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Abstract In this study, we define a new family of Leonardo numbers and establish some
properties of the relation to the ordinary Leonardo numbers. These numbers are introduced from
the Leonardo numbers. We give some identities k-Leonardo numbers. Moreover, we obtain
the Binet’s formula, generating function formula and some formulas for this new type numbers.
Morever, we give the matrix representation of the k-Leonardo numbers.

1 Introduction

Fibonacci sequence has delighted mathematicians and scientists alike for centuries with their
beauty and their propensity to pop up in quite unexpected places. Leonardo de Pisa has not even
guess that the number sequences would be so adventurous with the rabbit problem. However, the
Fibonacci numbers found in Pascal’s triangle, Pythagorean triples, computer algorithms, graph
theory and many other areas of mathematics. They also occur in variety of other fields such as
physics, finance, architecture, computer sciences, color image processing, geostatics music and
art. There have been many studies in literature about this special number sequence because of
its numerous applications. There are many generalizations on this sequence some of which can
be seen in [2, 4, 5, 6, 12, 13, 14, 17, 20, 21, 22, 28, 30].

The Leonardo sequence, also known as Leonardo numbers, is a linear, recurrence sequence of
integers. It is a sequence similar to the Fibonacci sequence, the third term of which is a constant
number. It is thought that these numbers were examined by Leonardo of Pisa and could not be
proven in any study in the literature due to the scarcity of relevant studies. It is emphasized that
this sequence is related to the Fibonacci sequence [3, 7, 23, 31, 32].

Leonardo’s recurring non-homogeneous sequence, which we shall denote by Len is a linear
and recurrent sequence, having its characteristic recurrence formula defined as

Len = Len−1 + Len−2 + 1, n ≥ 2

with Len the nth term of the Leonardo sequence and initial terms indicated by Le0 = Le1 = 1.
It also performed algebraic manipulations on this recurrence, obtaining a new homogeneous
recurrence.

Len = 2Len−1 − Len−3, n ≥ 3

with Len the nth term of the Leonardo sequence and initial terms indicated by Le0 = Le1 = 1
and Le2 = 3. Also, the characteristic equation can be given as: x3 − 2x2 + 1 = 0. x1 = 1+

√
5

2 ,
x2 = 1−

√
5

2 and x3 = 1, it has three real roots. x1 and x2 are the roots of the characteristic
equation of the Fibonacci sequence [11, 26].

The k-Fibonacci numbers defined by [16] for any real number k as follows. For any positive



1428 Hasan Gökbaş

real number k, the k-Fibonacci sequence, say Fk,n, n ∈ N is defined recurrently by

Fk,n+1 = kFk,n + Fk,n−1, n ≥ 1

with Fk,n the nth term of the k-Fibonacci sequence and initial terms indicated by Fk,0 = 0 and
Fk,1 = 1. This number sequence has been one of the number sequences studied over the years
[1, 8, 9, 10, 18, 19, 24, 25, 27].

Fk,0 = 0
Fk,1 = 1
Fk,2 = k

Fk,3 = k2 + 1
Fk,4 = k3 + 2k

Fk,5 = k4 + 3k2 + 1
Fk,6 = k5 + 4k3 + 3k

Fk,7 = k6 + 5k4 + 6k2 + 1
Fk,5 = k7 + 6k5 + 10k3 + 4k

Table 1. The first terms of the k-Fibonacci numbers

HMn, n ∈ N is defined as follows [29], HMn = rHMn−1+sHMn−2+tHMn−3, HM0 = a,
HM1 = b, HM2 = c , n ≥ 1 where HM0, HM1, HM2 are arbitrary complex or real numbers
and r, s, t are real numbers. So, in this case, using Binet’s formula

HMn =
m1α

n

(α− β)(α− γ)
+

m2β
n

(β − α)(β − γ)
+

m3γ
n

(γ − α)(γ − β)
(1.1)

where
m1 = HM2 − (β + γ)HM1 + βγHM0,

m2 = HM2 − (α+ γ)HM1 + αγHM0,

m3 = HM2 − (α+ β)HM1 + αβHM0.

