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Abstract Motivated by the recent studies of Ci2-manifolds, which are non-normal almost
contact metric manifolds, in this article we investigate the magnetic curves with respect to con-
tact magnetic fields in C\,-manifolds. Moreover, some properties of twin magnetic curves are
investigated. Finally, some examples are presented.

1 Introduction

Magnetic curves have many applications in physics and differential geometry and play an im-
portant role in these fields. When a charged particle enters a magnetic field, the particle’s
Serret-Frenet vectors are influenced by this field, resulting in a force called the Lorentz force.
With the effect of this force, the particle follows a new trajectory within this field. This trajectory
is called a magnetic curve.

The study of magnetic curves in arbitrary Riemannian manifolds was further developed
mostly in the early 1990s, even though related pioneer works were published much earlier. We
can refer to Arnold’s problems concerning charges in magnetic fields on Riemannian manifolds
of arbitrary dimensions, commented on by Ginzburg in [13], and references therein.

Due to the importance of curves and surfaces in physical sciences. Recently, several works
have appeared related on this topics, especially in three-dimensional case with different condi-
tions. We mention, for example, [15, 18].

One can easily understand the relation between magnetic fields and almost-contact metric
manifolds in the following manner: Denoting by (M, g) an oriented 3-dimensional Riemannian
manifold endowed with the volume form dvg, it is known that the space of all smooth 2-forms is
identified with the space of all smooth vector fields via the Hodge star operator. Let now F denote
a magnetic field on (M, g, dv,), V its corresponding divergence free vector field, and V? the dual
I-form of V' with respect to the metric g. If V is unitary, then one can show that (®,V, V") is an
almost contact structure on M where ® is a skew-symmetric tensor field of type (1, 1) called the
Lorentz force corresponding to F via g. In other words, a dynamical system (M, g, F), given by
an oriented 3-dimensional Riemannian manifold (M, g) together with a magnetic field F having
the corresponding divergence-free vector field unitary, may be thought of as an almost contact
metric manifold with closed fundamental 2-form [2]. For this reason, recently, several works
have focused on magnetic curves corresponding to magnetic fields in normal almost contact
metric manifolds. For example, see [11, 12, 14, 16, 17].

The almost contact metric manifolds were completely classified in [9]. An important class of
these manifolds are the C,-manifolds which are not normal. Recently, several works have been
published on this class of almost contact metric manifolds, for example, see [3, 4, 5, 6, 8].

The main objective of the present paper is the study of trajectories for particles moving under
the influence of a contact magnetic field in C\,-manifolds.

The article is organized as follows: After collecting in Sections 2 and 3 the necessary gen-
eral results needed in the sequel, in Section 4 we study contact magnetic trajectories in 3-
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dimensional C\y-manifolds and give the necessary and sufficient conditions for a regular curve
on 3-dimensional C\y-manifolds to be a normal magnetic curve. Moreover, we establish an inter-
esting class of magnetic curves called "twin magnetic curves" and give a nice characterization
for them. We also study a more special type of normal magnetic curve; we will call them "Bi-
magnetic curves"”, which correspond to two contact magnetic fields at the same time. Finally, we
present many examples that justify their study.

2 Three dimensional C/,-manifold

2.1 Definitions and properties

An odd-dimensional Riemannian manifold (M*"*', g) is said to be an almost contact metric
manifold if there exist on M a (1, 1)-tensor field o, a vector field ¢ (called the structure vector
field) and a 1-form 7 such that

n&) =1,
P (X) = —X +n(X)¢, (2.1)
g X, pY) = g(X,Y) — n(X)n(Y),

for any vector fields X, Y on M.
In particular, in an almost contact metric manifold we also have

wE=0 and nop=0.
The fundamental 2-form ¢ is defined by
P(X,Y) = g(X,¢Y). 2.2)
It is known that the almost contact structure (@, &, n) is said to be normal if and only if
NO(X,Y) = N,(X,Y) +2dn(X,Y)E =0, (2.3)
forany X, Y on M, where N, denotes the Nijenhuis torsion of y, given by
No(X,Y) = @ [X, Y]+ [0X, Y] = ¢[pX, Y] — [ X, ¢Y]. 24)

In the classification of D. Chinea and C. Gonzalez [9] of almost contact metric manifolds there
is a class called C\y-manifolds which can be integrable but never normal. In this classification,
C2-manifolds are defined by

