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Abstract Through our investigation into the initial boundary value diffusion fractionnaire
spatio-temporal (STFDE) parabolic problem class, we establish that a unique weak solution ex-
ists within a functional weighted Sobolev space, By utilizing a priori estimate and an iterative
process, we demonstrate the validity of our results, which are based on previous findings regard-
ing the linear problem.

1 Introduction

In recent times, researchers have shown significant interest in fractional differential equations
(FDEs) and their diverse applications. These equations involve extending the conventional in-
teger order derivative to an arbitrary order, specifying relationships in time and space through
a power law memory kernel of nonlocal nature. This generalization proves to be a potent tool
for characterizing the memory aspects of various substances and the inheritance properties. The
exploration of FDEs spans multiple domains, giving rise to a burgeoning field of scientific re-
search. This encompasses new theoretical analyses and applications in a wide array of areas such
as viscoelasticity, electrochemistry, signal processing, electromagnetics, porous media, electrical
networks, electromagnetic theory, probability, signal and image processing, as well as numerical
methods for fractional order dynamical systems. The applications of FDEs extend to diverse
physical processes, reflecting their versatility and significance in contemporary scientific inves-
tigations.

The past few years have seen a lot of progress in the study of fractional differential equa-
tions.This development can be attributed to the numerous recent papers and monographs that
have explored this field. More information can be found in the Kilbas monographs [8], and
other works in the theory of fractional differential equations(see e.g. [9], [10],[11] ,[12],[13],
[18],[25, 26],[27],[28],[32],[33],). The general references in Baleanu et al.[34],Additionally, the
included references in those works have also been influential in this area of research.Nonetheless,
there are various phenomena that can be more accurately described using the conditions of
Dirichlet .

The use of conditions of Dirichlet type has proven effective in addressing numerous complex
issues, including those encountered in porous media, electromagnetic, and environmental sci-
ence. The application of classical theories and methods to the examine the fractional paroles and
hyperbolic problems is a difficult domain, resulting in a few publications in this field. There-
fore, the current work aims to the demonstration of the existence and unique solvability of the
solutions to Dirichlet fractional problems, this area that has not received much.
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2 Preliminaries

Let the interval A = [0; 7] be a bounded and closed . For any 0 < «a < 1 the Caputo and
Riemann Liouville derivative are, defined in the following manner :

To define the left and right Caputo fractional derivatives of order o we have the following
notation :

t

C nHa _ 1 5#(%5) 1
D u(z,t) = T —a) / 95 = S)ads 2.1
0
and
T
C Doy, t) = —1 /a“(x’s) L s 2.2)
CEIE (1 —a) ds  (s—1t) ’

t
The left and right fractional derivatives of Riemann-Liouville of order « are given in the
following form :

t
R o B 1 0 p(z, s)
D; M(x’t)_r(l—a)ﬁt/(t—s)ads (2.3)
0
and
R D% (1) = —— 8/T e.s) o (2.4)
BT 0 ot ) s—t)e '

t
According to several authors, Caputo version of the equation is considered more natu-
ral since it enables simpler handling inhomogeneous initial conditions.Then the two definitions
(2.1) and (2.3) are linked by the following relationship is possible to check this by performing a
simple calculation :

p(x,0)

D¢ (. t) = D p(a,t) + T - a)te

(2.5)

2.1 Definition 1 :[41]
For any real # > 0 and finite interval Q = [a, b] of the real axis R,We establish the definition of

the semi-norm as follows :

2
|M|12H6(Q) = HRDtQMHLZ(Q)

and norm :

2 2 2
lellige @) = Nl o) + [1lige ) (2.6)

After that, we define the space: 'H?(Q) the closure of C§°(Q) regarding to the next norm,
we define [[.[|: 0 (q) -

2.2 Definition 2 [41]:

For any real 6 > 0 and finite interval Q = [a, b] of the real axis R ,we define the semi-norm :

|l

2
%H"(Q) = HfDGM‘ L2(Q)

and norm :

