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Abstract In current study, we use the definition of convolution (or Hadamard product) and
consider the Noor type differential operator to define a new class Q) (A, a;'¥) of multivalent
functions in open unit disk. We also give some interesting applications of this operator for
multivalent functions by using the method of convolution and derive some useful results.
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1 Introduction
Let A, be the class of analytic and p-valent functions which have the form
r(z) =243 bjpp12 T pe N ={1,2,3,.}, (1.1)
j=2

in the open unit disk A = {z € C: [z| < 1}. For p = 1, it is clear that A = Ay).
If r € A, satisfies the following condition

%(Z:/(S)> >B8 (2€A0<B<pipeN),

the function r € A, is p-valently starlike of order 3 in A.
If r € A(,) holds the following condition

§R<M>>B (zeA0<B<pipeN),

the function r € A, is p-valently convex of order 3 in A.
The convolution of | (z) and r; (2)

(r1#72) (2) = 2" + D> bjup1abjup1227 77 = (raxm1) (2),
=2

where

ri(2) =27+ bjpo1a? P E AL (i=1,2).
j=2

Let P denotes the class of functions ¥ with ¥ (0) = 1. If r; and r; are analytic in A, we know
that r; is subordinate to r,, written as r; < rp, if there is a analytic Schwarz function w, in A
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which holds the conditions of w (0) = 0 and |w (z) | < 1 such that 7| = r,(w(z)). Moreover, we
get the equivalence given below if r; is univalent in A, see [8].

r1(z) < r2(2) <= 11(0) =r(0) and 7 (A) C 1 (A).  z €A

Operators theory has an important act in the field of Geometric Function Theory. Generally,
operators are used to define new subclasses. The method of convolution has extraordinary role
in the evolution of this field. Several integral and differential (linear operators) can be appointed
in view of convolution. Alexander [1] presented the first integral operator for the class analytic
functions. Further, numerous common integral operators are researched by authors, such as Lib-
era [14], Bernardi [5], El-Ashwah and Aouf [6]. Srivastava et al. [23] geometrically investigated
the class of complex fractional operators (differential and integral) and Ibrahim [4] defined differ-
ential operator and investigated a new class of analytic functions into two-dimensional fractional
parameters in the open unit disk. For more details see [2, 3, 24]For complex or real number
a,b,c ¢ {0,—1,-2,...}, the hypergeometric series is denoted by

abz a(a+1)b(b+1)22
gFl(abcz)—l—l——F—l— et D) i+"'7

(1.2)

It is important that the series (1) converges absolutely for z € A and hereby it presents a function
which is analytic in A. Patel and Cho [21] presented the operator D71 : Ay — A(p) given
by

. 2P
D1, (2) = m «r(z) (6 >-p), (1.3)
on an equality with
n— n+p—1
DIl (5) = 2P (2" (2))"7F

(n+p-1)!

where n > —p. From the equality, (1.2) and r (2) is presented by (1.1), following equality
oceurs

o0 .
) .
DVl (2) = 2P + Z (n+j—_i_§) )bjﬂ)_lz”pl (peEN;n>-p).

Upon p = 1, D"*P~! was presented by Ruscheweyh [22] and Goel and Sohi [7]. D"*P~! is
known as the Ruscheweyh derivative of (n + p — 1) th order. Lately, similar to D" P~!, [AFP=1
A(p) — A(p)» which is an integral operator, was introduced by Liu and Noor [15]. Let

2P

PP () = m (A>-p),
and let (rA P! (z))Jr be given as
s p
PP () w (PP (2) = (1_22)p+1 1.4
Then "
Pl () = (T)‘“’ (z))T xr(2) = <(1_Z:))\_~_p> x1(z) rEAp (1.5)

If r (z) of (1.1), is used, then from the equations (1.4) and (1.5), we get

Jp+2)..(G+p-—1)

I)\+pl _ p_|_
—c 2;1A+p A+p7U A +jtp-2)

