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Abstract The conjecture proposed by F.R. Keogh and collected in ’Research Problems in
Function Theory’ by Hayman(1967) as Problem 4.21 suggests the equality |f(z)|2 = n +
2
∑n

k=1 bkcos(kθ). We disprove this equality. We disprove this equality and present clear ev-
idence refuting Keogh’s conjecture.

1 Introduction

Problem 4.21[1] by Hayman is a conjecture which was posed by F.R. Keogh[2, 3, 4]. The
conjecture is as: If ak = ±1, k = 0, 1, · · · , n and bk = anan−k + an−1an−k−1 + · · ·+ aka0, is it
true that

∑n
k=1|bk|2 > An2, where A is an absolute constant? If f(z) = a0 + a1z + · · ·+ anz

n,
then, |f(z)|2 = n+ 2

∑n
k=1 bkcos(kθ). Therefore, the truth of the above inequality would imply

1
2π

∫ 2π
0 |p(eiθ)|4dθ ≥ n2(1 +A).

According to the new version of ’Research Problems in Function Theory’[5], over fifty years,
no results have been found regarding the conjecture posed by F.R. Keogh. The conjecture is con-
sidered an isolated problem in function theory with little relation to other main problems. Its diffi-
culty lies in the complexity of its computation. In this paper, we disprove the conjecture using two
usual polynomials and six selected values. We employ various techniques and computations to
demonstrate that |f(z)|2 ̸= n+ 2

∑n
k=1 bkcos(kθ). This inequality is crucial to proving the truth

of 1
2π

∫ 2π
0 |p(eiθ)|4dθ ≥ n2(1+A), which becomes impossible if |f(z)|2 = n+2

∑n
k=1 bkcos(kθ)

is disproved. There are some recent related study see[6, 7]. Our proof provides the first result
on Keogh’s conjecture after 56 years, establishing its invalidity.

To establish the truth of a result, it is necessary to verify it in general cases. In this paper,
we utilize two general polynomials to calculate three special values and find that the equality
proposed by Keogh does not hold. Further tests with additional general values reveal that the
equality remains untrue. Even when computing six values, employing two general polynomials
fails to confirm Keogh’s conjecture. Therefore, our proof using two polynomials adequately
demonstrates the invalidity of Keogh’s conjecture and highlights the importance of examining a
problem in its most general form.

In this paper, we prove the following conclusion: the equality |f(z)|2 = n+2
∑n

k=1 bkcos(kθ)
is not true, and Keogh’s conjecture is also not true.

2 The results and proofs

Example 2.1. f1(z) = 1 + p1(z). ak = 1, k = 0, 1, · · · , n. p1(z) =
∑n

k=1 z
k.

For all aj and al, j = 0, 1, · · · , n, l = 0, 1, · · · , n, ajal = 1. bk = anan−k + an−1an−k−1 +
· · ·+ aka0 = 1 + 1 + · · ·+ 1. So, we have:
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Lemma 2.2. bk = n+ 1 − k.

Lemma 2.3. When z = 1, there is |f1(1)|2 ̸= n+ 2
∑n

k=1 bkcos(kθ).

Proof. When z = 1, p1(1) =
∑n

k=1 1k =
∑n

k=1 1 = n. f1(1) = 1 + P1(1) = n+ 1. |f1(1)|2 =
(n+ 1)2 = n2 + 2n+ 1.

When z = 1, θ = 0. cos(kθ) = cos(0) = 1. n+2
∑n

k=1 bkcos(kθ) = n+2
∑n

k=1(n+1−k) =
n+ 2n(n+ 1)− 2

∑n
k=1 k = n+ 2n(n+ 1)− n(n+ 1) = n2 + 2n.

Lemma 2.4. When z = −1, there is |f1(−1)|2 ̸= n+ 2
∑n

k=1 bkcos(kθ).

Proof. When z = −1, n = 2m. p1(−1) =
∑2m

k=1(−1)k =
∑m−1

l=0 (−1)2l+1 +
∑m−1

l=0 (−1)2l+2 =∑m−1
l=0 (−1) +

∑m−1
l=0 1 = 0. f1(−1) = 1 + P1(−1) = 0 + 1 = 1. z = −1, θ = π. k = 2l + 1,

l = 0, 1, · · · ,m − 1. cos((2l + 1)π) = cos(2lπ + π) = −1. k = 2l + 2. cos((2l + 2)π) =
cos(2lπ + 2π) = 1.

2
∑n

k=1 bkcos(kθ) = 2
∑m−1

l=0 (−b2l+1)+2
∑m−1

l=0 b2l+2 = 2
∑m−1

l=0 (b2l+2−b2l+1) = 2
∑m−1

l=0 (n+

1 − 2l − 2 − n − 1 + 2l + 1) = 2
∑m−1

l=0 (−1) = −2m = −n. n + 2
∑n

k=1 bkcos(kθ) = 0.
|f1(−1)|2 = 1. |f1(−1)|2 ̸= n+ 2

∑n
k=1 bkcos(kθ).

