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Abstract In this paper, we try to establish that generalizing the theory of algebraic structures
to structures equipped with actions and hyperoperations can be effective and useful in expand-
ing the rules on any arbitrary set and reducing algebraic limitations. This paper considers the
concept of general multirings as an extension of multirings and investigates and analyzes some
of their essential properties. This study defines the notation of hyperideals in general multir-
ings consider the notation of homomorphism and prove the (general) theorems isomorphism in
general multirings, via fundamental relations.

1 Introduction

An extension of algebraic structures is playing a prominent role in the sphere of mathematics.
One such generalization of algebraic structures is the notion of multigroups. Multigroups are a
generalization of groups and have come into the center of interest. The theory of multigroups,
multirings, and multifields was introduced by Marshall as a generalization of groups, rings, and
fields in [15]. Some researchers have investigated some works in this scope such as on cyclic
multigroup family [1], On some algebraic properties of order of an element of a multigroup
[2], theory of multigroups [5], homomorphism of fuzzy multigroups and some of its properties
[6], some properties of multigroups [7], multigroup decodable STBCs from clifford algebras
[14] and neutrosophic multigroups and applications [19]. It provided a convenient framework
to study the reduced theory of quadratic forms and spaces of orderings. A multiring is just a
ring, which is equipped to a hyperaddition and multirings are considered in spaces of signs, also
known as abstract real spectra and objects which arise naturally in the study of constructible
sets in real geometry. Recently, some researchers are worked in the scope of (hyper)ring and
multiring which are related to multiring structures such as 1-absorbing prime avoidance the-
orem in multiplicative hyperring [9], permuting tri-derivations on hyperrings [16], functorial
relationships between multirings and the various abstract theories of quadratic forms [17] and
on idempotent graph of rings [18]. Fundamental relations are basic tools in algebraic hyper-
structures theory and some researchers worked on fundamental relations of hypergroups and
hyperrings such as commutative rings obtained from hyperrings (hv-rings) with α∗–relations
[4], boolean rings obtained from hyperrings with η∗1,m relations [8], fundamental relation and
the automorphism group of very thin Hv–groups [10] and on (2-closed) regular hypergroups
[13]. Hamidi et al. constructed multigroups and multirings on every non–empty set, introduced
and analyzed a special relation on multirings and extended it to the smallest strongly regular
equivalence binary relation in such a way that the quotient of each given multiring on this re-
lation is a commutative Boolean ring with identity [3]. Ameri et al. extended multirings to a
novel concept as general multirings, investigated their properties, and presented a special gen-
eral multiring as a notation of (m,n)-potent general multirings. They analyzed the differences
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between the class of multirings, general multirings, and general hyperrings and constructs the
class of (in)finite general multirings based on any given nonempty set [11]. Borumand Saeid
et al. introduced the concepts of very thin multigroup, non-distributive (very thin) multirings,
zero-divisor elements of multirings, and zero-divisor graphs based on zero-divisor elements of
multirings. They considered the relationship between finite nondistributive (very thin) multirings
and multirings and constructed non-distributive (very thin) multirings based on a given ring.
They introduced the Zero-divisor graph based on the zero-divisor set of (non-distributive) (very
thin) multirings, so investigated some necessity and sufficiency conditions that compute of or-
der and size of these zero-divisor graphs. Also, the notations of derivable zero-divisor graphs
and derivable zero-divisor subgraphs are introduced in this study and showed that some mul-
tipartite graphs are derivable zero-divisor graphs, all complete graphs, and cyclic graphs are
derivable zero-divisor subgraphs [12]. We try to generalize the concept of multirings to general
multirings, to describe some of their properties and their differences with multirings and general
hyperrings. This paper works on the construction of general multirings and shows that this class
of hyperstructures has some identity elements while having a unique zero element. It is natural
to question as to what are the relationships between elements whence are considered in the same
set concerning algebraic operations. Since any operation at most connects three elements, we
need to extend more elements in defined axioms. It motivates us to introduce the concept of two
algebraic hyperoperations in an underlying set. So the main motivation is to introduce some
identity elements concerning algebraic hyperproduct and to consider the differences between
other hyperstructures and structures. We obtained some theorems and corollaries that in special
conditions are similar to corresponded theorems in (non-associative)rings, so we conclude that
general multirings are a generalization of (non-associative)rings. Because in general multirings
the hyperproduct of any element to zero element necessarily is not zero element, so the concept
of the kernel of homomorphisms and isomorphism theorems are different from corresponding re-
sults in other hyperstructures. multifields, which play an important role in tropical geometry. So
we introduce the concept of tropical general multiring as an application of general multirings.

