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Abstract A packing coloring of order k of a given graph G is to assign k different colors
from {1, 2, ..., k} to the vertices of G, such that two distinct vertices colored with color i are at a
distance greater than i. The packing chromatic number of G, denoted by x, (G), is the minimum
order of a packing coloring. In the first part of this paper, we determine the exact values of
the packing chromatic numbers of some Mycielski graphs. In the second part, we present the
packing chromatic numbers of the second power graph of the Mycielski graph of paths and
cycles.

1 Introduction

Throughout this paper, we consider only finite, simple graphs. Let G be a graph and u an arbitrary
vertex of G. The (open) neighborhood of a vertex 1 in G, Ng(u), is the set of all vertices adjacent
tou in Gie., Ng(u) = {v € V(G) : uv € E(G)} (we frequently omit the subscript if the graph G
is obvious from the context). The degree of u, denoted by degc (1), is [Ng(u)|. A vertex u with
the property that degc (1) = 1 is called a leaf or a pendant vertex.

The distance between two vertices u,v € V(G), denoted by dg(u,v) (or d(u,v) when the
graph G is obvious from the context), is the length of the shortest 1, v-path. The diameter of G,
denoted by diam (G), is max{dg(u,v) : u,v € V(G)}.

The vertex cover number of G, denoted by 7 (G), is the minimum cardinality of a subset S of
vertices such that every edge in G has at least one endpoint in S. Note that if a set of vertices is
a vertex cover, then its complement is an independent set. It is important to note that the vertex
cover problem is NP-complete for graphs of diameter 2. However, for perfect graphs, including
bipartite graphs, the problem can be solved in polynomial time (see [18, 22]).

Given a positive integer i, an i-packing in G is a subset W of the vertices of G such that the
distance between any two distinct vertices from this set is greater than i. This concept encom-
passes also the notion of an independent set, which is edentical to a 1-packing. The packing
chromatic number of a graph G is the smallest integer k such that the vertex set of G can be
partitioned into disjoint sets Wy, W, ..., Wy, where W; is an i-packing for each i € {1,2,...,k}.
We denote this number by x,(G). The corresponding mapping ¢ : V (G) — {1, ..., k}, satisfying
the property that c(1) = c(v) = i implies dg(u,v) > i, is called a packing coloring of order k.
The packing coloring is optimal, when k = x,(G).

The concept of packing chromatic number was introduced in 2008 by Goddard et al. [19].
First, it was presented under the name broadcast chromatic number, and the current name was
given by Bresar et al. in [7]. The concept arose from the area of frequency assignment in
wireless networks [16, 31] and also has several applications, such as in resource replacement
and biological diversity [31]. The packing chromatic number has been investigated in a number
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of papers. Many contributions to this invariant have been published in the last few years (see
[2, 3,5, 21, 6,9, 24, 25, 27, 28, 29]). This confirm a wide interest given to this concept. The
concept has been investigated to determine the packing chromatic numbers of infinite graphs for
different types and classes of graphs, such as infinite grids, lattices, distance graphs, etc. [4, 7,
13, 17, 26, 15]. The determination of the packing chromatic number is (very) hard [16] as its
decision version is NP-complete even when restricted to trees (to learn more, see [24]).

In a given graph, operations or editing operations, also known as graph edit operations, are
used to create a new graph from an existing one by making a simple local change. Examples of
such changes include the addition or deletion of a vertex or of an edge, the merging and splitting
of vertices, the contraction and subdivision of edges, etc. Some of these operations have been
studied by Bresar et al. in [8]. In this paper, we study the packing chromatic numbers of power
graphs. The p—th power graph GP for p > 1 of a graph G is the graph obtained from G by adding
an edge between each pair of vertices that are at distance at most p in G. When p = 1, the graph
G! is isomorphic to G. Note that, if the graph G has a diameter p, then G is the complete graph.
The power graphs have been investigated in more papers, see [1, 11, 23]. The Mycielski graph of

any graph G, denoted by 11(G), is a connected graph with vertex set V(u(G)) = V(G)U V' U{w},
where V = {v,0, ..., 04}, V' = {x1, X2, ..., X} and the edge set E(u(G)) = E(G) UE’ UE" with
E" = {vixj,vjx; :vv; € E(G); 1 <i,j < n}and E” = {wx;; 1 <i < nj. Thus, if G has n
vertices and m edges, then p(G) has 2n + 1 vertices and 3m + n edges. It was developed by
Mycielski [30] in search of triangle free graphs with large chromatic number, and then, it caught
the interest of a number of authors [9, 12, 14, 20]. In [10], Bidine et al. determined the packing
chromatic number of some Mycielski Graphs. They gave the lower and upper bound for packing
chromatic numbers of the Mycielskian of paths and cycles. In this paper, we strenghten these
results by providing the exact values of packing chromatic numbers of these two graphs.

