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Abstract The conjecture proposed by F.R. Keogh and collected in ’Research Problems in
Function Theory’ by Hayman(1967) as Problem 4.21 suggests the equality |f(z)|2 =n+
230, bicos(kO). We disprove this equality. We disprove this equality and present clear ev-
idence refuting Keogh’s conjecture.

1 Introduction

Problem 4.21[1] by Hayman is a conjecture which was posed by F.R. Keogh[2, 3, 4]. The
conjecture is as: Ifay, = +1, k=0,1,--- ;nand by, = apan_r+apn_1an_g_1+ -+ agag, is it
true that Y, _|bx|> > An?, where A is an absolute constant? If f(z) = ag + a1z + - -+ + a, 2",
then, f(,z)|2 =n+2Y 1, bpcos(kb). Therefore, the truth of the above inequality would imply
L 2T p(ei)[do > n?(1 + A).

According to the new version of 'Research Problems in Function Theory’[5], over fifty years,
no results have been found regarding the conjecture posed by F.R. Keogh. The conjecture is con-
sidered an isolated problem in function theory with little relation to other main problems. Its diffi-
culty lies in the complexity of its computation. In this paper, we disprove the conjecture using two
usual polynomials and six selected values. We employ various techniques and computations to
demonstrate that | f(2) |2 #n+2>"_ becos(k). This inequality is crucial to proving the truth
of 5= 02” p(e®)[*do > n2(1+ A), which becomes impossible if | f(z)|* = n+23 7, bcos(kf)
is disproved. There are some recent related study see[6, 7]. Our proof provides the first result
on Keogh'’s conjecture after 56 years, establishing its invalidity.

To establish the truth of a result, it is necessary to verify it in general cases. In this paper,
we utilize two general polynomials to calculate three special values and find that the equality
proposed by Keogh does not hold. Further tests with additional general values reveal that the
equality remains untrue. Even when computing six values, employing two general polynomials
fails to confirm Keogh’s conjecture. Therefore, our proof using two polynomials adequately
demonstrates the invalidity of Keogh’s conjecture and highlights the importance of examining a
problem in its most general form.

In this paper, we prove the following conclusion: the equality | f(z) |2 =n+23_, bycos(k0)
is not true, and Keogh’s conjecture is also not true.

2 The results and proofs
Example 2.1. fi(z) = 1 +pi(2). ap = L,k =0,1,- - ,n. pi(2) = 3o, 2~

Forallajanda;, j =0,1,--- ,n, 1 =0,1,--- ,n, aja; = 1. by = an@pn_p + AGn_16n_g—1 +
ot agag=1+1+---+ 1. So, we have:



CONJECTURE OF KEOGH, HAYMAN PROBLEM 4.21 145

Lemma22.b, =n+1-—k
Lemma 2.3. When z = 1, there is | fi(1)|* # n+2>",_, brcos(kb).

Proof. Whenz = 1,p;(1)=> 7 1 =57 1=n. fi(l)=1+P(1)=n+ 1 |fi(1)]?=
m+1)2=n>+2n+1.

When z = 1,0 = 0. cos(kf) = cos(0) = 1. n+2 3, bycos(kf) = n+2>",_ (n+1—k)
n+2nn+1)=237 k=n+2n(n —|—1)—n(n+1):n2+2n. o

Lemma 2.4. When z = —1, there is | fi(—1)| #n+22k | bicos(k0).

Proof. When z = —1,n = 2m. pi(—1) = S5 (= 1)F = 270 (1) 4 00 (- 1)22 =

D+ 1 =00 fi(- )—1+P1( 1) = 1—1 r=—-1,0=m k=21+1,
1=0,1,---,m—1. cos((2l + 1)7) = cos(2lr + ) = —1. k=20+2. cos((2l +2)m) =
cos(2lm +27) = 1.

222:1 b.cos(k0) 222;15 (— b21+1)+221 bzz+z = 221 =0 (b21+2 bais1) —22 (
1-20-2-n—-14204+1) = ZZZ ( 1) = -2m = —n. n—l—ZEk:lbkcos(kﬁ) =0.
(=D = L |fi(=D] #n+23", breos(kb).