In this work, a variety of algebraic properties of the k-Leonardo numbers will be presented.
Some identities will be given for k-Leonardo sequence such as Binet’s formula, generating func-
tion formula and some formulas.

2 k-Leonardo numbers

In this section, a new generalization of the Leonardo numbers is introduced. We give some
properties of the k-Leonardo numbers.

Definition 2.1. Let k > 0 be real number. The numbers Lek,n be recursively defined by

Lek,n = kLek,n−1 + Lek,n−2 + 1, n ≥ 2

Lek,0 = Lek,1 = 1

We also call them k-Leonardo numbers.

Lek,0 = 1
Lek,1 = 1

Lek,2 = k + 2
Lek,3 = k2 + 2k + 2

Lek,4 = k3 + 2k2 + 3k + 3
Lek,5 = k4 + 2k3 + 4k2 + 5k + 3

Lek,6 = k5 + 2k4 + 5k3 + 7k2 + 6k + 4
Lek,7 = k6 + 2k5 + 6k4 + 9k3 + 10k2 + 9k + 4

Lek,8 = k7 + 2k6 + 7k5 + 11k4 + 15k3 + 16k2 + 10k + 5
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Table 2. The first terms of the k-Leonardo numbers

Sequence Le1,n, n ∈ N is the classical Leonardo sequence.
Note that if k is a real variable x, the Leonardo polynomials defined by

Len+1(x) =


1, ifn = 0
1, ifn = 1

xLen(x) + Len−1(x), ifn > 1

 .

Le0 = 1
Le1 = 1

Le2 = x+ 2
Le3 = x2 + 2x+ 2

Le4 = x3 + 2x2 + 3x+ 3
Le5 = x4 + 2x3 + 4x2 + 5x+ 3

Le6 = x5 + 2x4 + 5x3 + 7x2 + 6x+ 4
Le7 = x6 + 2x5 + 6x4 + 9x3 + 10x2 + 9x+ 4

Le8 = x7 + 2x6 + 7x5 + 11x4 + 15x3 + 16x2 + 10x+ 5

Table 3. The first terms of the Leonardo polynomials

Corollary 2.2. From the two equations

Lek,n = kLek,n−1 + Lek,n−2 + 1

Lek,n+1 = kLek,n + Lek,n−1 + 1

we obtained by subtraction the recursion formula

Lek,n+1 = (k + 1)Lek,n + (1 − k)Lek,n−1 − Lek,n−2, n ≥ 2

where Lek,2 = k + 2 is an additional value. The associated characteristic polynomial

p(X) = X3 − (k + 1)X2 − (1 − k)X + 1 = (X − 1)(X2 − kX − 1).

p(X) has the roots t1 =
k+

√
k2+4
2 , t2 =

k−
√
k2+4

2 and t3 = 1.

Definition 2.3. Lek,n, n ∈ N is defined as follows

Lek,n = (k + 1)Lek,n−1 + (1 − k)Lek,n−2 − Lek,n−3, n ≥ 3,

Lek,0 = Lek,1 = 1, Lek,2 = k + 2.

The sequence Lek,n, n ∈ N be extended to negative subscripts by defined

Lek,−n = (1 − k)Lek,−n+1 + (k + 1)Lek,−n+2 − Lek,−n+3.

Lek,−1 = −k

Lek,−2 = k2

Lek,−3 = −k3 − k − 1
Lek,−4 = k4 + 2k2 + k − 1

Lek,−5 = −k5 − 3k3 − k2 − 2

Table 4. The first terms of the negative k-Leonardo numbers

Theorem 2.4.

t1 =
k +

√
k2 + 4
2

,
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t2 =
k −

√
k2 + 4
2

,

t3 = 1,

α =
(k2 + 1)(k2 + 4 − (k − 2)

√
k2 + 4)

2k(k2 + 4)
,

β =
(k2 + 1)(k2 + 4 + (k − 2)

√
k2 + 4)

2k(k2 + 4)
,

γ = −1
k
.