The paper is organized as follows. In the next section, we present some results of pack-
ing chromatic numbers of Mycielskian graphs. We determine the exact values of x,(u(Ki)),
Xp(u(Wy)) and xp(u(T)), where T is a tree of diameter 3. We finish this section with determin-
ing the exact values of ), (u(Py)) and x,(1(Cy)). In Section 3, we consider the power graph.
We provide the exact values for x,((u(Py))?) and x,((1(Cy))*). We end this paper by giving
some remarks and open problems.

It is well known that the packing chromatic number of any graph cannot be smaller than the
packing chromatic number of its subgraphs. This concept is given in the following proposition.

Proposition 1.1. [ /9] Let H be a subgraph of a given graph G. Then

Xp(H) < Xp(G).

Now, recall two well known propositions, which will be used in the sequel of this paper.
While the first proposition provides the values of packing chromatic numbers for cycles, the
second proposition presents the upper bound of packing chromatic numbers for any graph using
the vertex cover number.

Proposition 1.2. [19] If C,, is a cycle of order n, then

(C) = 3; n=4k,k>1, orn=3,
Xpn) = 4; otherwise.

Proposition 1.3. [19] For any graph G, x,(G) < 7 (G) + 1, with equality if diam (G) = 2.



1488 Rachid Lemdani

2 Mycielski graph

In this section, we continue with the consideration of packing chromatic numbers of Mycielski
graphs. First, we provide the exact values for x,(u(Ki,x)), xp(u(W,)) and xp(u(T)), where T
is a tree of diameter 3. At the end of this section, we provide the exact values for x,(u(P,)) and

XP(/"(Cn))'

Initially, we begin by considering the following proposition, which provides the value of ), (¢ (K )
and x,(u(Wy)). It is important to note that graphs (K ;) and (W) have a diameter of 2 and

by using Proposition 1.3, the results can be determined (see Figures 1 and 2). The proof of the
first part of this proposition is also straightforward.

Proposition 2.1. For every n > 2, x,(1(Ki,,)) = 4 and for every n > 4, x,(u(W,)) = n + 2.

Proof. Let denote by v;, i € {1, ..., n} the vertices of the wheel graph W, such that d,,w,) (v1) =
2n -2 and by x; i € {1,...,n} the corresponding vertices to v;. Let w be the vertex connecting
the vertices x;. Since diam(u(W,)) = 2, the result follows from Proposition 1.3. Let A =
{w, vi; 1 <i<n}, where T (1 (W,)) =|Al=n+1. O

Figure 1 provides a packing coloring of 1(K;g) and Figure 2 shows a packing coloring of

u(Ws).

Figure 2. A packing coloring of 1(Wy)
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We continue with determining the packing coloring number of the Mycielski graph obtained
from a tree of diameter three using the Mycielski construction.

Proposition 2.2. Let T be a tree of diameter 3 different from Py. It holds that x,(u(T)) = 6.

Proof. Let T be a tree of diameter 3 and of order n. Denote by c; and ¢, the two non-pendant
vertices of T. Denote the pendant neighbors of ¢; and ¢; by vy,1, U1 2, ..., U1 p and 02 1, V2 2,..., V2 4,
respectively. Denote by u; and u, respectively, the two corresponding vertices of ¢; and ¢; in
t(T) and the corresponding vertices of vy 1, v 2,..., U1p in w(T) are xy,1, X125 .., X1,p. Similarly,
X2,1, X2,2,---» X2,4 are the corresponding vertices of v3 1, 02,..., V24 in u(T). Let w be the vertex
that connects the vertices x,, i € {1,..., p}, X2, j € {1,...,q} and thus the vertices 1, and u,.
Let ¢ be a packing coloring of u(T). As diam(u(T)) = 3, the only colors that ¢ can use twice or
more are 1 and 2.