(Vxo)(Y, Z) = n(X)n(Z)(Ven)pY —n(X)n(Y)(Ven)eZ. 2.5)
In [6] and [8], The (2n + 1)-dimensional C,-manifolds are characterized by:
(Vxe)Y = n(X)(w(@Y)E +n(Y)ev), (2.6)

for any X and Y vector fields on M, where w = —(ng)b = —Ve¢n and v is the vector field
given by
w(X) = g(X, ) = —g(X, V¢g),
for all X vector field on M.
Moreover, in [6] the (2n + 1)-dimensional C\,-manifolds is also characterized by

dn=wAn do=0 and N, =0. 2.7
Here, we emphasize that the almost C,-manifolds is defined by the following:

Definition 2.1. Let (M?"*!, ¢, £, 7, g) be an almost contact metric manifold. M is called almost
C'12-manifold if there exists a one-form w which satisfies

dn=wAn and d¢ = 0.

In addition, if IV, = 0 we say that M is a C'j>-manifold.
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In dimension 3, one can get the following:

Theorem 2.2. [6] Let (M3, ¢, &1, g) be a 3-dimensional almost contact metric manifold. M is
C2-manifold if and only if
Vx&=-n(X)y, (2.8)

where 1 = =V ¢&.

All of the above definitions of the C,-Manifolds (2.5),(2.6) and (2.7) have been shown to
be equivalent (see [6, 8]). The following proposition provides another characterization of 3-
dimensional C'\>-Manifolds.

Proposition 2.3. Let (M3, ¢,£,n, g) be a 3-dimensional almost contact metric manifold. M is
Cl2-manifold if and only if
Vex€ = 0. (2.9)

Proof. 1t is sufficient to prove that V,x{ = 0 and Vx{ = —n(X)y are equivalent with ¢ =
—V¢&. Suppose that Vx & = —n(X )1, so it is easy to see that V,x& = 0.

Conversely, suppose that V,x¢ = 0 and replacing X by X using the formula ¢©*X =
—X 4+ n(X)¢&, we obtain V x& = n(X) V€. This completes the proof. i

In [6], the authors studied the 3-dimensional unit C,-manifold i.e. the case where 1 is a unit
vector field and w is a closed 1-form. That is

n() =w(y) =1, nY) =w(§) =0 and dw = 0.

We get immediately that {£,4, ¥} is an orthonormal frame, and as long as the three vector
fields for this basis are global, the manifold is parallelizable, this means that its tangent bundle
is trivial (that is, isomorphic to the product, M x R?).

In this case, we are interested in the study of magnetic curves, for this we need the following
Proposition

Proposition 2.4. [6] Let (M3, ¢, &, 1, g) be a 3-dimensional unit Cyp-manifold. We have
Vel =—¢p Ve =¢ Vepy =0
Ve =0 V=0 Voo =0
Vep =0 Veyph = (=1 +divp)p Vg = (1 —divy)y.

To clarify these notions, we give the following class of examples:

2.2 Class of examples

We denote the Cartesian coordinates in a 3-dimensional Euclidean space R® by (1, %2, x3) and
define a symmetric tensor field g by

7(z1, 72, 73)? 0 0
9= 0 K(21, 22, 3)? 0 7
0 0 w(xy, 22, 23)2

where T, k and  are functions on R® and tru # 0 everywhere. Further, we define an almost
contact structure (p,€,m) on R? by

0 0 O ] 1
Y = 0 0 7% ’ é-:; 0 ) 77:(7707())'
0 ﬁ 0 0

Notice that dn = Tydxs A dxy + T3dx3 A dwy = w Anwithw = 2dxy + Zdrs, where T; = %

(The index always indicates the derivative). Therefore
R IR W
T2 Oz TP? O3’

’(p:
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Now, we can see that

[y]? = %(;—% + ;32) and dw = (%)ldxl Adxy + (?)ldaﬂ A dx3.

