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Abstract If the vertex of graph I' belongs to finite group G and linked with its image under
the action of linear map f, then this kind of graph was called Monad graph which had been
introduced by V. Arnold in 2003. In this paper, we compute the Monad graphs where G is
isomorphic to cyclic group C,, of order n and f is basic cubic function, i.e. f(g) = g°. Moreover,
some algebraic and dynamical properties of the studied case of Monad graphs were obtained. In
fact, these results were indeed obtained and proved using some results and techniques related to
the fields of number theory, graph theory and algebra.

1 Introduction

Concerning the dynamical systems defined on group actions, in 2003 V.I. Arnold in [1] intro-
duced a very motivating phenomena termed by monad. A discrete dynamical system contains
(G,T, fy), where G is an arbitrary finite set, f is mapping each element from G into itself and
I' is Monad graph which scheming of every vertices of elements of the correspond G with its
image by directed connected edge under the action of map f.

In [1], V. 1. Arnold considered a special case of a discrete dynamical system (G, T, f,), where
f, is the squaring map, i.e. f(g) = g* and showed that each connected component of a Monad
graph is a forest of rooted trees directed towards their roots, which lie on a directed cycle (topo-
logically, a circle) formed by the edges connecting the roots. Besides, it’s well-known that the
finite cycle orbit of an element is the action of element g under the map f, i.e.

orbe(g, f9) = {9, f(9), f*(9),--- . f""'(9) : neN}.

For g € G, we remind f"(g) = g for n € N is called periodic point. We denote by Pr(g) the set
of periodic points. For more information, we refer to [2], [3],[4] and the references given there.

Our aim in this paper is to study the Monad graph of discrete dynamical system (G, T, f,),
where G is isomorphic to cyclic group C,, of order n and f, is the cubic map f(g) = ¢°. Then,
we show the dynamical properties of each element in the group C,,. We indeed prove our results
using elementary results regarding the fields of number theory, graph theory and algebra. In
fact, many papers connecting graph theory with number theory and algebra such as [5] and [6].
Furthermore, for some related results see, e.g. [7], [8] and [9].

2 Auxiliary Results

For later use, we recall the following results:
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Definition 2.1. Let G be a group, f : G — G is amap, f(g) = ¢* for g € G with k > 0, the
Monad graph I',.(G) is defined by:

1. V(G) = {glg € G}, which represents the set of the vertices;

2. E(G) = {a — d*|f(a) = a* or fi(a) — a*}, which represents the set of edges.

Example 2.2. In the following table, we show the Monad graphs generated by the map f(g) = ¢°
for the simplest abelian groups of residue classes modulo n with 2 < n < 11 under the additive

operation:

where O,, denotes the directed cycle of length n and 73m

Group Monad Graph Graph’s symbol
nQn
Z> 0 1 O + O,
f!
2N
Zs 1 2 T
(
1 2
J §!
Zy 3 0 0, +20,
4 «—3
I 1«
Zs 2—>1 0 O4+ 04
f! N
3 0
Zs 5 1 4 2 275
4 —>5——1
T I 0
Z 6«~—2<«—3 0 O + O,
5<~—7
2<~—6 Q Q
Zg l<~—3 4 0 30, + 20,
f!
0
/N
3 6
Zs 741 258 T32
§! f!
5 0
4—27—1
(I
Z1o 8«—69«~—3 204 + 20,
(1
0
10— 8—2 4—1
VAR 7 6 5 9 3 205 4+ O

is the rooted tree with 3™ vertices
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and m branches.

One of the useful results regarding the directed cycle O,, is given by the following lemma
due to [1].

Lemma 2.3. The product of cyclic Monads graph O,, and O,, is a sum of identical cyclic Mon-
ads; namely
O, * O, = dO,

where d = gcd(n,m) and c = ™.

Definition 2.4. Let n = [[,.,.,p;" be a positive integer number, where p denotes a prime
number and the integer o; > 1, so A(n) represents the set of all divisors of n. Moreover, the
Euler Phi Function is defined by

o) = [T ¢ = I <p?i<1—pii>>=n 11 <1—pii>.

1<i<s 1<i<s 1<i<s

In general, the Euler Phi Function counts the positive integers less than a given integer n that
are relatively prime to n. In fact, the Euler Phi Function has many applications and connections
to many concepts in number theory such as Diophantine equations, and for more details about
these connections and some of these equations one can see e.g. [10] and [11].