First, if c(w) = 1, then c(x;;) # 1 foralli € {1,..,p}, c(xp;) # 1 forall j € {1,....q}
c(uy) # 1 and c¢(uy) # 1, and in this case, we can use the color 1 on the vertices v, i € {1, ..., p}
and v, j, j € {1,...,q} at most (p + q) times, and therefore color 1 appears p + g + 1 times on
(T). The remaining vertices get different colors from 1. So in this case, we have x,(u(T)) >
2p+qg9)+5) -(p+qg+1)+1=p+q+5. Suppose that c(w) # 1. In this case, we
can color the vertices xy;, i € {1,...,p}, X2, jE€ {1,...,q}, as well as u; and u, with the color
1. This results in the color 1 being used a total of p + g + 2 times. The remaining vertices
require colors different from 1, giving us a total of p + g + 3 different colors. Therefore, we have
Xp(u(T)) = 2(p+9q)+5-(p+q+2))+ 1 =p+q+4. Another way is to color the vertices

X1, i € {1, ..., ph x5, j€{L, . gl v i € {1, ..., pyand vy}, j € {1, ..., q} with the color 1, and in
this case, the color 1 is used 2(p + q) times. The remaining vertices are {w, u;, us, i, ¢}, which
are pairwise at distance at most 2, and thus c assigns them pairwise different colors from 1, i.e.,
colors from {2, 3, 4, 5, 6}. As a result, we have x,(u(T)) > 2(p +9q) +5-2(p+¢q)) +1 =6.
To prove that x,(u(T)) < 6, consider the following 6-packing coloring: pose c(x1;) = 1,
i€{l,..,plclx;)=1,j€{l,..q} clci) =2, c(c2) =3, c(ur) =4, c(uz) = 5 and c(w) = 6.
Therefore ), (1(T)) < 6, and thus x,(u(T)) = 6. O

The following figure shows a packing coloring of 1(T) when p = q = 3, as described in the
proof of Proposition 2.2.

Figure 3. A packing coloring of u(T), where T is a tree of diameter 3

In the sequel of this section, we consider the Mycielskian of the following graphs: P, and
C,, where n > 3. We use the following notations for u(P,) respectively p(C,). The vertices
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of P, and C,, are denoted by v;, where i € {1,...,n}. The vertices of u(P,) respectively p(Cy,),
which are corresponding to the vertices from V (P,,) respectively V (C,), are denoted by x;,
where i € {1, ..., n}. The common neighbor of x;, where i € {1, ..., n}, is denoted by w.

We begin by determining the packing chromatic number of the Mycielski graph of a path.

Theorem 2.3. If P, is a path of order n > 2, then

4, n=3.

Proof. Let c be a packing coloring of u(P,). First, suppose that n € {2,3}. If n = 2, then
for this graph p(P,) is isomorphic to Cs and x,(Cs) = 4. If n = 3, then diam(u(P,)) = 2
and, according to Proposition 1.3, x,(u (P,)) is T (Py) +1 = 3 4+ 1 = 4 and we are done. If
n =4, then dzam( (Py)) = 3, and only colors 1 and 2 can be repeated in 1(P,). Let c(x;) = 1,
iefl, c(vi) = 2,i € {1,4}, c(v2) = 3, c(v3) = 4 and c(w) = 5, thus x,(u(Ps)) = 5.
Ifn = 5 then Xp(u(Py)) = 6. Letc(x;) = 1,i € {1,..,5}, c(v;) = 2,1 € {1,4}, and the other
vertices receive different colors from {3, 4, 5, 6}. Note that these cases are easy to check.

Now, suppose that n > 6. Since diam(u(P,)) = 4, the colors which can be repeated more
than once by c, are 1,2 and 3, and additionally, any optimal packing coloring assigns these colors
to at most as possible vertices. First, if c(w) = 2 or 3, then for every i € {1,...,n}, ¢ (x;) # 2,3
and ¢ (v;) # 2,3 since d (w, x;) = 1 and d (w, v;) = 2 and in this case, color 2 or 3 is used only
one time on p(P,). Also c(x;) # 3 foralli € {1,...,n}, since d(xi, {w, vj; 1 <7< n}) <3,
and in this case color 3 is used only once on p(P,), but otherwise we can use it several times on
the set {v;; 1 <i < n}. Therefore c (w) ¢ {2, 3}. Note that also, if c(w) = 1, then c (x;) # 1,
i €{1,..,n} since d (w, x;) = 1 and in this case, we can use also the color 1 on the vertices
v;, 1 € {1, ...,n}. Furthermore, if there exists a vertex x; colored with color 2, then this vertex is
unique, since the vertices from {x;; 1 <7 < n} are pairwise at distance 2. Let c¢(x;) = 2 and by
repeating the pattern 1312 on the vertices v;, i € {1, ..., n}, we obtain n + 2 vertices colored with
colors 1,2 and 3 on p(P,). But this is not the best coloring as we will see. Therefore, it remains
to distinguish two cases regarding the use of colors 1 and 2.

