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Abstract In this paper, we prove that every complete biharmonic submanifold (M, g) satisfies

/ HPF(HP) v? < o0,
M

for some smooth strictly positive increasing real function f, in a Riemannian manifold (N, k)
with negative sectional curvature is harmonic, i.e., H = 0, where H is the mean curvature vector
field of (M, g) in (N, h).

1 Introduction

The energy functional of a smooth map ¢ : (M, g) — (N, h) between two Riemannian mani-
folds is defined by

1
=5 / [do o, (1.1)
D

where D is compact domain of M, |dy| is the Hilbert-Schmidt norm of the differential dy, and v9
is the volume element on (M, g). A map ¢ is called harmonic if it is a critical point of the energy
functional (1.1). The Euler Lagrange equation associated to (1.1) is given by (see [2, 5, 11])

m

7(p) =Try Vdp = > [VEdp(e;) — dp(VYe;)] =0, (1.2)
i=1

where {e;}7, is a local orthonormal frame field on (M, g), V is the Levi-Civita connection of
(M, g), V¥ denote the pull-back connection on ¢~ !'TN, and m is the dimension of M. A natural
generalization of harmonic maps is given by integrating the square of the norm of the tension
field. More precisely, the bienergy functional of a map p € C°° (M, N) is defined by

1
D) =3 /D () Po?. (1.3)

A map ¢ € C°(M, N) is called biharmonic if it is a critical point of the bienergy functional,
that is, if it is a solution of the Euler Lagrange equation associated to (1.3)

n(p) = —Trg RN(7(p),dp)dp — Try(V¥) 7 ()

m

—ZRN ), dp(e;))dp(e;) Z V“" Vit

i=1

VéMej(@)] =0, (1.4)
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where RY is the curvature tensor of (V, h) defined by
RN(X,Y)Z = VXVYZ -~ VYVRZ = VX yZ,

where V is the Levi-Civita connection of (N, k), and X,Y, Z € T'(TN) (see [6, 11]).

Let M be a submanifold in (N, k) of dimension m, i : M < (N, h) the canonical inclusion, and
let {e;}, be a local orthonormal frame field with respect to induced Riemannian metric g on
M by h. We denote by V¥ (resp. VM) the Levi-Civita connection of (NN, k) (resp. of (M, g)),
by B the second fundamental form of the submanifold (M, g), by H the mean curvature vector
field of (M, g) in (N,R) (see [2], [10]). The tension field is given by 7(i) = mH. (M,g) is
called a harmonic (resp. biharmonic) submanifold in (N, k) if 7(i) = 0 (resp. 72 (i) = 0).

In [8] and [9], N. Nakauchi and H. Urakawa proved that, if (M, g) is a complete biharmonic
submanifold in (IV, k) with non-positive sectional curvature, and if

/ |H[>v9 < oo,
M

then (M, g) it is harmonic. In this paper, we shall extend the previous result as follows.

Theorem 1.1. Let (M, g) be a complete biharmonic submanifold in (N, h) with negative sec-
tional curvature. We assume that there exists a smooth function f : R — (0, 00) increasing
such that

/A HPS(HP) o7 < . (L.5)

Then (M, g) is harmonic.

2 Proof of Main Theorem

Let H the mean curvature vector field of (M, g) in (NN, h), p a smooth positive function with
compact support on M. We set

&= p*f(|HP) grad |H|?, (2.1)
where f is a real positive smooth function with f(|H|*) = f o |[H[*. Let {X;}7, be a geodesic
frame field at x € M. We have

m
dive =Y X (0 F(H) X (|1HI?)). (2.2)
i=1

By using X (f(|H|*)) = f/(|H*)X(|H[?) for all X € I'(TM), where f’ is the derivative
function of f, we get

m

dive = Y [20Xi(p)f(HP)Xi(IHP) + o2 (IHP) Xa(|HI) Xi(|HP)

i=1

+o f(H )X (X (HP)) ], (2.3)
it is equivalent to the following equation

divé = 2pf(|H|*)g(grad p, grad |H|*) + p* f'(|H|*)| grad |H|*?
+o* f(|H*)AIHP. (2.4)

From the Young’s inequality, we obtain

1
~2pf(|H*)g(grad p, grad |[H|*) < Ap? f(|H|*)?| grad [H[* + | grad p|?, 2.35)
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for all continuous function A > 0 on M. By using the biharmonicity condition of (M, g), and
since the sectional curvature of (IV, h) is negative, we conclude that

AlH? > 2m|H|* + 2|V H|?, (2.6)

where V+ is the normal connection of (M, g) (see [1, 7]). So, from equation (2.4), and inequal-
ity (2.5), we deduce

RLF(HP) = MN(HP)| grad [HPP + 2mg?| H* f(|HP)
12021 (HP) IV HP —dive < {|grad pf 27

Take My = {x € M, |H|, > 0}. We assume that M, # ). By using the divergence Theorem
(see [2]), and the inequality (2.7), we have

/p2{f’(|H|2)*Af(IH\Z)z}lgralelz\zvg+2m/ PPIHF(IHP) o
M, M,

1
+2 [ PHP)IVEHP v < / ~ | grad p* 7, (2.8)
M, M, A
A direct calculation shows that
|grad |H|*|> < 4|H)*|VTH|?, (2.9)

on M. According to inequalities (2.8) and (2.9) with

1

A=
20HPf(IHP)

on M, we obtain the following

/M P f (|HP) grad [HPP o9 + 2m / (P

<2 / |H|* f(|H|?)| grad p|* 7. (2.10)
M.

Let p : M — [0, 1] be a smooth cut-off function with p = 1 on Bg(z), p = 0 off Byr(z) and
| grad p| < %. We suppose that the derivative function f/ > 0. From inequality (2.10), we find

that 4
m HES(HP 0 < o [ HPHP) v @1
Br(z)NM. 2r(2)NM

Since [,, |H|*f(|H|*)v9 < oo, when R — oo, we obtain
[k sm e <o 2.12)
M,

This contradicts our assumption. Hence M, = (). Therefore, (M, g) is harmonic.

O

Theorem 1.1 it is considered as an affirmative answer under the condition (1.5) to the gener-
alized of global version of Chen’s biharmonic conjecture (see [1, 3, 4, 9]).
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