Then, the Binet formula of the Lek,n number is

Lek,n = αtn1 + βtn2 + γtn3 , n ≥ 0.

Moreover,
t1 + t2 + t3 = k + 1

t1t2t3 = −1

t1t2 + t1t3 + t2t3 = k − 1.

Proof. The proof is performed using the equation (1.1).

Theorem 2.5. The generating function formula of the Lek,n number is

∞∑
n=0

Lek,nt
n =

1 − kt+ kt2

1 − (k + 1)t− (1 − k)t2 + t3 .

Proof. Let h(t) be the generating function for k-Leonardo numbers as h(t) =
∑∞

n=0 Lek,nt
n.

We get the following equations, (k + 1)th(t) = (k + 1)
∑∞

n=0 Lek,nt
n+1, (1 − k)t2h(t) =

(1 − k)
∑∞

n=0 Lek,nt
n+2 and −t3h(t) = −

∑∞
n=0 Lek,nt

n+3. After the needed calculations, the
generating function for k-Leonardo numbers is obtained as

∞∑
n=0

Lek,nt
n =

1 − kt+ kt2

1 − (k + 1)t− (1 − k)t2 + t3 .

Theorem 2.6. For n ≥ 1, the following identity holds

Lek,n =
1
k
[Fk,n+1 + Fk,n − 1] + Fk,n−1

where Lek,n is nth k-Leonardo number and Fk,n is nth k-Fibonacci number.

Proof. Using the principle of finite induction, the equality holds for n = 1,

Lek,1 =
1
k
[Fk,2 + Fk,1 − 1] + Fk,0 =

k + 1 − 1
k

+ 0 = 1.

Now suppose that the equality is true for n > 1. Then, we can verify for n+ 1 as follows

kLek,n + Lek,n−1 + 1 = k

(
1
k
[Fk,n+1 + Fk,n − 1] + Fk,n−1

)
+

1
k
[Fk,n + Fk,n−1 − 1] + Fk,n−2 + 1

= Fk,n+1 + Fk,n − 1 + kFk,n−1 +
1
k
[Fk,n + Fk,n−1 − 1] + Fk,n−2 + 1

=
1
k
[kFk,n+1 + Fk,n + kFk,n + Fk,n−1 − 1] + kFk,n−1 + Fk,n−2

=
1
k
[Fk,n+2 + Fk,n+1 − 1] + Fk,n = Lek,n+1.
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Lek,n
1
k [Fk,n+1 + Fk,n − 1] + Fk,n−1

Lek,0
1
k [Fk,1 + Fk,0 − 1] + Fk,−1 =

1
k (1 + 0 − 1) + 1 = 1

Lek,1
1
k [Fk,2 + Fk,1 − 1] + Fk,0 =

1
k (k + 1 − 1) + 0 = 1

Lek,2
1
k [Fk,3 + Fk,2 − 1] + Fk,1 =

1
k (k

2 + 1 + k − 1) + 1 = k + 2
Lek,3

1
k [Fk,4 + Fk,3 − 1] + Fk,2 =

1
k (k

3 + 2k + k2 + 1 − 1) + k = k2 + k + 2
Lek,4

1
k [Fk,5 + Fk,4 − 1] + Fk,3 =

1
k (k

4 + 3k2 + 1 + k3 + 2k − 1) + k2 + 1 = k3 + 2k2 + 3k + 3

Table 5. The first terms of the k-Leonardo numbers from k-Fibonacci numbers

The table below examples for different values of n and k.

k = 1 k = 2 k = 3
n = 0 Le1,0 = 1 Le2,0 = 1 Le3,0 = 1
n = 1 Le1,1 = 1 Le2,1 = 1 Le3,1 = 1
n = 2 Le1,2 = 3 Le2,2 = 4 Le3,2 = 5
n = 3 Le1,3 = 5 Le2,3 = 10 Le3,3 = 17
n = 4 Le1,4 = 9 Le2,4 = 19 Le3,4 = 57
n = 5 Le1,5 = 15 Le2,5 = 61 Le3,5 = 189

Table 6. The first terms of the k-Leonardo numbers

3 The matrix form of k-Leonardo numbers

In this section, we will give the matrix representation of the k-Leonardo numbers. The k-
Leonardo number’ properties will be obtained using matrix representation.