Case 1. Letc(x;) = c(v;)) = 1,i =2k + 1,k € {0,..., |5~ L]} d

ie. |2
from the vertices x; and v; are colored with 1. In this case, we have 2 ([” L+ 1) =2 l%J +2
vertices of 1(P,) colored with 1.

+ 1 vertices each

Now, we come to use the color 2. If there exists a vertex xy, h € {1, ..., n} such that c(xy,) = 2,
then this vertex colored with 2 is unique since d(x;, x;) = 2 forall j, j € {1,...,n}, h # j. Then,
we are considering only two cases regarding the use of this color on x;, i € {1, ...,n}. Suppose
there exists i, i € {1, ..., n}, such that c(x;) = 2, and let ¢(x;) = 2. Then, in this case, colors 1,2
and 3 are used as follows. For color 1, let ¢(x;) = 1 fori = 2k + 3, k € {0, I_ﬂj} and so we
have l J—|— 1 vertices from {x;; 1 < i < n} colored with 1. To color the vertices v;, i € {1, ..., n},

we can use the pattern 1312, .... Therefore, we have n + l J + 2 vertices of p1(P,) colored with
colors 1,2 and 3.

We next suppose that ¢(x;) = 2. Then, we can color at most [ J + 1 vertices from

{x;; 1 <i< n} with color 1 and to color the vertices v;, i € {l,...,n}, we use the following
coloring. Start the coloring of the consecutive vertices with colors 1314 and repeat the pattern
1312. Therefore, we have n — 1 vertices from {v;; 1 <i < n} colored by colors 1, 2 and 3. For

the vertices x;, we have L J +2 vertices colored by 1 and 2. So, we have (n — 1)+ [”T_IJ +2=
n-+ [ J + 1 vertices of u(P,) colored with colors 1, 2 and 3.
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It is easy to check that n + [ J +2 =n+ [ J + 1. Now, suppose there exists j,

3 < j<n—2suchthatc(xj) = 2. Then, c (v;) # 2foralli, j—2<i<j+2 sinced(xj,vi) <2.
Without loss of generality assume that j = 3 (i.e., c(x3) = 2), which implies that the vertices v;,
i €{1,...,5} cannot be colored with 2 since d (x3, vz) < 2foralli € {1,...,,5}, and thus the vertices
Ui, 1 € {1, ..., n} can be colored using the following coloring. Start the coloring of the consecutive
vertices with colors 1314 and repeat the pattern 1312. Therefore, the colors 1, 2 and 3 are used in
this case at most (n — 1) + l%J +1l=n+ [%J times in p(Py). Asn+ l%J +1>n+ I_%J,
and since c is any optimal packing coloring of p(P,), it assigns colors 1,2 and 3 to at most as
possible vertices, and thus we can assume that ¢ (x;) # 2 for all i € {3,...,n — 2}. Note that, the
case when c(x,—1) = 2 (respectively c(x,) = 2) is similar to the case ¢(x;) = 2 (respectively
c(xy) = 2).

On the other hand, we can use the color 2 only on the vertices v;, i € {1, ...,n}. So, we repeat
the pattern 1213 on the vertices v;. Since in this case [ J + 1 vertices from {xl, 1 <i<mn}can

be colored with 1, we conclude that n 4 [ J + 1 vertices of p(P,) can be colored with colors
1,2 and 3.