2 2 2
4l o) = Il 220y + 101 o q) 2.7

we then define ' H’(€) as the closure of C°(Q) with respect to the norm [|. [ ;o g -
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2.3 Definition 3 :

For any real 6 > 0 and finite interval Q = [a, b] of the real axis R,we define the semi-norm :

2 _ (D, D) 12
Hlemo@) cos (Or)
and norm:
2 2 2
1l pro ) = 1l 2@y + 11l oo (2.8)

2.4 Lemma 1 :[36, 41]
For any real 6 € Ry, ifu € 'H?(Q) and v € C§°(Q) ,then :

(DYu(t) € (1) r2@) = (u(t),F DUE(E)) 2(0)
2.5 Lemma 2 :[36, 41]
for0<0<2,0+# 1andu€H0%(Q) ,then :
"DYE(t) =" Di €D (1)

2.6 Lemma 3 :[36, 41]

For any real 6 € R.and 0 # n + % , the semi norms :|.|,H9(Q) ,
equivalent :

rpo(q) and |.lego(q) are

o) = [rmo) = lemo (o)

2.7 Lemma 4 :[36, 41]
For any real 6 > 0 the space ®H{(Q) With regards to the norm (1,7) is complete.

2.8 Definition 4 :

Let us indicate L>(0,T,L?*(0,1)) = L, (Q) The space consisting of functions that are square-
integrable in the Bochner sense, with the scalar product :

T
(#af)Lzm,T,LZ(o,l)) :/0 ((Ha-),(fa-))m(o,l)dt 2.9

3 Determining the solvability of fractional diffusion Dirichlet problems
3.1 Presenting of the problem
LetT >0, C Rand
Q=X xITwithY = (-1;1)and I = (0;7)
We consider the nonlinear fractional problem

RDou(x,t) —pl.RDfu(I,t) —pz.fDBu(x,t) +a(z, t)u(x,t) = f(z,t,u,k Dfu),V(z,t) €qQ
u(z,0) =0 Ve e (—1,1),
u(—=1,t) =u(l,t) =0 vt e (0,7).

(P1)

where p1, p, let there be two constants that satisfy:
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pr+p=1and0<pr,p <1

where the function a(x,t)

ap < a(z,t) < ajyap,a) € R and V(z,t) € Q

4 Our study of the associated linear problem

In this part,We establish the existence and uniqueness of a strong solution to the linear problem
by means of an a priori estimate and the density of the set of values produced by the operator
generated by the problem.

RDou(xw,t) — pl.RDgu(:c,t) fpz.f/Dﬁu(x,t) + a(z, t)u(z,t) = f(z,1),V(z,t) € Q

u(z,0) =0 Vo e (—1,1),
u(=1,¢) =u(l,t) =0 Vi e (0,7).
(P1)
Whose diffusion problem is represented as follows
£u =R Du(z,t) — pEDPu(x,t) — pr. BDPu(x,t) + a(x, t)u(z,t) = f(z,t) “4.1)
with the initial condition
lu=u(z,0) =0 Vz € [-1,1] 4.2)
the Dirichlet boundary conditions
u(—1,t) =u(l,t) =0 Vte[0,T] 4.3)

where f(z,t)The given functions, with o and §8 satisfy the following assumptions:
0<a<1,0<B<1,(2,t) €Q.