When n = 2m+1, p1(−1) =
∑2m+1

k=1 (−1)k =
∑m

l=0(−1)2l+1+
∑m−1

l=0 (−1)2l+2 =
∑m

l=0(−1)+∑m−1
l=0 1 = −1. f1(−1) = 1 + P1(−1) = 1 − 1 = 0. 2

∑n
k=1 bkcos(kθ) = 2

∑m
l=0(−b2l+1) +

2
∑m−1

l=0 b2l+2 = −2b2m+1 + 2
∑m−1

l=0 (b2l+2 − b2l+1) = −2bn + 2
∑m−1

l=0 (n+ 1 − 2l − 2 − n −
1 + 2l + 1) = −2 + 2

∑m−1
l=0 (−1) = −2 − 2m = −n − 1. n + 2

∑n
k=1 bkcos(kθ) = −1.

|f1(−1)|2 = 0. |f1(−1)|2 ̸= n+ 2
∑n

k=1 bkcos(kθ).

Lemma 2.5. When z = i, there is |f1(i)|
2 ̸= n+ 2

∑n
k=1 bkcos(kθ).

Proof. When z = i, n = 4m, p1(i) =
∑4m

k=1 i
k =

∑m−1
l=0 i4l+1 +

∑m−1
l=0 i4l+2 +

∑m−1
l=0 i4l+3 +∑m−1

l=0 i4l+4 =
∑m−1

l=0 i+
∑m−1

l=0 (−1)+
∑m−1

l=0 (−i)+
∑m−1

l=0 1 = 0. f1(i) = 1+P1(i) = 0+1 =
1. θ = π

2 . k = 4l + 1, l = 0, 1, · · · ,m − 1. cos((4l + 1)π2 ) = cos(2lπ + π
2 ) = 0. k = 4l + 2,

cos((4l + 2)π2 ) = cos(2lπ + π) = −1. k = 4l + 3, cos((4l + 3)π2 ) = cos(2lπ + 3π
2 ) = 0.