Whenn = 2m+1,pi(—1) = X7 (= 1)F = S0 (D2 450700 (= 1) = S o (— 1)+
St =1 fi(-1)=14+P(-1)=1-1=0.2%1, bkcos(kG) =23 (=bust) +
25 i = —2bam 1 + 2570 (baa — b)) = —2b, 250 (n+ 1 =20 =2 —n —
14+20+1) = 24237 (=1) = —2=2m = —n — 1. n+ 237, becos(kf) = —1.
Fi(=D)P =0, |fi(=1)]> #n 4237, brcos(k0). o

Lemma 2.5. When z = i, there is | f,(i)|" # n + 2> bicos(k0).

Proof. When z = i, n = 4m, p1( ) = 2m1 k= Zﬁgl LRI E;igl M2 4 Z;zal i3 4
St = i (D) A () + X 1= 0. fi() = 14 Pi(i) =0+1 =
LO=7% k:—4l+1 1=0,1,--- ,m—1.cos((4 + 1)) = cosRln + 5) = 0. k = 4 + 2,
cos((41 —I— 2)2) = cos(2m + ) = —1. k = 41+ 3, cos((4l + 3)F) = cos(2lr + ) = 0.
k=4l+4,cos((4l +4)5) = cos(2l7r +2m)=1.

250 brcos(kO) =250 (- b4z+2)+2 S barra = 25000 (barpa—bariz) = 25170 (nt
1-4—-4-n—-1+4+2) = 22110 (=2) = —4m = —n. n—i-ZZZ:]bkcos(k@) = 0.
A =1 |A@]) #n+230, breos(kb).

When n = 4m + 1, pi(i) = 2m1+1 o= Syt + Zm b2 4 > AT

m—1 m—1 m— 1
Yo it = i+ (- ) dieo (i) + Z - fl():1+P1():
i+ 1. 23 breos(kO) = 22110 (- b4z+2) + 235 b4z+4 = 221 "o (barsa — basn) =
25 1 —dl—4—n— 1 +41+2) =257 (<2) = ~dm—1+1 = —n+ L.
4250 breos(k) =n—n+1=1|fi(D)]" = 2. [f1())]> # n+ 237, brcos(kb).

Whenn = dm-+2, pi (i) = 2.7 i = S ST it P T A ST i =
POHITED DN CE VRS S CTIES Birel EE RN 8 fl(i): 14+ Py (i) = i. 2305 bicos(ko) =
25 o (“bar2)+25°0, b4l+4 = _2b4m+2+2 > (b4l+4_b4l+2) n = 4m+2, b4m+2 =b, =
1,250 brcos(kO) = =242 575 (n+1—4l—4—n—1+4142) :—2+221 J(=2) = —2—
dm = —n.n+2>,_ byeos(kd) =n—n=0.|f ) =1. |G #n+ 2370 breos(k0).

When n = 4m+3’p1( ) 2m1+3 ik = Zgo i‘”“+2;10 i4l+2+2ﬁ0 z"””+2}151 jHT4 —
S+ (=) 4+ (=) + X 1 = i—-1—i=-1 fi(i) = 11 + Pi(i) = 0.
23 breos(kO) = 23" (=basa) + 23700 bara = —2bamir + 232" (barra — bary2),
no=4m 43, i = byt = 2,257 brcos(k) = —4+ 25" (n+ 1 -4l —4d—n— 1+
414+2) = 44237 (<2) = —4—d4m=—n—1.n+237_ brcos(k) =n—n—1=—1.
LG = 0. [AF #n+ 235, brcos(ko). o

Lemma 2.6. When n = 8my, n = 4my, my = 2my, fi2(z) = > 5 28 = (1 +2)(1 +22)(1 +
z4) Zlﬂilo_l S8+
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Proof. Whenn = 8my,n = 4my, my = 2my, f12(z) = ZZ | 2k = Zlmzo_l 4”1—1—27”2_1 A2
Z;r;zofl 4l+’&_|_zm2*1 4144 _ Z;mol 4l+1+zzmool 4l+1+zzzmz 1 4l+1+23 Zmz 1 LA —
(14 2)(1+22) Sy 40!

