r-endoclean R-module if the endomorphism ring Endg (M) is r-clean.

Referring to [6], we have the following example of an r-endoclean module.
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Example 2.7. Let D be a division ring and V" a vector space over D. Then, V is an r-endoclean
D-module.

Example 2.8. Let R = M, (D) be the matrix ring over a division ring D, where n > 0 is an
integer. Then,

(i) The free module F' is an r-endoclean R-module.

(i1)) The module M is an r-endoclean R-module.
Example 2.9. Let R be a semisimple Artinian ring. The module M is an r-endoclean R-module.

Let R be a non-commutative ring, M an R-module, S = Endg(M) the endomorphism ring,
and element o € S. We recall that both Ker(«) and I'm(«) are direct summands of M if and
only if there exist idempotents 7, m, € S such that Ker(m) = Ker(a) and Im(m) = Im(«).
We use this property to prove the next proposition.

In the following, we present the necessary and sufficient conditions for an element in the
endomorphism ring to be regular.

Proposition 2.10. Let R be a non-commutative ring, M an R-module, S = Endgr (M) the endo-
morphism ring, and element oo € S. The element o is a regular element, i.e. o« = arya for some
element ~y € S, if and only if M can be decomposed as

M = Im(a) ® Ker(ay) = Ker(a) ® Im(ya).

Proof. Given the element « = a~ya for some element v € S. Let any element m € Im(a) N
Ker(ary), there exists an element z € M such that a(z) = m and ay(m) = 0. Consequently,
we have m = a(z) = aya(z) = ay(m) = 0. Thus, Im(a) N Ker(ay) = 0. Now, let
m € M. We obtain ay(m — ay(m)) = ay(m) — ayay(m) = ay(m) — ay(m) = 0, which
shows that (m — ay(m)) € Ker(ay). Since ay(m) € Im(a), we get m = ay(m) + (m —
ay(m)) € Im(a)+ Ker(avy). Hence, M = Im(a) + Ker(ay). Thus, M = Im(a) ® Ker(ay).
Analogously, we can show that M = Ker(a) @& Im(ya). Conversely, let the R-module M be
decomposed as M = Im(a) ® Ker(ay) = Ker(a) @ Im(vya). Thus, Im(a) and Ker(«) are
direct summands of M. Consequently, there exist idempotents 71,7, € S such that Ker(a) =
Ker(m) and Im(a) = Im(m,). Since Im(m,) C Im(a), then we can take the corestriction

oM - Im(a)
r — d(xr)=alz), forallze M.

and

M — Im(a)
r = m(z) =m(z), forallze M.

According to the Fundamental Homomorphism Theorem, there exists an R-module isomorphism
i : Im(a) - M/Ker(a) such that (ia’)(z) = i(a/(z)) = z + Ker(a), where i/ : M —
M /Ker(a) is the canonical surjection. Since Ker(a) C Ker(m), there exists a mapping 77 :
M/Ker(a) — M such that 71io’ = ;. Next, we choose v = 7jim. Since Im(a) C Im(m),
for each = € M there exists y € M such that a(x) = m(y). As a result, we get

(ma)(z) = m(a(@)) =m(m(y)) =m(m(y))
= m(y) =mly) = alz) = o'(2).
From here, we obtain
avya(zr) = amimha(z) = (ami)(mha)(z)

= (ami)d (z) = a(mid’)(z) = am (x).

Moreover, since 77 = m and m (7 — idg) = Og, it follows that Ker(m) C Ker(«) implies
a(m —idg) = 0g. Consequently, we obtain @ = ary. Thus, we have proved that « = aya. O
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From Proposition 2.10, it is clear that Im(c) = Im(vya) and Ker(avy) = Ker(«). Moreover,
using Propositon 2.10, we provide the necessary and sufficient conditions for a module to be -
endoclean as follows.

Proposition 2.11. Let R be a non-commutative ring, M an R-module, and S = Endr(M) the
endomorphism ring. Then, M is an r-endoclean R-module if and only if for each o € S, there
exists an idempotent m € S such that M can be decomposed as

M=Im(a—7)® Ker((a —m)y) = Ker(a — ) & Im(y(a — 7)),
for some element ~ € S.