We give the following orthonormal basis
1 0 1 0 1 0
§=—-5— =5

€] = — €) = ——.
70z’ Kk Oy’ 1 Ox3

So, the components of the Levi-Civita connection corresponding to g are written

- _n _ 13 = T2 = B3
Vel = —2er — ey, Veep = 2€, Veer = 22€,
— Kk — K K . K
v61§ - ?7]—617 Velel - _ﬁg - N;eZ) velez - H;eh
— M — K2 — 231 2
Ve, § = T2 Ve,e1 = o €2 Ve,e2 = *EE ~ wu €l

Using Theorem ??, one can check that (R3, p,&,n, ) is a 3-parameter family of Cyo-manifolds
if and only if

Ve = ey = —nle) (e + e

where i € {0,1,2} witheg = ¢, i.e.

T T
Vel = ——¢ — —e3, Vel =V,&=0.
KT T

From the above components of the Levi-Civita connection, we get

k1 = pp = 0.

3 Magnetic Curve

3.1 Slant curves

Let (M, g) be a 3-dimensional Riemannian manifold with Levi-Civita connection V. + is said to
be a Frenet curve if there exists an orthonormal frame {E\ = , E», E5} along -y such that

Vg E = KE;, Vg Ey=—KkE| +1E3 Vg Bz =—1E. 3.1
The curvature k is defined by the formula
k= V5. (32)
The second unit vector field F; is thus obtained by
Vi = kE,. (3.3)
Next, the torsion T and the third unit vector field Fs are defined by the formulas
T = |V4E) + KE|| and ViEy + kB = TE;s. (3.4)

The concept of slant curve in almost contact metric geometry was introduced in [10] with
the constant angle 0 between the tangent and the Reeb vector field. The particular case of
0e{7, 37”} is very important since we recover the Legendre curves of [3].

Definition 3.1. v : [ — M be a Frenet curve on M. The structural angle of +y is the function
6 : 1 — [0,27] given by
cost = g(4,€) = n(3). (3.5)

where ¥ = % with s is the arc length parameter. The curve + is a slant curve if § is a constant

function. particularly if () = 0 the curve ~ is called Legendre curve.
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3.2 Magnetic curves

Magnetic curves represent, in Physics, the trajectories of charged particles moving on a Rieman-
nian manifold under the action of magnetic fields. A magnetic field F' on a Riemannian manifold
(M, g) is a closed 2-form F and the Lorentz force associated to F is an endomorphism field ®
such that, for any X andY vector fields on M

F(X,Y) = g(®X,Y). (3.6)

The magnetic trajectories of F' are curves v in M that satisfy the Lorentz equation (called also
the Newton equation)
Vi = ¢7, G.7)

which generalizes the equation of geodesics under arc length parametrization, namely, V7 = 0.
Here V denotes the Levi-Civita connection associated to the metric g. A magnetic field F' is said
to be uniform if VF = 0.

It is well-known that the magnetic trajectories have constant speed. When the magnetic curve
~(s) is parametrized by the arc length, it is called normal magnetic curve.

4 Magnetic Curves in Three-Dimensional C'|;-manifold

4.1 Magnetic Curves in Three-Dimensional C';-manifold

In the following we investigate contact magnetic curves on 3-dimensional C\y-manifold. Let
(M, p,&,n,9) be a 3-dimensional Cy-manifold and ¢ the fundamental 2-form defined by (2.2).
Since d¢p = 0, we can define a magnetic field on M by

Fy(X,Y) = qp(X,Y), 4.1)

for all X and Y vector fields on M and q is a real constant. We call F;, the contact magnetic
field with strength q. It should be pointed out that there is no danger of confusion in using the
word contact for the magnetic field, recall that our setting is a C2-manifold which is not contact
and not normal.

Notice that if ¢ = O, then the contact magnetic field vanishes identically and the magnetic
curves are the geodesics of M. In the sequel we assume q # 0.

The Lorentz force ®, associated to the contact magnetic field F, may be easily determined
combining (2.2),(4.1) and (4.1), that is

D, = —qop, 4.2)

where @ is the field of endomorphisms of the almost contact metric structure. Let vy be a normal
magnetic trajectory in a three dimensional C'y-manifold M with respect to the Lorentz force qp.
Namely, v = v1€ + 720 + 30 is parametrized by the arclength and it satisfies

Vit = apy, (4.3)
where q is a real constant. The solutions of Eq. (4.3) are called normal magnetic curves or
trajectories for F,. The first fundamental result is the following one.

