Palestine Journal of Mathematics

Vol 13(4)(2024) , 337-345 © Palestine Polytechnic University-PPU 2024

Common Solution for Fixed Points of a Finite Family of
Nonexpansive Mappings and Variational Inclusion Problem

Prashant Patel
Communicated by Ayman Badawi

MSC 2010 Classifications: Primary: 47H10; Secondary: 47H09, 47J05.

Keywords and phrases: Variational inclusion problem, Resolvent mapping, Nonexpansive mappings, Strongly monotone
mappings.

The author would like to thank the reviewers and editor for their constructive comments and valuable suggestions that

improved the quality of our paper.

Abstract The aim of this article is to present an iterative algorithm for finding a common so-
lution to the variational inclusion problem with Lipschitz continuous single valued and maximal
monotone multivalued mappings and the set of fixed points of a finite family of nonexpansive
mappings. Under some conditions, we prove a strong convergence theorem which converges to
this common solution.

1 Introduction and Preliminaries

Suppose X be a real Hilbert space with inner product (-, -), norm || - || and 2% denotes the family
of all the nonempty subsets of X. In 1976, Rockafellar [16] studied the inclusion problem of
finding

nt e HY(0), (1.1)

where H is a maximal monotone set-valued mapping defined on a Hilbert space X. We focus on
the following variational inclusion problem

find " € ¥ such that n' € (G + H)~'(0), (1.2)

where G : £ — X is a single valued and H : ¥ — 2% is a multivalued mapping. When G = 0
then the problem (1.2) reduces to the inclusion problem (1.1) which plays an important role in
minimization problems and other fields of mathematics. Due to its applications in several fields
of science, engineering, management, and social sciences in the last many years, the inclusion
problem has been broadened and generalized in numerous ways; see, for example, [3, 6, 17, 11,
14, 13, 18, 7, 10, 15] and the references therein.

A point T € X is said to be the fixed point of the mapping S : £ — X if S(n') = n'. We
can easily verify that a point T € ¥ is a solution of the problem (1.2) if and only if 1 is a fixed
point of the mapping J(I — A\G), that is T = JH(I — A\G)(n"), where JI is the resolvent
operator of H. This provides us numerous benefits for constructing new algorithms and proving
the convergence of algorithms.

Mann [9] introduced an algorithm to approximate the fixed points of a nonexpansive map-
ping, which is as follows: n; € £

n+1 = Tnnn + (1 - Yn)S(nn)

for all » € N and {Y,} is a sequence in [0, 1]. On the other hand, Halpern [4] introduced an
algorithm as n; = n € X and

NIn+1 = Ynn + (1 - Yn)S(nn)

forall n € N and {Y,,} is a sequence in [0, 1]. In the recent years, there are many researchers
who modified the Mann and Halpern type iteration and defined new algorithms [5, 22, 8]. In
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2008, Zhang et. al. [23] presented an iterative algorithm for finding a common solution of the
set of fixed points of a nonexpansive mapping and the set of solutions to the variational inclusion
problem with inverse strongly monotone mapping and multivalued maximal monotone mapping
in Hilbert spaces. Their algorithm is as follows:

{Cn = Jf(nn - AG(%)),

1.3
ot = Yo+ (1 = Y)S(n), ¥n > 0. (1.3)

Here the mapping G : ¥ — X is a-inverse strongly monotone mapping, H : £ — 2 a maximal
monotone mapping, S : £ — X a nonexpansive mapping and A € (0,2a] and Y, is given
sequence in the interval [0, 1] having the given conditions:

(1) Y, = 0,3 T, =00,
n=0

2) 3 Toet — Yol < .
n=0

Then the sequence {7, } converges strongly to a point of F'(S) (G + H)~'(0).

Recently, in 2023 Younis et. al. [21] modified above algorithm (1.3) for all type of Lipschitz
continuous mappings and they removed the restriction on A € (0,2n] to A € R and presented a
strong convergence result for a new algorithm as follows:

Theorem 1.1. Suppose G : ¥ — ¥ a single valued Lipschitz continuous, H : £ — 2* a multival-
ued maximal monotone, S : ¥ — . a nonexpansive mapping. Suppose ® = F(S)(G+H)~ " #
(0. Suppose n = noy € ¥ and the sequence {n,,} generated by

Sn = J§G+H>(ﬂn)7 (14)
et = Y+ (1= Y,)S(s), Vn > 0.

where A € RT and Vn € N, {X,} is the given sequence having the given conditions:

(1) Y = 0,3 T, =00,
n=0

(2) X [Tnt1 — Yyl < oo
n=0

Then the sequence {n,,} generated by (1.4) converges strongly to a point of F'(S) (" (G+H)~1(0).