k = 4l+ 4, cos((4l+ 4)π2 ) = cos(2lπ + 2π) = 1.
2
∑n

k=1 bkcos(kθ) = 2
∑m−1

l=0 (−b4l+2)+2
∑m−1

l=0 b4l+4 = 2
∑m−1

l=0 (b4l+4−b4l+2) = 2
∑m−1

l=0 (n+

1 − 4l − 4 − n − 1 + 4l + 2) = 2
∑m−1

l=0 (−2) = −4m = −n. n + 2
∑n

k=1 bkcos(kθ) = 0.
|f1(i)|

2
= 1. |f1(i)|

2 ̸= n+ 2
∑n

k=1 bkcos(kθ).
When n = 4m + 1, p1(i) =

∑4m+1
k=1 ik =

∑m
l=0 i

4l+1 +
∑m−1

l=0 i4l+2 +
∑m−1

l=0 i4l+3 +∑m−1
l=0 i4l+4 =

∑m
l=0 i +

∑m−1
l=0 (−1) +

∑m−1
l=0 (−i) +

∑m−1
l=0 1 = i. f1(i) = 1 + P1(i) =

i + 1. 2
∑n

k=1 bkcos(kθ) = 2
∑m−1

l=0 (−b4l+2) + 2
∑m−1

l=0 b4l+4 = 2
∑m−1

l=0 (b4l+4 − b4l+2) =

2
∑m−1

l=0 (n + 1 − 4l − 4 − n − 1 + 4l + 2) = 2
∑m−1

l=0 (−2) = −4m − 1 + 1 = −n + 1.
n+ 2

∑n
k=1 bkcos(kθ) = n− n+ 1 = 1. |f1(i)|

2
= 2. |f1(i)|

2 ̸= n+ 2
∑n

k=1 bkcos(kθ).
When n = 4m+2, p1(i) =

∑4m+2
k=1 ik =

∑m
l=0 i

4l+1+
∑m

l=0 i
4l+2+

∑m−1
l=0 i4l+3+

∑m−1
l=0 i4l+4 =∑m

l=0 i+
∑m

l=0(−1)+
∑m−1

l=0 (−i)+
∑m−1

l=0 1 = i−1. f1(i) = 1+P1(i) = i. 2
∑n

k=1 bkcos(kθ) =

2
∑m

l=0(−b4l+2)+2
∑m−1

l=0 b4l+4 = −2b4m+2+2
∑m−1

l=0 (b4l+4−b4l+2), n = 4m+2, b4m+2 = bn =

1, 2
∑n

k=1 bkcos(kθ) = −2+2
∑m−1

l=0 (n+1−4l−4−n−1+4l+2) = −2+2
∑m−1

l=0 (−2) = −2−
4m = −n. n+ 2

∑n
k=1 bkcos(kθ) = n− n = 0. |f1(i)|

2
= 1. |f1(i)|

2 ̸= n+ 2
∑n

k=1 bkcos(kθ).
When n = 4m+3, p1(i) =

∑4m+3
k=1 ik =

∑m
l=0 i

4l+1+
∑m

l=0 i
4l+2+

∑m
l=0 i

4l+3+
∑m−1

l=0 i4l+4 =∑m
l=0 i +

∑m
l=0(−1) +

∑m
l=0(−i) +

∑m−1
l=0 1 = i − 1 − i = −1. f1(i) = 1 + P1(i) = 0.

2
∑n

k=1 bkcos(kθ) = 2
∑m

l=0(−b4l+2) + 2
∑m−1

l=0 b4l+4 = −2b4m+2 + 2
∑m−1

l=0 (b4l+4 − b4l+2),
n = 4m+ 3, b4m+2 = bn−1 = 2, 2

∑n
k=1 bkcos(kθ) = −4 + 2

∑m−1
l=0 (n+ 1 − 4l − 4 − n− 1 +

4l+ 2) = −4+ 2
∑m−1

l=0 (−2) = −4− 4m = −n− 1. n+ 2
∑n

k=1 bkcos(kθ) = n−n− 1 = −1.
|f1(i)|

2
= 0. |f1(i)|

2 ̸= n+ 2
∑n

k=1 bkcos(kθ).

Lemma 2.6. When n = 8m1, n = 4m2, m2 = 2m1, f12(z) =
∑n

k=1 z
k = (1 + z)(1 + z2)(1 +

z4)
∑m1−1

l=0 z8l+1.
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Proof. When n = 8m1, n = 4m2, m2 = 2m1, f12(z) =
∑n

k=1 z
k =

∑m2−1
l=0 z4l+1+

∑m2−1
l=0 z4l+2+∑m2−1

l=0 z4l+3+
∑m2−1

l=0 z4l+4 =
∑m2−1

l=0 z4l+1+z
∑m2−1

l=0 z4l+1+z2 ∑m2−1
l=0 z4l+1+z3 ∑m2−1

l=0 z4l+1 =

(1 + z)(1 + z2)
∑m2−1

l=0 z4l+1.∑m2−1
l=0 z4l+1 =

∑m2
k=1 z

4k−3 =
∑m1−1

l=0 z8l+1+
∑m1−1

l=0 z8l+5 =
∑m1−1

l=0 z8l+1+z4 ∑m1−1
l=0 z8l+1 =

(1 + z4)
∑m1−1

l=0 z8l+1.

Lemma 2.7. When n = 8m1, n = 4m2, m2 = 2m1, for z =
√

2
2 +i

√
2

2 and f1(z), 2
∑n

k=1 bkcos(kθ) =
−8m1.

Proof. When n = 8m1, n = 4m2, m2 = 2m1, z =
√

2
2 + i

√
2

2 , θ = π
4 . k = 8l + 1, l =

0, 1, · · · ,m1 − 1. cos((8l + 1)π4 ) = cos(2lπ + π
4 ) =

√
2

2 . k = 8l + 2, cos((8l + 2)π4 ) =

cos(2lπ + π
2 ) = 0. k = 8l + 3, cos((8l + 3)π4 ) = cos(2lπ + 3π

4 ) = −
√

2
2 . k = 8l + 4,

cos((8l + 4)π4 ) = cos(2lπ + π) = −1. k = 8l + 5, cos((8l + 5)π4 ) = cos(2lπ + 5π
4 ) = −