Case 2. Let c(x;) = 1 forall i € {1,...,n}. Then, n vertices are colored with 1 in p(P,).
Hence, colors 2 and 3 are used to color the vertices v;, i € {1,...,n} of the path P, by repeating
the pattern 23x2y32zt (starting by v1), where x, y, z and ¢ are distinct colors greater than 3. Now,
to determine the number of vertices colored with 2 and 3 that follow this pattern, we use the

following method. Let ¢(v;) = 2 fori =3k + 1,k € {0, ..., I_”T_IJ}. For color 3, let ¢ (v;) = 3 for
i=9%+2 ke {0,..., [”QZJ} and let ¢ (v;) =3 fori =9k +6, k € {0,..., VT_W} Therefore,

we have I_"T_IJ + 1 vertices are colored with color 2 and [TQJ + L”—_f’J + 2 vertices colored with

color 3 in y(P,). Thus, in this case 1 + ["%J + ["9;2J + [” 6J + 3 vertices are colored with colors
1,2 and 3.

As a consequence of the previous cases, since n—b—[%J—l—[%J—i—[%J—H > n—i-VT*lJ—H >
n + 2 for all n > 6, we conclude that the optimal packing coloring uses colors 1,2 and 3,
n+ ["%J + ["Q;ZJ + [@J + 3 times on p(P,). Since ’V | = 2n + 1, we infer that
AN N A NN
and so, our lower bound is proved.

To prove the upper bound, we form a (n - [”T_ll - l—J -5 8]+ 1) —packing coloring ¢ of
a given graph. First, let ¢(x;) = 1 fori =2k+1,k € {0, ..., L"ZIJ}, c(v))=2,fori=3k+1,ke
{, ..., I_”T‘IJ}, c(v;) =3,fori =9k+2,ke{0,.., I_”T‘2J}, and c(v;) = 3, fori = 9k+6,k € {0, ...,
|_”9;6J}, and the other vertices receive pairwise different colors from 1, 2 and 3, i.e., from the set
4,..,n— [”%J - l”T_ZJ - [@J + 1}. Hence, the latter is indeed a packing coloring of 1(P,), and
X (u(Py)) < n—[%lj—[%J—[” © |+ 1. Therefore x, (u(Py)) = n—| 25| | %52 |- L5581+ 1,
and the proof is completed. O

Figure 4 shows a graph u(Pg) and its packing coloring, as is described in the proof of the
previous theorem.
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Figure 4. A packing coloring of 1(Pg)

The following theorem gives the packing chromatic number of the Mycielski graph of a cycle.

Theorem 2.4. For any cycle C,, of order n > 3,

Ko (1 (Co)) = { - 2] =[5t -[58 )+ "t

Proof. Let ¢ be a packing coloring of p(C,). First, suppose that n € {3,4,5}. Then, as
diam(u(C,)) = 2, we can apply Proposition 1.3, x,(u(Cy)) = 7(Cy) + 1 = n + 2, where
T (y (C ) =WHw, vi; 1 <i<nl|=n+1.1fn €{6,7}, then diam(p(C,)) = 3, and in this case
e (§)| < 1foralli > 3. Letc(x;) = 1 fori € {1,..,n}, c(v;) = 2 fori € {1,4} and the other
Vertlces of u(C,) receive pairwise different colors from {3, ...,n + 1}. Thus x,(u(Cy)) = n+ 1.

Now, suppose that nn > 8. Then diam(u(C,)) = 4 and |c (i )| < 1 for all i > 4 and thus, the
only colors used twice or more by c are 1, 2 and 3. As in the proof of Theorem 2.3, it is easy
to check that ¢ (w) ¢ {2,3} and ¢ (x;) ¢ {2,3} (Note that y(P,) is a subgraph of 1(C,)). Also,
in the same way, we can check that, if c(w) = 1, then c(x;) # 1, since d(w, x;) = 1 for all i,
i € {1, ...,n} and in this case, the color 1 can be used on the vertices v;, i € {1, ..., n}, and likewise
for colors 2 and 3, by repeating the pattern 1213 such that ¢ (v,) € {1,2}, since d (v{,v,) = 1
and d (v, v,) = 2. Then, to count the number of vertices colored with 1, 2, and 3, the following
method is used. Let c(v;) = 1 fori e {l,..,n—1},i =2k + 1, and k € {0, I_"_zj}, and thus

the color 1 can be used [ + 1 times in the cycle C,, keeping in mind that c(w) = 1. As a

|I\)
[ E—

result, the color 1 is used L +2 times in p(Cy). For color 2, let c(v;) = 2 fori € {1,...,n — 1},

i=4k+2,andk €{0,...,|
we can determine the number of vertices colored with color 3, let ¢(v;) = 3 fori € {1, ..., n},
i=4k+4,andk € {0, ..., | "~ 124 ) "and thus the color 3 can be used l J + 1 times on the vertices

v;. In total, we obtain VzZJ + l%J + LTJ + 4 vertices of (C,) are colored with colors 1, 2
and 3.