Proof. Let M be an r-endoclean R-module, which implies that S is an r-clean ring. For any
element o« € S, there exists an idempotent # € S such that o — 7 is a regular element of
S. Referring to the Proposition 2.10, there exists an element v € S such that M = Im(a —
) @ Ker((a — m)y) = Ker(a — 7) @ Im(y(a — m)). Conversely, for each element o € S
there exists an idempotent = € S such that the R-module M can be decomposed as M =
Im(a—7)® Ker((a—m)y) = Ker(a—m) & Im(vy(a — 7)). Based on Proposition 2.10, o — 7
is a regular element. Consequently, « is an r-clean element of .S. Thus, S is an r-clean ring, and
therefore, M is an r-endoclean R-module. O

Considering the fact that ring R = Endg(R), we obtain the following properties.

Proposition 2.12. Let R be a non-commutative ring and S = Endg(R) the endomorphism ring.
The following statements are equivalent:

(i) Risanr-clean ring.
(ii) R is an r-endoclean R-module.

(iii) For each element o € S, there exists an idempotent w € S such that R can be decomposed
as R = Im(a—m) ® Ker((a — 7)y) = Ker(a — 7) @ Im(y(a — 7)), for some element
veS.

(iv) For each element x € R, there exists an idempotent e € R such that R can be decomposed
asR=((z—e)) R®(1lg—(x—e)b)R = (1g — (z—e))R® (b(x — €)) R, for some element
beR.

Proof. (i) & (ii), (ii) < (4i1), and the implication (¢ii) = (iv) are evident from the fact that
R = S. To Prove (iv) = (ii4), let any element « € S. Since R = S, for every «, there exists an
element r € R such that «(a) = ra for every a € R. Thus, the statement (iii) follows. ]

3 Some Properties of r-Clean Algebras

In this section, we present some properties of r-clean algebras. The first property provides a
sufficient condition for an R-algebra to contain an r-clean subalgebra.

Proposition 3.1. Let A be an R-algebra and R an r-clean ring. Then, A contains an r-clean
subalgebra.

Proof. First, define the mapping

6:R — A
r o= () =rly, forall r € R.

We find that 6 is a ring homomorphism. Let @ € R. Since R is an r-clean ring, there exist
e € Id(R) and r € Reg(R) such that @ = e + r. As 6 is a ring homomorphism, we have
6(a) = 6(e +r) = O(e) + 6(r). Note that §(e) = O(ee) = 6(e)f(e), so we conclude that
6(e) € Id(A). Since r € Reg(R), there exists s € R such that » = rsr. Furthermore, since 6 is
a ring homomorphism, we have 6(r) = 0(rsr) = 0(r)0(s)0(r). Thus, we conclude that 6(r) €
Reg(A). Therefore, 6(a) is an r-clean element of A. Hence, Im(6) is an r-clean subalgebra of
A. O
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The following property concerns the necessary conditions for an R-algebra to be r-clean.

Proposition 3.2. Let A be an R-algebra and M an A-module. If M is a faithful R-module and
A'is an r-clean algebra, then Endr(M) contains an r-clean subring.

Proof. Let M be an A-module, which means that there is a ring homomorphism

frA — Endp(M)
a — fla)=/f,, forallae A

where

forM — M

m = =am, forall m € M.

Let a € A. Since A is an r-clean algebra, there exist e € Id(A) and r € Reg(A) such that
a = e+ r. As f is a ring homomorphism, we have

fla) = fle+r) = fle) + f(r).

Clearly, f(e) € Id(Endgr(M)) and f(r) € Reg(Endgr(M)). Hence, f(a) is an r-clean element
of Endr(M). Therefore, Im(f) is an r-clean subring of Endg(M). i

Furthermore, we provide sufficient conditions for an R-module to decompose as a direct sum
of two submodules.

Proposition 3.3. Let R be a non-commutative ring and M a faithful left R-module. If R is an
r-clean ring and contains no zero-divisor elements, then there exist submodules M| and M, of
M such that M = M, & M.

Proof. Since M is a left R-module, there is the scalar multiplication defined by:

CRxM — M

(r,m) ~— rm, forall (r,m)e R x M.