=2F (Lp+LA+p2)«xr(z) (A>—p). (1.6)

j+p—1
bjtp—12"""
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Now, we introduce the function f;pf 1 € A by:

Q) py = 2P+ Z D, 7P (1.7)
j=2
where ( DIr( N
J+p—1)IT(p+
b, = , 1.8
LT T T (A4 p—1) (18
and

TO+1D) =M= A-1)(\A=2).., (A\>—p, peN)

For r € A(;), using the knowledgements about Noor type operator given above, we introduce a
new operator I*P=1 2 A, — A, by:

PPl () =@, xr(2) =27 + i¢j+p_1bj+p_lzj+p71. (1.9
j=2
Note that; upon taking A = 1, we get
() = Qlop g (2) = 22+ ST (p 4 1) byy 127
j=2
upon taking A = 0, we obtain

Pl () = QY xr(2) =2+ (F+p— 1T (p)bjyp 2’7"

j=2

upon taking A = 1 and p = 1, we obtain r (z) as follows:
> .
Ir(z) =Qj*r(z) = z—i—ijz].
j=2

Furthermore, Noor integral operator of (A + p — 1) th order of r is indicated by I**P~!r and
given in (1.6), [15]. Several authors have studied on the concept of some analytic classes con-
nected with Noor operator, [17, 18, 19]. Lately, Noor [20] mentioned new analytic subclasses
connected with Noor integral operator and their geometric perspective. Now, from the equality
(1.9), we have easily the following identity:

(A +p) NP7l (2) = 2 (IMPr (z)), + MMPr (2) (1.10)

Definition 1.1. The function » € A, is belong to Q, (A, ;W) , if the first order differential
subordinate condition, given below, holds:

’

(1 —a) 2z PIMP~ 1y (2) + %Zﬂ’“ (Ml (2) <P (2),

wherea € C,a> —p,pe Nand ¥ € P.

Remark 1.2. For special cases of A = 1, « = 1 and p = 1, we can obtain following classes
respectively

() Q,(1,0:%) = Q, (0, ¥) = {r(z) € Ay (1—a)z7Pr () + 22777 (r(2) < (z)}
i) (A 13%) =2, (A W) = {r(2) € 4, : Lert! (P 1 () < w(2)}

(i) Q1 (\aP) = (N a, %) = {r(z) € Ay (1= a) LPr () + o (Pr (2)) < W (=)}
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Lemma 1.3. [16] Let s (2) = 1+ 3 b,z™ (m € N) be analyticin A. If Re (s (z)) > 0 (z € A),

then

Re (s (2)) > A2

—_— A).
™ (z€4)

In this study, we continue our investigations in the some properties of the class Q,, (A, a; ¥)
connected with Noor type operator.

2 Main Results
In present section, we will derive our main theorems as characters of the class Q, (), a; V).

Theorem 2.1. Let o > 0 and

T (Z) = Zp + ij+17*17izj+p_l € QP (A7 a,\P) (Z = 172) ) (21)
=2
where
. = —1<D; P < 1. .
Y, (2) 17D,z and 1<D;<(C; <1 2.2)

Ifr € Ay, is given by
JESE (Z) _ (I)\+;D—1Tl (Z)) % <I>\+p—1712 (z)) , (2.3)

thenr € Q, (A, a;'¥), where

1
‘P(z)-r—i—(lfT)li_z, 2.4)
and T is given by
1
4(Cy_Dy)(Cyr_Dy) &1
1 — ((117[)[1))((172D2)2 (1 _ g) /t]+t dt, a>0
T = 0 (2.5)
2(C,_Dy)(C,_Dy) _
- (1],D,I)(1,2D2)2 ) a=0.
the bound T is sharp when D; = D, = —1.
Proof. For a > 0. Since r; (z) € Q, (\, ;W) , it follows that
si(z) =(1-a) PPl (2) + & pt (I’\ﬂ’_lri (z))
p
1+ Ciz .
1T D (i=1,2), (2.6)
and
Pl (2) = P e /tgflsl (t)dt
@
0
1
= gzp/tg_lsi (tz)dt (1=1,2). 2.7)
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Now, if 7 € A(p) is defined by (2.3), using the condition (2.6), we derive that
el (2) = (IMP7 1y (2) = (TP (2))
1 1
( zp/t g (tz) dt) * (pzp/t —ls, (tz) dt)
a
0 0