In this article, motivated by Zhang et. al. [23], Younis et. al. [21] and others we consider a
new algorithm and prove that the sequence generated by the algorithm converges strongly to the
common solution of a finite family of nonexpansive mappings and variational inclusion problem
i.e. to obtain nf € X such that

m

n' e (F(S:) G+ H)~(0).

i=1
Now we present, some basic definitions and facts from the literature.

Lemma 1.2.[21]. ¢ = J/(\G+H)(§) for all A\ € RY jff ¢ € L is a solution of the variational
inclusion problem (1.2).

Definition 1.3. The single valued mapping J{ : £ — ¥ defined by
I (n) = [I + AH]"(n), ¥n € X,
is known as resolvent mapping for H : ¥ — 2%
Definition 1.4. A mapping S : ¥ — X is said to be nonexpansive if for all n,{ € £
15(n) = SO < [ln = <I-

The resolvent mapping J{ is also a nonexpansive, i.e. for all ,{ € £

13 () = IO < Nl =<l
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Definition 1.5. A mapping S : £ — X is said to be monotone if for each n,{ €
(n—¢,8(n) = S(¢) = 0.

a-inverse strongly monotone with constant o > 0, if for each n,{ € X

(n=¢,8(n) = 8(¢)) = allS(n) = S

B-strongly monotone if there exists a positive real number S such that

(n—¢.8(n) = S(¢) = Bln—CJI*
The set of zeros of the mapping S is defined by

S7H0)={neX:0ec S}

Definition 1.6. [19] Suppose £ # 0 be a closed convex subset of £. Then V € X, 3 one and
only one nearest point in £, known as a metric projection of n € £ and denoted by Pc(n), that is

ln = Pe(n)|| < |ln— ¢l forall¢ € €.

Remark 1.7. A metric projection Pg has the following properties:

(i) Pg : X — £ is nonexpansive
1P (n) — Pe(Q)|l < [ln — ¢ forall n,¢ € E.
(i1) Pg is called firmly nonexpansive if
1Pe (1) = Pe(Q)II* < (Pe(n) — Pe(¢),n — ) forally, ¢ € £.

@iii) Foralln e X
v="Pe(n)e (n—v,v—C) >0forall ¢ € £.

Lemma 1.8. [1] A mapping G + H : ¥ — 2% is maximal monotone, if G : ¥ — X is Lipschitz
continuous and H : ¥ — 2% is maximal monotone.

Definition 1.9. Let G : £ — X be a Lipschitz continuous mapping and H : ¥ — 2% a maximal
monotone mapping. Then a new resolvent mapping of the maximal monotone mapping G + H
is defined as

S () = [T+ MG + H)]"'(n), forall p € X, (1.5)

Remark 1.10. The resolvent operator defined by (1.5) is nonexpansive and 1-inverse strongly
monotone.

Lemma 1.11. [20, 12]. Assume {7,} be a given sequence of non negative real numbers that

satisfy
Tn+1 < (1 - Un)Tn + fn + 5n;

V' n > 0, where {£,} and {0,,} are sequences in R and {o,,} is a subsequence in (0,1). Let us
consider that:

1) > o =0,
n=1

(2) Y |€n] < o0 or limsup &= <0,
n=1 n—oo

3) 3 6, < o

n=1

Then, lim 7, = 0.
n—oo
Lemma 1.12. [2] If ¥ is a real Hilbert space, then

Im1 + ml* < m1* +2(m,m + mn) forall gy, m, € X.
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2 Main Results

Theorem 2.1. Suppose G : ¥ — X a single valued Lipschitz continuous mapping, H : ¥ — 2%

a multivalued maximal monotone mapping, and S; : ¥ — X, i = 1,2, ---m be a finite family of

nonexpansive mappings. Suppose ® = (| F(S;) (G + H)~! # 0. Suppose n = ny € T and
i=1

1=

the sequence {n,} generated by

Sn = J)(\G+H) (nn)a (21)
i1 = Lan+ (1 —1,)Si(), Vn > 0.

where A € RT andVn € N, {Y,,} is a given sequence having these conditions:

(1) Tn — 07 Z Tn = oG,
n=0

(2) Z ‘Yn+1 - Tn| < Q.
n=0

Then the sequence {n,} converges strongly to a point of () F(S;) (G + H)~1(0).

i=1

Proof. First we proof that the sequences {7, } and {,} are bounded. Suppose {( € O using
Lemma 1.2, we have

¢=J79" ).
Now,
llsw — ¢l = 115 () = TET Q)
< =<l (2.2)

101 = ¢l = [ Tan + (1 = Y5)Si(sn) — <l
= [Ya(n =)+ (1 =Y5)(Si(s) — Ol
< Yolln — ¢l + (1 = Yn)[ISi(sn) = €]
< Yulln =<l + (1 =Yo)llsn — <l

Using inequality (2.2) in the above equation we get

H77n+1 - CH < Yan - CH + (1 - Yn)Hnn - CH
< max{||n — ClI, [In. — <|I}

< max{|[n — |, [lno — <1}
= lln—<lI.