√
2

2 .
k = 8l+6, cos((8l+6)π4 ) = cos(2lπ+ 3π

2 ) = 0. k = 8l+7, cos((8l+7)π4 ) = cos(2lπ+ 7π
4 ) =

√
2

2 . k = 8l+ 8, cos((8l+ 8)π4 ) = cos(2lπ + 2π) = 1.
2
∑n

k=1 bkcos(kθ) = 2
∑m1−1

l=0 b8l+1cos((8l+1)π4 )+2
∑m1−1

l=0 b8l+2cos((8l+2)π4 )+2
∑m1−1

l=0 b8l+3cos((8l+
3)π4 )+ 2

∑m1−1
l=0 b8l+4cos((8l+4)π4 )+2

∑m1−1
l=0 b8l+5cos((8l+5)π4 )+2

∑m1−1
l=0 b8l+6cos((8l+

6)π4 ) + 2
∑m1−1

l=0 b8l+7cos((8l + 7)π4 ) + 2
∑m1−1

l=0 b8l+8cos((8l + 8)π4 ) =
√

2
∑m1−1

l=0 b8l+1 −√
2
∑m1−1

l=0 b8l+3 − 2
∑m1−1

l=0 b8l+4 −
√

2
∑m1−1

l=0 b8l+5 +
√

2
∑m1−1

l=0 b8l+7 + 2
∑m1−1

l=0 b8l+8 =√
2
∑m1−1

l=0 (b8l+1−b8l+3−b8l+5+b8l+7)+2
∑m1−1

l=0 (b8l+8−b8l+4) =
√

2
∑m1−1

l=0 (n+1−8l−1−
n−1+8l+3−n−1+8l+5+n+1−8l−7)+2

∑m1−1
l=0 (n+1−8l−8−n−1+8l+4) = −8m1.

Lemma 2.8. When n = 8m1, there is |f1(
√

2
2 + i

√
2

2 )|
2
̸= n+ 2

∑n
k=1 bkcos(kθ).

Proof. According to Lemma 1.6, when z =
√

2
2 + i

√
2

2 , f12(
√

2
2 + i

√
2

2 ) = 0. So, f1(
√

2
2 + i

√
2

2 ) =

1 + f12(
√

2
2 + i

√
2

2 ) = 1 + 0 = 1.
According to Lemma 1.7, for z =

√
2

2 + i
√

2
2 . 2

∑n
k=1 bkcos(kθ) = −8m1 = −n. n +

2
∑n

k=1 bkcos(kθ) = n−n = 0. |f1(
√

2
2 + i

√
2

2 )|
2
= 1. |f1(

√
2

2 + i
√

2
2 )|

2
̸= n+2

∑n
k=1 bkcos(kθ).

Lemma 2.9. When n = 8m1 + 1, there is |f1(
√

2
2 + i

√
2

2 )|
2
̸= n+ 2

∑n
k=1 bkcos(kθ).

Proof. According to Lemma 1.6, when z =
√

2
2 + i

√
2

2 , f12(
√

2
2 + i

√
2

2 ) = 0. So, f1(
√

2
2 + i

√
2

2 ) =

1 + f12(
√

2
2 + i

√
2

2 ) + (
√

2
2 + i

√
2

2 )8m1+1 = 1 + 0 + (
√

2
2 + i

√
2

2 )8m1+1 = 1 + (
√

2
2 + i

√
2

2 )8m1+1.
According to Lemma 1.7, for z =

√
2

2 + i
√

2
2 . 2

∑n
k=1 bkcos(kθ) =

√
2b8m1+1 − 8m1, n =

8m1 + 1, b8m1+1 = bn = 1, 2
∑n

k=1 bkcos(kθ) =
√

2 + 1 − n. n + 2
∑n

k=1 bkcos(kθ) =

n− n+
√

2 + 1 =
√

2 + 1. |f1(
√

2
2 + i

√
2

2 )|
2

is a very complex expression, but, it is not equal to
√

2 + 1. So, |f1(
√

2
2 + i

√
2

2 )|
2
̸= n+ 2

∑n
k=1 bkcos(kθ).

Lemma 2.10. When n = 8m1 + 2, there is |f1(
√

2
2 + i

√
2

2 )|
2
̸= n+ 2

∑n
k=1 bkcos(kθ).

Proof. According to Lemma 1.6, when z =
√

2
2 + i

√
2

2 , f12(
√

2
2 + i

√
2

2 ) = 0. So, f1(
√

2
2 + i

√
2

2 ) =

1+ f12(
√

2
2 + i

√
2

2 )+ (
√

2
2 + i

√
2

2 )8m1+1 +(
√

2
2 + i

√
2

2 )8m1+2 = 1+ 0+(
√

2
2 + i

√
2

2 )8m1+1 +(
√

2
2 +

i
√

2
2 )8m1+2 = 1 + (

√
2

2 + i
√

2
2 )8m1+1 + (

√
2

2 + i
√

2
2 )8m1+2.

According to Lemma 1.7, for z =
√

2
2 + i

√
2

2 . 2
∑n

k=1 bkcos(kθ) =
√

2b8m1+1 − 8m1, n =

8m1 + 2, b8m1+1 = bn−1 = 2, 2
∑n

k=1 bkcos(kθ) = 2
√

2 + 2 − n. n + 2
∑n

k=1 bkcos(kθ) =

n− n+ 2
√

2 + 2 = 2
√

2 + 2. |f1(
√

2
2 + i

√
2

2 )|
2

is a very complex expression, but, it is not equal

to 2
√

2 + 2. So, |f1(
√

2
2 + i

√
2

2 )|
2
̸= n+ 2

∑n
k=1 bkcos(kθ).