1
Lo (t2) dt, (2.8)

:sz/t
(0%
0

Qs
Qs

oI

Qs

where

s (2) =

QI

1
/ 51 (51 % 85) (£2) dt. 2.9)
0

Further, by using (2.6) and Herglotz theorem [8], we have
s1(z) — 7 1 s((z)—7m
cr\e)— 2\ R A
%{< - >*<2+ 20-m )70 FEh)

R{(si %) ()} >m0=1-2(1—7)(1-7) (€4,

which leads to

where
1-C;

~1-D,

Moreover, according to Lemma 1.3, we have

0<n

<1l (1=1,2).

- |7

Ri(s1#52) ()} 270+ (1 —m0) 7 H

(zeA). (2.10)
Thus, it concludes from (2.8) to (2.10) that

R {s0(2)} = R {(1 =) 2PN (2) S (P <z>)/}

1

vV
QI
o\_ =}
~
R
|
N
3
+
—~~
—
N
— | —
+
By
~ | ~+
"

which proves that r € Q, (), a; ¥) for ¥ presented by (2.4).
To justify the sharpness of the bound 7, we get r; € A, (i = 1,2) defined by

z
PPl (o) = 2o /t%l (1 +Cit) dt  (i=1,2), 2.11)

o 1—1¢
0
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for which we have

’

si(2) = (1 —a)z PPy, (2) + %z_p“ (1M1 (2))

14 C;z
=<
1—=2

(s1%%2) (2) = <1+Clz) . <1+sz>

1—2 1—2z
(1+C)(1+C)
1—2z

and

=1-(14+C)(1+C)+

Hence, for the function r in (2.3) , we get

’

(1—a) 2P AP (2) + &l (I’\“’_lr (z))

1
_P [y _ (1+C1) (14 6)
_ao/t (1 (1+C)(1+C)+ )dt

1—=2

=7 (2> -1),

which shows that the number 7 is the best possible when D| = D, = —1.
For o« = 0, the proof of Theorem 2.1 is obvious, and we do not need to show details. O

Corollary 2.2. Let o« > 0 and

ri(z)=z+Y b €A\ a:¥) (i=12),
j=2
where

= —1 <D, ;i < 1.
z 17D,z and 1<D;<(C; <1

Ifr € Ais defined by

thenr € Q, (A, a;¥), where

and T is given by

(2.12)

| _ 2C1-D)(C2_Dy)
(1-D\)(1-Dy) >

the bound T is sharp when D| = D, = —1.

Theorem 2.3. Let o be a positive real number. Let v (z) = 2P + > bjp1277P71 € A,
i=2

hi (2) = zP and hy, = 2P + Y b p_1297P~1 (m > 2) . Suppose that
i=2

D dilbjpal <1, (2.13)
j=2
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where LD
_ a
dj = 57— Pi+p- (1+p(J1)) ; (2.14)
G+p—DIT(p+A)
FA+j+p—1)
(1) If =1 <D <0, thenr € Q, (X, a;¥), where

and —1 <D< (C<1.

cI)j-‘rp—l =

1+Cx
Ye) =1
(id) If {d;}{" is nondecreasing, then
r(z) 1
R—~7r>1-— , 2.15
{ ham (2) } dm+1 ( )
and o (2) p
m \Z m+1
R > , 2.16
{ r (Z) } 1+ dm+1 ( )
Jor z € A. the estimates in (2.15) and (2.16) are sharp for each m € N.