Proposition 4.1. Every normal contact magnetic curve on a 3-dimensional unit C\,-manifold
satisfies

=N,

Hr = =q¥3 + 47 — A3 (1 = dive), (4.4)
3 = g + (1 — dive).

Proof. If we denote v(s) = v1(s)€ + 72(s)9 + v3(s)p1) then

=u@ =0 = g3,6)
= 9(V5%,6) +9(5, V5¢)
9(qey, &) —n(¥)g(v, )

= —N.
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Knowing that 4, = g(%,) and using Proposition 2.4, we have

Yo = %9(’% Y)
= 9(Vs9,9) +g(%, V5¢)
= g(gp¥:¥) + 193, Ver) + 3929(%: Vo) +339(%, Vopth)
=~ +47 — (1 - divy).

Also, we have

Bo= %g(% ev)
= 9(Vyh0v) +9(%, Vi)
= g+l —divy).
This completes the proof. O
Conversely, we have the following proposition:

Proposition 4.2. Any regular curve ~ in a 3-dimensional unit Cyy-manifold satisfies system
(4.16) such that

1 . )
7(’)’3 —4243(1 — dive)) = const  with 4, #0
2

or

1 .
— (Wf — 4y — 3 (1 — divy))) = const  with 43 #0,
73

is a normal contact magnetic curve.
Proof. Let~y: I — M be acurve on M. Then we have
Vi = V(1€ + 9 + p9)
=NE+ NV5E + 0 + 1V + G309 + 3V50¢0
=51& = ()Y + 520 + 2 (Ve + 72Vpth + 13Vept))
+ 43 (11 Ve + %Vt + 3Veypet),

with the help of Proposition 2.4, one can get

Vid = (31 + n92)€+ (52 — A1 + 43 (1 — dive) )y

+ (53 — A2 ¥3(1 — divey) ) . 4.5)
Let’s use the first hypothesis in system (4.16) i.e. 4; + 7§17, = 0, we obtain
Vid = (2 =41 + 431 = dive)) ) + (95 — Faa(1 - divep) ). (4.6)

knowing that || = 1 i.e. 4191 + 422 + Y353 = O then, one can note that there are two cases for
discussion:
1) If 4, # 0O then, from (4.6) we get
V4 = =93 (93 — 293(1 — dive)) ) o + 42 (53 — 3293 (1 — dive) ) i
= (43 = A293(1 — div))) (=3¢ + A1)
= (%3 — 293(1 — divep) ) .
Then, v is a normal contact magnetic curve with

1 .
¢ = = (1 = Ais(1 - divy).
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2) If 43 # 0 then, from (4.6) we obtain

VY =432 = 47 + A3 (1 = dive)) v + 43 (53 — 3293 (1 — dive)) oy
=43(%2 — A1 + 45 (1 — div)) )9 (= 4141 — %2 — 293 (1 — dive) ) o)
=452 — 47 + 43 (1 — divep)) v + (3192 — 292 — 293 (1 — divep) ) )
=452 — 47 + 43 (1 = divep))y + 3 (57 — 42 — 43(1 — divey) )i

= (31 — %2 — 33 (1 — dive))) (=939 + Sa09)
= (41 = %2 = 13 (1 — dive))) .
Therefore,  is a normal contact magnetic curve with
1

q= %(% — 42— 43 (1 — dive))).

4.2 Twin Magnetic curves on 3-dimensional unit C';;-manifold

A very interesting remark arises in the case of 3-dimensional unit C\,-manifold. It’s the existence
of another interesting closed 2-form on M. Knowing that dn = w A n let us set ¢ = 2w A n i.e.
for all X andY vector field on M we have

FX.Y) = g(w(X)E —n(X)p,Y). “.7)
Since the 2-form ¢ is closed, we can define a magnetic field on M by
Fy(X,Y) = d(X,Y) 4.8)
The Lorentz force &Dq associated to the magnetic field F‘q may be easily determined by
®; = Gp, 4.9)

where X = w(X )& — n(X).

A regular curve vy is said to be a twin normal magnetic curve in a three dimensional unit
C2-manifold M with respect to the Lorentz force q@ if it is parametrized by the arclength and it
satisfies

Vv = 4y, (4.10)
where q is a real constant. The first fundamental result in this direction is the following one.