Z;no 1 LA — ZZZ Z4k 3 Zﬁl(;l 28l+1_|_z?l10*1 845 — 272071 S8l 4 Z?l]oil S8l —

(T4+2%) 3% L8141 o
Lemma 2.7. Whenn = 8my, n = 4my, my = 2my, for z = Y2 +i*%2 and f1(2), 234, brcos(k6) =
—8m1.

Proof. When n = 8m, n = 4mp, mp = 2my, z = %—I— %,9 =3. k=8l+1,1=
0,1,---,my — 1. cos((81 + 1)F) = cos(m + §) = @ k= 8142, cos((81 +2)F) =
cos(2m + %) = 0. k = 81+ 3, cos((81 +3)%) = cos(2m + ) = 2. k = 8l + 4,

cos((81 +4)%) = cos2lm +m) = —1. k = 81 + 5, cos((81 +5)F)

k= 8146, cos((81+6)%) = cos(2lr+3E) = 0. k = 81+7, cos((81
V2 =81+ 8, cos((81 + 8)T) = cos(2m + 2) = L.

2> lbkcos(kzé)) :22?207168”1005((&—0—1) 230 lbgl+2005((81+2) )42 307 berscos((81+
) )+22m17 bgl+4COS((8l+4) )+ZZZ bgl+5008((81+5) )+22m17 bgl+6008((8l+
6) 4> + 22;107 bgl+7008((8l + 7)4) + 227;07 bgl+gCOS((8l + 8)4) le bgprl —
\fon(fl baies — 2500 bgiea — V2 bgres + V2 sy + 2500 P hgns =
V23 '(bgis1 —bgiss — bgiys +bsi7) +2 Sy '(bgss —bgiia) = \fzm'_l(n—Fl—Sl—l—
n—148143—n—14814+5+n+1-81-7)+2 5" (n+1-81—8—n—1+81+4) = —8m;. O

Lemma 2.8. When n = 8my, there is |f1(‘f + z‘f)| #n—+2>7_ bicos(k9).

Proof. According to Lemma 1.6, when z = % +z’§, f12(§ +z§) = 0. So, f1(§ +z§) =
1+f12(%+i§) =14+0=1
According to Lemma 1.7, for 2 = g + zg 250 bycos(kl) = —8my = —n. n+

2 2
250 brcos(kB) = n—n = 0. [fi(32 + i) = 1 |32 +iL2)[ #n+230, brcos(kb).
O

_ - NN n
Lemma 2.9. When n = 8my + 1, there is | fi (5= +i%5%)| #n+2>,_, bicos(k0).

Proof. Accord1ngt0Lemma16 when z = ‘[—H 5 ,flz( —0—@*2[) 0. So, fi1 (%= —I—z‘{) =
1+ fro(32 + i) + (32 +i2)smt! = 1+0+( +zf)8ml+1 1+(f+zf)8m'+1
According to Lemma 1.7, for z = ‘[ +z ) ZZk | brcos(k0) = V208,11 — 8my, n =

8my + 1, by, 41 = b, = 1,230, bkcos(kﬁ) V2+ 1 —n. n+23 0 brcos(kf) =
2
n—n+vV2+1=v2+1. \fﬂ% + z§)| is a very complex expression, but, it is not equal to
V2 N n
2"‘1 SO, |f1(7+27)| 7577/4-22’6:] bkCOS(kQ). O

Lemma 2.10. When n = 8m, + 2, there is | f; (%42 %)\ #n+25" brcos(kd).

+
Proof. According to Lemma 1.6, when z = f i f12(§ —H%) = 0. So, fl(% _Hg) =
1—|—f12(\[+i\[)+(\[+z\[)8m1+1 %)SerZ:1+0+(¥+i§)8m1+1+(\/§+

f
2 (T v

\?)8m1+2 1+(f+zf)8ml+1+(%+ )8m1+2'

+i¥2. 237 brcos(kO) = V2bgy, 41 — 8my, n =

According to Lemma 1.7, for z = i 5

&my + 2, bgm,+1 = bp—1 = 2, sz lbkCO (]{J ) =2V/2+2—n. n+2zz lbkcos(ke) =
2

n—n+2vV24+2=2v2+2. \fl( +i¥2)|" is a very complex expression, but, it is not equal

t0 2v/2 + 2. So, | f1(42 + i )\ #n+23 1, bycos(kO). u]
Example 2.11. f>(z) = 1+ pa(2). ay = (=1)*, k =0,1,- -+ ,n. pa(2) = Y1, (—1)F2".

i V2
2
i V2
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Lemma 2.12. b, = (-1)k(n+ 1 — k).