Example 2.11. f2(z) = 1 + p2(z). ak = (−1)k, k = 0, 1, · · · , n. p2(z) =
∑n

k=1(−1)kzk.
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Lemma 2.12. bk = (−1)k(n+ 1 − k).

Proof. In the expression of bk which is constituted by aj , if (−1)j+lajal is the former term,
then its back adjacent term is (−1)j+l−2ajal. So, in the expression of bk, the positive symbol
+ or the negative symbol − of all terms are all same. So, as same as the coefficients of bk in
f1(z), bk in f2(z) is the sum of n + 1 − k terms. But, bk in f2(z) has the change of positive or
negative symbol. Because (−1)2n−k = (−1)k. bk = anan−k + an−1an−k−1 + · · · + aka0 =
(−1)k(1 + 1 + · · ·+ 1) = (−1)k(n+ 1 − k).

Lemma 2.13. When z = −1, there is |f2(−1)|2 ̸= n+ 2
∑n

k=1 bkcos(kθ).

Proof. When z = −1, p2(−1) =
∑n

k=1(−)k(−1)k =
∑n

k=1 1 = n. f2(−1) = 1 + P2(−1) =
n+ 1. |f2(−1)|2 = (n+ 1)2 = n2 + 2n+ 1.

When z = −1, θ = π. k = 2l+1, l = 0, 1, · · · ,m−1. cos((2l+1)π) = cos(2lπ+π) = −1.
k = 2l+ 2. cos((2l+ 2)π) = cos(2lπ + 2π) = 1.

When n = 2m, 2
∑n

k=1 bkcos(kθ) = 2
∑m−1

l=0 (−b2l+1) + 2
∑m−1

l=0 b2l+2 = 2
∑m−1

l=0 (b2l+2 −
b2l+1) = 2

∑m−1
l=0 (n+1−2l−2+n+1−2l−1) = 2

∑m−1
l=0 2(n+1)−2

∑m−1
l=0 (4l)−2

∑m−1
l=0 3 =

2n(n + 1) − 4m(m − 1) − 6m = 2n2 + 2n − 4m2 + 4m − 3n = 8m2 − 4m2 + n = n2 + n.
n+2

∑n
k=1 bkcos(kθ) = n2 +2n. |f2(−1)|2 = n2 +2n+1. |f2(−1)|2 ̸= n+2

∑n
k=1 bkcos(kθ).

When n = 2m + 1, 2
∑n

k=1 bkcos(kθ) = 2
∑m

l=0(−b2l+1) + 2
∑m−1

l=0 b2l+2 = −2b2m+1 +

2
∑m−1

l=0 (b2l+2−b2l+1), b2m+1 = bn = −1, 2
∑n

k=1 bkcos(kθ) = −2bn+2
∑m−1

l=0 (b2l+2−b2l+1) =

2+2
∑m−1

l=0 (n+1−2l−2+n+1−2l−1) = 2+2
∑m−1

l=0 2(n+1)−2
∑m−1

l=0 (4l)−2
∑m−1

l=0 3 =
2n(n + 1) − 4m(m − 1) − 6m = 2 + 8m2 + 4m − 4m2 + 4m − 6m = 4m2 + 2m + 2 =

(2m+ 1)2 − 2m+ 1 = n2 − n+ 2. n+ 2
∑n

k=1 bkcos(kθ) = n2 + 2. |f2(−1)|2 = n2 + 2n+ 1.
|f2(−1)|2 ̸= n+ 2

∑n
k=1 bkcos(kθ).

Lemma 2.14. When z = 1, there is |f2(1)|2 ̸= n+ 2
∑n

k=1 bkcos(kθ).

Proof. When z = 1, n = 2m. p2(1) =
∑2m

k=1(−1)k =
∑m−1

l=0 (−1)2l+1 +
∑m−1

l=0 (−1)2l+2 =∑m−1
l=0 (−1) +

∑m−1
l=0 1 = 0. f2(1) = 1 + P2(1) = 0 + 1 = 1. θ = 0. cos(kθ) = cos(0) = 1.

2
∑n

k=1 bkcos(kθ) = 2
∑m−1

l=0 (b2l+1) + 2
∑m−1

l=0 b2l+2 = 2
∑m−1

l=0 (n + 1 − 2l − 2 − n − 1 +

2l + 1) = 2
∑m−1

l=0 (−1) = −2m = −n. n + 2
∑n

k=1 bkcos(kθ) = 0. |f2(1)|
2
= 1. |f2(1)|

2 ̸=
n+ 2

∑n
k=1 bkcos(kθ).