Definition 3.1. The basic matrix of the k-Leonardo sequence is

Q =

 k + 1 1 0
1 − k 0 1
−1 0 0


Based on the Cayley-Hamilton Theorem, k-Leonardo’s characteristic polynomial is given as

p(λ) = det(λI −Q)

where

λI =

 λ 0 0
0 λ

0 0 λ

 and Q =

 k + 1 1 0
1 − k 0 1
−1 0 0

 .

p(λ) = det(λI −Q) =

∣∣∣∣∣∣∣
λ− k − 1 −1 0
k − 1 λ −1

1 0 λ

∣∣∣∣∣∣∣ = λ3 − (k + 1)λ2 − (1 − k)λ+ 1 = 0.

Theorem 3.2. Let n > 0 be an integer. The following equality holds

a)

 Lek,n+3 Lek,n+2 Lek,n+1

Lek,n+2 Lek,n+1 Lek,n

Lek,n+1 Lek,n Lek,n−1

 =

 Lek,3 Lek,2 Lek,1

Lek,2 Lek,1 Lek,0

Lek,1 Lek,0 Lek,−1

 ·

 k + 1 1 0
1 − k 0 1
−1 0 0


n

b)

 Lek,−n+3 Lek,−n+2 Lek,−n+1

Lek,−n+2 Lek,−n+1 Lek,−n

Lek,−n+1 Lek,−n Lek,−n−1

 =

 Lek,3 Lek,2 Lek,1

Lek,2 Lek,1 Lek,0

Lek,1 Lek,0 Lek,−1

 ·

 0 0 −1
1 0 k + 1
0 1 1 − k


n
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Proof. a) For the proof, we use induction method on n. The equality holds for n = 1. Now
suppose that the equality is true for n > 1. Then, we can verify for n+ 1 as follows Lek,3 Lek,2 Lek,1

Lek,2 Lek,1 Lek,0

Lek,1 Lek,0 Lek,−1

Qn+1 =

 Lek,3 Lek,2 Lek,1

Lek,2 Lek,1 Lek,0

Lek,1 Lek,0 Lek,−1

QnQ

 Lek,n+3 Lek,n+2 Lek,n+1

Lek,n+2 Lek,n+1 Lek,n

Lek,n+1 Lek,n Lek,n−1

 ·

 k + 1 1 0
1 − k 0 1
−1 0 0

 =

 Lek,n+4 Lek,n+3 Lek,n+2

Lek,n+3 Lek,n+2 Lek,n+1

Lek,n+2 Lek,n+1 Lek,n

 .

Thus, the theorem can be proved easily.
b) Similarly, the proof is seen by induction on n.

Theorem 3.3. Let n > 0 be an integer. The following equality holds

a) [Lek,n+2 Lek,n+1 Lek,n] = [Lek,2 Lek,1 Lek,0] ·

 k + 1 1 0
1 − k 0 1
−1 0 0


n

b) [Lek,−n+2 Lek,−n+1 Lek,−n] = [Lek,2 Lek,1 Lek,0] ·

 0 0 −1
1 0 k + 1
0 1 1 − k


n

Proof. a) Using the principle of finite induction, the equality holds for n = 1. Now suppose that
the equality is true for n > 1. Then, we can verify for n+ 1 as follows Lek,2

Lek,1

Lek,0


T

·

 k + 1 1 0
1 − k 0 1
−1 0 0


n+1

=

 Lek,2

Lek,1

Lek,0


T

·

 k + 1 1 0
1 − k 0 1
−1 0 0


n

·

 k + 1 1 0
1 − k 0 1
−1 0 0



=

 Lek,n+2

Lek,n+1

Lek,n


T

·

 k + 1 1 0
1 − k 0 1
−1 0 0

 = [Lek,n+3 Lek,n+2 Lek,n+1] .