:I\)

3J} and the color 2 is used [ J + 1 times. By the same method,

Next, if c(w) # 1, then we can use the color 1 on the vertices x; or on the vertices x; and v;
at the same time for i € {1, ..., n} (Note that in the case when the color 1 is used on the vertices
v; without using it on x;, it implies the use of this color on the vertex w, and so we are in the
previous case). Thus, we discuss the following two cases.
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Case 1. c(x;) = 1,1 € {1,...,n}, and then |c‘1 )| = n. Colors 2 and 3 are used on the
vertices vj, 1 € {1,...,n} by repeating the pattern 23x2y32zt such that ¢(v;) = 2 for i = 3k + 1,

ze{l,...,n—2,thus|c Y |:[ > J+1.

c(vi) =3 pouri =9k + 2,k € {0,

c(v;)) =3 pouri=9k+ 6,k € {0, I__SJ} 28
[”9;4J + [”T_SJ + 2. Therefore, we have n + [”3—3J [%J [” SJ + 3 vertices of pu(Cy)
are colored with colors 1, 2 and 3 in this case.

For color 3, let { , and thus |c*1 (3)| =

Case 2. Color 1 is used on the vertices x; and v;, i € {1, ...,n — 1}. Then, the optimal packing
coloring c uses colors 1, 2, and 3 on u(C,) as follows. Let c(x;) = 1 fori = 2k + 1, k €
{0, ..., L”T_zj} and so the color 1 is used I_%J + 1 times on the vertices x;. For the vertices v;, we
can use the following coloring, by repeating the pattern 1213, such that ¢ (v,,) ¢ {1,2}. Hence,
to calculate the number of vertices of {v;; 1 < i < n} colored with colors 1, 2, and 3, we use this
method. Letc(v;) = 1,i =2k+ 1,k € {0,..., I_”T_zj}, and therefore the color 1 is used also

L”T_ZJ + 1 times on the vertices v;. For color 2, let c(v;) = 2 fori = 4k +2,i € {1,..,n—1},
i.e., color 2 is used I_%J + 1 times. For color 3, letc(v;) = 3,i =4k + 4,k € {0, ..., L%‘J}, and
thus, color 3 is used |_"4;4J + 1 times on u(C,). Therefore, the packing coloring ¢ uses colors 1,
2,and 3, 2 [%J + l%J + L%‘J + 4 times on p(Cp).

By comparing the results obtained concerning the use of colors 1,2 and 3 on p(Cy), it is easy
to check that for every n > 8, we have n+["74J+[%1J+[”T_8J+3 >2 [%J+[%J+[%J+4 >

ENERES
As a result, and taking into consideration that 'V (u (Cn))| = 2n + 1, we infer that x,(u (C,)) >

(2n+1) - (n + ["3;3J + [%‘J + VT_SJ + 3) + 3, and so x,(u(Cy)) = n - [”3;3J - [ﬂJ -
1281 1 1. Hence, the lower bound is proven.

To prove that x,(u(C,)) <n— [”T_3J - L%‘J - VT_SJ + 1 holds for every n > 8, we form the

following packing coloring. Let c(x;) = 1 for i € {1, ..., n} and in this case we have n vertices
colored with 1. To color the vertices v;, i € {1, ..., n}, we use the following coloring. Let c(v;) = 2

fori =3k+1;ke {(), .y |_”3;3J}, i €{l,...,n—2}. Inthis case |_”3;3J + 1 vertices are colored with
2. Likewise, we put c(v;) = 3 fori = 9k+2,k € {O,..., I_%‘J}; n >4 andc(v;) = 3 fori = 9k+6,
ke {0, .y I_”T‘SJ}; n > 8, and therefore we have I_%‘J + I_”T_SJ + 2 vertices colored with 3. The
other vertices of the subgraph C, of u(C,) take pairwise different colors from 1,2 and 3, i.e.,
we have (2n + 1)—(n+(|_"3;3j—0—1)+(L%‘J+L”9;8J+2))—n—|_— -5 - 58] -2
additional vertices colored with various colors from 1, 2 and 3. As a result, we have 2n + 1
vertices which correspond to the order of the graph p(C,). Therefore, this last coloring is a

packing coloring of 11(C,). Thus, we conclude that x,(u (C,)) < n— ["3;3J - [%J - VT_SJ +1.
Hence, our upper bound is proven. This completes the proof. O