2 Preliminaries

In what follows, we recall some results that need to in our work.
Let R ̸= ∅ and P ∗(R) = {S | ∅ ̸= S ⊆ R}. Every map ϱ : R × R −→ P ∗(R) is a hyperop-

eration, (R, ϱ) is a hypergroupoid and ∀ A,B ⊆ R, ϱ(A,B)
⋃

a∈A,b∈B

ϱ(a, b). A semihypergroup

is a hypergroupoid (R, ϱ), if is satisfied in associative property and semihypergroup (R, ϱ) is
called a hypergroup if satisfies in reproduction axiom. A commutative hypergroup (R, ϱ) is said
to be a commutative multigroup, provided that (i) ∃! e ∈ R s.t ∀x ∈ R, ϱ(e, x) = ϱ(x, e) = {x},
(ii) ∀ x ∈ R ∃! ς(x) ∈ R s.t e ∈ ϱ(x, ς(x)) ∩ ϱ(ς(x), x), where ς : R → R is a unary operation,
(iii) x ∈ ϱ(y, z) implies y ∈ ϱ(x, ς(z)) and z ∈ ϱ(ς(y), x). A hypersystem (R, ϱ, ς, e, υ, ι) is
called a multiring if (i) (R, ϱ, ς, e) is a commutative multigroup, (ii) (R, υ, ι) is a commutative
monoid, (iii) ∀ x ∈ R υ(x, ι) = ι, (iv) ∀ x, y, z ∈ R υ(x, (ϱ(y, z)) ⊆ ϱ(υ(x, y), υ(x, z)). A
hypersystem (R, ϱ, υ) is called a general hyperring if (i) (R, ϱ) is a hypergroup, (ii) (R, υ) is a
semihypergroup and (iii) ∀ x, y, z ∈ R, υ(x, (ϱ(y, z)) = ϱ(υ(x, y), υ(x, z)). A map f : R → R′

is a multiring homomorphism if, ∀ x, y ∈ R; (i)f(ϱ(x, y)) ⊆ ϱ′(f(x), f(y)), (ii)f(υ(x, y)) =
υ′(f(x), f(y)), (iii)f(ς(x)) = ς ′(f(x)), (iv)f(e) = e′ and f(ι) = ι′. Let (R, ϱ, υ) be a hyper-
ring and θ be an equivalence relation on R. Consider R/θ = {θ(r) | r ∈ R} and define ϱ and
υ by ϱ(θ(a), θ(b)) = {θ(c) | c ∈ ϱ(ρ(a), ρ(b))} and υ(θ(a), θ(b)) = {θ(c) | c ∈ υ(θ(a), θ(b))}.
In [?] it was proved that (R/θ, ϱ, υ) is a ring if and if only θ is strongly regular. Let U be the
set of all finite hyperaddition of finite products of elements of R. Define relation γ on R by
aγb ⇐⇒ ∃ u ∈ U s.t {a, b} ∈ u. The smallest strongly regular equivalence relation γ∗, on R that
( R
γ∗ , ϱ, υ) means a ring, is said to be a fundamental relation.

Definition 2.1. [3] A hypersystem (R, ϱ, ς, e, υ, ι) is called a general multiring if

(i) (R, ϱ, ς, e) is a multigroup,

(ii) (R, υ) is a semihypergroup,

(iii) ∀ x ∈ R, e ∈
(
υ(e, x) ∩ υ(x, e)

)
and x ∈

(
υ(ι, x) ∩ υ(x · ι)

)
,
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(iv) ∀ x, y, z ∈ R, υ(x, (ϱ(y, z))) ⊆ ϱ(υ(x, y), υ(x, z)) and υ(ϱ(x, y), z) ⊆ ϱ(υ(x, z), υ(y, z)).

Clearly, every multiring is a general multiring. A general multiring (R, ϱ, ς, e, υ, ι) is called a
((υ)-commutative)(ϱ)-commutative general multiring, if it is commutative with respect to hy-
peroperation (“υ”)“ϱ” and a commutative general multiring, if it is (υ)-commutative and (ϱ)-
commutative.

Theorem 2.2. [3] Let (R, ϱ, ς, e, υ, ι) be a general multiring and A,B ⊆ R. Then

(i) ς(A) = {ς(a) | a ∈ A},

(ii) e ∈ ς(A,A),

(iii) if C ⊆ ϱ(A,B), then A ∩ ϱ(C, ς(B)) ̸= ∅,

(iv) ς((ς(A) = A and ϱ(e,A) = A = ϱ(A, e),

(v) if e ∈ ϱ(A,B), then A ∩ ς(B) ̸= ∅(ς(A) ∩B ̸= ∅),

(vi) e ∈ (υ(e,A)) ∩ (υ(A, e)) and A ⊆ (υ(ι, A)) ∩ (υ(A, ι)),

(vii) ϱ(e, ς(A) = ς(A) and ϱ(A, ς(e)) = A,

(viii) if A ⊆ B, then ς(A) ⊆ ς(B).

Theorem 2.3. [3] Let (R, ϱ, ς, e, υ, ι) be a general multiring and a, b, c, d ∈ R. Then υ(ϱ(a, b), ϱ(c, d)) ⊆
ϱ(υ(a, c), υ(a, d), υ(b, c), υ(b, d)).

Theorem 2.4. [3] Let p be a prime and R = Zp∪{
√
p}. Then in general multiring (R, ϱ√p,−, 0, υ√p, 1),

we have

(i) HI(R) = {R, {0}, {0,√p}},

(ii) M = {0,√p} is the only maximal hyperideal of R.