Proof. In the expression of by which is constituted by a;, if (—1)7"a;a, is the former term,
then its back adjacent term is (—1)7"'=2a;q;. So, in the expression of by, the positive symbol
+ or the negative symbol — of all terms are all same. So, as same as the coefficients of b in
f1(2), b in f2(2) is the sum of n + 1 — k terms. But, by, in f>(z) has the change of positive or
negative symbol. Because (—1)>"7% = (=1)*. by = apnan_ + an_1an_p_1 + -+ + agap =
(—DF1+14-+1)=(-1)*n+1-k). O

Lemma 2.13. When z = —1, there is | fo(—1)> #n +2>"_, bicos(k0).

Proof. When z = —1, py(—1) = 527 ()" (=% = S0 1 = n. fo(—1) = 1 + Py(—1) =
n+ 1 |fa(=DPF=n+1)>=n>+2n+1.

Whenz=—-1,0=7m.k=2i+1,1=0,1,--- ,;m—1. cos((2l+ 1)7) = cosRn+7) = —1.
k=2042. cos((2l +2)7) = cos(2lr +27) = 1.

When n = 2m, 237, brcos(k0) = 25770 (=ba1) + 2570 barve = 2507 (bara —
bu) =20 (i 1=21=24n+1-21—1) =237 2(n+ 1) =2 L4l -2 307, ' 3 =
2n(n+1) —4m(m — 1) — 6m = 2n% + 2n — 4m? + 4m — 3n = 8m? — 4m? +n = n? + n.
423" brcos(kB) = n? +2n. | fo(=1))> = n2+2n4+ 1. [fo(=1)* # n+2 37, becos(k6).

When n = 2m + 1, 2Y°,_ brcos(k) = 23" (=bu+1) + 22;”61 brtr = —2byma1 +
2Zlm_l(bzz+2—bzz+1) bomgt = b =—1,23"7_ lbkCOS(W) = —2b,+2 Zm_l(bzuz byt1) =
2423 (nt1— 21_2+”+1_2Z_1)—2+2Zl 0 (n—|—1) 222101(41)_22?1013—

2n(n + 1) —dm(m — 1) —6m = 2+ 8m? + 4m — 4m? + 4m — 6m = 4m> +2m + 2 =
2m+1)?=2m+1=n>—n+2.n+2,_, bycos(kd) = n> +2. |f2(71)\2:n2+2n+1.
|f2(=1)] # n+ 25 bicos(k6). o

Lemma 2.14. When z = 1, there is | f>(1)|* #n + 2> }_, bicos(k0).

Proof. When z = 1, n = 2m. py(1) = 7™ (=1)F = S (=124 4 S0 T (=1)242 =

D+ T =o0. fz( ) =1+ Pz(l) =0+1=1.0=0. cos(kb) = cos(0) = 1.
ZZZ lbkCOS(kJQ) _221 (b21+1)+2z b2l+2 —22 (n+1—2[—2—n—1+
24+ 1) =23 (~1) = —=2m = —n. n—f—ZZk:lbkcos(kﬁ) =0. (D] = 1. |H()
n+237 bkcos(ke)

Whenn = 2m+1,py(1) = Y7 (= 1)F = Y (= D24 (- 1)22 = S (- 1)+

=~ A1 ) =14+ P(1) =1-1=0. 257 brcos(kd) = 237, by =
23 o (bag)+2>00 Yboria = 262142 S Nbaratbasr)s bamst = by = —1, 250 bycos(kb) =
2b,, +22'” 1(bzl+2+b2l+1) = 2425 1( +1-20—2—-n—1+421+1)=-2+

2N (1) = —2—2m = —n— 1. n+ 237 breos(kf) = —1. |fo(1)]> = 0. |f(1)]* #
n+2Y 5 bgcos(kb). o

Lemma 2.15. When z = i, there is | f2(i)|” # n + 237, bpcos(k6).