Figure 5 illustrates the packing chromatic number of Mycielski of a cycle Cy.
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Figure 5. A packing coloring of 1(Cio)

3 Power graph

In this section, we consider the packing chromatic number of the p — th power graph, with a
special emphasis on the second power graph (2 — th power graph), for specific graphs such as
the Mycielski graph of a path and a cycle. We provide the exact values of the packing chromatic
numbers of the second power graph for these graphs. It is worth noting that in the proof of these
theorems, we can also identify the vertex cover of each graph and subsequently use Proposition
1, given that these graphs have a diameter of 2.

First, we determine the exact value of the packing chromatic number of the second power
graph of the Mycielski of a path of order n > 2 using the following theorem.

Theorem 3.1. If n > 2, then x,((u(Py))*) = 2n - [”T_IJ + 1L

Proof. Denote by v;, i € {1,...,n} the vertices of the path P, and by x;, i € {1, ...,n} the corre-
sponding vertices to the vertices v;. Denote by w the vertex connected by the vertices x;.

First, if n = 2, then (u(P,))? is isomorphic to a complete graph Ks. Therefore x,((u(P2))?) =
Xp(Ks) = 5 and we are done. If n = 3, then x,((u(P3))?) is isomorphic to the complete
graph K7 and thus x,((u(P3))?) = 7. Now, suppose that n > 4. In order to prove that

Xp((u(Pp))?) < 2n — l”T_IJ + 1, we form a (211 - l”T_lJ + l) —packing coloring of (u(Py))?
as follows. Let c(v;) = 1 fori =3k+ 1,k € {0, .., [”T_IJ}, and so we have VT_IJ + 1 vertices
colored with 1 and since diam (( U (Pn))z) =2, weget2n— I_”T_IJ vertices with pairwise different

colors from {2, ..., 2n — I_”T"J + 1}. Clearly, this is a packing coloring of a considered graph, and
therefore x, (((Py))?) < 2n— | %1] + 1 for any n > 4, and our upper bound is proved.

Let us now show the lower bound x,((1(P,))?) > 2n — [ %1 ] + 1 holds for any n > 4. Let ¢
be any optimal packing coloring of (u(Py,))?, where n > 4. Since diam(u(P,))?) = 2, the only
color which can be used more than once is 1. Therefore, if c(w) = 1, then c(x;) # 1 for every
i €{1,...,n}. Similarly, since d(w,x;) = 1 and d(w,v;) = 1, ¢(v;) # 1 foralli € {1,...,n}. By
consequence, the color 1 is used only once on (u(P,))>.

However, there are two other methods for coloring the vertices of (u(P,))?, which are as
follows. We can use the color 1 only once on the vertices x;, i € {1,...,n} (since the subgraph
induced by {x;, 1 <i < n} is a complete graph). Therefore, without loss of generality assume
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that ¢(x;) = 1, which implies that the color 1 is used on the vertices v;, i € {1,...,n}. Let
c(vy) = 1fori=3k+1,ke{0,.. I_"T_IJ} and then, the color 1 is used in this case on the
vertices v; at most I_”—*IJ times, not including the only vertex of the set {x;, 1 < i < n}, which is

also colored with 1. So we have L J + 1 vertices colored with 1 on (u(Py))?. The remaining
vertices of (u(P,))? receive pairwise different colors from 1, i.e., color with 21— \_ J additional

colors. Therefore, ¢ uses at least 21 — L” ]J + 1 colors.

We can also use color 1 only on the path P,, as shown below: let ¢(v;) = 1 fori = 3k+1,k €
{0,...,. 15~ i1} "and also, we have in this case [ J + 1 vertices colored with color 1. As a result,
| = 2n+1, we deduce that x, (1 (Pn))?) = (2n + 1)—(L—J + 1)+1 =

[V ((a
2n — lTlJ + 1, and the lower bound is proven. So, based on the above results, we conclude that
Xp((u(Pu))?) = 2n = |51 + 1. O

and since

Figure 6 provides a packing coloring of (u(Ps))?, described in the previous proof.