Theorem 4.3. Let (M3, p,&,n,g) be a 3-dimensional unit Cyy-manifold and v = v£ + b +
Y30 be a regular curve on M. Then, v is a twin normal magnetic curve if and only if

Y1 = q%2 — Y172,
Fo = =@ + A7 — 3 (1 - divy), 4.11)
¥z = y3(1 — dive).
Proof. According to the notation used, we have
&Y = N@GE+ @Y + 3Py
= & —nv, 4.12)

then, with the help of Propositions 2.4, we get

o= %9(%5)
= 9(V49,8) +9(3, V58)
9(3@%,€) +19(, Ve€) +329(%, V&) + 39(5, Vipu§)
= Jn—"n.
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And

o = %9(% V)
= g(Vs¥,¥) +9(, Vs2)
= 9(@7,v) + 19(¥, Verb) +329(%, Vb)) + 339(F, Vi t))
= =@ 57 — 33 (1 - divy).

Also, we have

3 = d%g(% @)
= 9(Vs9, 0¥) +9(7, Vyob)
9(@@%, ) + 9%, Vep) + 329(%, Vo) +439(F, Voy )
= Joy3(1 —divy).

Conversely, just replace equations (4.11) in the formula (4.5), directly we find
v"y’y = q‘@,y’
which completes the proof. O

While this is an area of possible future research especially for the general case (i.e || # 1),
we focus in the rest of this paper, on the case where divyp = 1. Consequently, from (4.11) we get

M= (7— )%
2= (1 — D, (4.13)
5y = 0.

We put 43 = ¢y € R and discuss the following two cases:
If 41 = G we get 4 = by € R then

¥ = G€ + botb + copt),
ie.
v = (Gs + a1)€ + (bos + b1)Y + (cos + c1) .

If 41 # G, we deriving the first equation in (4.13), we get

Ty =19 + (@ =)
Using the first and the second equations from (4.13), we obtain

fF=r+rU+a=0
where f = 41 — §. With the help of computer algebra software, we get two solutions:

St stu

= de h= de (4.14)

s+ 27 s+ st+p 2
44N (eT + zq) 4e3 4 )2 (2qu + 1)

where A and p are constants and X # 0. Then

;Yl:q—i_f? and ’.}/2:7?7
ie.
Y :q~s+/fds and v = —Inf,
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where

/flds = 2arctan (;\ <2tj—|— e‘i“)) ,

and
2 st
/f2ds = 2arctan <)\(j + X(l + A2§)2e§> .
Based on these facts, we give the following theorem:

Theorem 4.4. Let (M3, p,¢,1, g) bea 3-dimensional unit C\o-manifold with divy) = —divV¢{ =
1 and consider the contact magnetic field Fj for § # 0 on M. vy is a twin normal magnetic curve
associated to Fy in M if and only if

v = (gs + a1)& + (bos + b1)y + (cos + c1) ).

i.e. the curve is slant, that is the angle 0 € [0, 7| between T =+ and & is constant. Or,

y= ((js + /fds)g — (In f) + (cos + c1) 1.

where f is a well-known function given above.

4.3 Bi-Magnetic curves

Since there are two closed 2-forms in 3-dimensional unit C\,-manifold, which implies the ex-
istence of two magnetic fields on the same manifold, one can ask if it is possible to define a
magnetic curves associated to F, and Fj in M at the same time?

In other words, Magnetic curves represent, in Physics, the trajectories of charged particles
moving on a Riemannian manifold under the action of magnetic fields. Thus, these charged
particles can be exposed to more than one magnetic field. Therefore, the above question is
legitimate. Let’s give here at least one consistent mathematical answer and related to the space
covered in this study.

Let (M3,¢,&,m,9) be a 3-dimensional unit Cyy-manifold with diviy) = 1 and consider the
contact magnetic fields F, and Fq on M. Let vy be a normal magnetic curve associated to F,
and Fy in M at the same time we will call it "normal contact Bi-magnetic curve”. Based on the
above notation, one can get

Vig = qv¥ + 497 (4.15)

The fundamental result here is the following one.

Proposition 4.5. Every normal contact Bi-magnetic curve on a 3-dimensional unit C\-manifold
satisfies

1 =527 =),
Hr = =413 — 1) — 43 (q + (1 — divep)3), (4.16)
H3 =42 (q + (1 — divep)7s).