When n = 2m+1, p2(1) =
∑2m+1

k=1 (−1)k =
∑m

l=0(−1)2l+1+
∑m−1

l=0 (−1)2l+2 =
∑m

l=0(−1)+∑m−1
l=0 1 = −1. f2(1) = 1 + P2(1) = 1 − 1 = 0. 2

∑n
k=1 bkcos(kθ) = 2

∑n
k=1 bk =

2
∑m

l=0(b2l+1)+2
∑m−1

l=0 b2l+2 = 2b2m+1+2
∑m−1

l=0 (b2l+2+b2l+1), b2m+1 = bn = −1, 2
∑n

k=1 bkcos(kθ) =

2bn + 2
∑m−1

l=0 (b2l+2 + b2l+1) = −2 + 2
∑m−1

l=0 (n + 1 − 2l − 2 − n − 1 + 2l + 1) = −2 +

2
∑m−1

l=0 (−1) = −2 − 2m = −n − 1. n + 2
∑n

k=1 bkcos(kθ) = −1. |f2(1)|
2
= 0. |f2(1)|

2 ̸=
n+ 2

∑n
k=1 bkcos(kθ).

Lemma 2.15. When z = i, there is |f2(i)|
2 ̸= n+ 2

∑n
k=1 bkcos(kθ).

Proof. When z = i, n = 4m, p2(i) =
∑4m

k=1(−i)k =
∑m−1

l=0 (−i)4l+1 +
∑m−1

l=0 (−i)4l+2 +∑m−1
l=0 (−i)4l+3 +

∑m−1
l=0 (−i)4l+4 =

∑m−1
l=0 (−i) +

∑m−1
l=0 (−1) +

∑m−1
l=0 (i) +

∑m−1
l=0 1 = 0.

f2(i) = 1 + P2(i) = 0 + 1 = 1. θ = π
2 . k = 4l + 1, l = 0, 1, · · · ,m − 1. cos((4l +

1)π2 ) = cos(2lπ + π
2 ) = 0. k = 4l + 2, cos((4l + 2)π2 ) = cos(2lπ + π) = −1. k = 4l + 3,

cos((4l + 3)π2 ) = cos(2lπ + 3π
2 ) = 0. k = 4l + 4, cos((4l + 4)π2 ) = cos(2lπ + 2π) = 1.

2
∑n

k=1 bkcos(kθ) = 2
∑m−1

l=0 (−b4l+2)+2
∑m−1

l=0 b4l+4 = 2
∑m−1

l=0 (b4l+4−b4l+2) = 2
∑m−1

l=0 (n+

1 − 4l − 4 − n − 1 + 4l + 2) = 2
∑m−1

l=0 (−2) = −4m = −n. n + 2
∑n

k=1 bkcos(kθ) = 0.
|f2(i)|

2
= 1. |f2(i)|

2 ̸= n+ 2
∑n

k=1 bkcos(kθ).
When n = 4m+1, p2(i) =

∑4m+1
k=1 (−i)k =

∑m
l=0(−i)4l+1+

∑m−1
k=0 (−i)4l+2+

∑m−1
l=0 (−i)4k+3+∑m−1

l=0 (−i)4k+4 =
∑m

l=0(−i) +
∑m−1

l=0 (−1) +
∑m−1

l=0 (i) +
∑m−1

l=0 1 = −i. f2(i) = 1 + P2(i) =

1 − i. 2
∑n

k=1 bkcos(kθ) = 2
∑m−1

l=0 (−b4l+2) + 2
∑m−1

l=0 b4l+4 = 2
∑m−1

l=0 (b4l+4 − b4l+2) =

2
∑m−1

l=0 (n + 1 − 4l − 4 − n − 1 + 4l + 2) = 2
∑m−1

l=0 (−2) = −4m − 1 + 1 = −n + 1.
n+ 2

∑n
k=1 bkcos(kθ) = n− n+ 1 = 1. |f2(i)|

2
= 2. |f2(i)|

2 ̸= n+ 2
∑n

k=1 bkcos(kθ).
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When n = 4m+2, p2(i) =
∑4m+2