Proof. When z = i, n = 4m, py(i) = Y ;7 (—i)F = Zﬁal(—i)‘”“ + 2 (i) 4
po (= 4 ST (i = TG (—) + (<) + (@) + X = 0.
LE) =1+P31) =04+1 =1 60=73% k= 4l+1 1 =0,1,---,m—1. cos((4l +
1)3) =cosQr+5) = 0. k =4l +2, cos((4l + 2)5) = cos(2lmr +7) = —1. k = 41 4 3,
cos((4l +3)3) = cos(2m + 3F) = 0. k = 4l + 4, cos((4l + 4)%F) = cos(2lm + 2m) = 1.
230 brcos(kO) = 230700 (<barya) +2 00 barra = 235005 (bara—bara) = 230175 (n+
l—4l—4—-n—-1+4+2)=2>", '(=2) = —4m = —n. n+ 2>, brcos(kf) = 0.
(0 = 1 1A #0425, breos(k0).
Whenn = dm+1,pa (i) = S0 (—i)* = Zz"io( P (i) (i)
o (i)t = S (=) + 221511(—1) + Y )+ =i f%(i) =1+ P(i) =
1 =i 250 becos(k0) = 25770 (=bara) + 2370 baea = 23070 (bares — barsa) =
2y A1 -4l —d—n— 144 +2) =20 (=2) = ~4m—1+1=—n+1.
n+23" breos(k) =n—n+1=1|f6) =2. |6 #n+237_, brcos(kb).
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Whenn = dm-+2. pa(i) = 2371 (=0)" = S0 (i) (i) R (<)

o (<) = T () T X (D) + 2 ()4 X L= —im L £(0) = 1+ Pa(i) =
—i. 23 brcos(kO) =257 o (=ba2) +2 30 b4z+4 = 2bim2+230 Y(bazsa —baya),
bamiz = by = 1,257 brcos(k0) = —2b, +2 570 (barsa — barya) = —2+22;151(n+ 1-
4l—4—n—14+4142) = —2+42 Zﬁal(—Z) =—2-4m = —n.n+23 ,_, bycos(kf) = n—n = 0.
B0 = 1K) #n+2X5, brcos(ko).

When n = 4m+3, pa(i) = 07 (=i)k = S0 (=) 30 (=) 2 0 (—i) 3

2o (=) = S (i) + (1) + Z?"oH Yy = =1 foi) = 1+ Py(i) = 0.
25 brcos(kB) = 23070 (—barsa) + 237" barea = —2bamia + 25770 (barea — baea),
bamiz = by1 = 2,250 brcos(kf) = =4+ 25" n+1 -4l —d—n—14+41+2) =
—4423 " N (<2) = —d—dm = —n—1. n4+2 37 brcos(k) = n—n—1 = —1. | 2(i)]> = 0.
1f2() # n 4237, bicos(kb). o

Lemma 2.16. When n = 8my, n = 4my, my = 2my, fn(z) = > (—2)F = (z - 1)(1 +
)1+ 24 Sy

Proof. When n = 8my, n = 4my, my = 2my, fn(z) = Sor_ (—=2)%F = S (=)t 4
ZZZZ()_I Z4l+2+zmz—1( )4l+3+2m2—1 Al+4 _ ZZZZO_I Z4l+l+z;izo—l Z4l+272£20_1 A3
anzo_l 4i+4 _ S S 23 Loa+l 2 Z?izo—lzuﬂ + 23 E;ZZO_I A = (z -

D1+ ) sy A
ma a1 — S A3 Z;”;lo_l 28l+1+zﬁ10—1 845 — 22110—1 S8+l 4 Z?llo_l S8l —

(142 X =, :
Lemma 2.17. Whenn = 8my, n = 4my, my = 2my, for z = %—H% and f>(z). 237 _, brcos(kf) =
—8m1.