Theorem 2.5. [3] Let p be a prime, k ∈ N and R = Zpk ∪ {√p}. Then in the general multiring
(R, ϱ√p,−, 0, υ√p, 1), we have

(i) HI(R) = {R, {0}, I(m)
p | 1 ≤ m ≤ pk−1},

(ii) |HI(R)| = k + 2,

(iii) m ≤ m′ if and only if I(m)
p ⊇ I

(m′)
p , where 1 ≤ m,m′ ≤ pk−1,

(iv) I
(1)
p is the only maximal hyperideal of R.

3 Quotient general multiring construction

In this section, we apply the concept of (strongly) homomorphism on general multirings and
with this regards (strongly)homomorphisms, generate hyperideals. It is presented the notation
of kernel of homomorphisms and so is concluded the general isomorphism theorems.

Definition 3.1. Let (R, ϱ, ς, e, υ, ι) be a general multiring and ∅ ≠ I ⊆ R. We say

(i) I is a general submultiring of R, if (I, ϱ, ς, e, υ, ι) is a general multiring;

(ii) I is a hyperideal of R, if ϱ(I, ς(I)) = I and υ(R, I) ∪ υ(I,R) ⊆ I .

We will denote the set of all hyperideals of general multiring R by HI(R).

Theorem 3.2. Let (R, ϱ, ς, e, υ, ι) be a general multiring and I be a hyperideal of R. Then

(i) e ∈ I.

(ii) if ι ∈ I , then I = R,

(iii) ∀ r ∈ R, x ∈ I, n ∈ N, we have ϱ (υ(r, x), υ(r, x), . . . υ(r, x))︸ ︷︷ ︸
n times

⊆ I ,
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(iv) if x ∈ I , then ς(x) ∈ I .

Proof. Immediate.

Theorem 3.3. Let (R, ϱ, ς, e, υ, ι) be a general multiring and ∅ ≠ I ⊆ R. Then I is a hyperideal
of R if and only if satisfies in the following conditions:

(i) ∀ x, y ∈ I, ϱ(x, ς(y)) ⊆ I,

(ii) ∀ r ∈ R and x ∈ I , we have υ(r, x) ∪ υ(x, r) ⊆ I .

Proof. It is obvious.

Theorem 3.4. Let (R, ϱ, ς, e, υ, ι) be a general multiring and ∅ ̸= I ⊆ R. Then I is a general
submultiring of R if and only if satisfies in the following conditions:

(i) ι ∈ I,

(ii) ∀ x, y ∈ I, ϱ(x, ς(y)) ⊆ I,

(iii) ∀ x, y ∈ I, υ(x, y) ⊆ I .

Proof. The proof is obtained by definition.

Example 3.5. Let R = {e, ι, a, b}. Then (R, ϱ, ς, e, υ, ι) is a general multiring as follows.

ϱ e ι a b

e e ι a b

ι ι R {ι, a} {ι, b}
a a {ι, a} R {a, b}
b b {ι, b} {a, b} R

and

υ e ι a b

e e e e e

ι e ι a b

a e a a a

b e b a {a, b}

.

Then HI(R) = {I = {e}, J = R}.

A map f : R → R′ is called a general multiring (strongly) homomorphism if, ∀ x, y ∈
R we have (i)(f(ϱ(x, y)) = ϱ′(f(x), f(y)))f(ϱ(x, y)) ⊆ ϱ′(f(x), f(y)), (ii)(f(υ(x, y)) =
υ′(f(x), f(y)))f(υ(x, y)) ⊆ υ′(f(x), f(y)), (iii)f(ς(x)) = ς(f(x)), (iv)f(e) = e and f(ι) = ι.
Of course in definition of strongly homomorphism, dont need to have the item (iii), because it
concludes from other conditions. From now on, we will call f : R → R′ as (strongly)homomorphism.

Theorem 3.6. Let f : R → R′ be a map, J ∈ HI(R′) and I ∈ HI(R). Then

(i) if f is a homomorphism, then f−1(J) is a hyperideal of R,

(ii) if f is a strongly epimorphism, then f(I) is a hyperideal of R′.

Proof. (i) By Theorem 3.2, e′ ∈ J , implies that e ∈ f−1(J) ̸= ∅. Let x, y ∈ f−1(J). Then
f(ϱ(x, ς(y))) ⊆ ϱ(f(x), ς(f(y))) ⊆ ϱ(J, ς(J)) ⊆ J , concludes that ϱ(x, ς(y)) ⊆ f−1(J). Also
∀ x ∈ f−1(J) and ∀ r ∈ R, we have f(υ(x, r)) ⊆ υ(f(x), f(r)) ⊆ J , so υ(x, r) ⊆ f−1(J).
Thus by Theorem 3.3, f−1(J) is a hyperideal of R.

(ii) By Theorem 3.2, e ∈ I , implies that e′ ∈ f(I) ̸= ∅. Let f(x), f(y) ∈ f(I). Then
ϱ(f(x), ς(f(y))) = f(ϱ(x, ς(y))) ⊆ f(I). In addition, ∀ f(x) ∈ I and ∀ r′ ∈ R′, there exist
r ∈ R that υ(r′, f(x)) = f(υ(r, x)) ⊆ f(I). Thus by Theorem 3.3, f(I) is a hyperideal of
R′.