5 A priori estimate

The operator L acts from E to F' defined as follows. The Banach space E consists of all functions
u(x, t) with the finite norm

2

a B
lully, = ||* 0w |+ | "Diw H el 5.1)
L*(@

2
[
The Hilbert space F' consists of the vector valued functions /' = f with the norm

1017 = 11720 (5.2)

5.1 A priori bound of linear problem

Theorem 5.1. If the assumptions Al are satisfied then for any function u € D(L), there exists a
positive constant c independent of u such that

2
RS | R4
H thuH +|[BDzu

2 2
< .
2(Q) +lull3iq) < k(1113 ) - (5.3)

L2(Q)

and D(L) is the domain of definition of the operator L defined by

D(L) = {ue L(Q) / "D u.® Diu € IX(Q)},

satisfying conditions (4.3).
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Proof. Taking the scalar product in L?(Q) of Eq. (4.1) and the operator
Mu = u,
where Q™ = X x (0,7T), we have
("Euv MU)LZ(QT) = (RDtauv u) L2QT —D1 (RD3U7 u) L2QT —p2 (EDaua u) Ler+(a7 u)LZ(QT) = (.fv u) LX(Q7)
(5.4)

Successive integration by parts can be applied to the integrals on the right-hand side of the equa-
tion (5.4), yields

R na — Rn3, R Nn%
("D2w,w) gy = (PPIuED u)LZ(@
_ o 2
= cos( 3 )|u|cHT(Q>
- TN |[rp3 ’2
cos () | 02|, 5.5
and
8
—p (Rngu)Lz(Qf) — (RDzzu,ngU>
LX(Q)
— pm 2
= —plcos( > ‘U|CH§(Q)
2
= —picos (T) "Dsu , (5.6)
L2(Q)
3 8
—D2 (fljDﬁu’u)Lz(QT) - (i%DéuvRD;é U>
LX(Q)
pm 2
= —pacos (2 |U|CH§(Q)
B rng |?
= — - Dz
P2 COS ( 7 )|l u‘ )
2
B
= —pcos (/6;) EDzu (5.7)
LX(Q)
Substituting (5.5), (5.6)and (5.7) into (5.4),
Y |0 57Y |rpga| < (Fu), 5.8
cos (7) H ¢ UHL2(Q) — (p1+ p2) cos o z U ) +(a,w) 2 on) < (fru), (5.8)

estimate the last term on the right-hand side of (5.8) by applying Cauchy inequality with &,

2 bZ
(|ab] < g—g + 67),then we get
2
arm a |12 B\ || 2 2
cos (—) HRDZuH — (p1 + p2) cos <> DZu +ag ||u
2 t LZ(Q) ( 1 ) 2 L2(Q) || ||L2(Q)

1 2 3 2
< 5z Ifllzag) + 5 lullzg) » (5.9)
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Then the estimate (5.9) becomes

a |12 B
o0 o

2
+ ||ul||72
o lull3a(0)

LX(Q)

< ! 1715
< 2 I
2e min{cos (%), —(p1 + p2) cos <577r) (a0 = 5)} o

So, finally we get
2

a |12 8
|*pfu||  +||PD2u|| g
LX(Q) L2(Q)
2
< ke g)
Where
L 1
2e min{cos (%), —(p1 + p2) cos ('BTTF) (a0 —5)}
So, we have

lull g < K[| Lull g (5.10)

Let R(L) be the range of the operator L. However, given the lack of information pertaining to
R(L), except that R(L) C F, It is essential to expand L, so that estimate (5.10) The statement is
valid for the extension, and its range encompasses the entire space F'. We first state the following
proposition. O

Proposition 5.2. The operator L : E — F has a closure

Proof. let (uy), .y C D (L) a sequence where :

Uy — 0 in B

and
Lu, — (£0) in F (5.11)

we must proof that
f=0.

The convergence of u,, to 0 in E drives :

Up, — 0 inD'(Q) . (5.12)
Based on the continuity of the derivative of D’ (Q) in D’ (Q) . The relation (5.12) involved

U, — 0 inD'(Q) , (5.13)

Moreover, The convergence of u,, to f in L? (Q) give

u, — [ inD'(Q) (5.14)
As we have the the uniqueness of the limit in D’ (Q) , we conclude from (5.13) and (5.14) that
f=0.