Thus we can say the sequences {7, } and {,} are bounded. Since S; is the family of nonex-
pansive mappings and G is Lipschitz continuous, the sequences {G(n,,)} and {S;(s,)} are also
bounded in X.

Now we prove that ||1,+1 — 7.]| — 0 and ||s,+1 — Sul| — 0 as n — oo.

Now, we have

J,(\G+H) (77n+1) - J)(\G+H) (nn)

||§n+] - Cn” = H
< Mns1 = malls

and
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741 = nnll = 1Cm + (1 = X0)Si(en) = Yno1n = (1 = Yoe1) Si(Gn—1)
= (Y = Yno)(n = Si(Gn-1)) + (1 = Y3)(Si(n) — Si(n—1))
< T = Yoallln = SiGuall + (1 = Ya)[[Si(sn) = Sisn—1)ll
< DY = Yo+ (1= Ya)llsn — Gutl
< DY, =Yool + (1= Yo)lnn — 1l

where D = sup || — Si(c,—1)||. If we take 7, = || — M-t & = D|Y, — Y,_1|, and
n>1

8, = 0 then all the conditions of Lemma 1.11 are satisfied, and hence 1i_>m M1 — nall = 0,

lim ||$p+1 — snll = 0.
n— oo

Now we prove that 1i_>m [l — Si(sa)|l = O.
Now,

l17n — Sz(gn)” < |9n — Si(%fl)H + ”Si(%fl) - SZ(%)”
< Tn—l ||77 - Si(§n—])|| + ||§n—] - gnH

Since Y,, — 0 and ||s,—1 — <u|| = 0 as n — oo, we get ||, — S;(sn)]| — O.

Now we prove that |1, — s,| — 0 and [|S;(s,) — sall = 0. For ¢ € ) F(S;) N(G + H)~'(0)
i=1

and using remark 1.10 we get
2
lon = ¢I2 = |7 ) = Q)]

- <77n - Cv J)(\G+H)(77n) - J§\G+H>(C)>

- <nn _Cagn _C>

= = P o = P = = € = (5u = OIP)
2

1
< 5 {llnn — CIZ + [l = CIP = llmn = <all®} -

We have |
s = €I < o = €I = Al — sl
Now,
ot = €I = M+ (1= X,)84(50) — €I
= ||Yn("7 - C) + (1 - Tn)(si(gn) - C)”Z
<Ll - QI+ (1= L) (Ss) ~ P
< Yﬂ”(n - C)Hz + (1 - Tn)| (gn - C)Hz
1
<Tallr = OF + (1 =) { = OIF = 3l = P}
It implies
1-7,
C T, Gl < Xalln = O + (e = P~ s —CIP)- @)

Since Y,, — 0 and

W = CIP = et = CIP < nsr = mall(lall + 9 1) = O-
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Using the above condition in the equation (2.3) we get ||n,, — s,| — 0.

Hence
[1Si(sn) = sull < N1Si(sn) = nnll + [1nn — sull — 0.

Now we prove that
limsup(n — @, Si(s,) — w) <0,

n—o0

where w = Pax (n). Since the sequence {g,} is bounded in X, there exists a
N F(S:) N(G+H)=1(0)

i=1
subsequence {c,, } of {¢,} such that,, — ¢ € X and

limsup(n — @, Si(c) — @) = lim (n— @, Si(G,) — @)

n— 00 ni—00

Since HSZ(%) —nll — 0, HSz(Cm) —Sn;

I —5;:X — Xis the family demiclosed mappings, so we have S;(¢) = ¢, thatis¢ € [ F(S;).

i=1

— 0 and the family of mappings S; is nonexpansive so

Now we prove that
s € (G+H)"Y0).

Since the mapping G : ¥ — X is Lipschitz continuous and H : ¥ — 2% is maximal monotone, us-
ing Lemma 1.8 the mapping G-+ H is also maximal monotone. Now suppose (p, q) € Graph(G+
H), thatis g € (G + H)(p). Since s,, = JZ (n,,,), we have n,,, € [I + (G + H)](sn,), that is

%(nm —n;) € (G+ H)(sn,)-

Using the maximal monotonicity of mapping (G + H), we have

1
<p —Sn;sq — X(nm - §7Li)> 2 0.

Hence |
<p - §m7q> > <p — Sny» X(nnz - §n1)> .