Theorem 3.7. Let (R, ϱ, ς, e, υ, ι) be a general multiring and x ∈ R. Then

(i) γ∗(e) is a hyperideal of R,

(ii) γ∗(ς(x)) = ς(γ∗(x)),

(iii) φ : R → R/γ∗ by φ(x) = γ∗(x) is a strongly homomorphism.
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Proof. (i) Since e ∈ γ∗(e), we get γ∗(e) ̸= ∅. Let x, y ∈ γ∗(e). Then xγ∗y, because
γ∗ is a strongly regular relation on R, we have ϱ(x, ς(y))γ∗ϱ(y, ς(y)). It follows that ∀ t ∈
ϱ(x, ς(y)), tγ∗e or t ∈ γ∗(e) and so ϱ(x, ς(y)) ⊆ γ∗(e). On other hand, ∀ r ∈ R and x ∈ γ∗(e),
because of strongly regularity relation of γ∗, we have (υ(r, x)γ∗(υ(r, e). It means that ∀ t ∈
υ(r, x) we have t ∈ γ∗(e) and so υ(r, x) ⊆ γ∗(e).

(ii) Let y ∈ γ∗(ς(x)). Then there exists u ∈ U that {y, ς(x)} ⊆ u. Using Theorem 2.2, we get
{ς(y), x} = {ς(y), ς((ς(x)))}) = ς({y, ς(x)}) ⊆ ς(u) ∈ U . Hence ς(y) ∈ γ∗(x) or y ∈ ς(γ∗(x))
and so γ∗(ς(x)) ⊆ ς(γ∗(x)). In a similar a way one can see that ς(γ∗(x)) ⊆ γ∗(ς(x)).

(iii) Let x ∈ R. Then ϱ(γ∗(x), γ∗(e)) = γ∗(x), υ(γ∗(x), γ∗(e)) = γ∗(e), υ(γ∗(x), γ∗(ι)) =
γ∗(x) and by item (ii), we have φ : R → R/γ∗ is a strongly homomorphism.

Hamidi et al. in [11], converted the ring R = Zp ∪ {√p} to a general multiring as follows
theorems.

Theorem 3.8. Let p be a prime and R = Zp∪{√p}. Then there exist hyperoperations “ϱ”,“υ”,
nullary operations e, ι and a unary operation ς on R that (R, ϱ, ς, e, υ, ι) is a (p, p)-potent general
multiring, where for any x, y ∈ R:

xϱ√py = yϱ√px =


{0,√p} x = −y or x = y =

√
p,

x+ y x, y ∈ Zp, x ̸= −y

y (x =
√
p and y ̸∈ {0,√p}) or x = 0

and

xυ√py = yυ√px =


xy x, y ∈ Zp,√
p x ∈ Zp ∖ {0}, y =

√
p,

0 x = 0, y =
√
p,

{0,√p} x = y =
√
p.

Clearly (R, ϱ, ς, 0, υ, 1) is a (p, p)-potent general multiring.

Theorem 3.9. Let p be a prime, k ∈ N and R = Zpk ∪ {√p}. Then there exist hyperoperations
“ϱ”,“υ”, nullary operations e, ι and a unary operation ς on R that (R, ϱ, ς, e, υ, ι) is a general
multiring, where for any x, y ∈ R,

xϱ√py = yϱ√px =


{0,√p} x = −y or x = y =

√
p,

x+ y x, y ∈ Zpk , x ̸= −y,

y x = 0 or ( x =
√
p and y ̸∈ {0,√p})

and

xυ√py = yυ√px =


x.y x, y ∈ Zpk ,
√
p x ∈ Zpk ∖ {mp}, y =

√
p(m ∈ N),

0 x = mp, y =
√
p(m ∈ N),

{0,√p} x = y =
√
p.

Clearly (R, ϱ, ς, 0, υ, 1) is a general multiring.

Theorem 3.10. Let p be a prime, k ∈ N and R = Zpk ∪ {√p}. Then in the general multiring
(R, ϱ√p,−, 0, υ√p, 1), we have

(i) if I is a nontrivial hyperideal of R, then
√
p ∈ I ,

(ii) ∀ 1 ≤ m ≤ pk−1, I
(m)
p = {mp, 2mp, . . . , tmp,

√
p | t ∈ N is the smallest s.t tm ≡ 0

(mod pk−1)} is a hyperideal of R,

(iii) ∀ 1 ≤ m ≤ pk−1, we have |I(m)
p | = 1ϱ

pk−1

gcd(m, pk−1)
,

(iv) ∀ 1 ≤ m,m′ ≤ pk−1, I
(m)
p = I

(m′)
p if and only if gcd(pk−1,m) = gcd(pk−1,m′).
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Example 3.11. Consider the general multiring R = Z27 ∪ {
√

3}. Computations show that

I
(1)
3 = I

(2)
3 = I

(4)
3 = I

(5)
3 = I

(7)
3 = I

(8)
3 = {3, 6, 9, 12, 15, 18, 21, 24, 0,

√
3},

I
(3)
3 = I

(6)
3 = {9, 18, 0,

√
3}, I(9)3 = {0,

√
3}

and so HI(R) = {I(1)3 , I
(3)
3 , I

(9)
3 , {0}, R}. Computations show that γ∗(0) = I

(9)
3 and

γ∗(ς(
√

3)) = γ∗({
√

3}) = I
(9)
3 = ς(I

(9)
3 ).