Proof. When n = 8my, n = 4my, mpy = 2my, z = 724— 72,9 =3 k=8l+1,1=
0,1,---,my — 1. cos((81 + 1)§) = cosRm + §) = % k= 8142, cos((81 +2)F) =
cos(lr + Z) = 0. k = 81+ 3, cos((81 + 3)%) = cos(2m + ) = -2 k = 8l +4,
cos((81 +4)%) = cos(2lm +m) = —1. k = 81+ 5, cos((81 + 5) %) = cos(2lm + ) = —?.
k=8l+6,cos((81+6)F) = cos(2lm+3) = 0. k =8l+7, cos((81+7)F) = cos(2n+ 1) =

%. k=81+38, cos((8] +8)F) = cos(2lm 4 2m) = 1.

2500 brcos(kf) = 237 biicos((8141) )42 5 lbgl+2008((8l+2) )42 307! bsisscos((81+
3)5)+2 Z;n(;l bgl+4cos((8l +4)7) +2 57 gy scos((81 +5)T) 425 bycos((81+
))+2z bmﬂm«&+7w)+2210bmwm“&+8h)—xfzr{%w4—

V23 bsz+3 2305 bsz+4 V2 bsrs V201402 300 bsis = V2 0 (bsie i —
bsi+s — bsirs + bsiyr) + 2570 (bsirs — bgia) = —V2 5 (n+1 -8l — 1 —n— 1481+
3—n—1481+54+n+1-8—7) 4237 " (n+1-8—8—n—148+4)=—8m;. O

Lemma 2.18. When 1 = 8my, there is | f2(*2 + i*2)| n
18. = 8my, there is | fo( %= +i%%)| #n+23 7, brcos(k).

Proof. AccordmgtoLemmal 16, when z = ‘[—H 5 ,fz(‘[—i—z 2) = 0. So, fz(i 72) =
L+ (2 +i2)=1+0=1

According to Lemma 1.17, for z = \25 + 22. 230 1bkcos(lc@) —8m; = —n. n+

2
250 brcos(kB) = n—n = 0. [ (32 + i) = 1. |L(32 +i¥L ) #0425 brcos(ko).
O

_ s (2 +i2) n
Lemma 2.19. When n = 8m + 1, there is | f2(5" +i%°)| #n+2>,_, brcos(k0).

Proof. According to Lemma 1.16, when z = \[—H% f2 (‘f~|—z ¥2) = 0. So, fz(\[+z‘[)
1+f22(\2f+22) (\f+ f)8m1+1 140— (£+ f)8m1+171 (f+2f>8m1+1
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According to Lemma 1.17, for z = % + z% 250 breos(kl) = ﬁbgmlH — 8my,
= 8my + 1, bgyn,o1 = by = —1, 23 brcos(kf) = V2b, — 8m; = —V2 + 1 —n.
2
n+4+ 230 breos(kd) = n—n—-vV2+1=1-V2. |f2( +i%5 v¥2)|" is a very complex
expression, but, it is not equal to 1 — v/2. So, |f2( +i%" )| #n+2> 1 bicos(k0). i

. s 1222 +i¥2)) n
Lemma 2.20. When n = 8m + 2, there is | f2(%5* +i%%)| #n+2>,_, brcos(k0).

Proof. AccordingtoLemmal.l6 when z = %—i— zz,fzg(‘[—H 2) = 0. So, fz(\f—l- %) =

1+f22( +Z\2f) (\/§+Z-f)8m,+l+(£ £)8m1+2 14+0— ( +i %)8m1+1+(§
%)8m1+2_1 (\f_H\/)smlH +(\/ f)8m1+2_

According to Lemma 1.17, for z = % + z%. 230 bieos(kl) = \/§b8m1+1 — 8my,
n = 8my + 2, bgm,+1 = by1 = =2, 23 1_, bpcos(k) = V2b,—1 —8m; = —2v2 +2 —n.
n+230  breos(kd) =n—n—2vV2+2=-2v2+2. |f2(‘[ —|—z‘[)| is a very complex
expression, but, it is not equal to —2+/2 + 2. So, \fz(‘[ +1i%= )| #n+23 7 byeos(kf). O

7
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