Proof. From the assumptions of Theorem 2.3, we get d; > 0 (j € N). Let

S(z)=(1-a) PP (2) + %z*pﬂ (I>‘+p*1r (z))/

J+P—1'F(P+)\)( > +p—1
= 1+ — 1)) b+ Itp= 2.17
rA+ji+p-1) (‘7 ) ) bivp12 2.17)

(i) For =1 < D <0and z € A, it continues from (2.13),(2.14) and , (2.17) that

S(z)—1
C — DS (2)
= D)IT(p+A : i
7Z=:2 J+1;\+j+pler) ) (1 + % (-7 - 1)) bj+P*12J+p !
(€= D) =D 5 SRR (1 5. = 1)) byapr7t7!
Z dj1bjip-1]
< =2
(1-D)+D szj 1bj+p—1]
=
<1,
which implies that
’ 14+C=z
1— —pI)\+p—1 g —p+1 I/\+p—1 =y
( a)z r(z)—i—pz ( r(z)) <1+Dz ,

hence, r € Q, (A, a; ¥) .
(22) Under the hypothesis in part (ii) of Theorem 2.3, we see from (2.14) that

dj+1>dj>1 (jGN)

Therefore, we have

oo

D bjrpmtl Fdmer D biapt] <D djlbjapa| < 1. (2.18)

=2 j=m+1 j=2
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By setting

s1(2) = dmi1 {hin(a) - (1 a d7:+1 )}

oo
j—1
dm+1 Z bj+p—1Z]
Jj=m+I

x .
1430 bjpr2/ ™!
=

and applying (2.18) , we deduce that

dmi1 Y2 |bjep-1l

s1(2)—1 ’ < j=m+1
1 — m oo
s1(2) + 2-2% |bjip—1l —dmt1 2 [bjip-1]
=2 j=m+l
<1 (z€A),
which readily yields (2.15) .
If we take .
m-p
AR i 219
m
then
re) g2 and 2 1°,
hm, (2) A1 m+1

which shows that the inequality in (2.15) is the best likelihood for every m € N.
Similarly, if we take

2(2) = (1 dyr) (P28 et ),

r(z)  l4dmp

then we can obtain that

(1+dm+1) Z |bj+p—1‘

s2(z)—1 ‘ < j=m+l
1= o S
s2(2) + 2-23 |bjrp—1] = (dme1 = 1) >0 [bjsp—l
j=2 Jj=m+I
<1 (z€A),

which yields (2.16) . The inequality in (2.15) is the best likelihood for every m € N, with the
extreme a function r given by (2.19). O

Corollary 2.4. Let « be a positive real number. Let v (z) = z+ Y. bjz? € A, hy (z) = z and
j=2

hm =2+ > bjz7 (m > 2). Suppose that
j=2

Zdj |bj| <1
=2

where D
dj= z—p®i(1+a(i-1)),
o JIT(1+X)

d-1<D<C<]l.
T Tty SPYsCs
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(1) If =1 < D <0, thenr € Q(X\ a;¥), where

1+ Cz

Y =150

(id) If {d;}{" is non decreasing, then

S U] R

p{im)

r(2) 1 +dpit’

for z € A. the estimates in (i) are sharp for every m € N.

and

Conclusion: Many differential and integral operator have been defined for analytic and
multivalent functions. In this paper we used the definition of convolution (or Hadamard product)
defined the Noor type differential operator. We consider this operator and investigated a new
class Q, (A, a;'¥) of multivalent functions in open unit disk disk. We also gave some interesting
applications of this operator for multivalent functions by using the method of convolution and
derive some useful results. For the future work on the subject of our study, we cite a number
of articles [9, 10, 11, 12, 13] for the developments of geometric function theory related with
g-calculus operator theory.

Acknowledgement: We record our sincere thanks to the referees for their insightful suggestions
to improve the paper in present form
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