k=1 (−i)k =
∑m

l=0(−i)4l+1+
∑m

l=0(−i)4l+2+
∑m−1

l=0 (−i)4l+3+∑m−1
l=0 (−i)4l+4 =

∑m
l=0(−i)+

∑m
l=0(−1)+

∑m−1
l=0 (i)+

∑m−1
l=0 1 = −i−1. f2(i) = 1+P2(i) =

−i. 2
∑n

k=1 bkcos(kθ) = 2
∑m

l=0(−b4l+2)+2
∑m−1

l=0 b4l+4 = −2b4m+2 +2
∑m−1

l=0 (b4l+4 − b4l+2),
b4m+2 = bn = 1, 2

∑n
k=1 bkcos(kθ) = −2bn+ 2

∑m−1
l=0 (b4l+4 − b4l+2) = −2+ 2

∑m−1
l=0 (n+ 1−

4l−4−n−1+4l+2) = −2+2
∑m−1

l=0 (−2) = −2−4m = −n. n+2
∑n

k=1 bkcos(kθ) = n−n = 0.
|f2(i)|

2
= 1. |f2(i)|

2 ̸= n+ 2
∑n

k=1 bkcos(kθ).
When n = 4m+3, p2(i) =

∑4m+3
k=1 (−i)k =

∑m
l=0(−i)4l+1+

∑m
l=0(−i)4l+2+

∑m
l=0(−i)4l+3+∑m−1

l=0 (−i)4l+4 =
∑m

l=0(−i) +
∑m

l=0(−1) +
∑m

l=0 i +
∑m−1

l=0 1 = −1. f2(i) = 1 + P2(i) = 0.
2
∑n

k=1 bkcos(kθ) = 2
∑m

l=0(−b4l+2) + 2
∑m−1

l=0 b4l+4 = −2b4m+2 + 2
∑m−1

l=0 (b4l+4 − b4l+2),
b4m+2 = bn−1 = 2, 2

∑n
k=1 bkcos(kθ) = −4 + 2

∑m−1
l=0 (n + 1 − 4l − 4 − n − 1 + 4l + 2) =

−4+2
∑m−1

l=0 (−2) = −4−4m = −n−1. n+2
∑n

k=1 bkcos(kθ) = n−n−1 = −1. |f2(i)|
2
= 0.

|f2(i)|
2 ̸= n+ 2

∑n
k=1 bkcos(kθ).

Lemma 2.16. When n = 8m1, n = 4m2, m2 = 2m1, f22(z) =
∑n

k=1(−z)k = (z − 1)(1 +

z2)(1 + z4)
∑m1−1

l=0 z8l+1.

Proof. When n = 8m1, n = 4m2, m2 = 2m1, f22(z) =
∑n

k=1(−z)k =
∑m2−1

l=0 (−z)4l+1 +∑m2−1
l=0 z4l+2+

∑m2−1
l=0 (−z)4l+3+

∑m2−1
l=0 z4l+4 = −

∑m2−1
l=0 z4l+1+

∑m2−1
l=0 z4l+2−

∑m2−1
l=0 z4l+3+∑m2−1

l=0 z4l+4 = −
∑m2−1

l=0 z4l+1 + z
∑m2−1

l=0 z4l+1 − z2 ∑m2−1
l=0 z4l+1 + z3 ∑m2−1

l=0 z4l+1 = (z −
1)(1 + z2)

∑m2−1
l=0 z4l+1.∑m2−1

l=0 z4l+1 =
∑m2

k=1 z
4k−3 =

∑m1−1
l=0 z8l+1+

∑m1−1
l=0 z8l+5 =

∑m1−1
l=0 z8l+1+z4 ∑m1−1

l=0 z8l+1 =

(1 + z4)
∑m1−1

l=0 z8l+1.

Lemma 2.17. When n = 8m1, n = 4m2, m2 = 2m1, for z =
√

2
2 +i

√
2

2 and f2(z). 2
∑n

k=1 bkcos(kθ) =
−8m1.

Proof. When n = 8m1, n = 4m2, m2 = 2m1, z =
√

2
2 + i

√
2

2 , θ = π
4 . k = 8l + 1, l =

0, 1, · · · ,m1 − 1. cos((8l + 1)π4 ) = cos(2lπ + π
4 ) =

√
2

2 . k = 8l + 2, cos((8l + 2)π4 ) =

cos(2lπ + π
2 ) = 0. k = 8l + 3, cos((8l + 3)π4 ) = cos(2lπ + 3π

4 ) = −
√

2
2 . k = 8l + 4,

cos((8l + 4)π4 ) = cos(2lπ + π) = −1. k = 8l + 5, cos((8l + 5)π4 ) = cos(2lπ + 5π
4 ) = −