Then, we get L the operator is closable, with the domain of definition D(L).
Definition 5.3. A solution of the operator equation
Lu=F

A solution is deemed strong for problems (4.1) — (4.2).The a priori estimate (4.3) the solutions
are capable of being extended to strong solutions, i.e., we have the estimate

8
RDQE U

2
+ + lJullz2(g)

L(Q)
< kg (5.15)

a (12
|*piu
12(Q)
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We deduce from the estimate (5.15) :

Corollary 5.4. The range R(L) of the operator L is closed in F and the operator is equal to its
closure R(L) of R(L), that is R(L) = R(L).

Proof. Let ¥ € R(L), so there is a cauchy sequence (¢,,),.nin F Consisting of the elements
within the set R(L) such as
lim ¢, =9.

n—s-+00
This leads to the creation of a corresponding sequence u,, € D(L) such as
¥, = Lu,.
The estimate 5.15 we get
lup — ugll p < C'||Luy — Lug||p — 0, (5.16)

Where p, ¢ As the value approaches infinity, we can conclude that (u,, ), is a cauchy sequence
in F, so like FE is a Banach space, it exists v € E such as

lim wu, =wuin E.

n—>-+0oo
According to the definition of L ( lini U, =u in E;If linl Lu, = linl ¥, = 9, then
n—-+oo n—r—+0o0o n—r—+oo

lini Lu,, = 9 as like L and is closed, so Lu = 1), the function u check :
n—-+oo

veD(L), Lv="4.
Then ¥ € R(L), so

R(L) ¢ R(L)
Therefore, we can infer that R(L)The operator is a closed set due to being Banach ( any complete
subspace of a metric space not necessarily complete is closed). It remains to show the reverse
inclusion. Either 9 € R(L) then it exists a cauchy sequence (),,),cnin F' constituted of the
elements of the set R(L) such that

lim 9, =49

n—>—+oo
or € R(L) , because R(L) is a closed subset a completed F, So R(L) is complet. There is then
a corresponding sequence u,, € D(L) such that

Lu, =9,.
We get from (5.13): ) )
llup — ugll 5 SC’HLup—Luq’|F—>0, (5.17)
Where p, q as the value approaches infinity, we can conclude that (uy), ois a cauchy sequence
in F, so like F is a Banach space, it exists u € E such as

lim u, =u inE.
n—>+oo

Once more, a related sequence arises (Luy,),, .y C R(L) such as
Lu,, = Lu, on R(L),¥n € N.

So

lim Lu, =9,
n—->+o0o

Consequently ¥ € R (L), From this, we can deduce that :

R(L) ¢ R(L).
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5.2 Existence of solution
Theorem S.5. Let the assumptions A, be satisfied. Then for all F' = (f,0) € F, there exists a
unique strong solution w = L~ = L= of the problem (4.1)-(4.2).
Proof. We have

(Lu,\) p = / lu.ydzdt (5.18)

Q
Where
A=(7,0).

Sifor vy € L* (Q) and and for all u € Do(L) = {u, u € D (L) : fu = 0}, we have

/ lu.ydzdt =0
Q

By putting w = u, Applying the same estimation of the section 1, we obtain

2

o\ ||r~2 [I? B\ ||gp 2 )
- )| P H - — ) |"Dz =0,
cos( 3 ) H U Q) (p1 +p2)cos( 3 ) u o) +ao [[ull 720
we get
lu| <O0=u=0.
So, it’s give u = v = 0. O

Corollary 5.6. If for any function u € D(L), we have the following estimate:
lullg < Cllllg,
Then the solution of the problem (Py) if it exists, it is unique.

Proof. Let u; and u; two possible remedies to the problem (P;)

L =
{ “ — Luy — Lupy =0,
LUQ ==

and as L is linear we then obtain
L (U1 — U2) = O,

according to (5.17) :
lur =l < e 0N = 0,

Which give
U = up.