3 Main Results

Theorem 3.1. Let C,, be a cyclic group of order n such that n = 2" and r > 0. The following
are held:

1. Ifr =0, thenI'3(C,,) = Oy;
Ifr =1, then T5(C,)) = 20;;
- 02 + 201;

(Cn)
(Cn)
. Ifr =2, thenT3(Cy,)
( ) O, +20y;
(Cn)

2
3
4. Ifr =3, thenT3(C,
5

3
CIfr >4, then T3(Cr) = 252025 Oprv + 30, + 20

Proof. The proofs of 1,2,3 are trivial. Let’s now start proving 4 with which we have Cg =
{e,a,a?,...,a’} with e represents the identity element of the group Cy is generated by a. It
is clear that the element a* is of order 2, and under the Monad mapping f(g) = ¢° it goes to
itself, namely f3(a*) — a*. Similar idea goes to the identity element. The mappings of the other
elements are summarized as follows: f3(a) — a3, f3(a®) — a, f3(a?) — ab, f3(a®) — a* and
f3(a®) = d’, f3(a’) — a. The above mappings are presented in the following graph:

Finally, we prove case (5). Indeed, there exist exactly two elements loop to themselves,
namely e and a®” ' since f3(e) = e and

r—1 r—1 r—1 r—1 r—1 r—I1 r r—1 r—1
Bl Y =d @ T =T =T 2 =

Also, for the elements a2 and a32" " we see the following:

f3(a2T73) _ a327‘—3’
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which means there exists an edge from v _,-—3 into v ;,--3. For

r—3 r—3 3 r—3 37r—3 r—3 ™ r—3 r—3
B Ty =a" 7 = g0 @272 L eran ) o

that also means there exists an edge from v ;-3 into v ,-—s. Similar idea goes to the elements
a? a8 " a5Y " and a”? ", and they are presented in the following figure:

r—3 r—2 r—3
2 a2 a52

r—3 =3 =3
(132 a62 a72

In the following, we mention the action of the mapping for some elements and the idea will
be the same for the others: ) )
2 327
fila™ ) =a

r—1, Ar—4 r—1 r—4
F(a¥ YTy = e

r—1 r—4 r—1 r—4 r42 | AT —2 | Ar—4 r—4
Fa(a®TIRTy 2 e et

f3 (a32r74) _ a927‘74 _ a(23+1)27‘—4 _ a232r74+2T74 _ a27‘—l+27‘—4

Now, it remains to consider the remaining 2"~! elements. The number 2"~ is clearly an odd
number. Here, this leads to two cyclic graphs of order O,.-» since these elements are clearly
splitted up to two cyclic graphs of order O,.--». To finish the proof of this case, it is enough to
show that the order of the group is equal to the order of the Monad graph. This can be done as
follows:

r—2 r—2
23 V(Or-o)[ +3[V(00)| +2[V(0))| =2 27" +6+2.
t=2 t=2

Let’s now consider the right hand side of the latter equation, we obtain that

2r222r*t+6+2 = 20224273 4 4234+ 20) +2?
t=2
= 22242774424 1) 42
23(2773 — 1) + 23(with the sum of geometric series formula)
o
= [Cal = [V(Cn)l,
and this completes the proof of the fifth case. O

Example 3.2. Let’s take n = 23, then the Monad graph I'3(C»s) is isomorphic to 20g + 204 +
30, + 204, which is obtained as follows: the set of all vertices is V(I'3) = {a’ : 1 < i < 32}
and the set of all edges is given by E(I3) = {{d’, f3(a")} : 1 < i < 32}. Therefore, the
corresponding Monad graph is represented by
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Theorem 3.3. Let C,, be a cyclic group and n = 3% is an integer number o > 0, then
F3 (Cn) = T3a .

Proof. Let a* be vertex in V (I'3) for some some positive integer i. If 3 divides 4, there exist three
vertices a’, ai3* " and @373 with f3(a?) = a*, f3 (a"+3a71) =d*and f; (ai+3a71+3a71) =
3. This means that those three vertices a’, ai*3"" and a*3"~'+3°"" have direct edges to vertex
a’ for each 3 | i.

If 3 is not divisible ¢, then the vertices of element have order 3% and this means there is no
more elements which has image under the cubic map. O

Example 3.4. If we take n = 3°, then the Monad graph I';(C5s) is isomorphic to Ty, which can
be summarized as follows: the set of vertices is V (I's) = {a’,1 < i < 81} and the set of edges
is given by E(I3) = {{a’, f3(a*)} : 1 <i < 81}. These are presented in the following figure:

a4 / P a22

21
5 a7
a ab \ a

20 /\ al6
11 25
a a
a?
T33 * O

Theorem 3.5. Let C,, be a cyclic group with n = p®, where p is an odd prime number withp > 3
and o > 1, then

I(C) = O¢(po¢> + O¢,<pa,1) + -+ O¢(p) + Os.

Proof. First, we see the set of all divisors of n is given by {1,p, -, p*}. For each element g of

C,, with order p* where 0 < i < «, we can see (g)wp = g under mod n = p®. This claim

can be justified using the definition of Euler Phi function given in Definition 2.4 with which we
can have

a—i)

(g)3<;>(p _ (9)313’7’«?(10@) = mod 7.
This means that all elements have the exact order that gives a cyclic Monod graph of size equals
to the order of the elements of C,. O

Theorem 3.6. Let C,, be a cyclic group with n = p® is a positive integer such that p is an odd
prime number. Then for all i € A(n), we have

ged(2, (i) = 2.