√
2

2 .
k = 8l+6, cos((8l+6)π4 ) = cos(2lπ+ 3π

2 ) = 0. k = 8l+7, cos((8l+7)π4 ) = cos(2lπ+ 7π
4 ) =

√
2

2 . k = 8l+ 8, cos((8l+ 8)π4 ) = cos(2lπ + 2π) = 1.
2
∑n

k=1 bkcos(kθ) = 2
∑m1−1

l=0 b8l+1cos((8l+1)π4 )+2
∑m1−1

l=0 b8l+2cos((8l+2)π4 )+2
∑m1−1

l=0 b8l+3cos((8l+
3)π4 )+ 2

∑m1−1
l=0 b8l+4cos((8l+4)π4 )+2

∑m1−1
l=0 b8l+5cos((8l+5)π4 )+2

∑m1−1
l=0 b8l+6cos((8l+

6)π4 ) + 2
∑m1−1

l=0 b8l+7cos((8l + 7)π4 ) + 2
∑m1−1

l=0 b8l+8cos((8l + 8)π4 ) =
√

2
∑m1−1

l=0 b8l+1 −√
2
∑m1−1

l=0 b8l+3−2
∑m1−1

l=0 b8l+4−
√

2
∑m1−1

l=0 b8l+5+
√

2b8l+7+2
∑m1−1

l=0 b8l+8 =
√

2
∑m1−1

l=0 (b8l+1−
b8l+3 − b8l+5 + b8l+7) + 2

∑m1−1
l=0 (b8l+8 − b8l+4) = −

√
2
∑m1−1

l=0 (n+ 1 − 8l− 1 − n− 1 + 8l+
3− n− 1+ 8l+ 5+ n+ 1− 8l− 7) + 2

∑m1−1
l=0 (n+ 1− 8l− 8− n− 1+ 8l+ 4) = −8m1.

Lemma 2.18. When n = 8m1, there is |f2(
√

2
2 + i

√
2

2 )|
2
̸= n+ 2

∑n
k=1 bkcos(kθ).

Proof. According to Lemma 1.16, when z =
√

2
2 +i

√
2

2 , f22(
√

2
2 +i

√
2

2 ) = 0. So, f2(
√

2
2 +i

√
2

2 ) =

1 + f22(
√

2
2 + i

√
2

2 ) = 1 + 0 = 1.
According to Lemma 1.17, for z =

√
2

2 + i
√

2
2 . 2

∑n
k=1 bkcos(kθ) = −8m1 = −n. n +

2
∑n

k=1 bkcos(kθ) = n−n = 0. |f2(
√

2
2 + i

√
2

2 )|
2
= 1. |f2(

√
2

2 + i
√

2
2 )|

2
̸= n+2

∑n
k=1 bkcos(kθ).

Lemma 2.19. When n = 8m1 + 1, there is |f2(
√

2
2 + i

√
2

2 )|
2
̸= n+ 2

∑n
k=1 bkcos(kθ).

Proof. According to Lemma 1.16, when z =
√

2
2 +i

√
2

2 , f22(
√

2
2 +i

√
2

2 ) = 0. So, f2(
√

2
2 +i

√
2

2 ) =

1 + f22(
√

2
2 + i

√
2

2 )− (
√

2
2 + i

√
2

2 )8m1+1 = 1 + 0 − (
√

2
2 + i

√
2

2 )8m1+1 = 1 − (
√

2
2 + i

√
2

2 )8m1+1.
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According to Lemma 1.17, for z =
√

2
2 + i

√
2

2 . 2
∑n

k=1 bkcos(kθ) =
√

2b8m1+1 − 8m1,
n = 8m1 + 1, b8m1+1 = bn = −1, 2

∑n
k=1 bkcos(kθ) =

√
2bn − 8m1 = −

√
2 + 1 − n.

n + 2
∑n

k=1 bkcos(kθ) = n − n −
√

2 + 1 = 1 −
√

2. |f2(
√

2
2 + i

√
2

2 )|
2

is a very complex

expression, but, it is not equal to 1 −
√

2. So, |f2(
√

2
2 + i

√
2

2 )|
2
̸= n+ 2

∑n
k=1 bkcos(kθ).

Lemma 2.20. When n = 8m1 + 2, there is |f2(
√

2
2 + i

√
2

2 )|
2
̸= n+ 2

∑n
k=1 bkcos(kθ).

Proof. According to Lemma 1.16, when z =
√

2
2 +i

√
2

2 , f22(
√

2
2 +i

√
2

2 ) = 0. So, f2(
√

2
2 +i

√
2

2 ) =

1+ f22(
√

2
2 + i

√
2

2 )− (
√

2
2 + i

√
2

2 )8m1+1 +(
√

2
2 + i

√
2

2 )8m1+2 = 1+ 0− (
√

2
2 + i

√
2

2 )8m1+1 +(
√

2
2 +

i
√

2
2 )8m1+2 = 1 − (

√
2

2 + i
√

2
2 )8m1+1 + (

√
2

2 + i
√

2
2 )8m1+2.

According to Lemma 1.17, for z =
√

2
2 + i

√
2

2 . 2
∑n

k=1 bkcos(kθ) =
√

2b8m1+1 − 8m1,
n = 8m1 + 2, b8m1+1 = bn−1 = −2, 2

∑n
k=1 bkcos(kθ) =

√
2bn−1 − 8m1 = −2

√
2 + 2 − n.

n + 2
∑n

k=1 bkcos(kθ) = n − n − 2
√

2 + 2 = −2
√

2 + 2. |f2(
√

2
2 + i

√
2

2 )|
2

is a very complex

expression, but, it is not equal to −2
√

2 + 2. So, |f2(
√

2
2 + i

√
2

2 )|
2
̸= n+ 2

∑n
k=1 bkcos(kθ).
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