Let R be an r-clean ring, meaning that every element of R is r-clean. Suppose we take an
element € R, there exists an idempotent e € R such that the ring R can be decomposed as
R=(1g—(z—¢))R® (b(x —e))R, for some element b € R. This means that for every m € M
there exist s € (1g —(z—e))Rand t € (b(x —e))R suchthatm = 1pm = (s+t)m = sm+tm.
Thus, we obtain M = sM + tM. Moreover, we will show that sM N¢tM = {0p/}. Let
x € sM NtM. There exist m;,mp € M such that z = sm; = tm,. Consequently, we have
smy —tmy = 0p. If my = my, then s = ¢t. Since (1g — (z —¢))RN (b(x — e))R = {Og},
we get s = t = Op. If m; # m; and they are linearly independent, it follows that s = ¢ = Op.
Moreover, if m; # m; and they are not linearly independent, there exists Oz # k£ € R such
that m; = km,. Consequently, we have skm, = ¢m,, which implies (sk — t)m, = 0j;. Since
M is a faithful R-module, we conclude that sk —t = Ogr. Thus, we have sk = t. This means
te(lg—(x—e))RN(b(x —e))R, whereas (1zp — (x —e))RN (b(x — e))R = {Or}. Hence,
sk = Og. Furthermore, since & # 0y and R contain no zero-divisor elements, we obtain s = Og.
Therefore, s = ¢ = Og. Thus, we conclude that sM N ¢tM = {0,,}. By taking M; = sM and
M, = tM, we have proved that M = M| @ M,. O

Next, based on [11], we have Endr(M; & M) = Endr(M;) ® Endr(M,). Referring to
Proposition 3.3, we obtain the following property.

Proposition 3.4. Let R be a non-commutative ring and M a faithful left R-module. If R is an r-
clean ring and contains no zero-divisor elements, then there exists a decomposition Endgr (M) =
Endr(M;) ® Endgr(My), where My and M, are submodules of M.
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Proof. Since R is an r-clean ring and contains no zero-divisor elements, based on Proposition
3.3, there exist submodules M and M, of M such that M = M, & M,. Therefore, we have

EndR(M) = EndR(M1 ©® Mz).
Since Endr(M; @& M,) = Endr(M;) & Endgr(M,), we obtain

EndR(M) = EndR(Ml) SV EndR(Mz)

The following presents the consequences of Proposition 3.4.

Corollary 3.5. Let R be an integral domain and A a faithful R-algebra. If R is an r-clean ring,
then there exists a decomposition Endr(A) = Endgr(A1) ® Endgr(A,), where Ay and A, are
subalgebras of A.

Referring to Proposition 2.11, we present the necessary and sufficient conditions for an R-
algebra to be r-endoclean.

Proposition 3.6. Let A be an R-algebra and S = Endr(A) the endomorphism ring. Then, A
is an r-endoclean R-module if and only if for every element o € S, there exists an idempotent
w € S such that A can be decomposed as

A=Im(a—m)® Ker((a —m)y) = Ker(a — ) & Im(y(a — 7)),
for some element v € S.

At the end of this paper, we present the necessary and sufficient conditions for an R-algebra
to be r-clean.

Proposition 3.7. Let A be an R-algebra and S = Enda(A) the endomorphism ring. Then, A is
an r-clean R-algebra if and only if for every element o € S, there exists an idempotent m € S
such that A can be decomposed as

A=Im(la—7)® Ker((a —m)y) = Ker(a — ) & Im(y(a — 7)),
for some element v € S.

Proof. Since A = S and A is an r-clean R-algebra, we conclude that S is an r-clean ring. In
other words, the A-module A is r-endoclean. Referring to Proposition 2.11, for each a € S,
there exists an idempotent = € S such that the A-module A can be decomposed as A = I'm(a —
) ® Ker((a — m)y) = Ker(a — m) & Im(y(a — m)), for some element v € S. Conversely,
for each element o € S, there exists an idempotent 7 € S such that A can be decomposed as
A=Im(a—7)® Ker((a — m)y) = Ker(a — 7)) ® Im(y(aw — 7)), for some element y € S.
Based on Proposition 2.10, o — 7 is a regular element. Consequently, « is an r-clean element of
S. Thus, S is an r-clean ring. Since A = S, we conclude that A is an r-clean R-algebra. O
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