Definition 3.12. Let (R, ϱ, ς, e, υ, ι), (R′, ϱ′, ς ′, e′, υ′, ι′) be general multirings, e ∈ R, e′ ∈ R′,
and f : R → R′ be a homomorphism. Define Ker(f) = {r ∈ R | f(r) ∈ U where e′ ∈ U}.

Corollary 3.13. Let f : R → R′ be a homomorphism. Then

(i) Ker(f) = {r ∈ R |f(r) ∈ γ∗(e′)},

(ii) Ker(f) is a hyperideal of R,

(iii) if |γ∗(e′)| = 1, then Ker(f) = {r ∈ R |f(r) = e′} is a hyperideal of R,

(iv) if f is a strongly homomorphism, then Im(f) is a general submultiring of R,

(v) wR = {x ∈ R | φ(x) = γ∗(e)} is a hyperideal of R.

Proof. We refer to items (ii), (iii) and the other items are clear.
(ii) Since Ker(f) = f−1(γ∗(e′)), by Theorem 3.6, Ker(f) is a hyperideal of R.
(iii) Let |γ∗(e′)| = 1. Then γ∗(e′) = {e′} and so ∀ x ∈ R, we have x ∈ Ker(f) if and only

if f(x) = e′.

We say that A hyperideal I of R is a normal hyperideal, if ∀ x ∈ R, ϱ(x, ς(x)) ⊆ I .

Theorem 3.14. Let f : R → R′ be a homomorphism. Then

(i) Ker(f) is a normal hyperideal of R,

(ii) wR is a normal hyperideal of R.

Proof. (i) Let x ∈ R. Then ∀ t ∈ ϱ(x, ς(x)), we have f(t) ∈ f(ϱ(x, ς(x)) ⊆ ς(f(x), f(x)).
Since ς((f(x), f(x)))γ∗e′ and f(t) ∈ ς(f(x), f(x)), we get that f(t)γ∗e′ and so t ∈ Ker(f).

(ii) Let x ∈ R. Then ∀ t ∈ ϱ(x, ς(x)), we have φ(t) ∈ φ(ϱ(x, ς(x))) ⊆ ς(φ(x), φ(x)) =
ς(γ∗(x), γ∗(x)) = γ∗(e). So we get that φ(t) = γ∗(e) and so t ∈ wR.

Example 3.15. (i) Let R = {e, ι, a, b}. Then (R, ϱ, ς, e, υ, ι) and (R′, ϱ′, ς ′, e′, υ′, ι′) are general
multirings as follows.

ϱ e ι a b

e e ι a b

ι ι R S S

a a S R S

b b S S R

,

υ e ι a b

e e e e e

ι e ι a b

a e a {a, b} b

b e b b b

and

ϱ′ e ι a b

e e ι a b

ι ι R S S

a a S R S

b b S S R

υ′ e ι a b

e e e e e

ι e ι a b

a e a a a

b e b a {a, b}

,

where S = R \ {e}. Define f : R → R by f = {(e, e), (ι, ι), (a, b), (b, b)}. Clearly f is a
homomorphism, while it is not a strongly homomorphism and Ker(f) = wR = R.

(ii) Let R = {e, ι, a, b}. Then (R, ϱ, ς, e, υ, ι) is a multiring as follows.

ϱ e ι a b

e e ι a b

ι ι {e, b} b {ι, a}
a a b e ι

b b {ι, a} ι {e, b}

and

υ e ι a b

e e e e e

ι e {ι, a} {e, a} {e, b}
a e {e, a} {e, a} e

b e {e, b} e {e, b}

.
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Then HI(R) = {{e}, I = {e, a}, J = {e, b}, R}. Define f : R → R by f(x) = x, whence is the
only strongly homomorphism and Ker(f) = wR = R.

(iii) Let R = {e, ι, a2, a3, a4, a5, a6}. Then (R, ϱ, e, υ, ι) is a general multiring as follows.

ϱ e ι a2 a3 a4 a5 a6

e e ι a2 a3 a4 a5 a6

ι ι T a3 a2 ι ι ι

a2 a2 a3 T ι a2 a2 a2

a3 a3 a2 ι T a3 a3 a3

a4 a4 ι a2 a3 T T ′ T ′

a5 a5 ι a2 a3 T ′ T T ′

a6 a6 ι a2 a3 T ′ T ′ T

and

υ e ι a2 a3 a4 a5 a6

e e e e e e e e

ι e ι a2 a3 a4 a5 a6

a2 e a2 a2 a4 a4 a4 a4

a3 e a3 a4 a3 a4 a4 a4

a4 e a4 a4 a4 a4 a4 a4

a5 e a5 a4 a4 a4 a5 a4

a6 e a6 a4 a4 a4 a4 {a6, a4}

,

where T = {e, a4, a5, a6} and T ′ = {a4, a5, a6}. Clearly (R, ϱ, ς, e, υ, ι) is a commutative general
multiring,and since υ(a2, (ϱ(a6, a4))) = {a4} ⊆ {e, a4, a5, a6} = ϱ(υ(a2, a6), υ(a2, a4)), we get
that (R, ϱ, ς, e, υ, ι) is not a general hyperring. Define f : R → R by

f = {(e, e), (ι, ι), (a2, a2), (a3, a3), (a4, a4),
(a5, a4), (a6, a4)}. Clearly f is a homomorphism, because γ∗(e) = {e, a4, a5, a6}, we get Ker(f) =
wR = γ∗(e).