Proof. One can adapt Theorem 4.3. O

In this interesting situation, we suffice to note that for divyp = 2, 4y = § and 3 = q it results

v = (Gs + a1)€ + (aas + b))y + (gs + b3) ),

where a; and b; are arbitrary constants. This confirms the existence of the normal contact Bi-
magnetic curves on a 3-dimensional unit C',-manifold.
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4.4 Curvature and torsion of twin Magnetic curves

On an arbitrary oriented Riemannian 3-manifold one can canonically define a cross product x
of two vector fields X and Y on M as follows:

g(X xY,2) = dv,(X,Y, Z), 4.17)

for any vector fields Z on M. where dvg denotes the volume form defined by g. When M is an
almost contact metric 3-manifold, the cross product is given by the formula X and'Y on M as
follows [7]:

X xY =g(eX, V) —n(Y)eX +n(X)eY. (4.18)
Note that for the fundamental basis {£,, o1} of a 3-dimensional unit Cyp-manifold (M, ¢, &, 1, g),
we have

X &= —¢7, X oY = oy (4.19)

Take the Frenet frame field {T, N, B} along ~ . By definition T = 4. Hence, the magnetic
equation is written as

V.4 = q@5 = kN. (4.20)
Let’s define the twin contact angle as the angle 0(s) € [0, 7] made by v with the trajectories
of g, that is we have 5
cos = g(¥, ) = co.
From (4.20), one can get

K= FPe(@y.0Y) = (i +9) =3¢ - )

= § sin” 4.

Thus, k = |q| sin@ with 0 < § < w. Assume that ~ is a non-geodesic normal magnetic curve,
then from (4.20) we have

N = %@7. 4.21)

Next, the binormal vector field B is obtained from the formula

B=4xN = Ziyxgi
K
= %7 X (€ — 1)
= %(cos (1€ + 4t) — sin® 67301/})
_ Q(Cos G4 — W)- (4.22)
K

The covariant derivative of the binormal may be computed as

q i -
VyB = E(cos@ Vi — wa)
2
= Losh &Y. (4.23)
K

Comparing this with
VB =—7N=-"1g4,
K
we obtain the expression of the torsion of vy, that is

T = —({Ccos 0.

Notice that
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Theorem 4.6. Let (M3, ¢, &, 1, g) be a 3-dimensional unit Cya-manifold with divi) = —divV¢& =
1 and let y be a twin normal magnetic curve corresponding to the contact magnetic field Fy for
G # 0on M. Then ~ is a helix with

k=|Gsinf and T = —Gcos.
with0 <0 <7

Example 4.7. From the above class of examples, let’s taking 7 = k = i withy > 0 and p = 1.
That is, The metric g becomes

1
g= —z(clx2 + dy?) + d2>.
Y

With respect to the metric g an orthonormal basis is

0 0
€1 :y%7 62:y@a 63257

and it’s dual frame (%) is given by

o' = édm, 6> = %dy, 6> = dz.

The non-zero components of the Levi-Civita connection V with respect to g are
Ve €1 =€ and Ve €2 = —ey.
Easily, we can verify that V., e; = 0'(e;)e; for all i € {1,2,3}. So, taking
E=e, n=0" o=0e—0 Des,

one can see that (M, ¢, &, 7, g) is a 3-dimensional C},-manifold with ¢» = —e, and divy) = 1.
Letus choose acurve: v : I — M by v(s) = ase;+e;—(a?—1)se3 witha € R—{~1,0,1}.
We see that
i =ae; — (a* — 1)es.

Now,
V57 = Viae,—(a2=1)e5) €1 — (® - Des) = a’es.
Again
¢y = (o = 1ey. (4.24)
So,

2
«
Viy = —5—¢7.
Hence, the curve is a normal contact magnetic curve.
On the other hand, we have

ie
Vg = apy.
and this means that  is a twin magnetic curve too.
For ~ to be a normal contact Bi-magnetic curve, it is necessary that

aZ

agy = ﬁ@’%

witch implies
?—a—-1=0,

and this equation has two solutions o) = # (the Golden ratio) and oy = 1*2\6.
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4.5 Conclusion remarks and open question

The question remains open about the stability of these results and their validity for divy) # 1 or
for dimensions greater than three. In other words, what happens for the cases where divip # 1
or dimM > 37?.
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