6 The solvability of the nonlinear problem through a weak solution

The focus of this section is to demonstrate the existence and uniqueness of the solution to the
nonlinear problem (Pr) :

RD¢wu(x,t) — p1.BDBu(z,t) — pa.BEDPu(x,t) + a(x, t)u(x,t) = f(z,t,u,® DBu),¥Y(z,t) € Q

u(z,0) =0 Ve e (—1,1),
uw(—1,t) =u(l,t) =0 vt e (0,T).
(P)
Putting
u=x

The following nonlocal linear problem can be solved by using x as a solution. :
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In addition, the following nonlocal and nonlinear problem is satisfied by the solution.

"€X =" D?X(xvt) _pl’RD£X(‘rat) _p2§DBX(‘T7t> +(L(£L’7t)x($,t) = f(fE,t,X,R DgX) (61)

x(z,0) = 0, Veze(-1,1), (6.2)
0,8 = x(1,H)=0 Ve (0,T). 6.3)

Since f is Lipchitzian, there exists a positive constant k , that satisfies

H f (SC, t, ul,R Dgul)—f (.T, t, 'LLZ,R D£U2) HLZ(Q)S k (||u1 — u2||L2(Q) + ||RD§’(L1 _R DQ’UQHLZ(Q)) .
(6.4)
Forming a repeating sequence that begins with (¥ = 0.
The sequence (X(”>)n cn the following definition characterizes: given the element XD,
then forn = 1,2, 3, ..., our objective is to find a solution to the following problem.:

EDoy™ — pr.BDBX™ — pr BEDOX™ + a(z,t)x"™ = f(2,t,x"" "V, E Day(n=D)
x™ (2,0) =0 , (P
X(n) (O7t) — x(")(l,t) =0.

As established in the study of the linear problem prior to this one, fixing n to a constant value
leads to the problem (Ps) admits a unique solution (") (z,1).
By postulating
2 (@ t) = XY (2, 8) = X (1)

Therefore, a new problem must be tackled:

Epean — pr.BDB2m — py BDP 2 + a(x,t) 2™ = (=D () t)

2 (2.0) = 0 ) (Ps)
2 (0,t) = 2M(1,t) = 0.
Or
¢V, t) = f (w60 DEx ") = f (8,470, R DaxD)).

Multiply

Epean — p D82 — ) BDP2" a(a, )2 = ¢V (2, 0)

by z(") .and integrate it on Q we get :

/(RDf‘z<")z("))dxdt - /(Rsz(mz(”))dxdt —pz/(fDﬁz(mz("))dxdt + ao/z(")z(")dxdt
Q Q Q

Q
< / ¢z drdt.
Q

By employing integration by parts and considering the initial and boundary conditions, a solution
can be obtained, which is given by :

2 2

a 2
[©Df 2 Rp& )
L

LX(Q)

8
cos(%F) Rp2 )

g PO (%ﬁ)

+ao Hz(n)Hiz(Q) = [ ¢ D(a,t) - 2 (2, t) dadt.

.

B
— P2 COS <T)

Q)



HORNS HYPERGEOMETRIC FUNCTIONS 391

After applying the Cauchy Schwarz inequality to the second part of the equation, we obtain the
following result:

/C" D(z,t)- 2 (x,t) dedt

N

2
(n—1) 2 (n)
5 /Q ) P w5 (o (@)) dwa

1
< ()R B (n) (n— I)R B (n—=1)\ |2
S 5 If(wtx Dzx ) f(ff:tx Dyx )|dmdt+2Q

2
(z(”> (z, t)) dxdt
Like f Lipschtizienne, we find :