Let (R, ϱ, ς, e, υ, ι) be a general multiring, I be a normal hyperideal of R and x, y ∈ R.
Define x ∼I y if and only if (ϱ(x, ς(y))) ∩ I ̸= ∅.

Theorem 3.16. Let (R, ϱ, ς, e, υ, ι) be a general multiring and I be a normal hyperideal of R.
Then

(i) ∼I is an equivalence relation on R,

(ii) if R is a (ϱ)-commutative general multiring, then ∼I is a congruence equivalence relation
on R,

(iii) ∀ x ∈ R, ϱ(x, I) = I if and only if x ∈ I .

Proof. (i) Let x, y,∈ R. By Theorem 3.2, e ∈ ϱ(x, ς(x)) and e ∈ I imply that ϱ(x, ς(x))∩ I ̸= ∅
and so x ∼I x. If x ∼I y, then there exist a ∈ (ϱ(x, ς(y))) ∩ I and so ς(x) ∈ yς(x). Using
Theorem 3.2, ς(x) ∈ yς(x) and so we have y ∼I x. Suppose that x ∼I y and y ∼I z. Then
there exist a ∈ (ϱ(x, ς(y))) ∩ I , b ∈ (ϱ(y, ς(z))) ∩ I and so x ∈ ϱ(a, y), ς(z) ∈ ϱ(ς(y), b). It
follows that ϱ(x, ς(z)) ⊆ ϱ((ϱ(a, y), ϱ(ς(y), b)) = ϱ(a, ϱ(y, ς(y)), b), because of normality of I ,
we obtain that ϱ(x, ς(z)) ⊆ I and so x ∼I z. Thus ∼I is an equivalence relation on R.

(ii) Now, we show that it is a congruence relation on R. Let x ∼I x′ and y ∼I y′. Then
there exist a ∈ (ϱ(x, ς(x′)) ∩ I , b ∈ ϱ(y, ς(y′)) ∩ I and so x ∈ ϱ(a, x′), y ∈ ϱ(b, y′). Applying
Theorem 2.3, because R is a (ϱ)-commutative general multiring, we get that

υ(x, y) ⊆ υ(ϱ(a, x′), ϱ(b, y′)) ⊆ ϱ(υ(a, b), υ(a, y′), υ(x′, b), υ(x′, y′))

= ϱ
(
ϱ(υ(a, b), υ(a, y′), υ(x′, b)), υ(x′, y′)

)
.

By Theorem 2.2, we get that ϱ(υ(a, b), υ(a, y′), υ(x′, b)) ∩ ϱ((υ(x, y), ς(υ(x′, y′)))
)
̸= ∅.

In addition, we have ϱ(υ(a, b), υ(a, y′), υ(x′, b)) ⊆ I and so ϱ((υ(x, y), ς(υ(x′, y′)))
)
∩I ̸= ∅.

Thus υ(x, y) ∼I υ(x′, y′). On other hands, x ∼I x′ and y ∼I y′ imply that there exist
a ∈ ϱ(x, ς(x′)) ∩ I and b ∈ ϱ(y, ς(y′)) ∩ I and so ϱ(x, y) ⊆ ϱ(ϱ(a, b), ϱ(x′, y′)). Apply-
ing Theorem 2.2, we have ϱ(a, b) ∩

(
ϱ(ϱ(x, y), ς(ϱ(x′, y′)))

)
̸= ∅. Because ϱ(a, b) ⊆ I , then(

ϱ(ϱ(x, y), ς(ϱ(x′, y′))
)
∩ I ̸= ∅ and so ϱ(x, y) ∼I (ϱ(x′, y′).

(iii) Let x ∈ I . Then x ∈ ϱ(x, e) ⊆ ϱ(x, I) and because I is a hyperideal, we get that
ϱ(x, I) ⊆ I and so ϱ(x, I) = I . If ϱ(x, I) = I , then ∀ i′ ∈ I there exists i ∈ I that i′ ∈ ϱ(x, i)
and so x ∈ ϱ(i′, ς(i)) ⊆ I . Thus x ∈ I .

Example 3.17. Consider the general multiring (R, ϱ, ς, e, υ, ι) in Example 3.11. Computations
show that ∼

I
(4)
3
= R×R, which is the largest equivalence relation.
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In case x ∼I y, we say that x and y are congruent modulo I . The equivalence class of the
element r in R is given by ϱ(r, I) := {ϱ(r, s) : s ∈ I}. This equivalence class is also sometimes
written as r mod I and called the residue class of r modulo I . Consider R/I = {ϱ(r, I) | r ∈ R},
then we have the following theorem.

Theorem 3.18. Let (R, ϱ, ς, e, υ, ι) be a (ϱ)-commutative general multiring and I be a normal
hyperideal of R. Then

(i) There exist hyperoperations “ϱ′”, “υ′”, nullary operations e′, ι′ and a unary operation ς ′

on R/I , that (R/I, ϱ′, ς ′, e′, υ′, ι′) is a general multiring,

(ii) φ : R → R/I by φ(r) = ϱ(r, I) is a strongly homomorphism.