Proof. Since n = p®, so A(p®) = {p*,p*~!,--- ,p,1}. Itis clear that by the definition of
Euler Phi function given in Definition 2.4, we have that ¢(1) = 1 and p(p*) = (p — 1)(p* 1)
forall 1 < k < «. Since p is an odd prime number, hence (p — 1) is divisible by 2. Thus,
ged(2, p(p*)) = 2, and that leads to the proof of the proposition. ]
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Theorem 3.7. Let C,, be a cyclic group such that n = p{"' p3” is a positive integer and py,py > 3
are prime numbers, then

I3(Cn) = > gcd((p(i),ga(j))O%. G
iEA(p;!])»jEA(p;Z) ged(e(4),0(j
Proof. Tt is clear that from Theorem 3.5, the Monad graph of the cyclic group is given by
Z Oy
teA(p)

and

Z Oy k)

kEA(py?)

Now, by using definition of direct product of two graphs, we obtained the following:

Fz(cp;n) X Fz(Cp;z) = Z Ow Z O

teAp,!) kEA(py?)

= (O(p(p;l])+ "+OI)X(O¢(,{,;’2)+ -+ 0n)

= (pr?‘) +.. +01)O¢(p;2) +oe (pr?") +--+01)Op, +
(O(p(p?]) + "+01)Ol

= D OpwOupey o Y OpwOn+ Y, OpwOr
teAlp,!) teA(p,!) teAlp,")

= Z QCd( ( ) (pz ))O e(t)e(ps?) +o
teap) m

+ > ged(p(t),0(P2)0_pwewy  + Z Oy

ged(p(t),¢(p2))

team;!) team™)
= > ged((t), (k)0 _ewo,m + Z Oy
teA(P),kEA(PS?) kA1 gedle(t) o(k) teap™)

O

), )

Example 3.8. Let’s illustrate the result of Theorem 3.7 in case of n = 5*7 = Py 'py”. Hence, we
have that

A(5%) = {5%,5,1} and A(7) = {7,1}.
In the following, we summarize the details of computations for computing ©(2), (), ¢(#).¢(4),
ged(p(i), (7)) and % in the terms of the summation givenin (3.1) forall i € A(p{") =

A(5%) = {52,5,1} and j € A(p5?) = A(7) = {7, 1}:

i [ 5] el) | o) | 0l)e0) | gedleli) 0() | @ity
1 1] 1 1 1 ! ;
117 1 6 6 ! 0
511 4 1 4 ! !
5171 4 | 6 24 2 2
21100 | 1 100 : 1
5271 100 6 600 2 300

Now, one can easily determine the Monad graph of the given group under the action of the cubic
function, which is given as follows:

I'3(Cs27) = 20300 + O100 + 2012 + O + O4 + O;.
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Corollary 3.9. Suppose that C,, is a cyclic group, the Monod graph is given by the following:

Tsq * (2 27-—2§t§2 Ozr—t + 30, + 20|) Zf n=2"3%

I3(Ch) = .
o) { Tsa * (Ogpe) + Opipe—1) + -+ Og(p) + O1)  if n=2"p%p#2,3

Proof. The proof is followed directly from Theorems 3.5 and 3.7. O

Example 3.10. We may consider the Monad graph of I'3(Cs:5) = T * O4 + T2 % Oy; that is

32 a 16

\\A \ / a‘“ ad
al—af—a 18 27% 248 40 &
36 \ \
a a

14/ al? \ 13 a25/ \a35
a a
34//47 28
a” a
IRCIRC

a alO

20

\

T3+ Oy T3 % O

3.1 The number of orbits

Here, we compute the possible number of orbits of each element belongs to Monad graph of
I'3(Cy,). To gain more information, we will define the following concept (see e.g. [12]):

Definition 3.11. Let ', (C,,) is a rooted tree attracted by cycle, we say that every element lies on
tree branches has orbit of order r bring it to cycle part, i.e.

orby (g, ) = {9, 1(9), F*(9) - - f"(9)}-
Theorem 3.12. Each element a' of T'5(C,,) has the following possible orbits:

a) If n = p{'p3?, then we have only periodic orbit, i.e.
orbe(al, fai).
b) If n = 2739, then we have

Orbc(aia fa’i)a Zf 2T|i;
Orb’r'(a'iafai) UOTbc(aiafai)v Zf 2" TZ

Proof. If the order n of the group of I';(C, ) is p{"' p5?, then from Theorem 3.7 it follows that the
orbit of every element of C,, generated by the linear cube map f, is finite cycle, i.e. orb.(g, f,)
with finite set of Pr(g).

If the order n of the group of I'5(C,,) is 273¢, then from Corollary 3.9 follows the Monad
graph is rooted tree attracted by centered cycle such that if 2" is not the divisor of 4, then a’ lies
on cycle part of tree and obviously its orbit orb.(a, f,:). -

If 2" is the divisor of 4, then a’ lies on tree with r branches such that the orbit is orb, (g, f,)
which bring the element a’ to cycle part, i.e. a’ has orb,.(a?, f,i) U orb.(at, fu:).

|
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