Since, ||9n, — Sn; || = 0 and ¢,, — ¢, we get

lim (p—¢cn,,q) = (p—5,9) > 0.

n;—00

Since the mapping G + H is maximal monotone, this implies that 0 € (G + H)(s), that is
c€(G+ H)"Y0).Sos e N F(S:) NG+ H)~Y0).
=1

1=

Since ||Si(sn) — sull = 0and ., — ¢ € N F(S:)N(G + H)~'(0). Now using Remark 1.7 we
i=1

get

limsup(n — @, Si(n) — @) = lim (n — @, 5Si(e,) — @)

n—00 n;—00

= lim (n—@,S;(sn,) — Sn; + Sn;, — @)

n;—00

= lim (n —w,s — w)

n; —»00
<0.
Hence
limsup(n — @, S;(s,) — @) < 0. 2.4)
n—oo
Now finally we prove
M — @ = Pax (no)-

A FS)NGE+D)(0)
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Now using Lemma 1.12 we get
7041 — w”z = [[Yn(n — @) + (1 = Yn)(Sisn) — w)Hz
<(1- Tn)2||5i(§n> - WHZ +2Y,(n — @, 1 — @)
<(1- Yn)2||€n - WHZ +2Y0(n — @, i1 — @)
< (1 - T'rb)2||77n - w”Z +2Y, (N — @, M1 — @).

1Mn+1 — w”Z < (1 - Yn)2||77n - sz + 2T (n — @, Nyt — @). (2.5)

Let
Q,, = max{0, (n — @, Np+1 — @) }.

Then Q,, > 0. Now we prove that lim Q, — 0. It follows from the equation (2.4) that for any
n—oo
given ¢ > 0, there exists ng such that
<77 — W, Nn+1 — w> < 4.

So, we have
0<Q, <4, foralln > ny.

Since § > 0 is arbitrary, we get Q,, — 0. So we can write (2.5) as follows
741 = @[> < (1 =Y0)? |0 — > + 20, Q.

If we take 7, = |7, — @||, & = 21, Q,,, and §,, = O then all the conditions of Lemma 1.11 are
fulfilled. Hence 7),, — @ when n — co. Thus the proof is now completed. O

Corollary 2.2. Suppose G : ¥ — X a single valued Lipschitz continuous mapping, H : ¥ — 2% a
multivalued maximal monotone mapping, and S : ¥ — X be a nonexpansive mapping. Suppose
0= F(S)N(G+ H)~! # 0. Suppose n = ny € X and the sequence {n,,} generated by

6o =S (), o6
N1 = Loun + (1= Y,)S(sn), Vn > 0.

where A € RT and Vn € N, {Y,,} is a given sequence having these conditions:

(1) Y, = 0,3 T, =00,
n=0

(2) Z ‘Tn+1 - Tn,| < 0Q.
n=0

Then the sequence {n,} converges strongly to a point of F(S) (G + H)~'(0).

3 Examples

Example 3.1. Let ¥ = R" and S; : £ — X is the family of nonexpansive mappings fori = 1,2
defined by

51(77) = (T}Oa =M, =2, 77771)
SQ(T]) = (77030’0"‘ 70>
2
Here () F(S;) = (1,0,---,0).
i=1

Now define H : ¥ — 2% as

H(n0777]a"' 7”%) = {(_770577177727"' 7”%)}7
and G : X — Xas

G(T]Oa M- ann) = (7]0(1 + ln(no))77717772a e 777n)
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Here H is a maximal monotone, multivalued mapping and G is a Lipschitz continuous single
valued mapping and (G + H)~'(0) = (1,0,---,0) # 0. If {n,,} is the sequence generated by
2

(2.1), then the sequence {7, } converges to (" F(S;) (G + H)~'(0) = (1,0,--- ,0).
=1

1=

Example 3.2. Suppose ¥ = R and H : £ — 2% a multivalued maximal monotone mapping
defined as

H(n) = {2n},

and G : ¥ — X a single valued Lipschitz continuous mapping defined as
G(n) = tanh(n).

Here (G + H)~'(0) = 0. Suppose S; : £ — X is the family of nonexpansive mappings for
i=1,2,3,...n defined as

U
Sl(n) = ?’

n
then () F(S;) = 0. If {n, } is the sequence generated by (2.1), then the sequence {n,, } converges
i=1

=

0 6 F(S)N(G + H)~'(0) =0.

1=

4 Conclusion remarks

In this paper, we have presented an iterative algorithm for finding a common solution to the
variational inclusion problem with Lipschitz continuous single valued and maximal monotone
multivalued mappings and the set of fixed points of a finite family of nonexpansive mappings
and proved a strong convergence theorem which converges to this common solution. We have
also presented an example to verify our results.
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