Proof. (i) Let a = ϱ(a, I) and b = ϱ(b, I). Define “ϱ′” and “υ′” on R/I by ϱ′(a, b) =
{c | c ∈ ϱ(a, b)}, υ′(a, b) = {c | c ∈ υ(a, b)}, e′ = e = ϱ(e, I) = I, ι′ = ι = ϱ(ι, I) and
ς(x) = ς(x). By Theorem 3.16, the above hyperoperations are well-defined. It is easy to see that
(R/I, ϱ′, ς ′, e′, υ′, ι′) is a general multiring.

(ii) It is obtained by (i), obviously.

Theorem 3.19. (First general isomorphism theorem) Let f : R → R′ be a strongly homomor-
phism. Then R/Ker(f) ∼= γ∗(Im(f)).

Proof. Let x ∈ R. Define φ : R/Ker(f) → γ∗(Im(f)) by φ(ϱ(x,Ker(f))) = γ∗(f(x)). Let
ϱ(x,Ker(f)) = ϱ(y,Ker(f)). Then (ϱ(x, ς(y)) ∩ Ker(f) ̸= ∅ and so (ϱ(f(x), ς(f(y)))γ∗e′.
Thus [ϱ(ϱ(f(x), ς(f(y)), f(y))]γ∗[ϱ(e′, f(y))]. It follows that f(x)γ∗f(y) or φ(ϱ(x,Ker(f))) =
φ(ϱ(y,Ker(f))) and so φ is a well-defined map. Now, we show that φ is a strongly homomor-
phism. Let x, y ∈ R. Then

φ
(
ϱ((ϱ(x,Ker(f))), (ϱ(y,Ker(f))))

)
= φ{ϱ(z,Ker(f)) | z ∈ ϱ(x, y)}

= {γ∗(f(z)) | f(z) ∈ ϱ(f(x), f(y))} = ϱ′(γ∗(f(x)), γ∗(f(y)))

= ϱ′
(
φ(ϱ(x,Ker(f)), φ

(
ϱ(y,Ker(f))

)
.

In a similar a way, one can see that
φ
(
υ(ϱ(x,Ker(f)), ϱ(y,Ker(f))

)
= υ′(φ(ϱ(x,Ker(f)), φ(ϱ(y,Ker(f))

)
.

Clearly, φ(ϱ(e,Ker(f)) = γ∗(f(e)) = γ∗(e′), φ(ϱ(ι,Ker(f)) = γ∗(f(ι)) = γ∗(ι′). Let
x ∈ R. Then by Theorem 3.7, we get that φ

(
ς(ϱ(x,Ker(f))) = γ∗(f(ς(x))) = ς(γ∗(f(x))) =

ς(φ
(
ϱ(x,Ker(f))) and so φ is a strongly homomorphism. Let x, y ∈ R. Then φ

(
ϱ(x,Ker(f)) =

φ
(
ϱ(y,Ker(f)), implies that γ∗(f(x)) = γ∗(f(y)). Thus there exists u ∈ U that {f(x), f(y)} ⊆

u and so ϱ(ς(f(x)), {f(x), f(y)}) ⊆ ϱ(ς(f(x)), u). It follows that there exists u′ ∈ U that
{e′, f(ϱ(x, ς(y))} ⊆ u′ or f(ϱ(x, ς(y))γ∗e′. Hence (ϱ(x, ς(y)))∩Ker(f) ̸= ∅ or ϱ(x,Ker(f)) =
ϱ(y,Ker(f)) and so φ is a monomorphism. Clearly φ is an onto map and then is an isomorphism,
so R/Ker(f) ∼= γ∗(Im(f)).

Example 3.20. Consider the general multiring in Example 3.11. Then by the given homomor-
phism in this example,

R/Ker(f) = R/{e, a4, a5, a6} = {ϱ(x, {e, a4, a5, a6}) | x ∈ R} = {e, ι, a2, a3, a4, a5, a6} =
γ∗(Im(f)). This example shows that the isomorphism, may be converts to equality.

Corollary 3.21. (First isomorphism theorem) Let f : R → R′ be a strongly homomorphism. If
|wR′ | = 1, then R/Ker(f) ∼= Im(f).

Proof. If |wR′ | = 1, then γ∗(e′) = {e′} and ∀ x ∈ R′, υ(e′, x) = υ(x, e′) = e′. Thus by
Corollary 3.13 and Theorem 3.14, Ker(f) is a normal hyperideal of R. Now, all for x ∈ R,
define φ : R/Ker(f) → Im(f) by φ(ϱ(x,Ker(f)) = f(x). Thus by Theorem 3.19, φ is an
isomorphism and so R/Ker(f) ∼= Im(f).

Example 3.22. Consider the general multiring in Example 3.11. In the example 3.20, we see
that it is not necessary |wR′ | = 1, because of wR = {e, a4, a5, a6}.