15

Figure 6. (11(Pg))? and a packing coloring of this graph

The following theorem gives the packing chromatic number for the second power graph of
Mycielski of a cycle.

Theorem 3.2. For n > 3, x,((4(Cy))?) = 2n— %2 ] + 1.

Proof. Denote by v;, i € {1, ..., n} the vertices of the cycle C,, and by xl, i € {1, ..., n} the corre-
sponding vertices to v;. Let w be the neighbor to all vertices x;,i € {1, ..., 1}. As dzam(( (C))?) =
2, the only color which can be used multiple times is color 1.

First, suppose that nn € {3, 4, 5}. The graph (y(Cn))2 is isomorphic to K, and therefore
Xp((4(Cy))?) =21 + 1 and we are done.

Now, suppose that 71 > 6. Let ¢ be a packing coloring of (u(C,))?. We distinguish 3 cases.
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Case 1. c(w) = 1. Then the other vertices of this graph take different colors from 1, i.e.,
c(x;) # 1 and c(v;) # 1 foreveryi € {1,...,n}, since d(w,x;) = 1andd(w,v;) = 1,i € {1,...,n},
and in this case, the color 1 is used only once on (1(C,))>.

Case 2. c(w) # 1. If there exists h € {I,...,n} such that c(x;) = 1, then c(x;) # 1 for
every i # h; i € {1,...,n}, since d(x;,x;) = 1 (note that the subgraph formed by the vertices x;,
i €{l,...,n}is acomplete graph) and in this case the color 1 is used only once on the vertices x;,
i € {1, ..., n}. Hence, without loss of generality, suppose that c(x;) = 1. Then, the coloring ¢ can
assign the color 1 to at most as possible vertices from a subgraph C, as follows. Let ¢(v;) = 1,
i=3k+1landke{l,.., L”T‘3J}. Therefore the color 1 is used I_”T_3J times on the cycle C,, and

since ¢(x1) = 1, we conclude that the color 1 is used | %52 ] + 1 times on (1(Cy))*.

Case 3. Use the color 1 only on the cycle C,. Let ¢(v;)) = 1 fori = 3k + 1 and k €
{0, ..., I_”T_3J}. Therefore, we have |_”3;3J + 1 vertices colored with 1 and the other vertices of

(y(Cn))2 get pairwise different colors from 1. According to the three preceding cases, and as
|V((;,l (Cn))2)| = 2n + 1, we conclude that x,((u (Cy))?) = 2n+1) - (VT%J + 1) +1 =
2n — [%J + 1. Now, we form the following (Zn - L"T_3J + 1) —packing coloring: let c(v;) = 1
fori =3k+1,k€{0,..., I_”T_3J}. The other vertices of this graph receive pairwise different colors
from 1, i.e., from the set {2, s 20— I_”T_3J + l}. It is easy to check that c is a packing coloring
and therefore x,((1(Cy))?) < 2n— %3] + 1.

Finally, we have proven that x,((1(Cy))?) = 2n — [ %532 ] + 1, what completes the proof. O

Figure 7 provides a packing coloring of (1(C,))?, as previously explained in the proof.

19

9 544;54

= _Z==_

Figure 7. A packing coloring of (1(Cy))?
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4 Concluding remarks

In this paper, we investigated the packing coloring of Mycielski graphs. While the packing
chromatic number of a given graph has been studied extensively in literature. As we mentioned
in the first section, the packing chromatic number of the Mycielskian of paths and cycles refine
recent results, where only bounds were given by the authors in [10]. Our contribution in this
paper is to consider these types of graphs by enhancing these results, and determining the exact
values of packing chromatic numbers for Mycielskian of paths and cycles. Since the authors
of the aforementioned paper also provided bounds for the packing chromatic number of some
generalized Mycielski graphs, it would be interesting to consider such a class of graphs and
determine bounds or exact values for the packing chromatic number of generalized Mycielskian
graphs of other classes of graphs (not necessarily paths and cycles). Another open problem that
arises from the second part of our work is determining the packing chromatic number of a p — th
power graph for some other classes of graphs when p > 3 (not necessarily for p = 2).
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