k? 2
< LA = ot [ (7D R DI Pdade) + 5 [ (o) (a1)) daat
Q Q Q

k> 2
< —(/(| 2(*7D |)2da:dt+/(\R DS =1 \)dedt)+5/ (z<"> (x,t)) dxdt,
2 g Q 2 Jq

2 2
< & / (| 2D |2dadt + / (1% D320 Pawat)) + 5 [ (= (@,0)) dwa,
e Q Q QT
2 2 N
< ¥ Hzm—l)‘z +licos(ﬂ)HCDgz(n—l)H2 s sz ?
€ L2Q) € 2 LNQ) 2 L2(Q)
we get :
a 2 B 2 2
COS(M H Dy " (p1 + p2) cos ( > Rpg 2 + ap Hz(”)
LX(Q) L2(Q) LX(Q)
i 2 i s : 2
< — Hz("_”‘ .+ —cos(+) Epz = +: sz ,
€ LX(Q) £ 2 12(Q) 2 L2(Q)
We integrate on ¢, we obtain :
2
art\ o n4 ) (5”) Rp% . (n) € :
cos( — D2z - + cos | — D2z + (ag — =
(G |nE] L, — o+ p)eos (5 R (S .
2 8
k—(Hz("_l)‘ .+ cos(%r) Epz b )
€ ) 12(Q)
Then, we obtain
a 2 B 2 2
HCDz n) + RDIZZ(M +Hz( )
L2(Q) L2(Q) Q)
T 2
< k2 coS(ﬁT) Z(nfl)’ + RD;%Z(WU )
emin{cos(%4"), —(p1 + p2) cos (5—2“> (a0 —5)} L) L2(Q)
So, we obtain
g 2 B 2 2
L2(Q) L2(Q) L*(Q)
2 Br 2
: k COS( 2 ) o HCDz n— l)H2 + Rsz(n—l) _‘_Hz(n—])’z
emin{cos(%4*), —(p1 + p2) cos(5), (a0 — § L(Q) L2(Q) L
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(6.6)
Putting :
k? cos(5r
c=max{ 1, — cos(5') o :
e min{cos(%F), —(p1 + p2) cos(5), (ap — 5)
So, we get :
2 2
[ ) <l
L*(Q) LA(Q)
As we have :
n—1 )
L) — X(n)

oo
Based on the convergence criterion of the series, we can conclude that the series S = 2(n)

n=1
converges if |¢| < 1, which implies :

k? cos(BT”)

e min{cos( &™), —(p1+p2) cos(ﬁz—"),(aof%)

<1

B

k< emin{cos(%’r), —(p1 + p2) cos( 5 ), (ao — %) <1

then (™ converges on an element of V', we call y. We will show that in L*(Q):

lim X" (z,t) = x(x,1)

n—=o0

is a solution to the problem (P;) showing that y chacket :

A(x,v) = /f(x,t,x,R DYx) -v(z, t)dzdt Vv € O.
Q

Where
0 ={ve ' (Q),v(0.t) =v(1.t) = 0,Yt € (0.7},

and

o
2

a g B
A(Xn7v) = (RDt Xn(x’t)vaz 'U(x’t))Lz(Q) _pl(Rl)ﬁé3 Xn('r7t)afD2 U('r7t))L2(Q)
(6.7)

B
— pa(BDE " (@, 1) R DE (1)) 12 + / o, Y™ (z,1) - vy (x, t)dudt
Q

we have :
A <x<"> - x,v) =
o n a 8 n B
("D (X" = x) (@, 1),/ DS v(2,t)) 12(q) — 1 (PDE (X" — X) (. 1), 8 D> v(x, 1)) 120

8

B, n o n
—p(BDe(x" — x)(x,t),% D2 v(x,t))Lz(Q) + /Q a(z, t) (X" — x)(z,t) - v (z,t)
We apply the Cauchy Schwartz inequality, we find :

A = xe) < Dol [[ (=) [ el [ (e =), ],
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On the other hand, as

So

x(") — y inIL? (@),

W — i inI*(Q),

chn) — Xz In L? (Q)7

Let’s go to the limit when n — +x, we get :lim,, ., A(x(") — x,v) =
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