Thus, the theorem can be proved easily.
b) Similarly, the proof is seen by induction on n.

Corollary 3.4. (Simson’s Identity) Let n > 0 be an integer. The following equality holds∣∣∣∣∣∣∣
Lek,n+3 Lek,n+2 Lek,n+1

Lek,n+2 Lek,n+1 Lek,n

Lek,n+1 Lek,n Lek,n−1

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
Lek,−n+3 Lek,−n+2 Lek,−n+1

Lek,−n+2 Lek,−n+1 Lek,−n

Lek,−n+1 Lek,−n Lek,−n−1

∣∣∣∣∣∣∣ = (−1)n(Lek,3 − 1).

4 Sums of k-Leonardo numbers

In this section, we present some results concerning sums of terms of the k-Leonardo sequence
by using some results of k-Fibonacci sequences. We can obtaine the following results for sums
of k-Leonardo numbers.

Lemma 4.1. Let Fk,n be the nth k-Fibonacci numbers. In this case [15]

a)
n∑

i=0

Fk,i =
Fk,n+1 + Fk,n − 1

k



k-LEONARDO NUMBERS 1433

b)
n∑

i=0

Fk,2i =
Fk,2n+2 − Fk,2n − k

k2

c)
n∑

i=0

Fk,2i+1 =
Fk,2n+3 − Fk,2n+1

k2

Theorem 4.2. Let Lek,n be the nth k-Leonardo numbers. In this case

a)
n∑

i=0

Lek,i =
1
k

[
Fk,n+2 + 2Fk,n+1 + Fk,n − k(n+ 1)− 2

k
+ Fk,n + Fk,n−1 + k − 1

]

b)
n∑

i=0

Lek,2i =
1
k

[
Fk,2n+3 + Fk,2n+2 − Fk,2n+1 − Fk,2n − k2(n+ 1)− k

k2 +
Fk,2n+1 − Fk,2n−1 + k2

k

]

c)
n∑

i=0

Lek,2i−1 =
1
k

[
Fk,2n+2 + Fk,2n+1 − Fk,2n − Fk,2n−1 − nk2 − k

k2 +
Fk,2n − Fk,2n−2 − k3 − k

k

]
Proof.

a)
n∑

i=0

Lek,i =
n∑

i=0

[
1
k
(Fk,i+1 + Fk,i − 1)Fk,i−1

]

=
1
k

(
n∑

i=0

Fk,i+1

)
+

1
k

(
n∑

i=0

Fk,i

)
− 1

k

(
n∑

i=0

1

)
+

n∑
i=0

Fk,i−1

=
1
k

[
Fk,n+2 + 2Fk,n+1 + Fk,n − k(n+ 1)− 2

k
+ Fk,n + Fk,n−1 + k − 1

]
Other sums are proven through the same method.

Find the value of the Theorem 4.2.a for k = 1 and n = 5.

Le1,0 + Le1,1 + Le1,2 + Le1,3 + Le1,4 + Le1,5 = 1 + 1 + 3 + 5 + 9 + 15 = 34,

5∑
i=0

Le1,i =
1
1

[
F1,7 + 2F1,6 + F1,5 − (5 + 1)− 2

1
+ F1,5 + F1,4 + 1 − 1

]
= 13 + 16 + 5 − 8 + 5 + 3 = 34.

5 Conclusion remarks

This study presents the k-Leonardo number sequence. We obtain this new sequence not defined
in the literature before. We generate Binet’s formula, generating function formula and matrix
representation. Also, these identities have beautiful application to graph theory. Since this study
includes some new results, it contributes to literature by providing essential information concern-
ing the number sequences. For further studies, we intend to find some properties, particularly
combinational properties, for these new numbers. Therefore, we hope that this new number
system and properties that we have found will offer a new perspective to the researchers.
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