Lemma 3.23. Let (R, ϱ, ς, e, υ, ι) be a general multiring, I, J be hyperideals of R and A be a
general submultiring of R.Then
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(i) I ∩A is a hyperideal of A,

(ii) I ∩ J is a hyperideal of R,

(iii) if R is a (ϱ)-commutative general multiring and I is a hyperideal, then ϱ(A, I) is a general
submultiring of R,

(iv) if R is a (ϱ)-commutative general multiring and J is a hyperideal, then ϱ(I, J) is a hyper-
ideal of R.

Proof. It is immediate by definition.

Theorem 3.24. (Second general isomorphism theorem) Let (R, ϱ, ς, e, υ, ι) be a (ϱ)-commutative
general multiring, I be a normal hyperideal of R and A be a general submultiring of R. Then

(i) I ∩A is a normal hyperideal of A and I is a normal hyperideal of ϱ(A, I),

(ii) γ∗(ϱ(A, I)/I) ∼= A/(A ∩ I).

Proof. (i) It is obtained by Lemma 3.23.
(ii) Let x ∈ A. Define f : A → ϱ(A, I)/I by f(x) = ϱ(x, I). One can see that φ is a

strongly epimorphism. Now, we show that Ker(f) = A ∩ I . If x ∈ A ∩ I , by Theorem 3.16,
ϱ(x, I) = I and so ϱ(x, I) ∈ γ∗(I). It concludes that x ∈ Ker(f). Suppose x ∈ A. Then
x ∈ Ker(f) if and only if ϱ(x, I) ∈ γ∗(I). Thus there exists i ∈ I that ϱ(x, I) = γ∗(i) and so
i ∈ ϱ(x, I). Since I is a hyperideal of R, we have x ∈ I . Therefore, by Theorem 3.19, we get
that γ∗(ϱ(A, I)/I) ∼= A/(A ∩ I).

Corollary 3.25. (Second isomorphism theorem) Let (R, ϱ, ς, e, υ, ι) be a (ϱ)-commutative gen-
eral multiring, I be a normal hyperideal of R and A be a general submultiring of R. If
|w ϱ(A,I)

I

| = 1, then ϱ(A, I)/I ∼= A/(A ∩ I).

Proof. Since |w ϱ(A,I)
I

| = 1, we get that γ∗(e ϱ(A,I)
I

) = I . Now, define f : A → ϱ(A,I)
I by

f(a) = ϱ(a, I). Applying Theorem 3.24, f is an epimorphism and ∀ x ∈ Ker(f) we have
ϱ(x, I) ∈ γ∗(e ϱ(A,I)

I

) if and only if ϱ(x, I) = I . Using Theorem 3.24, we have Ker(f) = A ∩ I

and so ϱ(A, I)/I ∼= A/(A ∩ I).

Theorem 3.26. (Third general isomorphism theorem) Let (R, ϱ, ς, e, υ, ι) be a general multiring,
I, J be hyperideals of R and I ⊆ J .Then

(i) if I is a normal hyperideal of R, then J is a normal hyperideal of R,

(ii) if I is a normal hyperideal of R, then J/I is a normal hyperideal of R/I ,

(iii) if R is a (ϱ)-commutative general multiring and I is a normal hyperideal, then (R/I)/(J/I) ∼=
γ∗(R/J).

Proof. (i) It is easy by definition.
(ii) Let x, y ∈ J and r ∈ R. Then ϱ(ϱ(x, I), ς(ϱ(y, I)))) = ϱ(ϱ(x, ς(y)), I) ⊆ J/I and

υ(ϱ(r, I), ϱ(y, I)) = ϱ(υ(r, y), I) ⊆ J/I so J/I is a hyperideal of R/I . For all r, r′ ∈ R,
because of normality of J(by (i)), we get that ϱ(ϱ(r, I), ς(ϱ(r′, I))) = ϱ(ϱ(r, ς(r′)), I) ⊆ J/I
and so J/I is a normal hyperideal of R/I .

(iii) Let x ∈ R. Define φ : R/I → R/J by φ(ϱ(x, I)) = ϱ(x, J). Obviously, φ is a strongly
homomorphism. Now, we show that Ker(φ) = J/I . Let x ∈ R. Then ϱ(x, I) ∈ Ker(φ) if and
only if φ(ϱ(x, I)) ∈ γ∗(eR/J) = γ∗(J) if and only if there exists j ∈ J that j ∈ γ∗(J) = ϱ(x, J)
if and only if x ∈ J .

Corollary 3.27. (Third isomorphism theorem) Let R be a (ϱ)-commutative general multiring,
I, J be hyperideals of R and I ⊆ J . If |wR/J | = 1 and I is a normal hyperideal, then
(R/I)/(J/I) ∼= R/J .
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4 Conclusion remarks

The current paper has defined the general multirings as a generalization of multirings and pre-
sented some properties in these hyperstructures. Also, using the multigroups, general multirings
are constructed. The concept of a kernel of homomorphisms is defined and is shown that it is
a hyperideal. It proved that the Hass tree of hyperideals of finite general multirings is a chain.
The general isomorphism theorems are considered and proved, in this regard. We hope that these
results are helpful for further studies in fuzzy multigroups, fuzzy multirings, fuzzy general multi-
rings, and fuzzy graphs based on general multirings. Also, we want to work on the Plithogenics
and new types of (hyper)soft sets and general multirings and their relation to real-world prob-
lems.
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